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Abstract. We present a weaker version of the Fremlin generalized McShane integral (1995)
for functions defined on a o-finite outer regular quasi Radon measure space (S, %, T, ) into
a Banach space X and study its relation with the Pettis integral. In accordance with this
new method of integration, the resulting integral can be expressed as a limit of McShane
sums with respect to the weak topology. It is shown that a function f from S into X
is weakly McShane integrable on each measurable subset of S if and only if it is Pettis
and weakly McShane integrable on S. On the other hand, we prove that if an X-valued
function is weakly McShane integrable on S, then it is Pettis integrable on each member
of an increasing sequence (57);>1 of measurable sets of finite measure with union S. For
weakly sequentially complete spaces or for spaces that do not contain a copy of ¢, a weakly
McShane integrable function on S is always Pettis integrable. A class of functions that are
weakly McShane integrable on S but not Pettis integrable is included.

Keywords: Pettis integral; McShane integral; weak McShane integral; uniform integra-
bility
MSC 2010: 28B05, 46G10, 26A39

1. INTRODUCTION

In [7], Fremlin generalized the classical McShane integral to the case of an arbi-
trary o-finite outer regular quasi Radon measure space (S, 2, 7, u). It turns out that
for any McShane integrable function taking values in a Banach space (X, ||-||), the
McShane integral on S can be approximated with respect to the norm ||-|| by a se-
quence consisting of McShane sums. In this paper, we will consider a weaker method
of integrability, namely weak McShane integrability. Roughly speaking, a function
f from S into X is weakly McShane integrable on S if all sequences consisting of
McShane sums of f corresponding to some class of generalized McShane partitions
of S converge to the same limit with respect to the weak topology. Unlike the
McShane integral, the resulting integral does not include automatically the Pettis
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integral, in general: a function which is weakly McShane integrable on S may fail to
be Pettis integrable (Theorem 4.6 and Corollary 4.3), therefore not weak McShane
integrable on a measurable subset of S (Corollary 3.1). By contrast with the scalar
McShane integrability introduced in [12] and [17] (only for functions defined on com-
pact intervals in R™ into a Banach space X, see also [15]), the generalized McShane
partitions considered here does not depend on the choice of the vectors z* € X*.
As a starting point of this study, we need to extend some basic properties of the
McShane integral developed by Fremlin in [7] into the context of weak McShane
integrals. It is also shown that a function is weakly McShane integrable on ¥ (i.e.
weakly McShane integrable on each member of ¥) if and only if it is weakly McShane
integrable on S and Pettis integrable. We then proceed to describe the relationship
between the weak McShane integral (on S) and the Pettis integral. The Vitali con-
vergence theorem for the Pettis integral of Musial (Theorem 1, [13], see also [11])
will play a central role in our investigation. With help of this theorem, it is shown
that the concept of weak McShane integrability on S does not stray too far from
the weak McShane integrability on X: if a function is weakly McShane integrable
on S, then there exists a sequence (5;);>1 in ¥ of finite measure with union S such
that 1g, f is Pettis integrable and weakly McShane integrable on X for each [ > 1
(Theorem 4.1). Consequently, for functions f: S — X satisfying the condition that
{{z*, f): ¥ € Bx~} is uniformly integrable, the weak McShane integrability pass
from S to ¥ (Theorem 4.1 and Corollary 4.1). We also study the special case of
functions taking values in weakly sequentially complete Banach spaces (for instance
L (Q, F,v), where (2, F,v) is a o-finite measure space) or in Banach spaces that do
not contain a copy of ¢g. It will be shown that for such Banach spaces it is possible
to pass from weak McShane integrability on S to Pettis integrability; equivalently,
a function is weakly McShane integrable on S if and only if it is weakly McShane
integrable on ¥ (Theorems 4.3 and 4.4).

The paper is organized as follows. Section 2 contains preliminaries and known
facts on the Pettis integral. In Section 3 the notion of weak McShane integrability for
functions defined on a o-finite outer regular quasi Radon measure space (S, %, T, i)
into a Banach space is presented and discussed. Further, some basic properties of the
(strong) McShane integral are extended into the context of weak McShane integrals.
It is also shown that a function is weakly McShane integrable on ¥ if and only if it
is weakly McShane integrable on S and Pettis integrable. Section 4 deals with the
relationship between the weak McShane and the Pettis integrals. The crucial fact
(Theorem 4.1) is that if a function is weakly McShane integrable on S, then it is
Pettis integrable on each member of an increasing sequence (S;);>1 of measurable
sets of finite measure with union S. The special case of weakly sequentially complete
Banach spaces as well as the case of Banach spaces that do not contain a copy of
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co are discussed (Theorems 4.3 and 4.4). A class of functions which are weakly
McShane integrable on S but not Pettis integrable is presented (Theorem 4.6 and
Corollary 4.3).

2. PRELIMINARIES AND KNOWN FACTS ON THE PETTIS INTEGRAL

In the sequel, X stands for a Banach space, whose norm is denoted by ||-||, and X*
for the topological dual of X. The closed unit ball of X* is denoted by Bx-. By w
we denote the weak topology of X. Let (S, X, ) be a positive measure space. By 3
we denote the collection of all measurable sets of finite measure. By L} (1) we denote
the Banach space of all (equivalence classes of) Y-measurable and p-integrable real-
valued functions on 2, equipped with the classical norm || f||1 := g |f| dp. A function
f: S — X is said to be scalarly integrable if for every x* € X*, the real-valued
function (z*, f) is a member of L}(u). We say also that f is Dunford integrable. If
f: S — X is a scalarly integrable function, then for each E € X there is 2} € X**
such that

@) = [ @) dn

The vector z7 is called the Dunford integral of f over E. In the case that 23 € X
for all E € X, then f is called Pettis integrable and we write (Pe) fE fdu instead
of x3 to denote the Pettis integral of f over E. If f: S — X is a Pettis integrable
function, then the set {(z*, f): 2* € Bx-} is relatively weakly compact in L} (1)
(see [13], page 162).

Definition 2.1 (Definition 246A, [8]). A subset H of L}(p) is uniformly inte-
grable if for every € > 0 we can find a set & € ¥ and an M > 0 such that

/(|h| — M1g)Tdu<e forevery h € H,
s

where (|h| — M1g)* := max(|h| — M1g,0).

> Every uniformly integrable subset H of L} (u) is L (u)-bounded. Indeed, taking
e = 1, there must be E € Xy, M > 0 such that [(|h| — M1g)" du <1 for every
h € H. Hence

/ Il < / (Ih] - M1g)* dpu+ / Mlpdu <1+ Mu(E)
S S S

for every h € H, so H is L} (u)-bounded.
> Let ¢ € L. (p). Then {h € Ly(p): |h| < ¢} is uniformly integrable.
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Theorem 2.1 ([8], Theorem 246G). A subset H of L},(11) is uniformly integrable
if and only if
(1) | [yhdu| < oo for every p-atom (in the measure space sense (see [8], 211I))
Ae¥ and
(2) for every e > 0 there are E € Xy and ann > 0 such that | [, hdu| < e for every
h € H and for every F' € ¥ with p(F N E) < n.

