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Abstract. Our aim in this paper is to deal with the boundedness of the Hardy-Littlewood
maximal operator on grand Morrey spaces of variable exponents over non-doubling mea-
sure spaces. As an application of the boundedness of the maximal operator, we establish
Sobolev’s inequality for Riesz potentials of functions in grand Morrey spaces of variable
exponents over non-doubling measure spaces. We are also concerned with Trudinger’s in-
equality and the continuity for Riesz potentials.
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1. INTRODUCTION

The space introduced by Morrey [37] in 1938 has become a useful tool in the
study of the existence and regularity of partial differential equations (see also [39]).
The maximal operator is a classical tool in harmonic analysis and studying Sobolev
functions and partial differential equations and plays a central role in the study of
differentiation, singular integrals, smoothness of functions and so on (see [4], [29],
[44], etc.). Boundedness properties of the maximal operator and Riesz potentials of
functions in Morrey spaces were investigated in [1], [5] and [38]. The same problem
for the maximal operator and Riesz potentials of functions in Morrey spaces with
non-doubling measure was studied in [41] (see also [23] and [40], etc.).

In the meantime, variable exponent Lebesgue spaces and Sobolev spaces were in-
troduced to discuss nonlinear partial differential equations with non-standard growth
condition. For a survey, see [9]. The boundedness of the maximal operator on vari-
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able exponent Lebesgue spaces LP(") was studied in [6], [7] and [25]. In [8], Sobolev’s
inequality for variable exponent Lebesgue spaces LP(") was studied. Then such prop-
erties were investigated on variable exponent Morrey spaces in [3], [22], [19], [21] and
[36], and on variable exponent Morrey spaces with non-doubling measure in [30].

Grand Lebesgue spaces were introduced in [27] for the sake of studying the Jaco-
bian. The grand Lebesgue spaces play an important role also in the theory of partial
differential equations (see [16], [28] and [42], etc.). The generalized grand Lebesgue
spaces appeared in [20], where the existence and uniqueness of the non-homogeneous
N-harmonic equations div (|Vu|N~2Vu) = pu were studied. The boundedness of the
maximal operator on the grand Lebesgue spaces was studied in [14]. The bounded-
ness of the maximal operator and Sobolev’s inequality for grand Morrey spaces with
doubling measure were also studied in [32]. See also [15] and [31], etc.

Our first aim in this paper is to establish the boundedness of the maximal operator
on grand Morrey spaces of variable exponents over non-doubling measure spaces. As
an application of the boundedness of the maximal operator, making use of Hedberg’s
trick [26], we shall give Sobolev type inequalities for Riesz potentials of functions in
these spaces.

The famous Trudinger inequality ([45]) insists that Sobolev functions in W1V (G)
satisfy finite exponential integrability, where G is an open bounded set in RY (see
also [2] and [46]). Great progress on Trudinger type inequalities has been made for
Riesz potentials of order (0 < @ < N) in the limiting case ap = N (see e.g. [10], [11],
[12], [13], [43]). Trudinger type exponential integrability was investigated on variable
exponent Lebesgue spaces LP() in [17], [19] and [18] and on variable exponent Morrey
spaces in [36]. For related results, see e.g. [33], [34] and [35].

Our second aim in this paper is to establish Trudinger’s type exponential integra-
bility for Riesz potentials of functions in grand Morrey spaces of variable exponents
over non-doubling measure spaces. Further, in the final section, we are concerned
with the continuity for Riesz potentials in our setting.

2. PRELIMINARIES

By a quasi-metric measure space, we mean a triple (X, o, i), where X is a set, o
is a quasi-metric on X and p is a complete measure on X. Here, we say that o is
a quasi-metric on X if o satisfies the following conditions:

(01) o(z,y) = 0 and o(z,y) = 0 if and only if x = y;
(02) there exists a constant ag > 1 such that o(x,y) < apo(y, x) for all z,y € X;

(03) there exists a constant a; > 0 such that o(z,y) < a1(o(z,2) + o(z,y)) for all
z,y,z € X.
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We denote B(z,r) = {y € X: o(z,y) < r} and dx = sup{o(z,y): z,y € X}. In
this paper, we assume that 0 < dx < oo and 0 < p(B(z,r)) < oo for all x € X and
r > 0. This implies u(X) < oco.

