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Abstract. A pretriangulated category is an additive category with left and right trian-
gulations such that these two triangulations are compatible. In this paper, we first show
that the idempotent completion of a left triangulated category admits a unique structure
of left triangulated category and dually this is true for a right triangulated category. We
then prove that the idempotent completion of a pretriangulated category has a natural
structure of pretriangulated category. As an application, we show that a torsion pair in
a pretriangulated category extends uniquely to a torsion pair in the idempotent completion.
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1. INTRODUCTION

It is well known that stable categories of Frobenius categories have the structure
of triangulated categories. So one may ask whether there exists an analogue of
triangulated structure on stable categories of additive categories. The answer is
a pretriangulated structure (see [6]). Recall that, for an additive category C and
a functorially finite subcategory X of C, if each X-epic has a kernel and each X-
monic has a cokernel, then C/X is a pretriangulated category. We should point out
that C/X may not be idempotent complete (see Example 2.10). However, we always
require additive categories discussed in the representation theory with the property
of being idempotent complete.

Balmer and Schlichting showed that the idempotent completion of a triangulated
category is a triangulated category (see [4], Theorem 1.12). Buhler showed that the
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idempotent completion of an exact category is an exact category (see [8], Proposi-
tion 6.4).

We are interested in studying the idempotent completion of a pretriangulated
category. We should point out that pretriangulated categories provide a common
generalization of triangulated categories, stable categories and abelian categories.
For a concrete example, the homotopy category of an additive model category is
naturally a pretriangulated category (see [7]). For more details on pretriangulated
categories, one can refer to [2], [5], [7].

The concept of torsion pair in an abelian category was introduced by Dickson
in 1966 [9]. Since then, the concept of torsion has become a fundamental object in
algebra, geometry and topology, and the use of torsion pair has become an indispens-
able tool for the study of localization in various categories. Due to the importance
of torsion pairs in various categories, it is natural to ask whether a torsion pair
(X,)) in a pretriangulated category induces a torsion pair ()? , )7) in the idempotent
completion C.

This article is organized as follows. In Section 2, we recall some basic definitions
and facts, and prove that the idempotent completion of a left or right triangulated
category is still a left or right triangulated category, respectively. In Section 3, we
show that the idempotent completion of a pretriangulated category is a pretriangu-
lated category (see Theorem 3.4). In Section 4, we show that any torsion pair (X, ))
in a pretriangulated category C admits an extension to a torsion pair (A? , )7) in its
idempotent completion category C (see Theorem 4.3).

2. IDEMPOTENT COMPLETION OF LEFT TRIANGULATED CATEGORIES

In this section, we recall some basic facts and notions on the idempotent comple-
tion of additive categories and left or right triangulated categories for later use. For
the background on the idempotent completion of additive categories, one can refer
to [8], [12].

Definition 2.1. Let C be an additive category. An idempotent morphism e:
A — A is said to be split if there are two morphisms p: A — B and ¢q: B — A such
that e =qop and po g =idp.

An additive category C is said to be idempotent complete provided each idempotent
morphism splits. Note that C is idempotent complete if and only if every idempotent
morphism has a kernel.

Definition 2.2 ([8]). Let C be an additive category. The idempotent completion
of C is the category C defined as follows. Objects of C are pairs (A, e), where A is
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an object of C and e: A — A is an idempotent morphism. A morphism in C from
(A4,e) to (B, f) is a morphism a: A — B in C such that coe= foa = a.

The assignment A — (A,1d) defines a functor ! from C to C.Ife: A— Aisan
idempotent morphism, then (A,id) ~ (A,¢e) ® (A,id — ¢) in C.

If C is already idempotent complete, then [: C — C is easily seen to be an equiv-
alence of categories. The following result is well known.

Theorem 2.3 ([8]). The category C is additive, the functor I: C — C is additive,
and C is idempotent complete. Moreover, the functor | induces an equivalence

Homadd (5, D) i) Homadd (C, D)

for each idempotent complete additive category D, where Hom,qq denotes additive
functors between two additive categories.

Since the functor [ is full and faithful, we can view C as a full subcategory of C.

Example 2.4. Let F be the category of free modules over a ring R, then its
idempotent completion F is equivalent to the category of projective modules over R.

