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Nonconvex Lipschitz function in plane which

is locally convex outside a discontinuum

DuSAN POKORNY

Abstract. We construct a Lipschitz function on R? which is locally convex on the
complement of some totally disconnected compact set but not convex. Existence
of such function disproves a theorem that appeared in a paper by L. Pasqualini
and was also cited by other authors.

Keywords: convex function; convex set; exceptional set

Classification: 26B25, 52A20

1. Introduction

In his work from 1938 L. Pasqualini presents a theorem (see [4, Theorem 51,
p.43]) of which the following statement is a reformulation:

Let f : R? = R be a continuous function and M C R% a set not containing
any continuum of topological dimension (d —1). Suppose that f is locally convex
on the complement of M. Then f is convex on RY.

The proof however contains a gap. This result also appeared in the survey
paper [1], where the (incorrect) proof was shortly repeated. Also V.G. Dmitriev
mentions this result in [2], although he provides a wrong reference.

As a counterexample to the theorem of Pasqualini we present the following
theorem:

Theorem 1.1. There is a Lipschitz function f : R?> — R and M C R? such that

f is locally convex on R? \ M,

f is not convex on R?,

M is compact and totally disconnected,
f has compact support.

Note that it is a simple observation that the set M from Theorem 1.1 cannot
be of one dimensional Hausdorff measure 0.

The author was supported by a cooperation grant of the Czech and the German science
foundation, GACR project no. P201/10/J039.
DOI 10.14712/1213-7243.014.402
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2. Preliminaries

In the paper we will use the following more or less standard notation and
definitions. For a,b € R% and » > 0 we will denote by B(a,r) the closed ball with
center a and radius r and [a, b] will denote the closed line segment with endpoints
a and b. For A C R? the symbol co A will mean the convex hull of A and A°
will mean the complement of A. If I C R? is a line and ¢ > 0 then we define
I(e) = {x € R? : dist (,1) < €}.

A function f defined on a set A C R? is called L-Lipschitz, if for every z,y € A,
x # y, we have |f(z) — f(y)| < L|z — y].

We will call f locally convex on A if for every x,y such that [z,y] C A and
a € [0,1] we have f(az + (1 - a)y) < af(x) + (1 - a)f(y).

Finally, f will be called piecewise affine on A if there is a locally finite trian-
gulation A of A such that f is affine on every triangle from A.

3. Construction of the function

Definition 3.1. Let Q be the system of all unions of finite systems of (closed)
polytopes in R%. Let L >0, f : R? - R and P € Q. We say that a pair (P, f) is
L-good if

(1) f is L-Lipschitz,

(2) f is piecewise affine on P¢,

(3) f is locally convex on P°.

The key technical result is the following:

Lemma 3.2. Let §,¢,L > 0 and let | be a line in R%. Let (P,g) be an L-good
pair. Then there is an (L + ¢)-good pair (Q, h) such that
(1) Qc P,
(2) h =g on P¢,
(3) if 2,y € Q belong to different components of R?\ [(§) then they belong
to different components of Q.

We first prove Theorem 1.1 using Lemma 3.2

PROOF OF THEOREM 1.1: Choose a sequence {x,}2°; dense in the plane and
consider any sequence of lines {l,,}5°; with the property that for any 4,5 € N
there is some k € N such that z;,z; € l;. Choose a sequence {e,}52; C (0,00)
such that Y.~ &, < oo. Then the sequence {l,(g,)}52; has the property that
for every z,y € R?, & # y, there is some k € N such that = and y belong to the
different component of R? \ I (ex).

In the proof we will proceed by induction and construct a sequence of functions
fi : R?2 = R and a sequence {P;} C Q, i = 0,1,..., such that for every i the
following conditions hold:

(1) pair (P, f;) is (1 + > _, en)-good,
(2) if ¢ >0 then P, C P,_q,
(3) if ¢ > 0 then fi = fi—l on (Pi_l)c,
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(4) if i > 0 and if 2,y € P; belong to the different component of R?\ /;(g;)
then they belong to the different component of F;.