We say that a measure p is lower Ahlfors g-regular if there exists a constant ¢y > 0
such that

(2.1) w(B(z, 7)) > cort

for all z € X and 0 < r < dx. Further, p is said to be a doubling measure if there
exists a constant ¢; > 0 such that u(B(z,2r)) < cypu(B(x,r)) for every x € X and
0 <7 < dx. By the doubling property, if 0 < r < R < dx, then there exist constants
Cqo >0 and @ > 0 such that

(22) MBI o (4

for all z € X (see e.g. [24]).
For @ > 0, k£ > 1 and a locally integrable function f on X, we define the Riesz
potential U, f of order o by

_ o(z,y)*
Unif (2) = /X 1 (0) duly).

Let p(-) be a measurable function on X such that
(P1) 1 <p := inf p(z) < sup p(x) =:pt < 0
zeX zeX
and

(P2) p(-) is log-Holder continuous, namely

< 1/e@y)

— <
Ip(z) — p(y)| < Toa( forz,y e X

with a constant ¢, > 0. Here note from (p2) that
(P2')

/

p

e+1/o(y,z))

— <
Ip(z) — p(y)| < Toa( forz,y e X

with a constant c;, > 0.
For a locally integrable function f on X, set

()
||f||Lp(.>(X):inf{/\>0: /X(M) v du(y)<1}.

For0<e<p™ —1, set
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For v > 0, # > 0 and k& > 1, we denote by LP()=0»0k(X) the class of locally
integrable functions f on X satisfying

T 1/pe(x)
HfHLp(-)_o,u,e;k(X) = sup 86 (7)
zeX,0<r<dx w(B(z, kr))
O<e<p™ —1

||f||Lpa(->(B(x7r)) < 0.

Throughout this paper, let C' denote various constants independent of the variables
in question. The proportion g ~ h means that C~'h < g < Ch for some constant
C > 0.

Lemma 2.1. Let k > 1. If u is lower Ahlfors q-reqular, then
p(B(@, kr))Pe @ ~ u(B(z, kr))P )

whenever y € B(z,r).

Proof. Since p.(-) satisfies the condition (P2), we see from (2.1) that

w(B(z, kr))\ ~lps(@)—pe(y)l ox p o

(%) < o (T 1w ' 7B, )
u(X)

co(kr)q)<0

< exp ( Cp log
log(e +1/r)

whenever y € B(xz,r). Hence, we obtain the required result. O

Lemma 2.2. Let k > 1. If p is lower Ahlfors g-regular and 0 < g9 < p~ — 1, then

sup

0 ( rv )1/175(55)
Pl [ —
zeX,0<r<dx,0<e<eg M(B(ma k’l‘))

”f”LPe(')(B(;c,r)) ~ HfHLP(')—O:Vv"%k(X)
for all f € Li (X).

Proof. We may assume that

sup

0 rv 1/pe(z)
“(Eemy)
zeX, 0<r<dx,0<e<eg /,L(B(J?,k??“))

Il =) (B < 1.
Then it follows from Lemma 2.1 that

1

- o 2(y) -V
w(B(z, kr)) /B(;c,r)f(y)p Y duly) < O
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for all x € X and 0 < r < dx. To complete the proof, it is sufficient to show that
there exists a constant C' > 0 such that

1

Per(¥) g <Or v
(B, k) /B@,ﬂ floy=® duly) < Cr

for all g < 1 < p~ — 1. For this, see that

1
H(B(x, k)

<1+

/ Fy)Pr @ du(y)
B(z,r)

1

- - Peg 2() v,
w(B(z, kr)) /B(z,r) fly)or? duly) < Or

Thus the required result is proved. O

Lemma 2.3. If u is lower Ahlfors g-regular, then

Hl”LPE(')(B(z,r)) ~ M(B(q;, r))l/ps(x)

forallr € X,0<r<dyx and0<e<p™ —1.