The notions of left (right) triangulated categories were introduced in [2], [6], [7] by
Assem, Beligiannis and Reiten in connection with studying the structure of stable
categories. Following [6], we recall the definition of left triangulated categories as
follows.

Let C be an additive category with an additive endofunctor Q2: C — C. Consider
the category LT (C,) whose objects are diagrams of the form Q(C) SN
B 5 ¢ and whose morphisms are indicated by the following diagram:

oCc) L sa—2spl 0o
w| o
Q(Cl) f A/ g B/ 2% C’

The composition of the morphisms of L7 (C, () is induced in the canonical way by
the corresponding composition of the morphisms of C.

Definition 2.5 ([6]). A full subcategory A of LT (C, Q) is said to be a left trian-
gulation of (C,) if it is closed under isomorphisms and satisfies the following four
axioms:

(LT1 a) For any object A of C, the left triangle 0 BN N Ay belongs to A.

479



(LT1 b) For any morphism h: B — C, there is a left triangle in A of the form
ae) L aL B

(LT2) For any left triangle Q(C) Joa 2B om A, the left triangle
Q(B) -2 QC) 15 A% Bisalsoin A.

(LT3) For any two left triangles Q(C) 25 4 % B 15 ¢, o) L5 4 2
B % ¢ in A and any two morphisms 8: B — B’ and v: C — C’ of C with
~voh = h' o 3, there is a morphism a: A — A’ of C such that the triple («, 3,7) is
a morphism from the first triangle to the second.

(LT4) For any two left triangles 2(C) Gy JELN C, QD) SN LN
C - D in A, there is a third left triangle Q(D) 2 F ™ B8 Din A and
two morphisms a: A — F and f: F — FE of C such that the diagram below is
commutative, where the second column from the left is a left triangle in A:

OF
foQu
o)L —a—2sp-—"sc
Jﬂ(k) a lida lk
QD)L —Fr—"spt"p
[ P
C

(i.e., the triples (o, idp, k) and (5, h,idp) are morphisms of A and Q(E) oY p o,
F-2 Fisin A).

Definition 2.6 ([6]). The triple (C,2, A) is called a left triangulated category,
the functor 2 is called a loop functor and the diagrams in A are called left triangles.

Definition 2.7 ([7]). Let (C,Q,A) and (C',Q', A’) be two left triangulated cate-
gories. A functor F': C — C’ is called left exact if there exists a natural isomorphism
& FQ — QF such that for any left triangle Q(C) oA Bom C, the
diagram

F(f)oeg?

Q(F(C)) L pay 12

F(h)

F(B) F(C)
is a left triangle in C’.

Dually, if C is an additive category with an additive endofunctor ¥: C — C,
consider the category R7 (C, X) whose objects are diagrams of the form A BNy BN
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c & Y¥(A) and whose morphisms are indicated by the following diagram:

A g 0B 54)
ull uzl u3l E(ul)J
PN L BN I ST

The composition of the morphisms of R7(C,3) is induced in the canonical way
by the corresponding composition of the morphisms of C.

Similarly, we can define the right triangulated category (C,%,V) and the right
exact functor between two right triangulated categories. The functor X is called
a suspension functor and the diagrams in V are called right triangles.

Following [7], we recall the definition of pretriangulated categories.

Definition 2.8 ([7]). Let C be an additive category. A pretriangulation of C
consists of the following data:

(1) An adjoint pair (3, ) of additive endofunctors ¥, Q: C — C. Lete: ¥Q — id¢
the counit and §: id¢ — 2% be the unit of the adjoint pair.

(2) A collection of diagrams A in C of the form Q(C) - A — B — C such that
the triple (C,Q, A) is a left triangulated category.

(3) A collection of diagrams V in C of the form A — B — C — ¥(A) such that
the triple (C, %, V) is a right triangulated category.

(4) For any diagram in C with commutative left square:

Q(C/) A’ B’ C’

where the upper row is in V and the lower row is in A, there exists a morphism
~: C — B’ making the diagram commutative.
(5) For any diagram in C with commutative right square:

A B C 3(A)
Q(a)o&Al ﬂ'yl Bl al
ey Lo Lo

where the upper row is in V and the lower row in A, there exists a morphism
~v: B — A’ making the diagram commutative.
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A pretriangulated category is an additive category together with a pretriangula-
tion, and is denoted by (C,%,Q,V, A ¢,0).