To do this let fy be an arbitrary 1-Lipschitz function on R? which is equal to 0
on ((—3,3)?)¢ and equal to 1 on [—1,1]? and put Py := [-3,3]?\ (—1,1)2. Validity
of conditions (1)—(4) is obvious.

Now, if we have constructed f;_; and P;_; we obtain f; and P; simply by
applying Lemma 3.2 with e = § = ¢;, L = (1 + Z;_:ll En), Ll = liy, P = P4
and ¢ = f;_1. The function f; will be then equal to h from the statement of
Lemma 3.2 and P; will be equal to the corresponding (). Validity of conditions
(1)—(4) follows directly from Lemma 3.2.

Put M := () P;. Due to property (2) M is compact and nonempty. To prove
that M is totally disconnected consider x,y € M, x # y. By the choice of the
sequences {1,}5%; and {&,}22,; C RT there is some i such that = and y belong
to the different component of R? \ [;(g;). By property (3) we have that x and y
belong to the different component of P;. Using property (2) again we then obtain
that x and y belong to the different component of M as well.

Define f : M¢ — R in such a way that f(z) = f;(z) whenever z € (P;)°. It is
easy to see that the definition of f is correct due to properties (2) and (3) and the
definition of M, and also that by property (1) the function fis (1430 en)-
Lipschitz and locally convex on M°. By Kirszbraun’s theorem (see [3]) there is a
(14 >°,7 , en)-Lipschitz function f : R? — R such that f = f on M¢. Therefore
f is locally convex on M€ as well. Also, f has compact support due to properties
(2) and (3), the fact that Py is compact and that fy is supported in P,.

It remains to show that f is not convex on R2, but this is easy since

f(=3,0)+ f(3,0)
2

=0<1=£(0,0). O

The proof of Lemma 3.2 is divided into several lemmas.

Lemma 3.3. Let H C R? be a closed halfplane, x € R>\ H, w € OH and L > 0.
If f: HU{x} — R is L-Lipschitz and affine on H, then the function

 fw), if we H,
gw(U)—{ af(@)+ (1 —a)f(w), for u=az+(1-a)wacl0,1],

is L-Lipschitz as well.

PROOF: Without any loss of generality we can suppose that f(w) =0 and w =
(0,0). This means that g, is in fact linear on both H and [z, w]. Choose a € H
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and b = az for some « € [0,1]. Now,

o) 9]
. (éa) g (@) <

= Lla — az| = Lla — b|.

|9w (a) = gw (D) = a

o () (3

=

Similarly, if @ = axz and b = Sz for some «, 3 € [0,1], a # 3 we have

|9w(a) = gu(b)| = |af(z) = Bf(z)] = |f(2)| - |« = B] < Llz| - | = 5| = Lla — b|.
]

Lemma 3.4. Let ¢,L,K > 0. Let f be an L-Lipschitz function on [-K, K]?,
which is equal to an affine function f1 on [-K,0] x [-K, K], and z € (0,K) x
(=K, K). Then thereis anx € [(0,0), z] and v > 0 such that for every y € B(x,7)
and every w € B((0,0),v) N ({0} x (=K, K)) the function

. (u):{ f(u), if ue[-K,0]x[-K, K],
v af(w)+(1—a)f(z), for u=aw+(1-a)yacl01],

is (L + ¢)-Lipschitz and |gy. — f| <€ on [-K,0] x [-K, K] U [w, y].

Proor: Without any loss of generality we can suppose that € < 1, L = 1 and
that f(0,0) = 0. Indeed, if f(0,0) # 0 we can just consider the function u —

f(u)— £(0,0) in the place of f and then add f(0,0) to the resulting function gy ..