Proof. By Lemma 2.1 we have

1 ps(y)
S d ~1
/B@,,«) Gaeyme) o

forallz € X,0<r <dx and 0 < e < p~ — 1, as required. O

3. BOUNDEDNESS OF THE MAXIMAL OPERATOR

From now on, we assume that p is lower Ahlfors g-regular. For a locally integrable
function f on X, we consider the maximal function Ms f defined by

1
Maf(@) =swp oo [ 7wl duty).
r>0 W(B(2,27)) Jp(@r)

We first show the boundedness of the maximal operator on grand Morrey spaces
of variable exponents over non-doubling measure spaces, as an extension of Meskhi
[32, Theorem 3.1].

Let jo be the smallest integer satisfying 270 > a.
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Theorem 3.1. The maximal operator: f — Mo is bounded from LP()~0»:0:2(X)
to LPO) =002 (X)) that is,

IM2f 1| or-o.0200+1 () < Ol ocr-owon(xy  for all f € LPOZO02(X),

To show Theorem 3.1, we need the following results.

Lemma 3.2. Let k > 1. Let f be a nonnegative function on X such that
HfHLp(»)fo,u,e-,k(X) < 1. Then there exists a constant C > 0 such that

1

g(y) du(y) < CT_V/pa(x)
(B, k) /B@,,«) (v) duly)

forallz € X,0<r<dyx and 0 < e < p~ — 1, where g(y) = £° f(y).

Proof. Let f be a nonnegative function on X such that || f[|zo)-0v0k(x) < 1.

Then note that )

u(B(z, kr))

forallz € X,0<r <dx and 0 < e < p~ — 1. Hence, we find

/ ()" du(y) < O
B(z,r)

1
(B ) /B@,r)g(y) duy)

B 1 (y) \Pew)-1
<@ 1 / _9y) d
r B ) B(mg(y)(r,y/pa(zﬁ 1(y)

< v/pe@) 4 o@D /pe@) 1

pe(y)
Bl ) /B(x,r)g(y) du(y)

< CT—V/pE(:E),

as required. 0

We denote by x g the characteristic function of E.

Lemma 3.3. Let j > jo. Let f be a nonnegative function on X such that
Hf”LP(‘)*OvV’eQ(X) < 1. Set gj(y) = Eef(y)XB(Z-72j+1T)\B(x72jT.)(y) for 0 <e< p- — 1.
Then there exists a constant C' > 0 such that

Mag;(2) < C2-vi/pt —v/pe(x)
for all z € B(z,r) and 0 <e <p~ — 1.
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Proof. Letz € B(x,r). Noting that g;(y) = 0 for y € B(z,(27/a; — 1)r), we
have by Lemma 3.2 and (P2)

1
Mogi(z) = sup 7/ () duly
]( ) t>(29 /a1 —1)r M(B(Z,Zt)) B(zt) J( ) ( )

<C sup t—v/pe(z)
t>(29 /a1 —1)r

< CQ*Vj/P+7A*V/Pa(I)7
as required. O

Lemma 3.4 (cf. [30, Theorem 3.1]). Suppose that po(-) is a function on X such
that
1 < py := inf po(x) < sup po(x) =: pg < oo
reX zeX
and

log(e + 1;9(% Y))

Ipo(z) — po(y)| <

for all z,y € X and some constant c,, > 0. Then there exists a constant cg > 0
depending only on py , pl, ¢p, and u(X) such that

HMQfHLPl)(‘)(X) < COHfHLpo(‘)(X)

for all f € LPC)(X).

Proof of Theorem 3.1. Let f be a nonnegative function on X such that
HfHLP(»)fo,u,e-,z(X) <1 Letze X,0<r<dxand0<e < (p- —1)/2 be
fixed. Set g(y) = €% f(y).