Let H: C; — Cy be a functor between two pretriangulated categories. Then H is
called ezact if H is both left and right exact.

There are some important examples of pretriangulated categories.

Example 2.9. (1) Triangulated categories are pretriangulated. Here V = A and
the notions of right and left triangulation coincide.

(2) Any additive category with kernels and cokernels (in particular, any abelian
category) is pretriangulated, with Q@ = ¥ = 0 and A the class of left exact sequences
and V the class of right exact sequences.

(3) Let C be an additive category, and X’ a contravariantly finite subcategory of C.
Assume that any X-epic has a kernel. Then the stable category C/X always has
a left triangulated structure. Dually, we can define a right triangulated structure on
stable categories (see [6]).

The idempotent completion of a triangulated category was discussed in [4]. Any
abelian category is idempotent complete. However, there exist many pretriangulated
categories which are not idempotent complete. This implies that it is an interesting
work to study the idempotent completion of pretriangulated categories. The fol-
lowing example is a concrete example of Example 2.9 (3) which is not idempotent
complete.

Example 2.10. Let R be the localization of the algebra Clz,y]/(y?> — 22 — 2?)
with respect to the ideal corresponding to the origin. Let C = R-mod be the abelian
category of finitely generated R-modules and X the full subcategory of projective
modules. Then by combining Example 5.5 and Proposition 5.1 in [10] (also see the
example given before in [3], Proposition 2.9), one infers that the left triangulated
category C/X is not idempotent complete.

Following [2], Lemma 1.3, Corollary 1.4, we recall some properties of left trian-
gulated categories. Let (C,Q,A) be a left triangulated category. A pseudokernel
of a morphism h: B — C in C is a morphism g: A — B such that hog = 0
and, if ¢': A’ — B is a morphism in C with h o ¢’ = 0, there exists a: A’ — A
such that ¢’ = g o a. Pseudocokernels are dually defined. For a left exact triangle
Q(C) Joa 4B o (C,0,A), fis a pseudokernel of g and g is a pseudok-
ernel of h. Thus for any object X in C, Hom¢(X,—): C — Ab is homological. But
in general g is not a pseudocokernel of f and h is not a pseudocokernel of g. Thus
Home(—, X): C — Ab is not homological.

It is well known that a monomorphism in a triangulated category is a section,
that is, it admits a left inverse. Dually, an epimorphism in a triangulated cate-
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gory is a retraction, that is, it admits a right inverse (see [13], Lemma 2.2, or [14],
Proposition 1.5.1). However, the above results usually fail in a left triangulated cat-
egory. From these properties we can see that there exist some differences between
triangulated categories and left triangulated categories.

Lemma 2.11. Let (C,Q,A) be a left triangulated category. Assume that
QC) JA4% B ¢ and Q(C) Lo 2 B M o are two left triangles
inA, and 8: B — B’,v: C — C’ are two isomorphisms such that yo h = h' o f3.
Then there exists an isomorphism o: A — A’ such that the following diagram is

commutative:
Q(C) f A g B h c
le o) /al ’)’J
Q(C,) f Z, g B % o
Proof. The proof follows directly from the dual of [2], Corollary 1.5. ]

Note that for a triple (C, 2, A) satisfying (LT1)—(LT3), Lemma 2.11 also holds.

Lemma 2.12. Let (C,Q,A) be a left triangulated category. A diagram
Q) e ) Aaa L Be B " 0o
is a left triangle if and only if both Q(C') A% B0 and Q(C) RN

B s ¢ are left triangles.

