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Abstract. Second order parabolic equations on Lipschitz domains subject to inhomoge-
neous Neumann (or, more generally, Robin) boundary conditions are studied. Existence
and uniqueness of weak solutions and their continuity up to the boundary of the parabolic
cylinder are proved using methods from the theory of integrated semigroups, showing in
particular the well-posedness of the abstract Cauchy problem in spaces of continuous func-
tions. Under natural assumptions on the coefficients and the inhomogeneity the solutions
are shown to converge to an equilibrium or to be asymptotically almost periodic.
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1. INTRODUCTION

Let Q be a bounded Lipschitz domain in RY. Our model problem is the heat

equation
ue(t,x) — Au(t,z) = f(t,z), t>0, z€Q
ou(t,z)
ng(t,Z), t>0,z€89
u(0,2) = uo(x), x e

subject to inhomogeneous Neumann boundary conditions. The above problem has
a unique weak solution in an L?-sense if f, g and wuy are square-integrable. We
are interested in its regularity on the boundary and its asymptotic behavior. Such
problems appear in a natural way for example in control theory [7], [8] or thermal
imaging [9].

We show the following: if ug is continuous and f and g satisfy some integrability
conditions, then the solution w is continuous up to the boundary of the parabolic
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cylinder; if f and g converge to zero in a time-averaged sense, then u converges
to zero uniformly on Q; finally, if f and ¢ are almost periodic functions, then w is
asymptotically almost periodic with essentially the same frequencies.

For the particular case f = 0 and g = 0 the regularity assertion states that for
all initial values ug € C(Q) there exists a unique mild solution u in the space C(Q),
i.e., that the realization of A in C(Q) with Neumann boundary conditions gener-
ates a strongly continuous semigroup. In this sense our results continue the recent
struggle to study well-posedness of parabolic equations in the space of continuous
functions [23], [22], [14], [5], [26], [3].

Even though the heat equation will be our model case, we admit general strongly
elliptic operators with bounded coeflicients subject to Robin boundary conditions in
all of our results, imposing only some additional structure conditions for the analysis
of the asymptotic behavior in order to prevent exponential blow-up and decay. For
homogeneous boundary conditions, i.e., if g = 0, these problems are well understood
and can be studied by semigroup methods. Inhomogeneous boundary conditions,
however, are more delicate. For smooth data, some existence and regularity results
can be found in [20], Theorem 5.18, or [12]. Existence of a weak solution is shown
in [21], §4.15.3. Here we proceed in the spirit of [1], where regularity and asymptotic
almost periodicity of the inhomogeneous Dirichlet problem have been studied.

In order to study the asymptotic behavior we follow a semigroup approach by
considering the equation as an abstract Cauchy problem in a suitable space, which
is adapted to the boundary data. To this end one could use spaces of distributions
that contain functionals arising from boundary integrals, a strategy which has been
pursued with negative exponent Sobolev spaces [18] and Sobolev-Morrey spaces [17].
This approach, however, has the disadvantage that a priori the solutions are no
more regular than generic elements of these spaces, whereas it would be favorable to
have continuous functions as solutions. The parabolic structure of the equation does
not immediately help because a gain in regularity is not obvious in presence of the
inhomogeneities. The regularity matters in particular in the limits ¢ — 0 and ¢t — oo
since semigroup methods provide convergence in the norm of the underlying space.

In view of these considerations we aim towards results in the space C(Q). Exis-
tence is however much more convenient in L?(2), which is why we will start out by
considering L?-solution. By using C(2) we are able to obtain uniform convergence
of w on Q ast — 0 and as t — oo, or more generally asymptotic almost periodicity.
This seems to be new for Neumann boundary conditions and is our main result.

Our strategy is the following. When formulating the initial-boundary value prob-
lem as an abstract Cauchy problem on L?(Q2) or C(Q2), we switch to a product space.
More precisely, we regard the inhomogeneous heat equation as an inhomogeneous ab-
stract Cauchy problem for the operator A given by A(u,0) = (Au, —9u/Jv) in the
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space L2(2) x L?(09). This operator A is not densely defined and hence it is not the
generator of a strongly continuous semigroup. In fact, it turns out that A does not
even satisfy the Hille-Yosida estimates. Still, the operator is resolvent positive and
hence generates a once integrated semigroup. This implies existence and uniqueness
of solutions for regular right hand sides f and ¢ and gives information about the
asymptotic behavior of solutions. These results can be extended to a larger class of
less regular right hand sides once we obtain suitable a priori estimates.

The idea to consider a non-densely defined operator A on a product space in order
to treat inhomogeneous boundary conditions was first used by Arendt for the study
of the heat equation with inhomogeneous Dirichlet boundary conditions [1]. Here
we copy the skeleton of his proofs. The details are however quite different, the main
aspects being the following:

(1) We restrict ourselves to Lipschitz domains, which is the usual framework for
Neumann problems, whereas one of Arendt’s main points are the optimal bound-
ary regularity assumptions.

(2) In [1] the a priori estimate is a consequence of a version of the parabolic maxi-
mum principle, which is proved there. In our situation, on the other hand, we do
not have contractivity properties and thus need more sophisticated estimates.

(3) The Neumann problem has a smoothing effect with respect to the boundary
conditions, which allows us to obtain continuous solutions even for non-smooth
functions g, whereas for Dirichlet problems the boundary function has to be
continuous. This also explains why for the Neumann problem the solution is
asymptotically almost periodic in the sense of Bohr even if the right hand side
is almost periodic only in the sense of Stepanoff.

The article is organized as follows. In Section 2 we introduce the initial-boundary
value problem. We show existence and uniqueness of solutions and discuss the rela-
tionship between three different notions of solutions. Section 3 contains results and
pointwise estimates for the solutions as well as their continuity. The most technical
part of this section is however postponed to Appendix A in the hope that this im-
proves the readability of the article as a whole. In Section 4 we study the convergence
of solutions. More precisely, we give natural sufficient conditions for the solution to
be bounded or to converge to a constant function. Finally, in Section 5 we show
that for asymptotically almost period right hand sides in the sense of Stepanoff, the
solution is asymptotically almost periodic in the sense of Bohr.
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2. SOLUTIONS

Let Q ¢ RY be a bounded Lipschitz domain, N > 2. For convenience we assume
throughout that €2 is connected; otherwise we could consider each connected compo-
nent separately. Let a;; € L=(Q), bj,¢; € LI(Q), d € L/?(Q) and B € LI~1(0N) be
given, where ¢ > N is arbitrary, and assume that there exists p > 0 such that

N

(2.1) > i€y = plél? for all € € RN,

i,j=1
Throughout the article we will always refer to the inhomogeneous Robin problem

ue(t,x) — Au(t,x) = f(t,z), t>0, v €Q,

02 Pura) | Stz = g2, 150, 200,
u(0,z) = uo(x), z€Q,

with given ug € L2(2), f € L?((0,00); L*(Q)) and g € L%((0,00); L2(012)). Here, at
least on a formal level,

N N N
Au = Z D; (Z ai; Diu + bju> - <Z ciDiu + du> ,
=1 i1 =1
N , N

% = Z (Z ai; Diu + bju) vy,

j=1 Ni=1

where v = (v; )évzl denotes the outer unit normal of Q at the boundary 9. It is

convenient to introduce also the bilinear forms

N , N N
(2.3)  ap(u,v) := / Z (Z a;;Diu + bju> Djvdz + / (Z c;Diu + du) vdx
Q=1 \i=1 Q2

i=1
and
(2.4) ag(u,v) == ag(u,v) + Buv do
o0

for w and v in H'(Q), where H!(Q) refers to the Sobolev space of all functions in
L?(Q2) whose first derivative also lies in L?(12).

We introduce and compare various notions for a solution of (P, f,4), which are
based on the observation that on a formal level the divergence theorem gives

2.5 (u,v) / —vda—/Auvdx
( ) a0 Ova Q

for all v € HY(Q). A weak solution is now defined by testing against a smooth
function and formally integrating by parts.
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Definition 2.1. We say that a function v € C([0,T]; L3(Q)) N L?(0,T; H'(Q))
is a weak solution of (Py,,t,4) on [0,T] for some T' > 0 if

// dxds+/Taﬁ< (), (s)) ds
/uow da:—i—//f dxds—f—//dQ s)dods

for all » € H*(0,T; H'(Q)) that satisfy ¢(T) = 0.
We say that a function u: [0,00) — L?(2) is a weak solution of (Py, t.4) on [0,00)
if for every T > 0 its restriction to [0, 7] is a weak solution on [0, T7.

In order to give two further definitions of a solution, we first introduce the L2-
realization Ay of A with Robin boundary conditions, which is also based on (2.5).

Definition 2.2.

(a) Let u € H'(Q)). We say that Au € L? (Q) if there exists a (necessarily unique)
function f € L*(Q2) satisfying ao(u,n) = — [, fnda for all n € H}(Q). In this
case we define Au := f.

(b) Let u € HY(Q) satisfy Au € L?(Q2). We say that du/dva € L?() if there
exists a (necessarily unique) function g € L?(9Q) which satisfies the relation
ao(u,n) = [oq9ndo — [, Aundz for all n € H'(Q). In this case we define
Ou/ova :=g.

(c) We define the operator Ay on the space L?(2) x L?(0f)) by

ou

D(As) = {(u,O): we H'(), Aue L(Q), 5=

LQ(aQ)}
As(u,0) := (Au, —% - Bu|ag).

Remark 2.3. Tt is easily checked that (u,0) € D(A3) with —Aa(u,0) = (f,g) if

and only if
ag(u,v):/fvdx—f—/ gvdo
Q o0

for all v € H(Q).

It is an exercise in applying Holder’s inequality, the Sobolev embedding theorems
and Young’s inequality to prove that there exists w > 0 such that

2.7 ag(u,u 2H Vul?dz — w ul?dz
B
2 Ja Q

for all u € H*(2). We leave the verification to the reader.
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Next we collect a few facts about As.

Lemma 2.4. The operator As is resolvent positive. More precisely, the operator
A—Az: D(As) — L23(Q) x L2(09) is invertible for all A\ > w, where w is as in (2.7),
and if As(u,0) = (f,g) with non-negative functions f € L?(2) and g € L*(92), then
u > 0 almost everywhere. Moreover, if D(A3) is equipped with the graph norm, then
D(Ay) is continuously embedded into H'(Q2) x {0}.