For positive integers j > jo, set
g5 = gXB(;c,21+1r)\B(;c,21r)(y)

and go = gXB(z,2i0r) (¥)-
Here we find by Lemmas 3.3 and 2.3 that

—vj/pt. —v e (T
M2 | Loec By < C27P 27 PO Lty ()
< CQ*Vj/pJ“r*V/pa(x)u(B(x’T))l/PE(I)
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for j > jo. Since p > (p~ +1)/2 > 1, we see from Lemma 3.4 that

| Mag|l o) (B (2,r)

< ||M290||LPE(A)(B(;C,T)) + Z ||Mggj||L,,E(A>(B(x,r))
Jj=jo
—v s —vij +
< C{|90||Lpa(«>(3(x,2]w)) + u(B(xvr))l/pa(x)r /pe () Z 9—vi/p }
J=jo
< C{u(B(z, 200+ 1)) L/pe (@) (2d0y)—v/P=(@) 4 1y(B(z, r))}/pe(@)p—v/pe(2)y
< Cu(B(x, 2701 p)) /P (@) =v/pe(@)

so that

7"1/ l/pa(x)
sup )

'
el ————— Mo fll poee) (Blzry < C.
z€X,0<r<dx,0<e<(p~—1)/2 p(B(x, 200t 1r)) | I (Br)

Hence, we obtain the required result by Lemma 2.2. ([

4. SOBOLEV’S INEQUALITY

Now we show the Sobolev type inequality for Riesz potentials in grand Morrey
spaces of variable exponents over non-doubling measure spaces, as an extension of
Meskhi [32, Theorems 5.3 and 5.4].

Theorem 4.1. Suppose

1 L
p*(z)  p(z)

R|R
—_
o

Then there exists a constant C' > 0 such that

HUa,4f||Lp*(»)7o,u,e-,2.7'0+1(X) < C||f||Lp(->—0,u,9:2(X)~

Proof. Let f be a nonnegative function on X such that || f[|Lrc)-0v.02(x) < 1.
Let x € X,0<r <dx and 0 < e <min{p~ — 1, ((p*)~ —1)/7} be fixed, where

77z€X,0<62p—71 pe(z)p(z) '
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For z € B(x,r) and § > 0, we write

- o(z,y)*
Uosd)= [, e daey O 0
" WD ) du(y)

First we have

-y Y
- z—: /B(z 2-it16)\B(z,2-45) M(B(z,40(2,y))) F(y) duly)
2 Jtl§
Z /B(z 2-i+1§) MTJ)H(s))‘f(y) du(y)

< Z(z*f’“&)aMQf(z)

< C* M f(z).

To estimate Uy, set g(y) = £ f(y). Then we have by Lemma 3.2

"Us(z Z /X SICH ) —n )

A(B(2,216)\B(z,2i-18)) M(B(z,40(2,9)))
= 1
<CD (296) —/ g(y) du(y
; (2,27718)) Jp(z,206) W) duly)

oo
CZ (20 §)v/pe(2)
Jj=1

< 0§ v/pe(2)
Hence
Ua,19(2) < C{6*Mag(z) + 6~ ¥/P=()},
Letting 6 = Mag(2)7(*)/*, we establish

Uaa9(2) < CMag(z)top)/v,

Now Theorem 3.1 gives

1 *
TR g Vot R )
C

S— 0
(B, 20717)

/ (Mag(2)}®) du(z) < Or
(z,m)
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Here one sees that

P = =T G
Setting & = ~e, we have
 — 5 (P*)e(2)
u(B(a,20517)) /Bu,,«){g Uaaf ()} du(z)

1

< — T < 0 o (ps)*(z) 1 < —v
C[M(B(x,zﬂoﬂr)) /BW){E Uaaf(2)} du(z) +1| < Or

forallz € X,0<r <dx and 0 < e < min{p~ —1, ((p*)~ —1)/7}, so that we obtain
the required result by Lemma 2.2. O

5. EXPONENTIAL INTEGRABILITY

In this section, we assume that

(5.1) esxses)lgp (1/p(x) —a/v) < 0.

Our aim in this section is to give an exponential integrability of Trudinger type.
Recall that jg is the smallest integer satisfying 27° > a;, where a; > 0 is the constant
in (03). Set

ko = max{2agai(ag + 1), a3 (ag + 2701 /(270 — ay), 2},
where ag > 1 is the constant in (02).