Proof. The proof is analogous to those of [15], Corollary 1.2.5; and [4],
Lemma 1.6. 0

Let (C,9,A) be a left triangulated category, and C the idempotent completion
of C. Define Q: C — C by Q(A,e) = (2(A),2(e)). For convenience, we usually write
Q as Q. Define a diagram in C

(o) Qo) a4 Lo
to be a left triangle when it is a direct summand of a left triangle in A, that is,
there exists a left triangle o’ of A and left triangle maps s: ¢ — ¢ and r: ¢/ — ¢

with rs = id,; equivalently, when there is a left triangle ¢” in C such that o @ o is
isomorphic to a left triangle in A. Denote by A the class of left triangles in C.
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Lemma 2.13. Let

o)L sa—2spc

Q) ﬂl Vl
f h

Q(C) A B c

be a commutative diagram in a left triangulated category (C,Q, A). Assume that
B and ~y are idempotent morphisms. Then there exists an idempotent morphism
a=a?: A— A such that the diagram

(2.1) oe)Lsa—tsp"loc
Q(v)l a ﬂl Vl
o) Lo a1 g
commutes.
Proof. The proof is similar to that of [4], Lemma 1.13. O

Theorem 2.14. Let (C,Q,A) be a left triangulated category. Then with the
collection of left triangles in A, (C,Q, A) is a left triangulated category.

Proof. To prove that (5 , §~2, &) is a left triangulated category, we only need to
show that left triangles in A satisfy four axioms of Definition 2.5.

(LT1 a) For any object A of C, there exists A’ in C such that A@® A’ € C (in fact,
if A= (M,e), take A’ = (M,idy — e) and we have A @ A’ ~ [(M)). By Lemma
2.12, the left triangle

0sAed L AeA 0
in A guarantees that 0 — A A4 A 5 0s aleft triangle in A.

(LT1 b) Let h: B — C be a morphism in C~, then there exist two objects B’ and

C’ in C such that B® B’ € C and C & C’ € C. Let

(+) Qcad) %D % BeB Moac

be a left triangle in A with A’ = (g 8). By Lemma 2.13, there exists an idempotent

morphism d: D — D in C such that the diagram

ACeC)—p—SBaB Lscac

G T (I (4

Q(C@C’)“—)D—>B@B’L>C@C’.
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commutes. By the definition of left triangles in C, we have a left triangle Q(C) da,

(D,d) 2% B ¢'in A.
(LT2) It is immediate from the definition of left triangles.
(LT3) Given two left triangles

(S1) ac) a2,
() ey LaLp o

in A with morphisms 8: B — B’,y: C — C’ such that Yo h = h/ o 8. By the
definition of left triangles in K, there exist left triangle morphisms i: ¥ — X3,
p: X3 — 21,7 Yo — 24 and q: X4 — Xg such that poi =idy,, ¢goj = idy,, where
Y3, ¥4 € A. The partial map of the left triangle (3,~) induces a partial map of left
triangles j o (8,7) op: X3 — X4. Since X3 and ¥4 are left triangles in A, by (LT3)
we get a left triangle map n: Y3 — ¥4 in A, which induces a left triangle morphism
gonoi: ¥ — Xy extending (5,7) in A.
(LT4) For any two left triangles

(1) ae) L aL B e
(2) oD)-HE-SHc5 D

in A choose X,Y and Z in C such that B @ X, Ca®Y,D®Z are in C. Clearly,

(3) 0— X5 x o0
and
Q(idy
(4) o) 2 gy 0 Y

are left triangles in A. Taking the direct sum of left triangles (1), (3) and (4), we
get the following left triangle:

o
(62) (159),. G0

(5) Q) QUY) —— A X QYY) BoX caY.

ho
Observe that the third morphism of (5) is in C. Thus B & X (M) C @Y can be
extended to a left triangle (O) in C. Since Lemma 2.11 also holds for a triple (C, 2, A)
satisfying (LT1)-(LT3), by Lemma 2.11, (5) is isomorphic to (O) in A.
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Similarly, the following left triangle is isomorphic to a left triangle in A:

i 0
00 100 kO
(6) Qun@mmgﬂgE@Y@mm““JC@y(“)D@z

Since koh: B — D is a morphism in C, by (LT1) koh: B — D can be embedded
into a left triangle in A

(7) QD)L P BER D,

Similarly, we have the left triangle
(2)
00 m 00 koh 0
0 id ( 0 id 0) ( 0 0)

(8) QD) ®2) LY Fo X oQ2) B X D& Z

in A.