Remark 2.1. Condition (2) is equivalent to

(2') lim sup | [, hdu| = 0 for every non-increasing sequence (Fy)n>1 in ¥ with
n—oo heH n

empty intersection.
Indeed, the proof of implication (2) = (2') is easy while the implication (2') =
(2) follows from the proof of Theorem 246G in [8].

Note ([8], Corollary 246I) that in case (S, X, 1) is a probability space, (1) and (2)
may be replaced by

|h| dp = 0.

lim Sup/
A=00 he H J{teS: [h(t)| =2}

Theorem 2.2 ([8], Theorem 247C). A subset H of L (u) is uniformly integrable
if and only if it is relatively weakly compact in L} ().

The following well known result ([11], [13]), which is the Pettis analogue of the
classical Vitali convergence theorem, will play a key role in this work. An alternative
proof based on the Eberlein-Smulyan-Grothendieck theorem can be found in [2].

Theorem 2.3. Let f: S — X be a scalarly integrable function satisfying the
following two conditions:
(1) {(z*, f): x* € Bx-} is relatively weakly compact in L} ().
(2) There exists a sequence (fy) of Pettis integrable functions from S into X such
that

tim [ g dn= [ @) du

n—oo E

for each z* € X* and each E € X.
Then f is Pettis integrable.
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3. THE WEAK MCSHANE INTEGRAL

In this section, we introduce the concept of the weak McShane integral and investi-
gate some of its properties. For this purpose, we need to introduce some terminology.
Assume that (S, X, 1) is a o-finite positive measure space and 7 C X a topology on
S making (S, 7,2, 1) a quasi-Radon measure space which is outer regular, that is,
such that

w(E) =mf{u(G): ECG, GeT} (EeX).
For an extensive study of quasi-Radon measure spaces, the reader is referred to [9],
Chapter 41. A partial McShane partition is a countable (maybe finite) collection
{(Ei,t;)}icr, where the E;’s are pairwise disjoint measurable subsets of S with finite
measure and t; is a point of S for each i € I. A generalized McShane partition of
S is an infinite partial McShane partition {(F;,t;)};>1 such that u(S\ fj Ez) =0.
A gauge on S is a function A: S — T such that ¢t € A(t) for every ¢ € S.zi‘lor a given
A on S, we say that a partial McShane partition {(E;, ¢;) }icr is subordinate to A if
E; C A(t;) for every i € I. Let f: S — X be a function. We set

n

on(f, Poc) 1= D p(Ei) f(t:)

i=1
for each infinite partial McShane partition Poo = {(Es, i) Fi>1-

From now on (S, 7,X, ) is a o-finite outer regular quasi-Radon measure space.

Definition 3.1 ([7]). A function f: S — X is McShane integrable (M-integrable
for short), with integral o, if for every € > 0 there is a gauge A: S — T such that

limsup [|on(f, Poc) — @l < €

n—oo

for every generalized McShane partition P, of S subordinate to A. We set w :=
(M) fs Jdp.

Recall that for a compact Radon measure space (S, T, X, i), generalized McShane
partitions can be replaced by finite strict generalized McShane partitions of S (that

P
is, finite partial McShane partitions {(E;, t;) }1<igp such that |J E; = S) (see [7]).
i=1
Remark 3.1. For the sake of comparison with the weak McShane integral, it is
interesting to observe the following sequential formulation of the preceding definition.

A function f: S — X is M-integrable, with integral w, if and only if there is
a sequence of gauges (A,,) from S into T such that

lim sup limsup ||o (f, Poo) — w|| = 0,

MO P €l (A) N—00
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where Il (A,,) denotes the collection of all generalized McShane partitions of S
subordinate to A,,.

Every McShane integrable function is Pettis integrable and the respective inte-
grals coincide whenever defined ([7], Theorem 1Q) but the converse does not hold
in general (see [3], [10], and [14]). Nevertheless, for some classes of Banach spaces
these two notions coincide: this happens for separable spaces ([7], [10], [12]), super-
reflexive spaces, co(I) (for any nonempty set I) [5] and Lk (v) (for any probability
measure v) [14]. More recently, R. Deville and J. Rodriguez [3] have proved the coin-
cidence of the McShane and Pettis integrals for functions taking values in a subspace
of a Hilbert generated Banach space, thus generalizing all previously mentioned re-
sults on such coincidence. Recall that a Banach space is Hilbert generated if there
exists a Hilbert space Y and an operator T: Y — X such that its range T(Y) is
dense in X. For an extensive study of this class of spaces, see [6] and the references
therein.

Before proceeding further, we list below some basic properties of the McShane
integral that will be needed in this work. They are borrowed from [7].

Theorem 3.1. Let f: S — X be a function.

(1) If f is M-integrable, then the restriction f| is M-integrable (with respect to
the o-finite outer regular quasi-Radon measure space (A, ANT, AN, ju4)) for
every A C S.

(2) Let E € X. Then f is M-integrable on E if and only if f|p is M-integrable,
and in this case the integrals are equal.

(3) Suppose X = R. Then f is M-integrable, if and only if it is integrable in the
ordinary sense, and the two integrals are equal.

We now introduce the concept of the weak McShane integral. For this purpose, we
need an extra definition. A sequence (PZ') of generalized McShane partitions of S is
said to be adapted to a sequence of gauges (A,,) from S into T if P2 is subordinate
to A,, for each m > 1.

Definition 3.2. A function f: S — X is said to be weakly McShane integrable
(W M-integrable for short) on S, with weak McShane integral <o, if there is a se-
quence of gauges (A,,) from S into T such that the following condition () holds:
() lim Timsup |(z*, on(f, P%)) — («", @)| =0,

m—00 p—oo

for every z* € X* and for every sequence (P7) of generalized McShane partitions of
S adapted to (A,,).
We set w = (WM) [ fdp.
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> f is WM-integrable on a measurable subset F of S, if the function 1gf is
WM-integrable on S. We set (WM) [, fdu:= (WM) [¢1efdp.

> f is WM-integrable on X, if it is W.M-integrable on every measurable subset
of S.

Evidently, if f is WWM-integrable on X, then it is WM-integrable on S. This
implication cannot be reversed, see Section 4 to come.
Proposition 3.1. If f: S — X is M-integrable, then it is WW.M-integrable on .

Proof. It is an immediate consequence of Theorem 3.1 (1)—(2), Remark 3.1
and Definition 3.2. O

The next theorem provides the linearity properties of the weak McShane integral.