Proof. Letw beasin (2.7) and fix A > w. Then
(2.8) /\/Q Jul? dz + ag(u, u) > allull? o)

for all w € H'(Q) with o := min{\ — w,p/2} > 0. Hence by the Lax-Milgram
theorem [16], §5.8, for every f € L?(Q) and g € L%(0Q) there exists a unique
function v € H'(Q) such that

(2.9) /\/uvda:—l—aﬁ(u,v):/fvdx—l—/ gvdo
Q Q o0

for allv € H*()). By Remark 2.3 this means precisely that there is a unique function
u € HY(Q) with (u,0) € D(Az2) and

(>‘ - AQ)(U,O) = ()\U,O) - A2(ua0) = (fag)'

We have seen that A\ — Ay: D(As) — L?(Q) x L2(09) is a bijection for A > w.
Assume now that f < 0 and g < 0. Let (u,0) := (A — A3)"(f,g) and set v :=u" =
ulgy>0y- Then

Djv = Dj’u,ﬂ{u>0} and U|aQ = u|39ﬂ{u|an>0}
and hence
0> / fvda:—i—/ gvdo = /\/ wodz + ag(u,v) = )\/ [v|* dz + ag(v,v) =0
Q o9 Q Q

by (2.9). By (2.8) this shows that v = 0, i.e., u < 0 almost everywhere. We have
shown that the resolvent (A — A3)~! is a positive operator. Since every positive
operator is continuous [4] we deduce that A\ — A5 is in fact invertible.

In particular we have proved that As is closed. Hence D(Az) is a Banach space for
the graph norm of A,, and by definition of A we have D(As) C H(Q2) x {0}. Since
both of these spaces are continuously embedded into L?(Q) x L?(92), we deduce from
the closed graph theorem that D(A5) is continuously embedded into H'(Q2) x {0}.

O
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We always equip D(As) with the graph norm.

Now we can define mild and classical solutions of (P, t4). The definition of
a classical solution is obtained by writing (Py,,f,¢) in terms of A, in a straightforward
way, assuming smoothness in the time variable. The definition of a mild solution is
similar, but uses an integrated form of the equation. These two notions are the most
common ones in the study of abstract Cauchy problems.

Definition 2.5. Let I = [0,T] for some T' > 0, or let I = [0, 00).
(a) We say that a function u is a classical L?-solution of (P, f4) on I if u is in
CYHI; L3()), u(0) = ug, the mapping ¢ — (u(t),0) is in C(I; D(Az)) and the
relation

(2.10) (ut(t),0) — As(u(t),0) = (f(1),9(t))

holds for all ¢ € I.
(b) We say that a function u is a mild L2-solution of (Pu,.fg) on I if u €
C(I; L*(Q fo s)ds,0) € D(Ay) for all t > 0 and

(2.11) (u(t)—uo,O)—A2</Ot dsO> </f ds/ ()d>

forallt >0

It will turn out later that weak solutions and mild L?-solutions are in fact the
same. Let us start with an easy relationship between the three notions of a solution.

Theorem 2.6. Let either [ =[0,T] with T > 0 or I = [0, 00).
(a) Every classical L*-solution of (Py,,t,,) on I is a weak solution on I.
(b) Every weak solution of (P, t,4) on I is a mild L?-solution on I.

Proof. All three definitions depend only on the behavior of u on bounded
intervals, so it suffices to consider the case I = [0, T].

(a) Let u be a classical L?-solution. Then u € C([0,T]; H'(Q2)) by Lemma 2.4,
which shows that u has the regularity requested in Definition 2.1. Let ¢ be in
HY(0,T; H(Q)) and satisfy (7)) = 0. From (2.10) and Remark 2.3 we obtain
that

[t + asuvy.v0) = [ roueas+ [ awueas

for all ¢t € [0,T]. Integrating over [0,7] and integrating the first summand by
parts gives (2.6).
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(b) Let u be a weak solution. Fix functions ¢ € H'(0,T) and n € H*(2), where
©(T) = 0. Define ¥(t) := () -n. Then v € H*(0,T; H*(Q)) with ¢(T) = 0
and hence

—/OT</Qu(s)77dx>gat(s)ds— (/ uond:c) (0)
# [ (caatwm + [ smars [ gtomar)ots)as

by (2.6). Hence t — [, u(t)ndax is weakly differentiable for all n € H*(Q2) with
weak derivative

% u(tynde = —as(u /f ndx+/ g(tyndo

and initial value [, u(0)ndz = [, uondz, hence u(0) = uy. We deduce that

/Qu(t)nda::/ﬂuondx+/ot(—a5 /f ndx+/ g(s)nda) ds

for all t € [0,T] and all n € H*(Q). Since u € L?(0,T; H*(Q)) and v — ag(v,n)
is a continuous linear functional on H!((2), this implies that

[ (wlt) = wynds + s ( / ) dsm)
L[ o ([

for all n € H(Q). Hence by Remark 2.3 the function v is a mild solution. [

We want to establish the existence of a weak solution via the theory of resolvent
positive operators. Since L2(f2) x L?(0f)) is a Banach lattice with order continu-
ous norm, the resolvent positive operator As generates a once integrated semigroup,
see [2], Theorem 3.11.7. This yields the following existence, uniqueness and compar-
ison results for L2-solutions.

Proposition 2.7. Let ug € L*(Q), f € L*(0,T; L?(2)) and g € L?(0,T; L*(9))
for some T > 0.
(a) Problem (P, ) has at most one mild L*-solution.
(b) Assume that
(i) (uo,0) € D(Az),
(i) Az(uo,0) + (f(0),9(0)) € D(Ay),
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(iii) f e C2([0,T]; L3()) and
(iv) g € C2([0, T; L2(09).

Then (P,, t,4) has a classical L*-solution.

(c) Assume that ug > 0, f(t) > 0 and g(t) > 0 almost everywhere for almost
every t € (0,T). If u is a mild L?-solution of (Py,,f.4), then u(t) > 0 almost
everywhere for every t € (0,T).

Proof. By Definition 2.5 a function u is a mild (classical) L2-solution of (P, f4)
if and only if the mapping ¢ — (u(),0) is a mild (classical) solution of the ab-
stract Cauchy problem associated with A, with inhomogeneity (f,g), confer [2],
§3.1. Hence, part (b) follows from [2], Corollary 3.2.11 b.

Let (S1(%))t>0 and (S2(t))r>0 denote, respectively, the once and twice integrated
semigroups generated by As. As in the proof of [2], Theorem 3.11.11, the function So
is convex. Since S is the strong derivative of So, the function S; is non-decreasing.
Under the assumptions of part (c), by [2], Lemma 3.2.9 a,

(2.12) v(t) := S1(t)(uop,0 / S1(8)(f(t—s),9(t—s))ds

defines a function v in C1([0, 00); L?(Q) x L?(99Q)) with (u(t),0) = v/(t) for all t > 0
Thus in order to show (c) it suffices to show that v is non-decreasing in t. Since S,
is non-decreasing and ug > 0, the first summand on the right hand side of (2.12)
is non-decraesing. For the second summand, note that with the convention that
S1(s) := 0 for s < 0 the function S; is non-decreasing on all of R since S;(0) = 0,
hence

/51 ft—9),9(t—29)) ds—/ S1(t —s)(f(s),g(s))ds

is also non-decreasing in ¢. This concludes the proof of part (c).

Part (a) follows from (c) by linearity. O

Remark 2.8. The hypothesis in part (b) of Proposition 2.7 can be equivalently
stated as follows: the function ug € L?(Q) satisfies Aug € L?(Q), Qug/dva € L?(09)
and Qug/Ova + Bug = g(0). Moreover, v := Aug+ f(0) € L?(Q) satisfies Av € L?(Q2)
and Ov/0va € L?(09).

We want to show that for all square-integrable functions ug, f and g we have

a unique weak solution. As the first step we prove a bound for classical L2-solutions
in the norm of C([0,T]; L*(2)) N L%(0,T; H'()).
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Lemma 2.9. If u is a classical L?-solution of (P,,,4) on [0,T] for some T > 0,
then

T
(2.13) sup /|u(t)|2dx+//|Vu|2dxds
0<t<T

/|u0| dx+c//|f |2dxds—|—c// (t)]*do ds
o9

for a constant ¢ > 0 that depends only on T, 0 and the values v and w in (2.7).

Proof. Lett e [0,T] be arbitrary. Then

/|u |2dx——/|u0|2dx
= 2/0 ds/lu |2dxd5—// s)dxzds
_ // + f(s)) deds
” 5‘1/,4 dads—/t o(u( ds+//f s)dzds
//f dxds—l—//aQ dads—/o ag(u(s),u(s))ds

// |f(s |2dxds+—// (s)]*dods
[5}9]
t
—(H—ch // |Vu(s)|2dxds+<w+l+acf) // lu(s)|? da ds,
2 0JQ 2 0JQ

where we have used Young’s inequality and (2.7). Here ¢; > 0 is the norm of the
trace operator from H'(Q) to L?(9S). We pick ¢ := p/(4c?) and vary over ¢ to

deduce that
t
sup /|u(s)|2dx+// |Vu(s)|> de ds
0<s<t Ja 0/Q

¢
<02/|u0|2dx+62// |f(s)*dads
—1—02// |2d0ds+02// lu(s)|* dz ds
G19)
<02/|u0|2dx+62// |f(s)*dads
0/a
—|—02// |?do ds 4 tey sup /|u(s)|2dx
a0 0<s<t Jo
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for all ¢t € [0,T] with a constant co > 0 that depends only on ¢1, p and w. This shows
that with ¢ := 1/(2c2) we have

¢
sup /|u(s)|2dx+// |Vau(s)|? dz ds
0<s<t Ja 0/@
¢ ¢
<202/ |u0|2dx+202// |f(s)|2dxds+202// lg(s)|? do ds
Q 0/o 0Joq

for all t € [0,t9]. We split [0, 7] into finitely many intervals of length at most sg and
apply the last inequality successively on these intervals. This gives (2.13). O

We also collect some results about the homogeneous problem (P, 0,0) for later
use. To this end we introduce the generator Asj for the homogeneous problem,
which is the part of Ay in L2(Q2) x {0}. All of the following results stem from the
semigroup theory.