Since C is a pretriangulated category, there exist two morphisms a: A & X &
QYY) FeXoQZ)andb: FOXDAZ) - EQY ®Q(Z) such that the diagram
below is fully commutative:

QE® QY @ Q%7
7:<£.8> For() (9.00) (hO)
Q) e Y) —2 Y% A Xxeqy) L% B x 22 s 0pY
o syl ey e [FGD
QD) a2 —2Y Y rexeq2) 2% Beax "% paz
. i h O .
lﬂ(ld) <08> b (1 00) J(OO)(“) lld

0id 0id 0 00

QD) ® Q(Z) E®Y ®QZ) Cov D&z
where
aipr a2z 0 bir b2 O
a= 0 id 0 and b= 0 0O 0
a1 azx 0 bs1 b3z id

The 0’s and id’s appearing in a and b come from the commutativity property of the

above diagram. Furthermore, we have
apnof=70Qk), blpoj=i, g=moay;, loby1=hom.
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Define two morphisms

id —ail2 0
m= 0 id 0|: FOXoUZ)-FaoXaQ2)
b31 b3 id
and
id a1 0
v= 0 id 0)]:FoXaoQZ2)-FoXaQ2).

—b31 a3y id

Due to pov =1id, v oy =1id, p is an automorphism of F & X & Q(Z). Considering

the compositions

id —ai2 0 ai;p a2 0 a1 0 0
poa= 1| 0 id 0 0 id 0]= 0 id O
b31 bgg id az; as2 0 0 0 0
and
b11 b12 0 id a12 0 b11 0 0
bov=1] 0 0 O 0 d 0]={0 0 0],
b31 bgg id —bgl as2 id 0 0 id

we have the following two isomorphic left triangles in A:

QAE)sQY) e 02(2) YA X0 QY) S5 FoXxa02) 25 EaY ¢ Q(2)

Jid lid Ju Jid
Fo2(l)

QE)eQUY)®02(Z) =2 A0X oY) S FoXoQZ) S EaY eQZ)

where
f o Q(l) 0 0 ail 0 0 b11 0 0
w = 0 0 0|, pmoa= 0O id 0|, bovr=] 0 0 O
0 id 0 0 0 0 0 0 id
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Thus, by the definition of A, we obtain a left triangle Q(E) (i O RIENG AU NG Y

A such that the following diagram is fully commutative in C:

OF
FoS
ae) L a2 gt
oo e J l
aD) L pm 5]
lidg(m by Jh Jidp
%

This completes the proof. O
The following example shows the idempotent completion of C/X in Example 2.10.

Example 2.15. Let R be the algebra as described in Example 2.10 and R the
completion of R. Let C' = R-mod the abelian category of finitely generated R-
modules and X’ the full subcategory of projective R-modules. Then the idempotent
completion of C/X is equivalent to C'/X”.

Theorem 2.16. Let (C,2, A) be a left triangulated category. Then its idempo-
tent completion (5 , ﬁ, ﬁ) admits a unique structure of left triangulated category such
that the canonical functor t: C — C becomes left exact. Moreover, if C is endowed
with this structure, then for each idempotent complete left triangulated category D,
the functor ¢ induces an equivalence

Homexact (5; D) — Homexact (C, D),

where Homeyact denotes left exact functors between two left triangulated categories.

Proof. By (LT1)-(LT3), we see that there exists a unique left triangulation
in C. From the definition of left triangles in C, the functor I: C — C is left exact.
Clearly, the remaining part of this theorem holds by Theorem 2.3. (]

Note that, in this section, all notions and results for left triangulated categories
can be given dually for right triangulated categories.

488



3. IDEMPOTENT COMPLETION OF PRETRIANGULATED CATEGORIES

In this section, we show the main result of this paper. First, we need some lemmas
for preparation.

Let A and B be two additive categories (or especially pretriangulated categories),
and (F,G) be two functors from A to B. For any object (X,e) in .Z, define f,
G: A — Bby F(X,e) = (F(X),F(e)) and G(X,e) = (G(X),G(e)), respectively.
Clearly, both F and G are functors from A to B. As in Section 2, we usually simply
write F and G as F and G, respectively.