Theorem 3.2. Let f, g: S — X be two functions.
(i) If f and g are W .M-integrable on S, then f + g is W.M-integrable on S and

<WM>/Sf+gdu= (WM)/Sfdu+ (WM)/Sgdu-

(ii) If f is WM-integrable on S and if « is a real number, then af is W M-integrable
on S and

owam) [

afdp= a(WM)/ fdp.
S S

(iil) If f is WM-integrable on S and if f = g p-a.e., then the function g is WM-
integrable on S and

(WM) /S gdu = (WM) /S £ du.

Proof. We will prove (iii) only; the rest of the proof is straightforward. Set
0 := f —g. Since § := 0 p-a.e., by ([7], Corollary 2G), 6 is M-integrable, therefore
WM-integrable on ¥. In turn, by (i), g = f + 6 is W.M-integrable on S. O

The following equivalent formulation of the weak McShane integral helps to trans-
late Theorem 3.1 into the context of weak McShane integrals.
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Proposition 3.2. A function f: S — X is WM-integrable on S with weak
McShane integral w if and only if there is a sequence (A,,) of gauges from S into T
such that

(" lim sup limsup [(z*, 0, (f, Pso)) — (2", w)| =0 for all z* € X™.

M0 P €lloe (Ap) N—00

Proof. Of course (1) implies (1). To see that (1) implies (1), set

M, = sup lim sup [{(z*, 00 (f, Pso)) — (z*, )]
Poo €lloc (Am,) 100
and suppose that
« = limsup M,,, > 0.

m—o0

For each m > 1, choose P € I1o(A,) such that

limsup [{(z*, o (f, PL)) — (", @)| = My, — = if M, < o0,
n—roo
>2 M, =
2
Taking the limsup on m we get 0 > §! a contradiction. O

As a first consequence of this proposition, we obtain a version of Proposition 1E
in [7] for the weak McShane integral dealing with compact Radon measure spaces.

Proposition 3.3. Suppose that (S, 7T,%, ) is a compact Radon measure space
and let f: S — X be a function. Then f is YWMe-integrable on S, with weak
McShane integral w, if and only if there is a sequence (A,,) of gauges from S into
T such that

(9 lim sup
M7 L(Bisti) hicicp €l (Am)

=0

<x*éu<Ei>f<ti>> ~ (o, @)

for all z* € X*,

where I1;(A,,) denotes the collection of all finite strict generalized McShane parti-
tions of S subordinate to A,,.

Proof. The “only if” part follows easily from Proposition 3.2 applied to each
function (z*, f) (note that a finite partial McShane partition can be extended to an
infinite one by adding empty sets). To prove the “if” part let 2* € X*, ¢ > 0 and
choose a positive integer N (which may depend on z*) such that

sup
{(Biti) i<i<p € (Am)

<m*,gu<mﬂti>> - <x*,w>\ <c
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for every m > N. According to Proposition 1E in [7] and its proof, we get

sup lim sup |<x*70'n(fa Poo)> - (m*,w>| e
{(EBiti) hi<icp€ll (Am) n—00

for every m > N. Thus

lim sup  limsup [(z*, 05 (f, Pso)) — (™, )| = 0.

MO P €lloo(Ap) N—00

Since this holds for all * € X*, we conclude that f is WWM-integrable on S. O

Remark 3.2. By repeating mutatis mutandis the arguments of the proof of
Proposition 3.2, we see that (1) is equivalent to

m—r oo

P
lim <x*, Zu(E[”)f(t:”)> = (z*,w) forall z* € X*
i=1

for every sequence ({(EI™,t1") }1<i<p)m>1 of finite strict generalized McShane parti-

tions of S adapted to (Ay,).
Corollary 3.1. Let E € ¥ and let f: S — X be a function. If f is WM-

integrable on an E, then it is scalarly integrable on E (that is, (x*, f) is Lebesgue
integrable on E for all z* € X*), and we have

/ (¥, fydp = <x*, (W./\/l)/ fd,u> for all z* € X*.
E E
Consequently, if f is W.M-integrable on %, then it is Pettis integrable and

(’Pe)/Efd,uz(W./\/l)/Efdu forall E € X.

Proof. Suppose that f is W.M-integrable on F and let * € X*. By virtue
of Proposition 3.2 and Remark 3.1, we can easily see that (z*, 15 f) is M-integrable
as a function from S into R, with integral (z*, WM) [, f dp). Therefore (z*, f) is
Lebesgue integrable on E and

/<$*7f>dﬂ_/<$*71Ef>d,LL_<£B*,(WM)/ fdu> for all z* € X~
E s E

in view of Theorem 3.1 (3). O
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Lemma 3.1. Let f: S — X be a function. If f is W M-integrable on S, then
there is a sequence (A,,) of gauges from S into T such that

s lmsup| (o7, Pa) - [ <x*,f>du‘ 0
E

M=O P el E(Am) N—00

for all E € ¥ and for all x* € X*, where Ilo|g(Ay,) denotes the collection of
all generalized McShane partitions of E (with respect to the o-finite outer regular
quasi-Radon measure space (E, ENY, ENT,ug)) subordinate to A,,.

Proof. By Proposition 3.2, there is a sequence (A,,) of gauges from S into T
such that

lim sup  limsup [{(z*,0,(f, Pso)) — <x*, (W/\/l)/ fdu> =0
s

M0 P €lloe (Ap) N—00

for all z* € X*.

Let 2* € X* and € > 0. Then there exists a positive integer N (possibly depending
on x*) such that

| ™

sup lim sup ‘<x*,on(f, Pso)) — <x*, (WM)/ fd,u>‘ <
s

Poo€lloo(Am) M0

for every m > N. Let E € X.. We can then repeat mutatis mutandis the arguments
used in the proof of ([7], Theorem 1N) for the function (z*, f) to obtain

(3.2.1) sup limsup (27, 00 (f, Poo)) — {27, 0n(f, Qo)) <
Poo7Qac€Hac\E(AM) n=—+00

| ™

for every m > N. On the other hand, as (z*, f)|g is M-integrable (by Corollary 3.1
and Theorem 3.1 (1)—(3)) we may select for each m > 1 a gauge A,,: S — T (which
may depend on x*) with A,,(t) C A,,(t) for all t € S such that

(3.2.2) sup lim sup [(z*, on(f, Poo)) —/E<x*,f> d,u‘ <

Poo€lloo \E(Am) n—oo

| ™
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Now, by the triangle inequality and the fact that A,,(t) C A,,(t) for all t € S, we
have

sup lim sup (x*, ) du'
Poo Enoo\E(Am) n—oo

< sup limsup|<x*,an(f,7300)> - <x*70n(fv Qoo)>|
PooEHoo\E(Am);gooenoo\E(Am) n—0o0
+ sup lim sup

(@, o (f, Qo)) —/(m*,f) du‘
QOOEHOO‘E(A,,,L) n—oo E

sup limsup [{(z*, 0 (f, Poo)) — (2", 0n(f, Qo))
Poos Qoo €Elloo | g (Am) N—0

@ on(.P)) -

E

N

+ sup lim sup
Qoo €llo| g (Am) N0

(.0 = [ pran
for every m > N. Hence, by (3.2.1) and (3.2.2)

sup lim sup
PocEllac|p(Am) n—00

@ ol £ o)) - [

(", 1) du‘ <e
E

for every m > N. Thus

lim sup lim sup
m—00 Poo€lloo \E(Am) n—oo

@ on(P)) -

@ du‘ = 0.