If L # 1 then we can just consider the function u — @ in the place of f and ¢

in the place of ¢ and multiply the resulting function gy ., by L.
Since f is 1-Lipschitz we can find a sequence {z;}32; C [(0,0), 2] converging to
(0,0) such that for some s € [—1,1]

(3.1) s = f|($l|) — s as i — o0.
T
Denote % := . Consider now the sequence of functions h; : [—%, 0] x[— |f‘, |f_|]
U{Z} — R defined as
1
hi(u) == — f (Jzi| - u).
|l

Then h; is 1-Lipschitz for every ¢. Since f is equal to an affine function f; on
[-K,0]x [~ K, K] and £(0,0) = 0 we have h; = f; on [ 0] x [— 7557, 1oy Also
hi(2) = s;, because Z = 1 = 1o Therefore by (3.1) the function h := limh; :
H U{z} — R which is equal to f; on H := (—00,0] x (—00,00) and such that
h(Z) = s, is also 1-Lipschitz.

_ K
[zi]?
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Consider 4 > 0 such that ¥ < % (here by Z; we mean the first coordinate
of 2). This choice then implies

S el S S BN P N
T A TR ="t
for v € H, which gives us inequality
lv— 2]
7<1+—
lv— 2] — 2’

as € < 1. Now, for every § € [s —F,s+ 7], v € H and t € B(Z,7)

A0 -5 MA@ -5l 53 LA -sl 3
lv—t lv—t o=t = lv=2-% |v-2]-7
§|f1(v)t5| v — 2| +2_v§<1+5) € q4e
v — 2| lv— 2] — % 2 2

Therefore, by Lemma 3.3 for every § € [s — 7,5 + 7], w € {0} x (—00,0) and
t € B(Z,%) the function

o | ), if weH,
w5 (1) = (1—-w)s+afi(w), for u=(1-a)t+ow,ac]|0,1],

is (1 + &)-Lipschitz as well.

Choose ¢ such that s; € [s—7, s+7] and put = x; and v = “EQW Now, consider
some y € B(z,) and some w € B((0,0),v) N {0} x (—K, K) and let g,., be as
in the statement of the lemma. First we will prove that g, is (1 + ¢)-Lipschitz.

To do this we first observe that ﬁgyw(|z| E)isequal to h ., o s (€), whenever
ERIERNE
the first function (as a function of &) is defined. Now, we have 7 € {0} x(—00, 00),

y ||y = | _ly=al 2 s
— T S5
|z ‘ = |l |z 20|
which means ﬁ € B(%,7) and finally fﬁ) =s; € [s — 7,5+ 7] and we are done

since \r\ gy.w(|x]-€) (as a function of §) and g, have the same Lipschitz constant.
To finish the proof it is now sufficient to observe that if we additionally choose
x; small enough we obtain also |gy ., — f| <eon [-K,0] x [-K,K|]U [w,y]. O

Lemma 3.5. Let L,e,0 >0, a < b and ¢ < d be given. Let
P =co{(-1,a),(-1,b),(1,¢),(1,d)}

and

Pf=co{(-1l,a—¢),(-1,b+¢e),(1,c—¢),(l,d+¢)}.
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Suppose that f is an L-Lipschitz function defined on R? which is locally affine on
P=\ P. Then there are

a-+c b+d
5 ::a0<a1<---<an,1<an::T

and % > k > 0 such that, using the notation introduced below, the function
w: P\ (P\ [k, K] x R) = R defined as g,.(2F) = f(2F) fori=0,n, g.(25) =
f(zi) fori=1,...,n—1 and

fw), if uwe P\ P,
ag(zh) +B9(z7) +9(zf),  for w=azl + Bz +7z1,
gn(u): 04757’7207044'54‘7:1;

ag(z; )+ Bg(zi,) + Wg(z;;l), for w= oz + Bz, + vzi‘:l,
a,B,7v>20,a+8+v=1

is (L + 0)-Lipschitz and such that |f — g.| < § on R?. Here we denoted z :=

(im,%ﬂi@),zf = (iﬁ,%i@),z? = (£kK,0;) fori=1,...,n—1

and z; := (0,a;) for i =0,...,n.