Proposition 2.10. The operator Az, given by

ou
_ 1 . 2 R =
D(Azp) = {u € H'(Q): Aue L*(Q), 9o + Bu O},
Az pu = Au

is the generator of an analytic Co-semigroup (Tan(t))i>0 on L*(Q). Given ug €
L?(Q), the function u defined by u(t) := Ts 1, (t)ug is the unique mild L?-solution of
(Puy.0,0), and we have the following properties:
(i) There exist M > 0 and w € R depending only on N, Q and the coefficients of
the equation such that ||u(t)|| (o) < Me“!|ug|| L () for all t > 0.
(ii) For every t > 0 we have u(t) € C(Q).
(iii) If up € C(2), then u € C([0,00); C(Q)) for all T > 0.

Proof. The operator —As is associated with the bounded, L?({2)-elliptic
bilinear form ag: H'(Q) x H'(Q) — R defined in (2.4). Hence Ay, generates an
analytic Cop-semigroup on L?(2), see [11], Proposition XVIIL.A.6.3. By construction
a function v is a mild solution for the abstract Cauchy problem associated with As
if and only if it is a mild L?-solution of (Py,,0,0), which proves the assertion about the
mild L?-solutions [2], Theorem 3.1.12. Property (i) follows from [10], Proposition 7.1.
Properties (ii) and (iii) were proved in [23], Theorem 4.3, for bounded coefficients.
The same arguments work here, but compare also [24], [22], where unbounded (and
nonlinear) coefficients are considered. (]

The following is our main existence theorem.
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Theorem 2.11. Let ug € L?(Q2), f € L?(0,T;L?*(Q)) and g € L?(0,T; L*(0%))
be given, where T' > 0 is arbitrary. Then there exists a weak solution u of (P, ¢,9)
on [0, T], which is unique even within the class of mild L*-solutions.

Proof. Pick sequences (f,) C C?([0,7T]; L*(R2)) and (g,) C C2([0,T]; L%(9%2))
that satisfy f,(0) = 0, g.(0) = 0, f, — f in L?(0,T;L*(Q)) and g, — ¢ in
L2(0,T; L*(09)). Since Ay, is the generator of a Co-semigroup, there exists a se-
quence (un,0) C D(A%}h) satisfying w, o — uo in L?(€2), see [15], Proposition II.1.8.
By Proposition 2.7 there exists a classical L?-solution u,, of (Pun.osfngn)-

By Lemma 2.9 the sequence (u,) is Cauchy in C([0,T7]; L*(Q)) N L2(0,T; H'(£2)).
Denote its limit by w. Using that wu, is a weak solution of (P, ,.f..4.) by Theo-
rem 2.6, we can pass in (2.6) to the limit and obtain that u is a weak solution of
(Puo,f,9)- Uniqueness has already been asserted in Proposition 2.7. g

Since being a solution is a local concept, we obtain the following corollary.

Corollary 2.12. For given functions ug € L*(Q), f € L% .([0,00); L?(Q?)) and

loc

g € L%,.([0,00); L*(09)), equation (P,,.t.,) has a weak solution on [0,0c), which is

loc
unique even within the class of mild solutions.

We deduce the following from Theorem 2.6 and Theorem 2.11 or Corollary 2.12.

Corollary 2.13. For problem (P, y,4) the notions of weak and mild solutions

coincide.

Let us have a glance on the regularity of the weak solution that exists by The-
orem 2.11. We can ask whether for all ug € L3(Q), f € L*(0,T;L*Q)) and
g € L?(0,T;L?*(99)) the weak solution u of (Py,.f4) is in fact a strong solution,
ie, u € HY(0,T;L*Q)) or, equivalently, ¢t — (u(t),0) is in L?(0,T; D(Az)). In
other words, we ask whether (P, r4) has maximal parabolic regularity.

One might expect maximal regularity at first because for g = 0 all weak solutions
are strong solutions, see [13], Theorem 4.1. We show, however, that for general g the
solution u is not in H1(0, T; L%(12)).

Proposition 2.14. For every T > 0 there exists g € L?(0,T; L?>(09)) such that
the weak solution u of (P .4) is not in H*(0,T; L*(Q2)).

Proof. Assume the converse. Since (Py o) has a strong solution for all f €
L%(0,T; L*()) by [13], Theorem 4.1, we thus deduce that (P f,) has a unique
strong solution for every f € L?(0,T; L*(Q)) and every g € L?(0,T; L?*(952)). Now
the proof of [13], Theorem 2.2, shows that

(2.14) sup A\ — Ag) 7| < oo
A>Xo
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for some Ay > 0, for which we only have to note that the proof still works for non-
densely defined operators. But by [2], Proposition 3.3.8, estimate (2.14) contradicts
the fact that A, is not densely defined. O

Remark 2.15. We can be more precise in Proposition 2.14 by relating the ex-
istence of strong solutions to the membership of ¢ in some trace space. Namely,
(Puo.f.g) has a strong solution if and only if there exists G € H*(0,T; L?(2)) such
that t — (G(t),0) is in L*(0,T; D(A2)) and satisfies A2(G(t),0) = (AG(t), —g(t)).
To see this, let G be a function with this property and let u denote the weak solu-
tion of (Py,,f,4). Then u — G is a weak solution of (P,,_¢(0),f+ac—a,,0) and hence
a strong solution of this problem thanks to maximal regularity in the case of homo-
geneous boundary conditions. Thus u is in H'(0,7; L*(Q)) and t — (u(t),0) is in
L?(0,T; D(As)), i.e., u is a strong solution of (Py,,f.4)- On the other hand, if u is
a strong solution of (P, f,4), we may set G := u.

3. REGULARITY

The goal of this section is to show that for ug € C(Q) the weak solution of (P, f4)
is continuous on the parabolic cylinder [0, 00) x €, so in particular continuous up to
the boundary. The main tool is the following pointwise a priori estimate, which we
will use also for the study of the asymptotic behavior.

Proposition 3.1. Fix T > 0. Let r1,7r2,q1,¢2 € [2,00) satisfy

(3.1) 1+N<1 d 1+N_1<1
. — —_— an — .
21 T2 2q2 2

Let ug € L*(Q), f € L™(0,T;L%(Q)) and g € L™(0,T;L%=(9)) be given and
denote by u the weak solution of (P, f,4). Then

(3.2) |00 (272,710 (02 < Ellull 20 7:12(0)
+ el 17 0.7 n @) + N7 20,7102 062y
where ¢ depends only on T', N, €, 1, q1, 72, ¢ and the coefficients of the equation.

If we have ug = 0, then we obtain the global estimate

(3.3) [l 0,7 200 (2)) < €llull 207,12
+ CHfH%Tl(O,To;L‘H(Q)) + CHQH%W(O,TO;L’D(SQ))'

The proof of Proposition 3.1 is lengthy and technical. We postpone it to Ap-
pendix A in order not to interrupt the train of thought. We will use mainly the
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following consequence of Proposition 3.1, which arises from combining it with Propo-
sition 2.10.

Theorem 3.2. Let T > 0 be arbitrary, let f and g satisfy the conditions of
Proposition 3.1 and let ug € L>°() be given. Then the weak solution u of (Py,.f.q)
satisfies

(34)  Nullpeo,1;L(0)) < clluollL=() + cllfllro,r;za @) + cllgllLrz0.1;L0 )

where ¢ depends on the same parameters as in Proposition 3.1.

Proof. By linearity we have u(t) = To p(t)uo + v(t), where (T2 n(t))i>0 has
been introduced in Proposition 2.10 and v is the weak solution of (P ¢,4). Hence we
deduce from (3.3) and Proposition 2.10 that

|7 000,710 02y <2 8UD T2, n(t)uol|Z oo () + 2[00 7 (0 71 (02))
0<t<T

< 2M2€2|w|T||“OH%w(Q) +2¢l|vl|720,1:22(0)
+ 2c|| f]

L orin @) + 2e190Er 0220 )

In addition, by Lemma 2.9 and Hélder’s inequality we have

HU(S)H%%Q) < CHUO||2LOO(Q) + C||f||2Lr1(o,T;Lm(Q)) + CH9||2LT2(0,T;qu(Q))

for all s € [0, T], where we note that by the proof of Theorem 2.11 the lemma is valid
for all weak solutions, not only classical solutions. Combining these two estimates
we have proved (3.4). O

We use (3.4) to deduce continuity of the solution up to the boundary of the
parabolic cylinder, which is our main regularity result.

Theorem 3.3. Let T > 0 be arbitrary, let f and g satisfy the conditions of
Proposition 3.1 and let ug € C(Q) be given. Then the weak solution u of (P, f4) is
in C([0,T]; C(Q)). So in particular u(t) — ug uniformly on Q ast — 0.

Proof. Let Ax denote the realization of A in X := L% (Q) x L% (9NQ) with the
same boundary conditions as As, i.e.,

D(Ay) = {(u,O) € D(As): Aue LT (Q), % e L‘IZ(EJQ)},
Ax(0,0) = (Au, 25— Bulan).
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Thus (u,0) € D(Ax) if and only if there exist f € L7 () and g € L?%?(9f2) such

that u solves
Au = f on Q,

ﬁ + fu = g on 9N

81/A
in the weak sense. Since by (3.1) we have in particular ¢g; > N/2 and ¢ > (N —1)/2,
the elliptic regularity theory shows that in this case u € C(Q), compare [23], Theo-
rem 3.14, for bounded coefficients or [24], Example 4.2.7, for the general case. Hence
D(Ax) C C(Q2) x {0} and in particular D(Ax) C X. Hence Ax is the part of
the resolvent positive operator A, in X, and hence is resolvent positive. Thus Ax
generates a once integrated semigroup on X by [2], Theorem 3.11.7.