As a consequence of Lemma 3.1, we have

Corollary 3.2. Let f: S — X be a function and let F € X. If f is WM-
integrable on S and Pettis integrable on F (that is, 1pf is Pettis integrable), then
fienF is W M-integrable on E N F for every E € X, and we have

WM) /E feedn = (P) /E Lot du

Lemma 3.2 (The weak Saks-Henstock lemma). Let f: S — X be a scalarly

integrable function. Suppose that (A,,) is a sequence of gauges from S into T such
that

lim sup limsup [(z*, 0n(f, Poo)) — /(a:*,f) du‘ =0 forallz* e X*.
s

MO P €l (A) P00
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Then

lim sup
m—eo {(Eiti) }1<i<p€EPI s (Am)

<x*éu<Ei>f<ti)> - /LpJ ) du‘ 0

i=1

for all z* € X*, where PII;(A,,) denotes the collection of all finite partial McShane
partitions of S subordinate to A,,.

Proof. We will follow the same line of reasoning as in the proof of [7], Lemma 2B
with suitable modifications. Let z* € X* and € > 0. By the hypothesis, there exists
a positive integer N such that

sup limsup |(z*, 00 (f, Poo)) —/(x*,f> du‘ < S forallm > N.
Poo €l (Ap,) M—00 S 2

Now fix for the moment m > N and let {(E;, t;)}1<icp be a member of PIIf(A,,).
P

Let E:= |J E; . As (2%, f)\g is M-integrable (by Theorem 3.1 (3)), we may select
i=1

a generali;ead McShane partition {(F;,u;)}i>1 of S\ E (which may depend on z*)
subordinate to A,, such that

<w*,zn:u(ﬂ)f(w)> [ e | <

i=1

| ™

lim sup
n—oo

Set
Eeri = Fl‘ and t;DJri = U4, ) 2 1.

Then {(E;, t;)}i>1 is a generalized McShane partition of .S that is subordinate to A,
and

‘<x*ng(Ei)f(ti)—/E<a:*,f>du‘
_ ‘<$*,I§lu(Ei)f(ti)> B /S<x*’ £ dp - <x iM(Fi)f(ui)> + /S\E@*’ﬁ dM‘

i=1

< ‘<x*,§u<&mm> - [@ ]+ \<x*,fju<Fi>f(ui>> N -

i=1

Letting n — oo, we get

\<x*,gu<&>f<ti>> - [ du‘ <fii-e
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Taking the supremum over {(E;,t;) bi<i<p € PI¢(A,,) in this inequality yields

<x*éu<Ei>f<ti>> - /L,j ) du' <e.

i=1

sup
{(Eiti) h<i<p€EPIf(Am)

This holds for all m > N. Thus

lim sup
M0 {(Ey,ti) h<ic<p EPIF(Am)

O

The next result is a reformulation of Proposition 2E of [7] for the weak McShane
integral. Its proof is a modified version of the proof of Fremlin.

Proposition 3.4. Let f: S — X be a function and let E € ¥. Then 1gf is
W.M-integrable on S if and only if the restriction f|r is YW M-integrable on E, and
the two integrals are equal.

Proof. Set g:=1gf. If g is W.M-integrable on S, then by Lemma 3.1 there
exists a sequence (4A,,) of gauges from S into 7 such that

lim sup lim sup
MO P €lloo|p(Am) N—00

@ oula P = [ @) du‘ o

for all z* € X* with

/E<x*,g>du=/51E<x*,g>du=/s<x*,g>du= <w*7(WM)/Sgdu>7

where the last equality follows from Corollary 3.1. As g|g = f|g, we obtain

lim sup lim sup
MO P €l 5 (Am) N—00

<$*70n(fapoo)>—<x*,(WM)/Sgdu>‘ -0

for all 2* € X*. Thus f is W.M-integrable on E, with integral (WM) [, fip dp =
WM) fs gdu. Conversely, suppose that f|g is WM-integrable on F and set wg :=
WM) | g J1e du. To prove that g is WM-integrable on S, we will use several argu-
ments of the proof of Proposition 2E, [7] with appropriate modifications. Let (A, g)
be a sequence of gauges from E into 7 such that

lim sup limsup [(x*, 0n(f, Po)) — (", wE)| =0 for all ™ € X*.

MO P €l |5 (Am,g) N0
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Noting that

@ we) = [ @ fe = [ @) du

and applying the Weak Saks-Henstock Lemma to fg, we get

lim sup
M7 {(Bisti) h<icp EPTf (Am, p)

P
(e Souteane) - [, pau] =0
i=1 /'L=Jl i
for all * € X*. Then for any fixed € > 0 and z* € X* there exists a positive integer
N such that

(34.1) sup
{(Biti) }1<i<p€PH s (A, E)

i=1

<x*,iu<Ei>f<ti)> ~fo | <

i

for every m > N. Now for each n > 1, choose a closed set F;, and an open set O,
with F,, € E C O,, such that

(3.4.2) WE\F) <+
and

2—”
(3.4.3) wOn\E) < ~me

and define the sequence (A,,) of gauges from S into T by

A(t) ANy p(t)N0O, ifte Eandn < | f(t)]| <n+1,
T S\ F iftes\E.

Let ({(ET",t7™)}i>1)m>1 be a sequence of generalized McShane partitions of S
adapted to (A,,) and for each i > 1 set

)

EMNE ifthe B,
H" .=
0 otherwise.