Lemma 3.1. Let F: A— B and G: B — A be an adjoint pair of functors. Then
the extensions F': A — B and G: B — A to the idempotent completions are still
adjoint.

Proof. Let e: FG — idg be the counit and §: idy — GF the unit of the
adjoint pair (F,G). According to [8], Remark 6.7, we can define the extensions of
natural transformations ¢ and & respectively. By uniqueness of the extensions of
functors and natural transformations to the idempotent completion, one can easily
see that the counit-unit equations eF o F'§ = idp and Ge o G = id¢ yield equations
EF o F§ = idz and Gé o oG = id5. Hence (F,G) is still an adjoint pair of functors
with counit ¢ and unit 4. O

Lemma 3.2. Let A 1+ B %5 0 Y(A) be any right triangle in 6, and let
Q) Ten 2B Mo be any left triangle in A. If there are two morphisms
a: A = QC), B: B - A’ with f'oa = o f, then there exists a morphism
~: C — B’ that makes the following diagram commutative:

(3.1) A—l gt o —na
al BJ Jec/ ()
N g’ n'
9] (C ) A’ B’ C’

Proof. Denote the right triangle A SN T BN %(A) as Vi and the left
triangle Q(C") Toa L M o as A;. By the definition of right triangles in
V, there exists a right triangle

(V1) A IS By 2o By Y(Ar)

in V and right triangle maps s = (s1, s2, s3): 61 — V1, u=(u1, ug,ug): Vi — 61
such that v o s = IE
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Also, by the definition of a left triangle in 3, there exists a left triangle
(A1) ey M A B ¢

in A and left triangle maps t = (t1,t2,¢3): A — Ay, v = (v1, vg, U3): A — Ay
such that vot =13 . Consider the following diagram with left commutative square:

hi1

PN R NG S(A))
Q(t;;)oaoulJ thBOUQJ ltgo(ec/Z(a))oZ(ul)
{ ’ h/
o) Lo a2 B s o,

where the upper row is in V and the lower row is in A. According to the definition
of pretriangulation, there exists a morphism 4': C; — Bj that makes the diagram
commutative. Set v = v2 04’ 0s3: C' — B’. Obviously, (1.2) commutes. O

Lemma 3.3. Let A 1+ B %5 0 Y(A) be any right triangle in 6, and let
Q) Ton 2B Mo be any left triangle in A. If there are two morphisms
a: X(A) —» C', 8: C — B’ with aoh = h' o f3, then there exists a morphism
~: B — A’ that makes the following diagram: commutative:

A B C 3(A)
Q(a)o&AJ ﬂl la
oC) Lo a2 g Lo
Proof. The proof is analogous to that of Lemma 3.2. (]

Theorem 3.4. Let (C,X,Q,V,A e,8) be a pretriangulated category. Then its
idempotent completion (5,2,?2,6,5,5, 5) admits a unique structure of pretrian-
gulated category such that the canonical functor v: C — C becomes exact. If C
is endowed with this structure, then for each idempotent complete pretriangulated
category D, the functor ¢ induces an equivalence

Homexact (5; D) — Homexact (C, D),

where Homey et denotes exact functors between two pretriangulated categories.

Proof. Clearly, this theorem follows from Definition 2.8, Theorem 2.16 and all
lemmas in this section. O

Since a triangulated category is a special pretriangulated category, by Theorem 3.4
we have the following corollary.
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Corollary 3.5 ([4]). Let C be a triangulated category. Then its idempotent com-
pletion C admits a unique structure of triangulated category such that the canonical
functor t: C — C becomes exact. If C is endowed with this structure, then for each
idempotent complete triangulated category D, the functor ¢ induces an equivalence

Homexact (5; D) — Homexact (Cv D)a

where Homey .t denotes exact functors between two triangulated categories.

Proof. By Theorem 3.4, we get that Cisa pretriangulated category. Assume
that T is the translation functor in C, then T is an autoequivalence functor in C,
which implies that T is also an autoequivalence in C. Recall that for a right trian-
gulated category D with a suspension functor 17, if T} is an equivalence, then D is
a triangulated category (see [2]). Thus Cisa triangulated category. O

4. EXTENSION OF TORSION PAIRS

In this section, we show that a torsion pair in a pretriangulated category is com-
patible with taking idempotent completion.