Pick sequences (f,) C C2([0,T]; L>=()) and (g,) C C2%([0,T]; L°(952)) that
satisfy f,(0) = 0, ¢,(0) = 0, f,, — f in L™(0,7;L9(Q)) and g, — ¢ in
L™(0,T; L%(01)), and let v, denote the weak solution of (FPy.f, g..)-

By [2], Corollary 3.2.11, the abstract Cauchy problem

Wi (t) = AxWa(t) + (fa(t), gn(t)),
W(0) = (0,0)

has a unique solution W,, = (wy,0) € C1([0,T]; X)NC([0,T]; D(Ax)), and in particu-
lar we have w,, € C([0,77]; C(Q)); we could call w,, a classical X -solution of (Po.f, 4. )
in analogy to Definition 2.5. The function w,, is in particular a classical L2-solution
of (2.5), hence w,, = v,, by uniqueness. We have shown that v,, € C([0,77]; C(Q)).
Now, since by Theorem 3.2 we have v,, — v uniformly on [0,7] x €, where v
denotes the weak solution of (P f4), we deduce that v € C([0,7]; C(Q2)). Hence,
since u(t) = T (t)uo +v(t) with (T4 (t))i>0 defined in Proposition 2.10, continuity
of u follows from Proposition 2.10. O

Remark 3.4. If in Theorem 3.3 we only have ug € L%(Q) instead of ug € C(9),
we still obtain that uly, ) € C([to, T); C(Q)) for all o € (0,7). In fact, this can
be seen easily from the proof since by Proposition 2.10, t — T5 5 (t)ug is continuous
from [tg, 00) to C(Q) for every to > 0.

In particular, ug € C(f2) is a necessary condition for the convergence u(t) — ug as
t — 0 to be uniform on Q. Theorem 3.3 shows that it is also sufficient if f and g do

not behave too badly.

We close this section by a comparison with the situation for Dirichlet boundary
conditions.

Remark 3.5. For the Dirichlet initial-boundary value problem studied in [1] one
has to work with a realization A, p of A with Dirichlet boundary conditions in a space
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of continuous functions because LP-regularity conditions on the boundary data do
not suffice in order to obtain continuous solutions, which contrasts the situation in
Theorem 3.3 for Neumann boundary data. This leads to a minor difficulty. More
precisely, since C(9f2) does not have order continuous norm, it is not immediately
clear that A. p is the generator of a once integrated semigroup. In fact, this is even
false since if A. p were the generator of a once integrated semigroup, then by [2],
Corollary 3.2.11, there would exist a mild solution of the corresponding abstract
Cauchy problem

ue(t) = Au(t),
u(t)]oe = ¢(t),
u(0) = uyg,

regardless of any compatibility assumptions between ¢ € C!(]0,00); C(92)) and
up € C(Q). This contradicts the simple observation that the existence of a mild
solution enforces the condition ¢(0) = wugl|aq, see [1], Proposition 3.2. Still, A.p
generates a twice integrated semigroup, see [2], Theorem 3.11.5, which is sufficient
for the results in [1].

The situation is different for Neumann boundary conditions, as we can already
expect from the fact that no compatibility condition appears in Theorem 3.3. In
fact, we have a once integrated semigroup in that case. In order to see this, consider
the realization A. in C(Q) x C(99) of A with Robin boundary conditions and set
Z = C(Q) x {0}. Then D(A.) C Z, the space Z is invariant under the resolvent
of A., and the part of A. in Z is the generator of a strongly continuous semigroup,
see [23], Theorem 4.3. Hence by [2], Theorem 3.10.4, the operator A. generates
a once integrated semigroup on C(Q2) x C(99).

4. CONVERGENCE

In this section we study boundedness of the solution u of (P, ¢,4) as t = co. We
are not interested in (exponential) blow-up or decay, but want to consider the border
case only. Inspired by our model case, i.e., A = A and 8 = 0, a natural condition
that helps with this issue is to assume conservation of total energy, i.e.,

(4.1) /Qu(t)da::/Quoda:—i—/Ot/Qf(s)da:ds+/Ot/mg(s)dads

for all t > 0. We restrict ourselves to this situation, which can be characterized as
follows.
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Proposition 4.1. The following assertions are equivalent:
(i) for every T > 0, f € L?(0,T;L?*(Q)), g € L?(0,T;L?(0R2)) and ug € L*(Q)
relation (4.1) holds for all t € [0, T, where u is the weak solution of (Py, f.q);
(ii) for every ug € L*(Q) we have [, u(t)dz = [, uodx for all t > 0, where u is the
weak solution of (Py,,0,0);
(iii) the relation

dive=d on (),
(4.2)

c-v=—0F ondf)

holds in the weak sense, i.e.,

N
Z/CiDmdx—i—/dndx—f—/ Bndo =0 forallne H'Y(Q).
= Jo Q a0

Proof. Assume (iii) and let u be the weak solution of (P,,,f,4), which is a mild
L?-solution by Theorem 2.6. By Remark 2.3 we have

(4.3) as ( /O tu(s)ds,v) - /O t/Q F(s)odeds+ /0 t/m g(s)vdo ds— /Q (u(t) —ug)v dz

for all v € H'(Q). Picking v := lg|q and using that by (4.2) we have ag(n, lo|q) = 0
for all n € H'(Q), we obtain (4.1).

It is trivial that (i) implies (ii). So now assume that (ii) holds, i.e., that
JoTon(t)updz = [yuodx for all ¢ > 0 and all ug € L?*(2), where (T24(t))e0
is defined in Proposition 2.10. Then 1| is a fixed point of the adjoint semigroup
(T5 1,(t))t=0, which implies A3 ,Talo = 0, ie., ag(n,Talo) = 0 for all n € H'(Q).
This is (4.2). O

We aim at a bound of the solution of (Py,,f,4) in L>(0, 00; L>(Q2)). As the first
step, we consider the homogeneous problem (P, 0,0)-

Lemma 4.2. Under condition (4.2) we have |[u| 100 (0,001 ()) < |[to]| Lo () for
the weak solution u of (Py,,0,0) if and only if

d on ),

M=
S
Il

<
Il
—

(4.4)

(o

-~
I
-

bjl/j = —,8 on 0}

in the weak sense.
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Proof. Relation (4.4) is equivalent to ag(la|a,n) = 0 for all n € HY(Q), i.e.,
Az plg = 0. Hence (4.4) is equivalent to Tg|q being a fixed point of (7% 4(%))t>o0,
where (T 1,(t))¢>0 is defined in Proposition 2.10.

Since (To,1(t))e>0 is positive, To 1 (t)Ialo = lalq for all ¢ > 0 implies that the
semigroup is contractive with respect to the norm of L°°(2), which is precisely
the bound for u. On the other hand, if (75 (t))i>0 is L°°(Q)-contractive and
Jo Ton(t)ugdr = [, uodx for all t > 0, which is satisfied by Proposition 4.1, then

Talq is a fixed point of (T, (t))t>0- O

We will see in Corollary 4.8 that (4.4) implies that also the inhomogeneous problem
(Puo,,9) has bounded solutions under the additional assumption that [, f(¢)dz +
Joq 9(t)do = 0 for all £ > 0 and that the functions f and g are not too irregular. The
first step in this direction is an L?-bound on bounded time intervals, Proposition 4.4,
for which we need the following lemma.

Lemma 4.3. If (4.2) and (4.4) hold, then ag(v,v) > pu [, |Vv[*dz for all v €
H'(Q).

Proof. By virtue of continuity of ag it suffices to prove the estimate for all
v € HY Q)N L>(Q). For such v we have by (2.1) and the chain rule that

N N
1 1
ag(v,v) 2/1/ |Vv|2da:+§ g /bij(UQ)dx+§ E /ciDi(qﬂ)dx
Q =ire = Ja

+/dv2dx+/ ,BUQdU:,u/ |Vo|? dz,
Q a0 Q

where in the second step we used the weak formulations of (4.2) and (4.4) with
n:=v% e H(Q). O

Proposition 4.4. Let u be the weak solution of (P, ¢ 4) on [0,T] for ug € L?(2),
f€L?0,T;L*(Q)) and g € L*(0,T; L*(09)). Assume that [, uodz =0 and

(4.5) /Qf(t) dz + /émg(t) do=0 forallt>0.

If (4.2) and (4.4) hold, then there exist T > 0 and ¢ > 0 depending only on p and €
such that

(4.6) /|u(t)|2dx<e*tﬁ/ luo|? dz
Q Q

t
g ( [ueras [ |g<s>|2da) s

for allt € [0,T.
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Proof. Sinceu can be approximated by classical L2-solutions of equations with
right hand sides close to f and g, compare the proof of Theorem 2.11, we can assume
without loss of generality that u is a classical L2-solution of (P, f.¢)-

By (4.5) and Proposition 4.1 we have [, u(t)dz = [, uodz = 0 for all ¢ € [0, T].
Recall that 2 was assumed to be connected throughout the article. Hence by
Poincaré’s inequality and the Sobolev embedding theorems there exists ¢; > 0 de-
pending only on €2 such that

2 2 2
(4.7) /Q|u(t)| dx—i—/aQ lu(t)] d0<01/9|Vu(t)| dz

for all ¢ > 0. Using Remark 2.3, Lemma 4.3, Young’s inequality and estimate (4.7)
we obtain that

i%/ﬂ|u(t)|2 do = /u(ﬁ)ut(t)dx:/Qu(t)(Au(t)+f(15))daj

[ (o az + / [ atyu(t)do - ap(u(t). u(e)

< @< /Q ass [ o?ao)
+2—‘C‘1</Q|u(t)|2dx+/m| |2dx)— /|Vu )2 da
<af [ropas [ gopac) -5 [ vuas

with ¢g := ¢1(2). Define 7 := ¢3/p. Then by (4.7) and the above inequality

1 2 —t/r 1 T A I | 2
2/Q|u(t)| dz —e 2/Q|u0| dz = ; ds(e 5 Q|u(s)| dx) ds

1 t
< — e(Sft)/T/ lu(s)|? dz ds
2T 0 [e)

t
+/0 e(s_t)/T(CQ/Q|f(s)|2dx+02/m| ()|2da——/ |Vu(s )|2dx) ds
! (s—t)/T 2 2 o
<02/0e </Q|f(s)| dx+/m|g(s)| d)ds,

where in the last step we have used that ¢o/(27) = p/2. O

We want to find a condition on f and g which would ensure that the right hand
side of (4.6) remains bounded as ¢ — co. To this end we introduce some function
spaces.
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Definition 4.5. Let r; and ¢; be in [1,00), and let T > 0. For a strongly
measurable function f: (0,00) — L% () we define

00 1/ry
REF () = ([l llm v rino @) = </o ||f(s)|Zlql(mﬂ(t’HT)(s)ds)
and introduce the spaces
Ly i(Q) == {f: (0,00) = LT(Q); Ry € L>(0,00)}

and

Lovgt () = {f e Ly®; tli>r& R?T(“ (t) =0}
of uniformly mean integrable functions, where we identify functions that coincide
almost everywhere. Similarly, for ro and ¢z in [1,00) and g: (0,00) — L%2(9Q) we

set
R;HSH ) == Nglct.exr) | Lr2(t,647; 092 (002)) 5

L729(09) := {g: (0,00) = L®(9Q): RI%% € L™(0,00)},
L (09) = {g € Ljz™; Jim %% (1) = 0}.