Proor: Without any loss of generality we can suppose L = 1. Denote Py the
connectivity component of P¢\ P containing z;, ¢ = 0,n. When we have found
a; we denote P; = co{zii,ziﬂ_ﬁ_l} fori =0,...,n—1. Put S = co{z7,2% |} and
a = dist (S, P¢\ P). We always assume k to be small enough that 1 > a > 0.

min(lag—an],1)
— ),

First, we will use Lemma 3.4 twice to find points a1 € B(ao,

an—1 € Blay, and k1 > 0 such that for every k1 > k > 0 the func-
tions gx|psup, and gxlpsup,_, are both (1 + §)-Lipschitz and such that
|f —gx] < d on PSUPEUPyU P,_;. Here, in the notation of the points z;,
the point z; corresponds to the point x guaranteed by Lemma 3.4 (when we iden-
tify zo with the origin) and similarly the point z,_1 corresponds to z in the case
when we apply Lemma 3.4 centred in z,. Note that although Lemma 3.4 guar-
antees (1 + ¢)-Lipschitzness on Py (or on P,_1) only on line segments with one
endpoint in P§ (or in P¢), this is enough for our purposes. Indeed, if for instance
a,b € co{zy, zar, zf}, we can always find a, bwith a € F§ and such that the vector
a — b is parallel to the vector a — b. In such situation of course

|gr€(a) - gn(b)| _ |gr€(d) - .?K(l;” )
la — 0| a— b

min(\aofanLl))
2

Also, if a,b € co{zy , 21, 27} one can always consider @ = 2; or @ = z; such that

J90(a) — 9x®)] _ 19n(@) — an(z5)]
a—b  © Ja-zml

Similarly for P,_1.
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Observe that for every ug € Py U Py and every u,, € P U P,_; we have

195 (u0) = g (un)| 19x(u0) = gu(20)| | 19x(20) — gu(2n)| |95 (20) = gr(un)|

< + +
|u07’un| |u07’un| |’LL0 *Un| |’LL0 *un|
|u0 7ZO| |ZO 7zn| |Zn *Un|
T uog —un| o Juo —up| o Jug —unl|’

and since the last expression can be smaller than 1+ § when we assume |ag — aq]
and |a,—_1 —ay,| to be small enough, we can additionally assume that g|p-up,up,_,
is (1 + 0)-Lipschitz.

Next, note that the function g.|[., -,_,] is actually independent on  and that it
is 1-Lipschitz for any choice of asg, . .., a,—2 (this is true because in one dimension
the affine extension never increases the Lipschitz constant). This also means that
for § = co{z, 2 |} we have g,|s is 1-Lipschitz for any choice of as, . . ., a,_o as
well. Put a = dist (S, P\ P), we can assume k3 to be small enough that 1 > o > 0
(here we used the fact that |ag — a1, |an—1 — an| < %). Consider n big enough

such that % < 2 puta; = ar + % and pick k3 < min(kg, 22).

Then for kK < k3 and a € S '

lgx(a) = f(a)| < lgx(a) — gx(z)| + [gn(zi) — f(zi)| + | f(2z:) — f(a)]
3.2
(3:2) §|a—zi|+0+|a—zi|§g<6,

where 7 is chosen such that a € P;.