Since ({(H[™,t7*)}i>1)m>1 is a sequence of partial McShane partitions of E adapted

(2

to (Am,E), (3.4.1) gives

. Hl”ft{”>— ] *,fd‘g
\<x S M) /UH?@ Y| <

=1
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for every n > 1 and for every m > N. Therefore, by the triangle inequality and the
definition of H/", we find that

‘< ZMEm tm> /UH’"< *,f)du‘

i=1

O e
ol ), .00

i=1

< > p(ET\ B +e

{i=1,...,n, t"€E}

5 )3 p(EP\ B £t + ¢
k=

L{i=1,...,n, tP€E, k| f(t7) | <k+1}

for every n > 1 and for every m > N. As EI™ C A(t]") C O for all 4 > 1 such that
t; € Eand k < ||f(t7)]] < k + 1, we obtain

(3.4.4) \< Zu(Emg(tr>> [ du‘
i=1 iL=J1 Hr
Zk—i—l (O \ E) + 22 Fete=2¢
k=1 k=1

for every n > 1 and for every m > N. On the other hand, we have

(3.4.5) ‘/E@*,ﬁdu—/G H;n<x*’f>d”‘ é/E\Fme*’fHd“

i=

because, for every m > 1,

E—{ U (EOE[”)]U[ U (EﬂEZ”)]

i>1,tmeE i>1,t;€S\E
c (U Hg”) U [ U @n Am(t?))} = (U Hg”) U(E\ F,) CE,
i=1 i>1,t;ES\E i=1



in view of the definition of H™ and A,,. Putting (3.4.4) and (3.4.5) together, we get

\<w*,iu<Er>g(tr>>—<x*,wE> < ‘<x*,gu(E7L)g(tT)>— /. <x*,f>du\

i=1 y

i \ [@nw- [ @ du‘ <ot [ e plan

U H" \Fm
i=1
for every n > 1 and for every m > N. As (3.4.1) and the integrability of (z*, f) on
E ensure
lim [(x*, fY|du =0,
m—0o0 E\F,”
we obtain
n
lim sup lim sup ‘ <a:*, Zu(E{”)g(t:”)> — (2", wg)| < 2,
and hence "
i | o EP ) = ) =0
by the arbitrariness of €. Thus g is W.M-integrable on S with integral wg. O

Corollary 3.3. A function f: S — X is W.M-integrable on ¥ if and only if it
is WM-integrable on S and Pettis integrable, and the corresponding integrals are
equal.

Proof. The only “if part” is proved by Corollary 3.1, whereas the “if part” is
a direct consequence of Proposition 3.4 and Corollary 3.2. ([

We conclude this section by providing the following lemma which, together with
Theorem 2.3, will play a crucial role in Section 4.

Lemma 3.3. Suppose that f: S — X is W M-integrableon S, (A,,) is a sequence
of gauges from S into T as given in Definition 3.2 (or in Proposition 3.2) and R is
a measurable set of finite measure. Then given any sequence ({(E",t7")}i>1)m>1

of generalized McShane partitions of S adapted to (A,,), there exists a strictly
increasing sequence (Dm,)m>1 of positive integers such that

lim <x*,iu(RmEﬂE{")f(t§”)>—/R E<x*,f>du

m—r0o0
i=1
for every * € X* and for every E € X..
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Proof. By Proposition 3.2

(a) lim sup lim sup
M7 P €lloo (Ar) M09

<x*,an(f,7700)>—<x*,(WM)/Sfdu>‘ —0

for every z* € X*. Let ({(EI™,t[")}i>1)m>1 be a sequence of generalized McShane

partitions of S adapted to (A,,) and let (p,,)m>1 be a strictly increasing sequence

of positive integers such that

(b) lim M(R\ U E;”) = 0.

m—o0 )
i=1

Let E € ¥ and let * € X*. Since {(RN E N E™,t7")}i>1 is an infinite partial

)

McShane partition of S that is subordinate to A, for each m > 1, equality (a) and
Lemma 3.2 yield

Pm
lizn sup ‘<x S u(RAEN E:")f(t;”)> -/ @ f) du‘
U rnEnEP

m—oo :
i=1
i=1

< lim sup
M0 {(Fiui)b1<i<pEPIf (Am)

(e uEare) - [ ) | =

i=1

Moreover, one has

tn_ . @ = [ e
m=o J'U RNENE™ RNE
i=1

i=

P
because (z*, f) is integrable and lim u( URNEN Ezm) = u(RN E) (by (b)).
m—oo’ \; T
Hence

Pm
lim * m ™y = * f)du.
Jin (o S HRABOEDG D=

4. WEAK MCSHANE INTEGRABILITY FROM S TO X

In this section we attempt to determine when weak McShane integrability passes
from S to X.

The following theorem due to the first author will play a crucial role in this section.
It represents the combined efforts of Theorem 2.3, Lemma 3.2 and Lemma 4.1 below.
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Theorem 4.1 (M. Saadoune). If a function f: S — X is WM-integrable on S,
then there exists an increasing sequence (S;);>1 in ¥y with union S such that 1g, f
is Pettis integrable and WWM-integrable on . for each | > 1.

Lemma 4.1. If f: S — X is a scalarly integrable function, then there exists an
increasing sequence (S;);>1 in ¥y with union S such that {(z*,1g,f): 2* € Bx~} is
uniformly integrable for each [ > 1.

Proof. Since p is o-finite, there is an increasing sequence (R )g>1 in Xy such

that S = |J Rk. For each k > 1, set
E>1

Cr:={te€ Rp: |If®)| <k}

Then (Ck)r>1 is an increasing sequence with union S and p*(Cy) < oo for all k > 1,
where p* stands for the outer measure induced by p. Let Dy € X be such that
Cy C Dy and pu(Dy) = p*(Cy). Since f is uniformly bounded on Cy and p*(Cy) =
w(Dy), (z*, f) is uniformly bounded almost everywhere on Dy, for each * € X*. Set

l
S) = U Dy, [>1.
k=1

Clearly, (Si)i>1 is a non-decreasing sequence in X; with union S. Further, the
function {(z*,1g, f) is uniformly bounded almost everywhere for each z* € X* and
each [ > 1, in turn {(z*,1g,f): * € Bx-} is uniformly integrable. O

Remark 4.1. Actually, repeating several arguments used in the proof of The-
orem 4 of [13], Lemma 4.1 remains valid when dealing only with o-finite positive
measure spaces instead of o-finite outer regular quasi-Radon measure spaces.

Proof of Theorem 4.1. Let (S;);>1 be the sequence given in Lemma 4.1. Let
(Ar,) be as mentioned in Definition 3.2 and let ({(E", ") }i>1)m>1 be a fixed se-
quence of generalized McShane partitions of S adapted to (A,,). Then for any fixed
! > 1, Lemma 3.3 provides a strictly increasing sequence (p,,)m>1 of positive integers

(possibly depending on ) such that

lim <x*,Zu(S’lﬂEimﬂE)f(tZ”)>Z/SQE<$*,f>dM

m— o0 ;
i=1

for all z* € X* and for all F € 3. In other words, this equality becomes

Pm
lim <a:*, 1Ef(t:”)> dp = / (z*, f)dp
m—= JonE ; ! SINE
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Pm
for all z* € X* and for all E € X. As the functions Z Lpm f(t7") (m > 1) are

obviously Pettis integrable and, by Lemma 4.1, the set {(x lg,f): #* € Bx~«}
is uniformly integrable, it follows from Theorem 2.3 that 1g, f is Pettis integrable.
Therefore, by Corollary 3.2, f|s, is W.M-integrable on S;. Equivalently, 1, f is WM-
integrable on S, in view of Proposition 3.4. The desired conclusion then follows from
Corollary 3.3. O

In certain interesting situations, the weak McShane integrability passes from S to
¥ as the following results (Theorems 4.2-4.5) show.