Let us collect a few properties of the spaces introduced in Definition 4.5.

Lemma 4.6. Let r; and g1 be in [1,00). Then
(a) for every T > 0, the expression || f||,,
norm on L7171 (Q);

(b) the norms in (a) are pairwise equivalent for different values of T';

ran () 1= supR“’ql( ) defines a complete

(c) for every f € L7194 (Q) and every T > 0 the function Rfl’q1 is continuous on
[0, 00);

(d) the space L,,’¢' (2) is a closed subspace of Lj}9(Q);

(e) if 1< 7] <ryand1 < q] < qi, then

L (Q) € L ™(Q) and LIEH(Q) € L3 (Q)

with continuous embeddings;

(f) we have L>(0, 00; L% (2)) C L;3»% () and Co([0, 00); L9 (Q)) C L,}¢" (Q2) with
continuous embeddings;

(g) for f € L'19(Q) and every non-increasing function h € L'(0,00) N L°(0, 00)

we have

t
= DIy s < (Wm0 + B0 IR 52
for allT >0 andt > 0;
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(h) for f € L;}§" () and every non-increasing function h € L'(0,00) N L>(0, oc)

we have

hm/ (t = ) e

Analogous assertions hold for the spaces L;2%(0Q) and L, *(0Q) with ra,q2 €
[1,00).

Part (b) justifies that we suppress the dependence on 7' in the notation for
L@ (Q) and its norm.

Proof. Part (a)is routinely checked and we leave the verification to the reader.
Now let T > 0 and 7" > 0 be given and pick a natural number n > T’/T. Then
by Hoélder’s inequality

1/7’1
Ry (1) < RYLG(0) (ZR”"“ t+k-T>“>

n—1
< Z R;f’T‘“ (t+kT)<n Sli% R;lifh (s)
k=0 §

for all ¢ > 0, which implies (b).
By the reverse triangle inequality we have

oo 1/r
Ry 1) = RO < ([N o lfesnerran(s) - Toasn(lds)

Since moreover Usqp ¢4+7+n) — t,14+7) almost everywhere as h — 0, part (c) follows
from the dominated convergence theorem, where as dominating function we may
take || £l (o Vo,6427) € L1(0, 00).

By (c) and the definition of the norm the mapping f — R;'7" is Lipschitz contin-
uous from L71% (Q) to Cy([0, 00)) for every T' > 0. Hence the prelmage of Cy([0, 00))

7"17‘11

under this function is closed which proves (d).
For 1 <rj <r; and 1 < g7 < g1 we obtain from Hélder’s inequality that

R;%’qul (t) < T(Tl_rll)/(rlrll)|Q|((I1_Qi)/(q1QE)R;?}?1

for all ¢ > 0. This implies (e), and (f) is proved similarly.

For (g) let f € LT17(Q), ¢t > 0 and T > 0 be fixed and define n, € N by
(ne — )T <t < nT. Let h € L*(0,00) N L>(0, 00) be non-increasing and assume
without loss of generality that h(0) = ||k z(0,00). Since for ¢ < T' the estimate
in (g) is trivial, we may assume that ¢t > T, i.e., n; = 2. Then

ng—1 ni—1  a(ng—k)t/n.
(4.8) Z h( ) < % Z/ t h(s)ds < %/ot h(s)ds

k=0 v (ne—k=1)t/n,
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Moreover,

kt/nt

) MOyt < S A( ) [ S o
=1 t (

k—1)t/ny

< S (0 e (O 1)

The estimate in (g) is an immediate consequence of (4.8) and (4.9).

Now assume in addition that f € L; 6" (). Let € > 0 be given and pick k; € N so
large that R}y (s)™ < e forall s > le Let k2 € N be so large that h(s) < e/(2k;)
for all s > kT, set ko := max{4ky,2ks} and define ¢y := koT. Let ¢t > to be fixed,
so ng = ko. Then for £ < 2k; we have

M: (1—£)t> (1_2_I€1)t>

Ny Ny

whereas for k > 2k; + 1 we have

(=1t 2kt _, o
T 2(7’Lt - 1)

Hence from (4.8) and the definitions of k1 and ks we obtain for ¢ > kT that

Son(e By (e (B5)”

2k, _ . n _
<2—;21<R:efm<<’y—f”>> =

< (IR 17 (0.00) + 1(0) + ([l L1 (0,00))-

We have shown that
P_%:l h((nt; k)t) (R?qu ((k ;tl)t>)r1 o

which by (4.9) implies (h). O

We can now formulate our criterion for boundedness and convergence of solutions
of (Py,,t,9), which together with its corollary is the main result of this section.

Theorem 4.7. If (4.2) and (4.4) hold, then for all ug € L*(Q), f € L%?(Q2) and
g € L%2(09) that satisfy (4.5) the weak solution u of (Py,,f,4) is bounded in L?(),
and more precisely,

Pz < [ fuol o+ el £ 0, +cllolze oo,
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for all t > 0 with a constant ¢ > 0 that depends only on Q and the coefficients. If
even f € LilQO(Q) and g € L7 0(09), then tlim u(t) = Q| fQ ug in L*(Q).
’ 00

Proof. Write ug = to + k with k := [Q| " [, uo. Then u(t) = a(t) + k by
Lemma 4.2, where @ denotes the weak solution of (P, ¢4). Proposition 4.4 and
part (g) of Lemma 4.6 applied with h(r) := e~"/7 show that

[l < c [ il ao +ell #1250 0 + llsl g2 0n

whereas part (h) shows that tlim a(t) =0in L?(Q) if f € LifO(Q) and g € Lifo((‘)Q).

—00
O

Under slightly stronger assumptions on ug, f and g we obtain even uniform bound-

edness and uniform convergence.

Corollary 4.8. Let r1, q1, 2 and g2 be numbers in [2,00) that satisfy (3.1).
If (4.2) and (4.4) hold, then for all ug € L*>(Q), f € L7171 () and g € L2722 (0Q)
which satisty (4.5) the weak solution u of (P, s 4) is bounded in L>°()), and more
precisely,

(410)  [ul®) 3y < elluolZgay + el FIZ o) + ol oo

for all t > 0. Moreover, if f € LIV#(Q) and g € L;>#(0N), then tlim u(t) =
, ) —00
Q|71 Jo uodz in L>®(Q).

Proof. By Theorem 4.7 and part (e) of Lemma 4.6 we have

ullZ2gqy < clluolZeq + el FIZ 1 ) + €lglZ i o
On the other hand, inequality (3.2) applied to the interval [t — 2, ] shows that

(411)  JJu(®)][Z (o) < 2¢ Sup_ lu(s)l|720) + c(RES™ (t = 2))* + c(Ry3™ (t - 2))?

s>t—

for every t > 2. Using in addition Theorem 3.2 to bound w on [0,2], we have
shown (4.10).

Let now f € L,'¢" () C Lf,’fo(ﬂ) and g € L,>*(09) C Li’fo((p)ﬂ), see Lemma 4.6.
Write u(t) = a(t) + k with k = |Q| " Jouodz as in the proof of Theorem 4.7.
Then lim [a(t)||z2() = 0 by Theorem 4.7. Using the definitions of L;,’¢* () and
Lyt (89) this gives tlgglo la(t)||Le(y = 0 by (4.11) applied to @. The additional

claim is proved. O
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Remark 4.9. Remark 3.4 shows that if in the situation of Corollary 4.8 we
only have uy € L?(2) instead of ug € L*°((2), the assertions remain valid with the
exception that u will not be bounded in L>°(Q2) as t — 0, i.e., estimate (4.10) holds
only for ¢ > tg > 0 with a constant ¢ > 0 that depends in addition on %.

5. PERIODICITY

We are going to study the periodic behavior of solutions of (P,,,¢,4) under peri-
odicity assumptions on f and g. This relies on the spectral theory, which is why in
this section (and only in this section) we assume our Banach spaces to be complex.
Thus ug, f and g are complex-valued functions, and hence also the solution u will
be complex-valued. For the theory developed in the other sections this makes no
difference since we can always treat the real and the imaginary part separately as
long as the coefficients of the equation are real-valued, which we still assume. Thus
we will neglect this detail in the notation and reuse the symbols for the real spaces
for their complex counterparts.

We start this section with a short summary on almost periodic functions in the
sense of Harald Bohr, i.e., uniformly almost periodic functions. For further details
and proofs we refer to [2], §4.5-4.7, or [6].

Definition 5.1. Let X be a complex Banach space. A function f: (0,00) = X
is called T-periodic (for some 7 > 0) if f(t+7) = f(t) for all t > 0. Set e;,(¢) := '™
for n € R and ¢t > 0. The members of the space

AP([0,00); X) :=Span{ep,z: n € R, z € X}

are called uniformly almost periodic functions, where the closure is taken in the space
of bounded, uniformly continuous functions BUC([0, 00); X '), which is a Banach space
for the uniform norm. The direct topological sum

AAP([0,00); X) := AP([0, 00); X) & Co([0, 00); X) € BUC([0, 00); X)
is called the space of uniformly asymptotically almost periodic functions. For all

f € AAP(]0,00); X) and n € R the Cesaro limit

T—oo T

IR
Cyf == lim —/ e " f(s)ds
0

exists in X. We let
Freq(f) i= {n € R: Cyf #0}
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denote the set of frequencies of f. For f € AAP([0,00); X) the set Freq(f) is count-
able. The function f can be decomposed into its frequencies in the sense that

[ espanfei,x: n € Freq(f), x € X} & Co([0,00); X).

In particular, f € Cy([0,00); X) if and only if Freq(f) = . Moreover, Freq(f) C
2717 if and only if there exists a 7-periodic function ¢ such that f — g €
Co([0, 00); X).