Theorem 5.1. Let 0 < nn < a. Suppose that (5.1) holds. Then there exist
constants ci, co > 0 such that

1

_— exp(c1Uq ko f )M O dp(a) < epr @
BT gy POV ) ) <

for all z € X and 0 < r < dx, whenever f is a nonnegative measurable function on
X satisfying ||f||Lp(A>7o,,,,e;1(X) < 1.

To prove the theorem, we prepare some lemmas.
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Lemma 5.2. Let k > 2,60 > 0 and 0 < n < «. Let f be a nonnegative function
on X such that there exists a constant C' > 0 such that

1

(5:2) (B 7))

/ £(y) dpaly) < Cr—=(log(e + 1/r))".
B(z,r)

Then there exists a constant C' > 0 such that

oz, y)" N ,
/X\B(x 5 M(B(Lkg(x,y)))f(y) du(y) < €5 (log(e + 1/0))

for x € X and § > 0.

Proof. Let f be a nonnegative function on X satisfying (5.2). We choose the
smallest integer j; such that 271§ > dx. We have by (5.2)

6@ py apu(y)

(5.3) /X\BW) u(B(z, ko(x,y)))

= o(z,y)"
B Z:/B(x,Qﬂé)\B(x,leé) #(B(xak‘g(x,y)))f(y) duly)

< Z (215)" Tl%))/ M&)f(y)du(y)

<C Z@J’é)"—aaog(e +1/(296)))’
j=1
27§ t

cz/ 172 (log(e + 1/1))° d

i—1§

dit

2dx
< C/ "1 (log(e + 1/t))? —
8

Hence we find for n < «

o(x,y)" B ,
/X\Bw (Bl ko(z. gy W duly) < €7 (log(e + 1/9))7,

as required. 0
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Lemma 5.3. Let 0 < nn < «. Let f be a nonnegative function on X satisfy-
ing (5.2). Define

_ oz, y)"
1f(@) = [ e s ) du(s),

Then there exists a constant C' > 0 such that

1 T~%(log(e r
W/B(w) nf (@) du(z) < Cr=2 (log(e +1/r))’

forallze X and 0 <r <dx.

Proof. Write

B o(x,y)"
I f(x) = /B oo T sy @ a8 )

o(z,y)"
X\B(z,2907r) M(B(xa kOQ(xv y)))

+

f(y) du(y)

Let a = a1(27°ag + 1). By Fubini’s theorem, we have

_ o(z,y)" .
/B<z ) hlodute) = /B(z 2i0r) </B(w> (Bl koo, ))) )) f(y) du(y)

oz, y)"
/B(Z 2Jor) \J B(y,ar) w(B(z, koo(z,y))) dM(m)) f(y) du(y)

U,
o
o
(
fox

Mg

o(z,y)" N
O/By2 Jar\B(y,2-i—1ar) M(B(z, koo(x,y))) dpu )>f(y)du(y)

.
I

> (277 agar)" )
d d
2 oty 05 7y oy 1) 0 40
> (2~ apar)” )
s /B(272-70r ;) ~/B (y,2=9ar)\B(y,2=7~tar) :U’(B(ya 273 ar)) M(x) f(y) ‘u(y)

J

Mg

(2 agar) >f(y) du(y),

< /
B(z,2707)
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since B(y,2 7ar) C B(z,277 'ag 'koar) due to the fact that kg > 2apai(ag + 1).
Using 1 > 0 and (5.2), we have

/B(z,r) h (x) du(x) B(z,29%07) (; ) du( )
< Cr" /B o f(y) du(y)
Cr'u(B(z,27°r))(2°r)~* (log(e + 1/(271)))°

<
< O (log(e + 1/r)) u(B(, 2°r)).