Theorem 4.2. Let f: S — X be a function. If the following two conditions hold:
() f is WM-integrable on S and

(i3) lim sup ‘/F (ﬂ,f}du’zo

n—oo o EE)(*
whenever (F),) is a non-increasing sequence in Y. with empty intersection, then
f is Pettis integrable. Consequently, f is VW M-integrable on ..

Proof. Fixe > 0. Then, by condition (jj) and Remark 2.1, there are Ey € X

and n > 0 such that
‘/<fc*,f>du‘ <<
E 2

for every z* € By~ and for every E € ¥ with u(E N Ep) < 1. Now let (S;);>1 be

given as in Theorem 4.1. As |J S; = S, we may choose an integer [y > 1 such that
1>1

w(Eo \ Sy) < n for every [ > lp; therefore

‘/ <fc*,f>du‘ <
E\S;

for every x* € Bx+, for every E € ¥ and for every [ > ly. Together with the Pettis

N ™

integrability of each function 1g, f, we get

i )
v : e e
—‘/E\Sl<m7f>du [E\Sl/<x,f>du‘<2+2 -

forall E € X,1 > 1" > Iy and 2* € Bx-. Taking the supremum over Bx- in the
above estimation yields

H(%) [mfdu— (Pe) /EmsﬂfduH <:
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forall E € ¥ and foralll > I’ > ly. This shows that ((Pe) fEﬂS, fdu)i>1 is a Cauchy
sequence in X, so it necessarily converges to an element xp € X with respect to the
norm topology. In particular, we have

l—o0

lim <a:*, (’Pe)/ fd,u> = (z*,xp) for all 2* € Bx-~.
ENS;

lim <x*,(Pe)/EmS fd,u> = lim <x*,f>du:/<a?*,f>dﬂ

l—o0 l—o0 EQS[ E

for all z* € Bx- and all E € X, we obtain

/ <$*7f>dﬂ = <$*,J)E>.
E

Thus f is Pettis integrable, and hence W M-integrable on ¥, in view of Corollary 3.2.
O

Corollary 4.1. A function f: S — X is W.M-integrable on ¥ if and only if
(j) f is WMe-integrable on S and
[ i <o
F,

whenever (F,,) is a non-increasing sequence in ¥ with empty intersection.

(i) lim sup

n—oo I*EE)(*

Condition (jj) may be replaced by
Gj) {(x*,f): x* € Bx~} is uniformly integrable.

Proof. Sufficiency is established by the preceding theorem. Necessity follows
from Corollary 3.1, a lemma of Musial in ([13], page 162), Theorems 2.1-2.2 and
Remark 2.1. O

Theorem 4.3. Suppose that X is weakly sequentially complete and let f: S — X
be a function. If f is W M-integrable on S, then it is Pettis integrable. Consequently,
f is WM-integrable on ¥ if and only if it is WM-integrable on S.

Proof. Let (S;);>1 be given as in Theorem 4.1 and let E € X. As each function
1g, f is Pettis integrable, we have

<$*7 (Pe)/ fdu> :/ (z*, fYdu for all ™ € X™.
ENS, ENS;

Letting [ go to oo, we get

lim <m*,(’Pe)/ fd,u> = / (x*, fydp for all z* € X*
ENS; E

=00
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(because S; T S and (z*, f) € LL(u)). So ((Pe) fEﬁS, fdp)i>1 is a weak Cauchy
sequence in X, therefore it w-converges to an element wg € X, since, by hypothesis,
X is weakly sequentially complete. By identifying the limits we get

(", wg) = /E (@, f)dp.

This happens for all £ € 3, so f is Pettis integrable. The main implication of the
second part of the theorem follows then from Corollary 3.2. O

Corollary 4.2. Suppose X = LY(Q,F,v) (for any o-finite measure space
(Q,F,v)) and let f: S — X be a function. Then the following conditions are
equivalent:

(1) f is M-integrable,
(2) f is WM-integrable on ¥,
(3) f is WM-integrable on S,
(4)

4) f is Pettis integrable.

Proof. As we have already mentioned in the previous section, every M-
integrable function, is W .M-integrable on X, by Proposition 3.1. Now the implica-
tion (2) = (3) is obvious, implication (3) = (4) follows from Theorem 4.3, because
LY(Q, F,v) is weakly sequentially complete. Further (4) = (1) is due to R. Deville
and J. Rodriguez ([3], Corollary 3.8). O

Theorem 4.4. Suppose that X does not contain any isomorphic copy of ¢y and
let f: S — X be a function. If f is YW M-integrable on S, then it is Pettis integrable.
Consequently, f is WM-integrable on ¥ if and only if it is W M-integrable on S.

Proof. Using Theorem 4.1 we obtain an increasing sequence (.5;);>1 in X with

U S = S such that 1g, f is Pettis integrable for each [ > 1. Define the sequence
1>1
(S7)i=1 in X by

S1:=81 and S]:=9\S_1 fori>1
and let E € ¥. Then we have

du = / du = / du
/| fl UEms f Z ENS] 7l

i>1

Z/ dﬂ\==< /,505;fdu>\

WV
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for all z* € X*. Since f is scalarly integrable (by Corollary 3.1), it follows that
the series ) [(z*, (Pe) [pnq [ du)| is convergent for all 2* € X*. Therefore, we can
>1 !

invoke the sequence characterization of Bessaga and Pelczyniski of Banach spaces not
containing co ([4], Corollary I.4.5), which shows that the series ) (Pe) [, fdp is
>1 !

unconditionally convergent in the norm topology to an element xg € X, so

> (P | rdu-a

ns;

lim
n— oo

:07

which implies

n

lim ", ’Pe/ fdu>: z*,rxg) forallz* € X*.
i Y (o . (", 25)

=1

As
lim ", (Pe / fd,u> = lim / (", f)dp
n—>oolz=;< ( ) ENS] "—“X’; ENS] >
~m [ e [ 6
n—=oo Jeny S E
=1
we get

/<$*af>dM:<$*,xE> for all z* € X™.
E

Since this holds for all E € ¥, we conclude that f is Pettis integrable. The main
implication of the second part of the theorem follows then from Corollary 3.2. [

Remark 4.2. Recalling that L'({, F,v) does not contain any isomorphic copy
of ¢y (because L'(Q, F,v) is weakly sequentially complete and co does not enjoy
this property), implication (3) = (4) of Corollary 4.2 can also be derived from the
preceding theorem.