We show that for uniformly asymptotically almost periodic data, the solution is
uniformly asymptotically almost periodic with essentially the same frequencies. In
fact, this is a general phenomenon for mild solutions of abstract Cauchy problems
and we merely have to check the assumptions of [2], Corollary 5.6.9. We are going
to improve this result later, which is why we call this preliminary result a lemma.

Lemma 5.2. Assume (4.2) and (4.4) and let ug € L?(Q), f € AAP([0,00); L?())
and g € AAP([0,00); L?(0Q)) satisfy (4.5). Then the weak solution u of (Py, ) is
in AAP([0, 00); L?(Q2)).

Proof. Define up(t) := u(t + h), fu(t) := f(t + h) and gn(t) := g(¢t + h) for
h > 0and t > 0. Then by uniform continuity of f, for every € > 0 there exists 6 > 0
such that ||f4 — fll 2,2y < € holds whenever 0 < h <4, see part (f) of Lemma 4.6.
A similar assertion holds for g. Applying Theorem 4.7 to u and uj, — u, which is the
weak solution of (Py(n)—u(0),f,—f,gn—g)> and using in addition that u is continuous
by Definition 2.1 we thus obtain that u € BUC([0, 0); L%(Q)).

Let As be as in Definition 2.2. By Lemma 2.4 the operator A generates a once
integrated semigroup (S(t))i>0 on L?(Q2) x L?(99), see [2], Theorem 3.11.7, which
by [2], Lemma 3.2.9, satisfies S(t)(v,0) = (fot Ty n(s)vds,0) for all v € L?(€2), where
(Ta,1(t))t>0 is defined in Proposition 2.10. By Proposition 4.1 the closed subspace

Xo = {(U,O): v e L*(Q), /dex—O}

of L2(2) x L?(9Q) is invariant under the action of (S(t));>0, which by [2], Defini-
tion 3.2.1, implies that X is invariant under the resolvent of A;. Hence for the part
As|x, of A2 in Xy we have 0(Az2|x,) C 0(A2) and in particular g(As|x,) # 0. We
obtain from Lemma 2.4 and the compactness of the embedding H'(Q) — L?(f) that
As|x, has a compact resolvent.

We now show that o(As|x,) NiR = (. Assume to the contrary that there exists
n € R such that in € 0,(A2|x,) = 0(Az2|x,). Then there exists 0 # vg € L*(Q2) sat-
isfying [, vodz = 0 and As(vo,0) = (invo,0). Then v(t) := vy defines a classical
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L2-solution of (P, 0.0). This contradicts Proposition 4.4 because Hv(t)||2Lz(Q) /0 as
t — oo.

Write ug = g + k with k := |Q] " Jo uodz. Then u(t) = @(t) + k by Lemma 4.2,
where @ is the weak (and hence mild) solution of (Pg,,f4). Since in addition
Jou(t)dz = 0 for all t > 0 by Proposition 4.1, we deduce that (u,0) is a mild
solution of the abstract Cauchy problem associated with As|x, for the inhomogene-
ity (f,g). Since @ € BUC([0,00); L*(2)) we now obtain from [2], Corollary 5.6.9,
that @ € AAP([0,00); L%(Q)), which shows u € AAP([0, 00); L2(12)). O

Via an approximation argument we can relax the assumptions of Lemma 5.2. For
this we introduce Stepanoff almost periodic functions. We omit the proofs of the
implicit statements about this class of functions, which are similar to the ones for
uniformly almost periodic functions. The interested reader may consult [6], §99,
and [25] for the scalar-valued case.

Definition 5.3. Let X be a complex Banach space. For r € [1,00) the members
of the space

AP"([0,00); X) := Span{ei,z: n € R, z € X}

are called Stepanoff almost periodic functions (with the exponent r), where the clo-
sure is taken with respect to the norm

t+1
sco=sw( [ 175 )
t>0 t

The space of Stepanoff asymptotically almost periodic functions is defined as

1/r

/]

AAP'([0,00); X) == AP([0,00); X) @ Ly, o(X),

where we set Ly, o(X) = {f € L,(X): tlim fttH [If(s)||"ds — 0}. The Cesaro

limit

exists for all n € R and f € AAP"([0,00); X). We define the set of frequencies of f
as

Freq(f) = {n € R: C,f # 0}

and remark that Freq(f) C 2r7~!Z if and only if there exists a 7-periodic function g
such that f —g € Ly, o(X).
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Now we improve the statement of Lemma 5.2 by showing that for Stepanoff asymp-
totically almost periodic data we obtain uniformly asymptotically almost periodic
solutions with a precise description of their frequencies. We start with the result in
the L?-framework.

Theorem 5.4. Assume that (4.2) and (4.4) hold. We assume that ug € L*(Q),
f € AAP?([0,00); L*(Q)) and g € AAP?([0,00); L?(9Q)) satisfy (4.5). Then the
weak solution u of (Py,,,4) is in AAP ([0, 00); L?(§2)). Forn # 0 we have n € Freq(u)
if and only if n € Freq(f) U Freq(g). Moreover, 0 € Freq(u) if and only if 0 €
Freq(f) U Freq(g) or [, ugdz # 0.

Proof. Write f = fp+ fo with fp € AP([0,00); L*(2)) and fo € L7, ((L*(9)),
g = gp +gc with gp € AP([0,00); L*(02)) and gc € L2, ((L*(09)) and ug = tio + k
with k£ = |Q|_1 fQ ugdz. Then u = up + uc + k by Lemma 4.2, where up denotes
the solution of (Py,, tp,g») and uc is the solution of (P, ¢ g )-

Pick f, € span{eiv: n € R, v € L?*(Q)} and g, € span{ejw: n € R, w €
L?(09Q)} such that f, — f in the norm of L2 (L*(Q)) = L22(Q2) and g,, — ¢ in the
norm of L2,(L?3(02)) = L%%(09). Let u, denote the weak solution of (Pa,,f..g.)-
Then u, — up in L>(0,00; L*(Q)) by Theorem 4.7 and u,, € AAP([0,0); L*(Q))
by Lemma 5.2. Hence up € AAP([0,00); L3(€)). Since (uy,0) is a mild solution of
the abstract Cauchy problem associated with As|x, for the inhomogeneity (fn,gn),
see the proof of Lemma 5.2, we obtain from [2], Proposition 5.6.7 that Cpu, =
(in — Aa|xy) "1 (Cy fn, Cpg) for all n € R. Passing to the limit we have the relation
Chup = (in — A2|x,) ' (Cy f, Cyg). Thus Freq(up) = Freq(f) U Freq(g).

Since uc € Co([0,00); L%(Q)) by Theorem 4.7 and up(t) L k for all ¢ > 0 by
Proposition 4.1, we deduce that u € AAP([0,00); L2(£2)) and

Freq(u) = Freq(up) + Freq(k) = Freq(f) U Freq(g) U Freq(k),

which is a different way to write down the description of Freq(u). O

We can also obtain an analogue of Theorem 5.4 in the more regular setting of
continuous solutions.

Theorem 5.5. Let r1, g1, 2 and ¢a be numbers in [2,00) that satisfy rela-
tion (3.1). Assume that (4.2) and (4.4) hold and let ug € L*>*(Q2), f € AAP™ ([0, 00);
L1 (Q))) and g € AAP™([0, 00); L92(0N2)) satisfy (4.5). Then the weak solution u of
(Puy,f.q) 1s in AAP(]0,00); L®(Q2)). For n # 0 we have n € Freq(u) if and only if
n € Freq(f) UFreq(g). Moreover, 0 € Freq(u) if and only if 0 € Freq(f) U Freq(g) or
Jouoda #0. If ug € C(Q), then u € AAP([0, 00); C(Q2)).
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Proof. This theorem can be proved in precisely the same way as Theorem 5.4.
We have to use Corollary 4.8 instead of Theorem 4.7 and the realization of A in
L7 (Q) x L (09) instead of Ay like in Theorem 3.3, where from we also obtain the
continuity of u if ug € C(Q2). We leave the details to the reader. O

As an immediate consequence of the previous two theorems, we see that for pe-
riodic data the solution is asymptotically periodic. This formulation is simpler, but
we lose the precise information about the frequencies.

Corollary 5.6. Assume that (4.2) and (4.4) hold. Fix functions ug € L*(),
f € L*0,7;L3(2)) and g € L*(0,7; L?(0Q)) for some 7 > 0. We identify f and g
with their T-periodic extensions to (0,00). Then there exists a T-periodic function
up such that the weak solution u of (P, y,4) satisfies tlg& lu(t) — up(t)||r2@Q) = O.
Ifup € C(Q), f € L>=(0,7; L>°(Q)) and g € L*(0, 7; L>=°(01)), then u and up are in
Co([0, 50): C()) and Jim [[u(t) — up(D)] 1oy = 0.

APPENDIX A. POINTWISE ESTIMATES VIA DE GIORGI’S TECHNIQUES

In this section we prove Proposition 3.1. The proof is similar to what can be found
n [19], SII1.7-8, which in turn is a refined version of De Giorgi’s famous technique.
We need, however, the following improvements over [19]:

(i) the presence of the inhomogeneity g in (P,,,f,q), makes it necessary to keep
track of the measure of the sublevel sets of u|sq;

(ii) we need a precise dependence of the constants on f and g. More precisely, these
quantities have to enter linearly into the right hand side. This is not obvious
from the proofs in [19], but can be asserted after some small modifications;

(iii) we need an estimate that is local in time but global in space, whereas the
results in [19] are either global in both variables or local. This requires only
trivial modifications.

Another motivation to give the details is that the relevant parts in [19] contain
some misprints, for example the relations between n, # and ¢ in the proof of [19],
Theorem II1.7.1, as can be seen by taking n =2, r =¢=4 and k = 1/2.

This is another subtle mistake in the claim that the constant in [19], I1.6.11, does
not depend on 79 and go. In fact, the explicit constant given in [19], I11.6.25, still
contains 6 = 710y 2. And indeed, otherwise, we could apply estimate [19], I1.6.11, to
the solution u of the heat equation with initial datum ug € L?(RY)\ L=(R") like
in [19], SIIL.8, and deduce that given a ball B C R" we have

sup Ju(t)[[Fo<(py < clluollF2(mn
T/2<t<T
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for all T' > 0 with a constant ¢ > 0 that depends only on the radius of the ball. This
contradicts that u(t) — ug in L2(RY).