To finish the proof we need to observe that for £ < k3 the function g,; is (1+4)-
Lipschitz. Since S U Py U P,_; is convex, the remaining case we have to consider
isa € S and b € P°\ P. Find i such that ¢ € P;. With this choice we have
la — 2| < 2 and therefore

5
b=zl <la—bl+la—z| <la—bl+ < (1+5)]a—b|.
Now, we have
19x(a) — g (b)] < |gnla) — g (2i)| + |9k (2i) — gr (D)

oo 1)
S7+|f(zi)*f(b)|§§|a*b|+|b*2’i|

1) )
§§|a—b|+ 1+§ “la—b] < (1+6)|a—b|

O

Lemma 3.6. Let 1 > ¢ > 0 and a, L > 0. Let f be a L-Lipschitz function on
[—1,1]? which is affine on both [—1,1] x [-1,0] and [—1,1] x [0,1] (and equal to
affine functions f1 and fs, respectively). Put

Ar = [-1,-1/2] x [-1,0], A = [1/2,1] x [0, 1],

515
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Bf = [—1,¢] x [0,¢], B; = [—¢,1] x [—¢,0]
and
A=A UAUBUBs.
Then either f is convex on [—1,1]? or the function g. : A — R defined as

()_ fl(u), if ’U,EAlUBT,
IW=N folw), if uwe AyUBsS.

is locally convex on A. Moreover, if € is small enough, g. is (L + «)-Lipschitz and
lge — f| < o on A.
Proor: It follows from a direct computation. ([

Lemma 3.7. Let L,a >0 and 1 >y > ¢ > 0. Let f be a L-Lipschitz function
on [—4,4]> U [1,2] x [4,5] which is affine on both [—4,4] x [—4,0] and [—4,4] x
[0,4] U [1,2] x [4,5] (and equal to affine functions f; and fa, respectively). Put
Ay = [*37 *2] X [077]7A2 = [*370] X [7;7 + E]aAB = [*172] X [7 - 5;7];
Ay = [LQ] X [7;4]aB1 = [*474] X [*470]732 = [LQ] X [4a 5];
and
A:A1 UAQUAgUA4UBl UBQ.
Then either f is locally convex on [—4,4]> U [1,2] x [4,5] or the function

fl(u); if ’U/GAlUAQUBl,
g(u) f2(u)+%(u-(0,l)—4), if ue As3U Ay,
fQ(U/)) if UGBQ,

is (L + «)-Lipschitz, locally convex on A and |f — g| < a on A, if ¢ and ~ are
small enough.

PRrROOF: Without any loss of generality we can suppose L = 1. First we prove
that ¢ is continuous on A. To do this we need to prove that

fl(ovfy) - f2(07’7)

(3.3) fila,”) = fala,v) + y—4

((a7’7) : (07 1) - 4)
whenever (v,a) € A2 N Az and that

+ fl(O;'Y) - fQ(Oa’Y)

(3.4) fo(a,4) = fa(a,4) ~—4

((a,4)-(0,1) —4)
whenever (a,4) € A. Define an affine function f; on R? as

fl(ovfy) - f2(07’7)

fa(u,v) = po)

((u,v) - (0,1) —4).
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To prove (3.3) we can write

g(aa’Y) = fQ(avfy) + f3(aa7)

_f2(a7’7)+ v —4 ( _4)

= f2(a7’7) +f1(0a7) - fl(0,0) - fQ(Oa’Y) +f2(070)

= f2(a7’7) +f1(aa7) - fl(aao) - f2(a,’Y) +f2(a’70)

= fala,7) + fi(a,7) = fi(a,0) = fa(a,7) + fi(a,0) = fi(a, 7).

To prove (3.4) we can write

g(a’ﬂ 4) = f2(a74) + f3((1,4)

f1(07’7) - f1(070) - f2(07’7) + f1(070)
v—4

Next note that since both f; and f are 1-Lipschitz we have

= fa(a,4) + (4—4) = fa(a,4).

(3.5) g is 1-Lipschitz on B; U A; U Aa,
and
(3.6) g is 1-Lipschitz on Bs.