It is worth giving the following variant of Theorems 4.2—4.4

Theorem 4.5. Suppose that u(S) =1 and let f: S — X be a function. If f is
W Me-integrable on S and if there exists a fixed closed convex and w-ball-compact
subset T of X with 0 € T (that is, T' is w-ball-compact if the intersection of T' with
every closed ball is weakly compact) such that

f@t) el ae,
then f is WM-integrable on .
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Proof. Taking into account Theorem 3.2 (iii), we may suppose, without loss
of generality, that f(t) € I for all ¢ € S. According to Lemma 3.4, we can choose
a sequence ({(E™, ") }i>1)m>1 of generalized McShane partitions of S and a strictly
increasing sequence (p.,) of positive integers such that

Jim (o S uEn ) = [ h)an

i=1

m
for all z* € X* and for all E € ¥. So (> u(E N EM™)f(t")) is a weak Cauchy

i=1

m
sequence in X, and r := sup || > u(E N EM™)f(t7)|| < co. Furthermore, since I' is
m>1 i=1

Pm
convex and contains 0, > u(ENE™)f(t™) € I for all m > 1. So, the sum Z w(EN

=1 =1
E™) f(t™) belongs to the w-compact set B(0,7) N T for each m > 1. Consequently,

Pm
(Z u(EﬂE-m)f(tm)) w-converges to an element wr € X. By identifying the limits
i=1

we get (z*,wg) = [ (z (", f)dp and so, by the arbitrariness of E' € ¥, f is Pettis
integrable. O

The next theorem is a weak McShane version of Theorem 15 of Gordon [12] dealing
with the McShane integral on [0, 1]. We first recall some definitions and known facts
about series ([1], [4], [16]).

Given a series Y x, with values in X, recall that ) x, is called:
n>1 n=1

i
> weakly convergent or convergent in norm if the sequence of its partial sums > x,
n=1
w-converges or converges in norm, respectively.

> unconditionally convergent in norm if the series ) () converges in norm for
k>1

every sequence (Tr(x)) whenever 7 is a permutation of N; equivalently, if all series
of the form ) x,) where ¢ is a strictly increasing mapping from N onto N
k>1
converge in norm.
> scalarly (alias weakly) absolutely convergent if > [(z*,x,)| < oo for all z* € X*.
n>1
We say also that Y a, is weakly unconditionally Cauchy.
n>1
It is known that the following implications hold:

> @, is unconditionally convergent in norm = > ,, is scalarly absolutely con-

n>1 n=1

vergent.
> x, is unconditionally convergent in norm = ) =, is convergent in norm =
n>1 nz=1

> x, is weakly convergent.

n>1
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Moreover, no one of these arrows can be reversed in general (see [1], Example 5,
page 341). More precisely, the following conditions are equivalent (see [1], page 337):
(C1) There exists a scalarly absolutely convergent series which is convergent in
norm, but is not unconditionally convergent in norm.

(C2) There exists a scalarly absolutely convergent series which is weakly convergent,
but is not convergent in norm.

(C3) There exists a scalarly absolutely convergent series which is not weakly con-
vergent.

(C4) The space X has a copy of ¢o.

Theorem 4.6 (M. Saadoune). Let (E,)n,>1 be a sequence of disjoint subsets of
Y, let (zn)n>1 be a sequence in X, and let f: S — X be the function defined by

- imnlEn(t) (tes).

If the series Y. p(Ey )z, is scalarly absolutely convergent, then f is scalarly inte-
n=1

grable, and there is a sequence (A,,) of gauges from S into T such that

lim sup lim sup
MO P €lloe(Am) N0

ol P - [ <x*,f>du\ 0

:Z (x*, zp).

Consequently, f is W.M-integrable on S if and only if the series Y u(Ep)z, is
n>1
weakly convergent and scalarly absolutely convergent. In this case we have

(WM) /S fdp=w->" p(E,),
n=1

Proof. For each k > 1 define

for all z* € X* W1th/
s

k
=Y wilp,(t)
i=1

As

(4.6.1) JACSTETE

2/

=3 W )
i=1
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for all z* € X*, and the series > p(E,)z, is scalarly absolutely convergent, f is
n>1
scalarly integrable and hence

(4.6.2) /(m*,f) du = / lim < ey dp = hm / ey dp = Zu (", 24),
s
by making use of the dominated convergence theorem, since

[(z*, fi)| < [{z*, f)| forall 2™ € X* and for all k > 1

Next, by Proposition 1C (a) and Lemma 1I in [7], it is clear that each fi is M-
integrable on S and

k
M)/kadu—;u(E .

Therefore, we can invoke Lemma 2B of [7], which provides a gauge A;: S — T such
that

n k

Z w(Es) fie(ts) — Z w(Ei)z;

j=1 i=1

(4.6.3) sup

{(Fy:tj)1<i<n €PT s (AR) ok

Next, for each m > 1 set

m [ee]
Ap = JEiU (S\ UEi>
i=1 i=1
and, for each p > m

By == A, for p=m and B)" := E, for p > m.

Noting that for each m > 1 the B}"’s are pairwise disjoint measurable sets and

U B’ =S, we define a gauge A,,,: S — T by
p=m

k
Ap(t) = [V Ai(t), forte Bf* k=m.
=1

Fix m for the moment and let P := {(F]",¢")};>1 be a generalized McShane par-

tition of S subordinate to A,,. Fix z* in X*. We seek to estimate |(z*, o, (fx, PX) —
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w(E;)x;)|, where k > m is an arbitrary fixed integer. To this end, define sets I,
(p = m), J} and J? by

Ly={j>1:treBr, Ji:= |J L and Ji:=J1,

m<p<k p=k

and collections

Pt = A{F 1)} e » Q5 = A 1)} and - Rog := {(F}", 87")} ;o

JjEeI,’ JEJ}

o)
It is clear that J} UJ?Z = |J I, = N*, since |J Bj* = S. Further, observe that
pzm p=m
PP is subordinate to A, for each m < p < k, and that R} is subordinate to Ay.