For these reasons, we give a complete proof of Proposition 3.1. The only part of
the argument that we copy from [19] without change is the following lemma, which
is easily proved by induction.

Lemma A.1 ([19], Lemma II.5.7). Let (Yn)nen, and (zn)nen, be sequences of
non-negative real numbers such that

Ynt1 < D" (Yn 0+ 25 Y0) and  zngn < eb"(yn +2)7F)
for all n € Ny with positive constants ¢, b, € and §, where b > 1. Define

d := min {5, } and X := min{(2¢)"Y0p/ @D - (9¢)~(+e)/ep=1/(=d)y

€
1+¢
and assume that

yo <A and zy < AVOFe),

Then
Yo KA and  z, < (AbT/)/ ()

for all n € Ng.

We partially adopt the notation of [19] here. More precisely, let 2 C RY be
a bounded Lipschitz domain and T' > 0. It will be convenient to work with functions
defined for negative times, so we will always assume that u € L>(—T,0; L?(2)) N
L?(—=T,0; H(Q)). In that case we write

ol = s [ worass [ [ vuopa,

and for £ > 0 we define

For a fixed function u, we set
Ap(t) :=={x € Q: u(t) >k}

and

By(t) := {x € 0Q: u(t) > k}

and denote by |Ax(¢)| and | Bk (t)| their volumes with respect to the Lebesgue measure
or the surface measure of 02, respectively.
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In what follows we will frequently need that for ry € [2,00], ¢1 € [2,2N /(N — 2)],
re € [2,00] and ¢z € [2,2(N —1)/(N — 2)] satisfying

1 N _N L, N-1 N
1N N g L _N
1 2q1 4 T 2q2 4
we have
(A1) lull Lrs (=050 (@)) + [[ullLra(—r,0;L9200) < cllullgen),

where ¢ > 0 depends only on €2, r1, q1, 72 and g2. This anisotropic Sobolev inequality
follows from the multiplicative Sobolev inequalities on £, see [19], SII.3.
We start with a modified version of [19], Theoerem I11.6.2.

Theorem A.2. Let Q@ C RY be a bounded Lipschitz domain, N > 2. Fix
T > 0 and u € L>®(=T,0;L?()) N L3(=T,0; HY(2)). Let r1; € [2,00), q11 €
[2,2N /(N —2)], ra; € [2,00) and g2 € [2,2(N —1)/(N — 2)] satisfy

1 N N 1 N -1 N
A2 —_—t — = — 1<I<L and — + = — 1<Ii<Ly).
(4.2) riy o 2q1; 4 ( v T2, 2q2,1 4 ( 2)

Assume that there exist k > 0, v 2 0 and numbers k1, > 0 and ko, > 0 such that
for all 7 € (0,T), o € (0,1/2) and k > k we have

0
A3 (k) |2 gl/ / ®) (£)[2 dzz dt
43 WO [ [ 0P
L,

0 2(1+k1,1) /1,0
wSo( [ 1o mear)

=1 -7

Lo 0 2(1+k2,1)/T2,1
+ 7k Z( | 1Buteyrare dt) ~

=1 W7
Then

0 1/2
(A.4) esssup  u(t,x) < c(/ / lu(t)|? dz dt + k;2) )
-rJQ

(t,x)e[—T/2,0]xQ

where the constant ¢ > 0 is independent of u and k.

Proof. In the proof the constants ¢, ¢g, ¢; and ¢y never depend on u and k.
Moreover, ¢ is a generic constant in the sense that it may change its numeric value
between occurrences.
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Since |Ax(t)| < 2] and |Bi(t)| < |09, estimate (A.3) remains valid if we replace
all the x1,; and k2 ; by their least member

K= min{/ﬂ,l, -y K1,Ly, I€17L1,I€271,H27L2} >0

provided we replace v by a larger constant 7' that depends on k1,1, k2.1, 1.1, 1,1 72,1,
g2, T, 77, || and |0€2|. Thus we may assume without loss of generality that 1 ; = &
forall 1 <1< Ly and kg =k foralll <1< Lo.
Let M > k be arbitrary and define
e L T
mi= (14270 S e [ 2,7,
by = (2—2"")M >k,

1 ’ (kn) (4|2
u " ()| de dt,
IMQ/—T”/Q| ()|

Yn =

Ly 0 2/r1,1 Lo 0 2/r2,1
2 1= Z (/ | A, (£)|72t/ 2 dt) + Z(/ | By, (£)|r21/42 dt)

I=1 N ~Tn =1\ " Tn

for all n € Nyg. We prove that the sequences (y,,) and (z,) satisfy the inequalities in
Lemma A.1.
To this end, let n € Ny be fixed. From (A.1) and the trivial estimate

W @) = (k1 = k) Va,, )

we obtain that

2 0 2N+
(A.5) M%yni1 < C(/ |Ak,z+1(t)|dt) ||u( n+1)||Q(‘fn+1)
—Tn+1
< c((kngr — kn)_QMQyn)Q/(N+2)||u(kn+1)||g2(‘rn+1)
< C22(n+1)yi/(N+2)Hu(kn+1)|\é(m+l).

Similarly,

(AG) 2_2(n+1)M22’n+1 = (kn+1 — kn)22n+1

L, 0 r1/q1 2/7r1,
< Z(/ (/ ) ()| 020 dx> dt>
=1\ ~Tug1 V0
Lo 0 r2,1/q2,1 2/r21
+> ( / < / uFn) (¢)| 2. da) dt)
=1 —Tn4+1 o

| 2

k:’IL
gCHu( ) Q(Tnt1)*
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Moreover, from (A.3) applied with 7 = 7, and 0 = 1 — 7,41 /7, = 2~ +3) we get
that

(A7) 18,y < )2

v 214w
Qi) S G My k2
CAEPHT 1)y, + 21)
Combining (A.5), (A.6) and (A.7) we obtain with § := 2/(N + 2) that

Ynt1 < COan( 1+6 T Z1+Ryg)
<

A8
(4.8) 02" (yn + 2,7)

Zn+1

for all n € Ng.

Next we want to estimate yo and zg for large M. On the one hand, we have

(A.9) Y s qm / / |u(t)|? dz dt.
On the other hand, similarly to (A.6) and (A.7), we have

R ri/qu 2/r1
(M — )220 < (/ (/ ¥ |q“da:> dt)

. T2,1/42,1 2/r2.
+§ (/ (/ [ul®) (£)] 2 dU) dt)
—T0 SQ

(ic) 2 17 0 (ic) 2

< < —

< u NSy < T /T/ [ut™ (t)|* da dt
7%2(T|Q|m/(h)2(1+5)/r1 + 7%2(T|8Q|T2/QQ)2(1+ﬁ)/r27

so that

(A.10) 20 < (MC%]%)Q </_OT/Q lu(t)|* dz dt + 152)

for all M > k. Define d := min{0, x/(1 + )} and
A = min{(2¢o) "/0273/ D) (2, (1HR)/rg=3/(rd)y

Then for

/2
(A.11) M = max{ 1/2(/ /|u |2dxdt) ,
X 172
k;+/\—1/(2‘1+“”c}/2</ /|u(t)|2dxdt+k2) }
—rJo
0 ) 1/2
< e (/ /|u(t)|2dxdt+k2>
—-rJo
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we obtain from (A.9) and (A.10) that
(A12) Yo < )\, 20 & )\1/(1+K).

Estimates (A.8) and (A.12) show in view of Lemma A.1 that z, — 0 as n — oo,
which implies that u(t) < nh—>120 k, = 2M almost everywhere on () for almost every
te () [=m,0] =[-T/2,0] if we define M asin (A.11). This is (A.4). O

neN

Theorem A.2 is a local estimate in time, hence it allows us to estimate the solution
of (P,,,,9) independently of the initial value ug. The price is that we obtain estimates
only away from ¢ = 0. We also need the following modification of Theorem A.2 that
gives good estimates for small t.

Corollary A.3. In the situation of Theorem A.2, assume that instead of (A.3)

we even have

Ly

0 0
||u(k)||é(T) < ,Y/T/Q |u(k)(t)|2 dxdt—i—'kaZ(/ |Ak(t)|7"1,z/<h,z dt

)2(1+H1,1)/T1,1
1=1 W -T

Ly

0 2(1+k2,1) /T2,
sy ([t an)

=1 \W-T

for all k > k. Then

T 1/2
€8S SUPy (1,0, zeq U(t: ) < c(/ / lu(t)|? de dt + k2>
0o Jo

for all t € [-T,0], where the constant ¢ > 0 is independent of u and k.

Proof. The proof is very similar to the one of Theorem A.2. In fact, we only
have to notice that after changing the definition of 7,, to 7, := T for all n € N the
rest of the proof is carried over verbatim with the mere exception that this time we
have () [—7n,0] = [-T,0], which gives the result. O

neN

Before we can check that Theorem A.2 applies to the solutions of (P, ¢,4), we
have to supply the following tool for the calculations.
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Lemma A.4. Let T > 0, w € HY(0,T;L*(Q)) N L*(0,T; H(2)) and k > 0.
Define u® (t) := (u(t)—k)* fort > 0. Thenu®) € H'(0,T; L*(Q))NL?*(0,T; H(Q))
with derivative (u®)),(t) = uy(t) gy and Vu® (t) = Vu(t) I, >iy- Moreover,
u®) (t)|on = (uloa(t) — k)T

Proof. After identifying H'(0,7; L?(Q))NL2(0,T; H(Q)) with H((0,T) x Q)
up to equivalent norms in the obvious way, the formulas for the derivatives follow
from the chain rule for weakly differentiable functions, see for example [16], Theo-
rem 7.8. The assertion about the trace is true for continuous functions and thus by
approximation for all functions under consideration. ([

We now prove Proposition 3.1 for classical L2-solutions. Basically, we will check
that every solution of (P, ,) satisfies (A.3).

Lemma A.5. Proposition 3.1 holds if in addition we assume that u is a classical
L2-solution and T < Ty, where Ty > 0 depends only on N, , r1, q1, 72, ¢2 and the
coefficients of the equation.