Since additionally fs is constant on all lines parallel to z-axis and since

fS(vay)_fS(Ovél) < fl(O;'Y)_fl(Ovo)_f2(07’7)+f2(070) < 2_’7

I = 3 3 =7
we have
(3.7) g is (1 + )-Lipschitz on A4 U Aj
and
(3.8) lg — f2| <4y on AyU As.

Now, if z € By and y € As then g(x) = f1(z), |9(y)—f1(y)] < 3eand |[z—y| > v—¢
and therefore
v+ 2

l9(x) = 9w < lg(@) = W] + /() = 9w <o =yl +3e < ——

So we have

v+ 2

y—¢

If x € By and y € A4 then g(z) = fi(z), f(y) < g(y) < f1(y) and therefore

(3.9) g is -Lipschitz on By U As.

(3.10) g is 1-Lipschitz on By U Ay.
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Using (3.6) and (3.7) and continuity of g we obtain that

(3.11) g is (1 4+ ~)-Lipschitz on A; U As and on By U Ay.

Finally, if x € Ay UAs and y € AyUByorz € A; and y € A3 U A4 U By we have
(3.12) 9(x) = fo(@)] <2(y+¢) <4y, |g(y) = f2(y)] <4y

and |z — y| > 1. This implies

l9(x) —9(W)| < lg(z) — f2(2)] + | f2(x) = f2(y)| + [ f2(y) — 9(v)]

3.13
(8.13) <Ayt —yl+4y < (1+8y)|lz —yl.

Now, according to (3.5)-(3.12) it is sufficient to choose § >~ > ¢ > 0 small
enough such that

2
rnax<1+8fy,’er €> <l+a«
—€
to obtain that g is (1 + «)-Lipschitz on A and |f — g| < a on A. O

Lemma 3.8. Under the assumptions of Lemma 3.5 there is
PN (—k,k) x R and a function h : P¢\ PU R — R such that:
(a) Re Q,
(b) h=f on P\ P,
¢) h is locally convex on P¢\ PUR,
)
)

3>k>0,RC

(

(d) P=\ PUR is connected,

(e) h is piecewise affine on P\ PUR,
(f) h is (L + §)-Lipschitz.

PRrOOF: Without any loss of generality we can suppose L = 1. Let &, z; and g,
be as in Lemma 3.5, but with g in the place of 4. Consider the sets

X =[-4,4%U1,2] x [4,5] and Y =[-1,1]%

Find homotheties ¥; : 2 + p;z +v;, p; > 0, v; € R%, i = 1,...,n — 1 and
orientation preserving similarities ¥y and ¥,,, with scaling ratios pg and p,,, such
that if we put M; = ¥;(X),i=0,nand M; = ¥,(Y),i=1,...,n— 1 we have

(A) M;NnM; =0ifi#j,

(B) Wo([—4,4] x [-4,0]) c P2\ P,

) v ([ 4,4] x [-4,0]) C P\ P,

(D) M, C (~r. %) x R

(E) [zz ’ l]C\II (RX{O})

Put = min,; dist (M;, M;) and note that Q > 0 due to property (A). Define

1 1
Ti = CO{‘I’i(g, 1)7 \I/l(la 1)7 lI/i-‘rl(_ga _1)5 \Ili-‘rl(_la _1)}5
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fori=1,...,n—2,

To = CO{\I/()(L 5), \IJO(27 5); \111(7%, 71); \Ill(*la *1)}

and
1
Tho1:= CO{\IIn(L 5); \Iln(2a 5)7 lI/n—l(§a 1)7 an—l(la 1)}’
Put
n—1 n
(3.14) R:= (U T) u <U Mi> .
i=0 i=0
Let g;, i =1,...,n—1 be the function g from Lemma 3.6 with oo = % (and

corresponding ¢) and with fi(x) = pigs o ¥; and fa(z) = pigs © ¥; (with the
exception when g, is already convex on M;, in which case we put g; = gx|a,)-
Let gg be the function g from Lemma 3.7 with v = Q—i& (and corresponding &
and ) and with f1 = pogs © Uy and fo = pogx © Yo and finally, let g, be the
function g from Lemma 3.7 with v = % (and corresponding ¢ and ) and with
f1=pngx o ¥, and fo = p,gs o Uy,

Consider now the function h defined by the formula

b= igio\llfl on M;
g, otherwise.