Then by (4.6.3)

P
m m 1
(46.4) S uEm (e Zu@ﬂ( U = >)x .
JEIL,j<n =1 Jj€lp,j<n
for each m < p < k and
b 1
(4.6.5) S wEM ety Z”( ( U ij)>a:z < o
JjeJZ j<n i=1 jeJE i<n
Next, by the definition of J} and the triangle inequality we have
k
(o 5 wrmne) - (= u(m0( U 7))s))
JETLE i<n i=1 JEJL,<n
k—1
<X |(e X wEmne) - (e X wrsen))
p=m j€I,,j<n J€lp,j<n
k—1
+Z (e 3 s - (e u(mn (U #))e)
p=m jeIlp,j<n i=1 JEp,j<n
k—1 P
Bl Ealun( Y )
p=m i=1 JEIl,,j<n
k
oo Y )]
i=1 JEI,j<n
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The first term on the right hand side, is equal to 0, since f, = f, on B for each

k—1
p = m, whereas the second term is, by (4.6.4), smaller than ) 1/2P so that

p=m

(o, 2w~ Ean( U )

jeTti<n i=1 JEJL,<n
S S

< 2—p—|— Z |{z ,xi>|u<Eiﬂ< F;”))
p=m p=m i=p+1 je€l,,j<n
=1y ki1

=Y 5+ 3 Z|<x*,xi>|u(Ezﬂ< U &

p=m 1=m-+1 p=m jel,,j<n
o0 1 )

<Y ot 3wl
p=m i=m+1

{5 wernem)-{eg(in Y 7))

JEJL,<n

(o X )~ (o ou(mn (U m))e)

JEJR.G<n i=1 JjE€JZ.i<n

we get
k n
(4.6.6) (2, on(fr, P™)) — <x*,Zu<Ei N <U F]’”)>x>‘
i=1 j=1
p=0o0 1 o)
<Y+ 2 uEa @ + 5,
p=m t=m-+1
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which is valid for all k¥ > 1. Noting that (fx) pointwise converges to f, we conclude
that

ol r Py = [ @) du‘

(@ on(f, PR =D (2"

i=1

(", o (fer PI)) < fjuwnxi>

(by (4.6.2))

= lim
k—o0

i

s et - (3 () o
REOICTI(VES) R EOLEY|

J

k n
< limsup [(@*, 00 (fr, Po)) — <$*aZH<Ei N ( U F]m)>arz>‘
k=00 i=1 j=1
k [eS)
+ lim su ", E; N F" )z
pael(=2n(m (U 7))

N
(]2
N
_|_
(]2
=
IS
O
8
T
<
=
>
=

eSu(mn( U 5w

This yields, by letting n — oo and m — oo

@ ol P2 - [

S

@, f) du‘

lim sup lim sup
m—o0 n—roo
oo [ee]

. 1 .
< Mmoo Tm Y (B )]
p=m 1=m-+1

+ lim sup hm Zu<Eiﬁ U ij>|<x*,xi>|

m=—00 =1 j=n+1
oo o0
= limsup lim Zu<Eiﬁ U ij>|<x*,xi>|,
m—o0 N7 i=1 j=n+1

because, by hypothesis, the series > p(E;)|{(z*, x;)| is convergent. Since the series
i>1

> M(E N U Fm)|<x*, x;) is dominated term-by-term by the convergent series
i>1 Jj=n+1
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> [a*, @) | u(E;), and hm M(E N U Fm) = 0, the dominated convergence
i>1 j=n+1
theorem for series gives

limsup lim Z (Eiﬁ U ij>|<x*,a:i>|

m—oo N0

i=1 j=n+1
oo
—hmsupz lim u(Ezﬂ U F]m)|<a:*,xz>| =0.
m—o0 T j=nt1

Thus

lim limsup
m—=00 p—oo

onh. P2 - @) du‘ 0

Now, if the series > w(FE, )z, is weakly convergent, then
n=1

/ Zu (x*, x4 —<a: wZu i> for all z* € X~
s

and therefore f is WMe-integrable on S. Conversely, if f is YW M-integrable on 5,
then, by Corollary 3.1, it is scalarly integrable and

<x*,(WM)/Sfdu> :/S<x*,f>du for all * € X™.

Returning to the equalities (4.6.1) and (4.6.2)), we deduce that

o0

Sou(El e al < o0 and (o, wa0) [ fan) = Zu (o)

i=1

for every x* € X*. Hence, the series > u(Fy,)x, is both scalarly absolutely and
n>1
weakly convergent. This completes the proof. O

In the next corollary, we provide a class of functions which are weakly McShane
integrable on S but not Pettis integrable.

Corollary 4.3. If X contains a copy of ¢y, then there is a function f: S — X
which is WWM-integrable on S but not Pettis integrable.

Proof. From what has been said above, we may choose a series > z, in X

n>1
which is both scalarly absolutely and weakly convergent, but not unconditionally
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convergent in the norm topology. Let (E,),>1 be any pairwise disjoint sequence of
measurable sets of strictly positive measure and define the function f: S — X by

f(t):szn L 1g, (t).

Then according to Theorem 4.6, f is WWM-integrable on S, in view of the choice of

> . On the other hand, as > x,, is not unconditionally convergent, the Orlicz-
n>1 n>1
Pettis Theorem ([4], Corollary 1.4.4) ensures the existence of a strictly increasing

sequence (k,,) of positive integers such that the series > i, is not weakly conver-
n>1
gent. Since f is scalarly integrable and

/ (2 ) du = (2°,21,.),
Ek"

we have

/G = g/E @ = D)

n=1

which shows that f cannot be Pettis integrable, since otherwise the series »_ zy,

would be weakly convergent. n>l O

To close this section we would like to mention some open problems in connection
with the results of [3], [7], [5] and [14] dealing with McShane integrability.

Problem 1. Under the Continuum Hypothesis, Piazza-Preiss [5] and Rodriguez
[14] provided examples of scalarly null functions defined on [0,1] (endowed with
the Lebesgue measure) which are not McShane integrable. In this connection, we
ask whether their function is WM-integrable on [0, 1] or not. The same question
arises for the function constructed by Fremlin and Mendoza ([10], Example 3C).
Unfortunately, we have been unable to find a function which is Pettis integrable but
not YW M-integrable on a measurable subset of S. This leads us to put the following
question: Is every Pettis integrable Banach space valued function WM-integrable
on X7 If the answer to this question is negative, is there a class of Banach spaces
including strictly the class of Hilbert generated Banach spaces for which these two
integrals are equivalent?

Recall that a function f: S — X is said to be scalarly null if for each z* € X*, the
real-valued function (z*, f) vanishes almost everywhere (the exceptional set depends
on z*).
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Problem 2. If an X-valued function is W.M-integrable on 3, does it have to

be M-integrable? If the answer is no, when do W.M-integrability on ¥ and M-
integrability coincide? Let us mention at least that this is the case for example if X

is a subspace of a Hilbert generated Banach space. What about the case of X being
weakly compactly generated (WCG)? Recall that the Banach space X is (WCG) if
there exists a weakly compact subset of X whose linear span is dense in X.

Problem 3. Suppose that f: S — X is W M-integrable on ¥. Does it follow

that the indefinite Pettis integral of f (that is, the set function E — (Pe) fE fdp
(E € X)) has a totally bounded range?
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