Proof. After alinear substitution in the time variable we may consider problem
(Puy,f,g) on [—T,0] instead of [0,T], the initial value now being uy = u(—T1"). We
check the conditions of Theorem A.2 with

(A.13) i

QL"I(—T,O;L‘H(Q)) + gl 2L7'2(—T,O;L‘12(Q))'

Fix 0 < 7 < T and let ¢ be a function in H'(—7,0) satisfying 0 < ¢(t) < 1 for all
t € [~7,0]. Assume either that ((—7) = 0 or that 7 = T and u*¥)(—=T) = 0. Then
for t € [—7,0] we have

(A1) P -5 [ WP | i%(cwé / |u<k><s>|2dx) s

t

= [ <o) [ WO asas+ [

—T —T

Q(S)Q/ngk)(s)u(k)(s) dz ds.

From Lemma A.4 and the fact that u is a classical L?-solution of (P, f,4) we obtain
that for all s € [—7, 0] we have

(A.15) /Q ™ (5)u® (s) dz = / wg(s)u™® (5) dz = / (Au(s) + £(s))u® (s) de

Q

Q
— [ £ (5)d+ / (9()u™(s) — ap(u(s),u(s))) do.
Q o0
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We now estimate the right hand side of (A.15). From Lemma A.4, (2.7) and
Young’s inequality we obtain that

N
ag(u(s), u®(s)) = aﬁ(u(’“)(S),u(’“)(S))JrZ/ bikDjul®) (s) da
j=1"9

/ dku® (s) dz + 5ku<k>( )do

/|Vu(k) (8)*da — /|u(k) (5)]*dz
Z/ |b; |2dx——/ |Vu® ()| dz
Ak 8
=[O @R Ryde= [Bu ) + ) do
Ak(s) Bk(s)
Using (A.15) and again Young’s inequality this gives
(A.16) / u® (s)u® (s)dz < — / [Vu® ()] da
Q
[ (O D) (PP + 8 s
Ak (s)
1 (B (N2 L 1.2
+ [ (e +181) (P () + k) do
Bi(s) \K

with
1 N
Do = w + B > bl + |d] € LY3(),

j=1
where ¢ > N. Plugging (A.16) into (A.14) and varying over ¢ we arrive at the
estimate

. H
(A.17) mm{ ,Z}HCU(MHZ?(T)

0
< sup <g(t)2.1/ |u(’“)(t)|2dx> +ﬁ/ 4(5)2/ Vu® 2 dz ds
—r<t<0 N - Q
<Nl Tm/ /|u ()2 do ds

) GO D0) PO + ) s

|~

* /_OT /Bk(s) (%'9(5” + |5|> (¢(5)u®) (5)|? + k?) do ds.
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We estimate the right hand side of (A.17). Define x; > 0 and x2 > 0 by

1 N N 1 N-1
(A.18) S S T and — + =
2 T2 22

I€2N
T 2q 2

1
2

With 71 := 2r1/(r1 — 1) and ¢1 := 2¢1/(q1 — 1) we obtain from Hélder’s inequality

/ / C(5)21ut™ (5)[2 da ds
—7 JAL(s)

1F 11z (=029 ) 1 ® 2y 020 ()

<
< k”CU(k)||2L<1+~1m(_T,O;L<1+~>al(g))|\ﬂAk ||i("‘vl+1)/*’vlfl(—7—70;L(’€1+1)/’51‘71 @)

that

The last factor tends to zero as 7 — 0. As moreover

1 L N N
(1 + H1)771 2(1 + Iﬁ:l)ql 4

y (A.18), we deduce from (A.1) that

k 1 p
F) ()2 <2 mind 2 (k)2
/_T /Ak(g) C(s)?|u™ (s)]? deds < 8mm{27 4}||§u o

if 7 is sufficiently small, say 7 < Ty, where Ty depends on p, N, Q, k1, r1, q1-
Similarly, since 2¢/(q — 2) < 2N /(N — 2) we obtain that

0
I/ Do SO s < Dol | W ronse oo
—T k(S

< s {5, 5 ¥,

for 7 < T with some possibly smaller Ty > 0 that depends in addition on Dy and q.
Analogously, with 75 := 2ro/(r2 — 1) and G2 := 2¢g2/(g2 — 1) we have

/ / C()%1u® (s)]? do ds
—T Bk(s)

= k”Cu HL(1+K2)72 (=7,0; L(1+r2)32 (9Q)) ||ﬂBk H%((Wl +1)/w1)T2 (—7,0; LU(r1+1)/r1)32 (5Q))

koooglop (k)12
< gmin {5, L HIcu®,)
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and since 2(¢ — 1)/(¢ —2) < 2(N —1)/(N —2) also

0
/] B GO ) o ds < 18l om0 g e-»comy
—T E(S

1 1
(k)
< gmin {2, £ HIcu® 3,

for 7 < Ty, where this new T depends also on r3, ¢o, ko and (.
Combining the above estimates with (A.17) we obtain that

(A.19) nw|@ﬂ(wmm(m/uﬂu (5)[? d ds
-I-C'u]q;Q/ / (_|f(s)|+D0> dz ds
—r Jans) Nk

—I—cuk;Q/O / (%|g(s)|+|ﬁ|) do ds
—7 J Bg(s)

if 7<Tpand k > I:;, where ¢, depends only on p.
Now we estimate for k > k

0
1 1
/4 /Ak(s E|f(5)|dxd5 < E||f||LT1(—T,O;L‘11(Q))”ﬂAk”LTl/(Tl_l)(7T,O;qu/(q1_1>(ﬂ))

< ||ﬂAk ||LT1/<T1—1)( 7,0;La1/(a1=1)(Q))

2(14k1,1)
L1 (Z7,0;L91,1 ()

= [|Ta,lly
with k1,1 := k1, 11,1 = 2(1 + k1)r1/(r1 — 1) and ¢1,1 == 2(1 + K1)q1 /(g1 — 1), and

similarly

0
/ / Do dds < [Doll racey 0ae L (rongorio )
—71 JAg(s)

2(14k1,2)
1,2 (Z7,0;L91,2(Q))

= Dol parz( 14, I

with k12 := (2(¢— N)+ (¢ —2)N)/(gN), r1,2 :=2(14+k1,2) and g1 2 := 2(1+K1,2) X
q/(q — 2). Analogously,

0

1 2(1+

~lg(s)| dods < (|15, 179550, 1om 02
—T Bk )k T

with ko1 1= Ko, ro1 :=2(1 4+ ke,1)re/(re — 1) and g21 := 2(1 + K2,1)q2/(q2 — 1), and

/ / 18] do ds < (18] -1 o 105, |12
—T Bk(s

2(1+k2,2)
"2,2 (—7,0;L92:2 (692))
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with K22 == (N(g—N)+2(N—-1))/((¢q—1)N), roa = 2(1 + ka2) and g2 :=
2(1 + k22)(g —1)/(q — 2). Thus (A.19) yields

0
(A.20) 1Ca 9 12y < cull e (ro / / [u® (5)]? da ds

2

0
rar ([

=1 -7

2 0 2(1+k2,1) /72,1
/ |Bk(s)|rz,z/qz,z ds) )

+ck22( g

=1

)2(1-‘1-51,1)/7"1,1

Moreover, (A.18) implies that the parameters r;; and ¢;; satisfy (A.2) for i = 1,2
and [ = 1,2 as elementary calculations show.

If we pick ¢(t) == (t+7)/(o7) for t € [-7,—(1 —o)7] and ((t) := 1 for t €
[—(1 — 0)7,0] with some given o € (0, 3), we have

1" NS = ayry < NCuP 3

and |[[('||pee(—r0) < 1/(o7) if T < Ty, where ¢ depends only on p, Dy and f.
Thus (A.20) implies (A.3). Hence by Theorem A.2 applied to u and —u, the latter
being a classical solution of (P_,, _s _,4), we obtain (3.2).

If in addition u(—7) = 0, then we can set 7 := T and choose ((t) := 1 for
all t € [-T,0]. Now using Corollary A.3 instead of Theorem A.2, we obtain (3.3)
from (A.20) like above. O

We finally make the step from classical L2-solutions to weak solutions and drop
the assumption that T be small enough, thus proving Proposition 3.1.

Proof of Proposition 3.1. Let u be the weak solution of (P, s4). Pick a se-
quence (ug,n) in D(A%ﬁh) that satisfies ug,, — ug in L?(Q), which exists since by
Proposition 2.10 the operator Az j, is a generator of a strongly continuous semigroup
and hence densely defined. Pick sequences (f,,) and (g,) in C%([0,T]; L°°(2)) and
C2([0, T); L>(092)), respectively, that satisfy f, — fin L™ (0,T; L% (Q)) and g,, — g
in L™(0,T; L% (09)), while f,(0) = 0 and g,(0) = 0 for all n € N. Then problem
(Puo.n,fn.9-) has a unique classical L2-solution u,, by Proposition 2.7, and as in the
proof of Theorem 2.11 we see that u, — u in C([0,7]; L*(2)) N L?(0,T; H'(Q)).

Pick Tp > 0 as in Lemma A.5. Shrinking Tj if necessary, we can assume that
To < T. Let I C [Ty/2,Tp] be an interval of length at most Tp/2. Applying (3.2) to
the classical L2-solutions u,, and u,, — u,, on I, which is allowed by Lemma A.5, we
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obtain that

T
(A21)  JlunllF (s q) <C/O/Q|un(s)|2dxds
+ | fal T (0,T;L7 (@) T C||9n||2Lr2(o,T;Lq2(Q))
and that (u,|r) is a Cauchy sequence in L*°(I;L*°(2)). Hence u, — u in
L>(I; L*()), and passing to the limit in (A.21) we have
T
2 2
(A2 Julereiay <c [ [ o) dnds
+ C||f||2Lr1(o,T;Lq1 @) T C”QH%TZ(O,T;LGZ(Q))'

Covering [T'/2,T] by finitely many intervals of length at most Tp/2 and using (A.22)
for each of these intervals we obtain (3.2).

If in addition ug = 0, then we can pick ug,, := 0 and the same strategy as above
yields that

2L7'1(0,T;L‘11 @) T cllgl %"'Z(O,T;L‘IZ(Q))'

T
0l s 010,00y < € / /Q fu(s)[? dz ds + | f|

Using in addition (3.2) to estimate ||u|| o (1, (q)) for finitely many intervals I of
length Ty /2 that cover [Ty, T, we have proved also (3.3). O

Acknowledgment. The author is grateful to Wolfgang Arendt for many fruitful
discussions.
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