Property (a) follows from (3.14) and the fact that every M; and every T; is
a polygon. Properties (b), (c) and (e) follow directly from the construction and
corresponding properties of the functions g; and property (d) is obvious. We will
now finish the proof by proving property (f).

So suppose that a,b € (P¢\ P)U R. We need to prove that |h(a) — h(b)] <
(1+6)|a —b|]. We can additionally suppose that either a or b belongs to some M;
since otherwise there is nothing to prove. We will prove only the case a € M,
b € Mj, i # j, the other cases can be proved following the same lines. By
Lemma 3.6 (for i = 1,...,n — 1) and Lemma 3.7 (for ¢ = 0,n) we can now write

[h(a) = h(D)] < |h(a) = gx(a)] + |gx(a) = g (D)] + (g, (b) — (D)

1 Qop; 5 1 Qdp;
<— 2P ) e =2
pi 4 2 pj 4

) 0
§§|a—b|+(1+§) la—bl=(1+8)|a— b,

which is what we need. O

PRrROOF OF LEMMA 3.2: Without any loss of generality we can suppose L = 1.
Let V' be the set of all points v € QP with the property that there is some &, > 0
such that PN B(v,&,) is similar to {(z,y) : > 0} N B(0,1) and that g is affine
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on PN B(v,e,). Since P € Q, the set P \ V is finite and without any loss of
generality we can assume that [(6) N (9P \ V) = . We can also assume that
1 =40} xR and that 6 = 1.

This means that the closure of every component P; of P N1(4) is of the form

CO{(_L ai)? (_17 bi)? (L Ci)a (17 dl)}’
for some a; < b;, ¢; < d; and such that, for some ¢; > 0, g is locally affine on
P7\ P;, where
Piii=co{(—1,a; — &), (=1,b; +&;), (1,¢; —&;), (1,d; + &)}

Then we have
a= I_I;éiI_ldiSt (P, P;) > 0.
i#j

Let k;, R; and h; be equal to x, R and h obtained from Lemma 3.8 for ¢; in the
place of ¢, P; in the place of P, g in the place of f and W in the place
of ¢.

Put Q = P\ (JR;) and define 7 : Q° — R by

iNL(u) _ {hz(u) on R;

g(u) otherwise.

Let K be the Lipschitz constant of h. Using the Kirszbraun theorem we can
find a K-Lipschitz function h on R? such that h = h on Pe.

Now, property (1) follows directly from the definition of @ and (a) in Lem-
ma 3.8, property (2) from the definition of h and (b) in Lemma 3.8 and property
(3) from (d) in Lemma 3.8.

It remains to prove that the pair (Q,h) is (1 + €)-good. The local convexity
and piecewise affinity of h on Q¢ follow from (c) and (e) in Lemma 3.8 and the
corresponding properties of g, so the proof will be finished, if we verify that
K <(1+e¢).

To do this pick a,b € R?, we need to prove that |h(a) — h(b)| < (1 +€)|a — b).
We can additionally suppose that either a or b belongs to some R; since otherwise
there is nothing to prove. We will prove only the case a € R;, b € R;, i # j, the
other cases can be proved following the same lines.

Using the definition of h, namely property (f) from Lemma 3.8 we can now
write

h(a) = h(b)] = [hi(a) ()I |hia) = f(a)| + |f(a) = f(O)] + £ (D) — h;(D)]

min(a 51, )e ( ) min(a, 5, 1)e

4
—| fb|+<1+ ) la—b| < (1+¢)|a—b].

a—bl+

| /\



Nonconvex function which is locally convex outside a discontinuum
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