Let (C,%2,92,V,A,e,0) be a pretriangulated category, and X, Y two full addi-
tive subcategories of C. Following [7], we recall the definition of a torsion pair in
a pretriangulated category.

Definition 4.1 ([7]). The pair (X,)) is called a torsion pair in C if
(1) c(x,y)=0.

(2) B(X) C ¥ and Q) C .

(3) [The glueing condition]: ¥ C € C, there are triangles

A(C): QYC) 98 X0 d% ¢ S5 yC e
C
v(C): Xo 1S oL YCf—>2(XC)eV

with X¢ € X, Y € ).

We begin with the construction of truncation functors Ty, 7y corresponding to
a given torsion pair (X,)) in C.
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Lemma 4.2. Let (X,)) be a torsion pair in a pretriangulated category (C, ¥, Q,
V, A, g, 6). Then there exist functors Tx: C — X and 7y: C — Y such that for any
X € C there exist a left triangle and a right triangle of the forms

Q(ryC) 2% o0 2% 0 5 10 e A

and
fo g¢ £°
Txc—>c—>TyC—>E(Txc) e V.

Proof. First, we show the existence of 7x and 7y. For each object X in
C, choose a left triangle Q(Y¢) 2 Xe ELNNG i) Y¢ with X¢ € &, Y© ¢
Y, and define 74(C) = X¢ and 7y(C) = Y°. Let f: C — D be a morphism
in C, and Q(YP?) 2% X ELLN) i YP a left triangle corresponding to the
object D. Applying the cohomological functor Hom(7x(C), —) to the above left

D
triangle Q(YP) L Xp LN RN YP, we obtain the exact sequence
Hom(7x(C), 2Y?)) = Hom(7x(C), Xp) — Hom(7x(C), D) — Hom(7x(C),Y ).

By Definition 4.1, we see that the left and right groups in this sequence vanish. Thus
TxC ECNYORERY ) yields a unique morphism 7x(f): 74 (C) — 74(D) = Xp and the
family of these morphisms for all f’s complete 7x to a functor. Similarly, one can
establish the functoriality of 7y. d

Theorem 4.3. Assume that (C,3,Q,V,A,e,0) is a pretriangulated category.
Then a torsion pair (X,Y) in C induces a torsion pair (X,Y) in C, where

X = {(C,e); C € X, e € Hom¢(C,C) is an idempotent morphism},

and

Y={(D,f); D€y, feHome(D,D) is an idempotent morphism}.

Proof. We should verify the three conditions in the definition of torsion pairs.

(1) For any two objects (C,¢) in X and (D, f) in Y, we have C € X and D € ).
Noting that Homgs((C,e), (D, f)) C Home(C, D) and (X, Y) is a torsion pair, we get
that Homz((C,e), (D, f)) = 0.

(2) For each object (C,e) in X, we have C € X. Due to X(X) C X, it follows
that 3(C) € X. Thus $(C,e) = (2(C),%(e)) € X. This means that $(X) C X.
Similarly, we have Q(j}) - )N)
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(3) For each object (C,e) in C, there exists a left triangle Q(ry C) 2% 7xC Je,

C
C 2y 7vCinC. Set C; = (C,e), Co = (C,id¢ — €). There is an isomorphism
(C,ide) ~ (C,e) ® (C,id¢ — e) in C and we have the commutative diagram

fe g¢

7x(C) (I v (C)
—>%X(C1) @%X(Cb) —C1® Oy —>7~'y(C1) @%Y(CQ).
0

)
& e ) (% ) (%" %)
0 go, 0 fo, 0 §©2

This implies that

~Cq

Q(’T’ycl) &) %X(Cl) g Ci — 7~'Y(C1)

is a left triangle in C, where 7x(C1) = (1x(C),7x(e)) € X and Ty (Cy) =
(v (C), 1y (e)) € V.
~Cq FOp

Similarly, we can obtain a right triangle 7x (Cy) — C4 EARNF (C1) EA Y(7xCh)
in C, where 7x(C1) = (7x(C),7x(e)) € X, 7y (C1) = (v (C),1v (€)) € V.
This completes the proof. O
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