For z € B(z,r) and y € X \ B(z,27°r), we obtain

a12j0
(5-4) o(%,y) < g —-el@,y)
and

apaq
(5.5) o(z,2) < m@(xay)

Indeed, we have

o(z,y) < ar(e(z,2) + o(z,y)) < ar(r + o(w,y)) < ar(27"0(z,y) + o(x,y)),

which yields (5.4). Also we have

Q(l‘,Z) < Cl()Q(Z,J)) < aopr < a/027j09(z7y)5

which implies (5.5) by (5.4). In view of (5.4), (5.5) and the fact that ko > a?
(ag + 290+1) /(270 — ay), we have B(z,20(z,y)) C B(x,koo(x,y)). Further, we note
that

o(z,y) < ar(ap2™7° 4+ 1)o(z,y)

for x € B(z,r) and y € X \ B(z,2%r). Therefore, we obtain

o(z,y)"
IQ(x) s¢ X\B(z,2907) ,LL(B(QJ, koQ(CL’, y))) f(y) du(y)
<C %JC (y) du(y)

X\B(z,250r) H(B(2,20(2,9)))

for © € B(z,r). Hence we have by Lemma 5.2
Ly(x) < Cr"*(log(e + 1/7))".
Thus this lemma is proved. ([
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Proof of Theorem 5.1.  Let f be a nonnegative measurable function on X
satisfying || f||Lrc)-0vei(x) < 1. Set g(y) = e’ f(y). Then we have by Lemma 3.2
and (5.1)

1 / _ _
g(y)duly) < Cr v/pe(@) < Op—op()/pe(z)
WB ) Jagn O P
Here we take ¢ = (p~ — 1)(log(e + 1/r))~! and obtain
1
5.6 7/ fy)du(y) < Cr=(log(e + 1/r))?
5.5 S o, S ) < € oo+ 1/r)

for all x € X and 0 < r < dx, which is nothing but (5.2). For = € B(z,7), 6 > 0
and 0 < 1 < a, we find

_ oz, y)*
Ua,kof(x) - /B(x,é) /J/(B(J?, koQ(l‘, y)))f(y) dM(y)

o(x,y)~
* /X\BM 1Bz, koo(z.9)))
<O f(x) + Us(x).

f(y) du(y)

As in the proof of (5.3), it follows that

2dx
Ua(e) < C [ (og(e+1/0)" 5 < Cllog(e+1/8)",

which gives

Ua,ieo f () < C{6“ I, f () + (log(e + 1/6))"+1}.
Here, letting,

§ = {I,f(x)} "D (log(e + I,, f (x))) D/ (@=m),

we have the inequality

Ua.io f(x) < C(log(e + I, f(2)))? .

Then, in view of Lemma 5.3, there exist constants ¢y, c3 > 0 such that

m /B( ) exp(c1Uako f () OTD) dp(a)

1
) C{W /B(z,r) L, f(x) dp(x) + 1}
< exr = (logfe + /1))

for all z € X and 0 < r < dx. Since c3r" *(log(e + 1/r))? < cor” ~ for all
0 < r < dx and some constant c; > 0 when 0 < 7’ < 7, the proof of the present
theorem is completed. O
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6. CONTINUITY

In this section, we assume that there exist constants C; > 0 and 0 < ¢ < 1 such
that

o(z, 2) o(x,y)*

o(x,y)* o(z,y)" )"
o(z,y)/ w(B(z,20(z,y)))

6D | Eesem ) ~ wBesea <

whenever o(z, 2) < o(x,y)/2.

Let w(-) be a positive function on (0, c0) satisfying the doubling condition
w(2r) < Cow(r) forallr >0

and
w(s) < Csw(t) whenever 0 < s < ¢,

where C and C3 are positive constants. Then, in view of (2.2), one can find constants
@ > 0 and Cg > 0 such that
(6.2) w(r) > Cor®

forall 0 < r <dx.
In this section, for # > 0 we consider the space LP()~0¢(X) of locally integrable
functions f on X satisfying

0 w(r) 1/pe(x)
p()—0,w, = sup el ——— pe() (Blzr)) < OO0-
ooy = s (i) Wl
0<e<p™ —1
Set

0.(a,7) = [ 17017 logle + 1/0)°

and
2dx dt
)= [ ) ogle +1/0)"
T
forre Xand0<r<dx.
Example 6.1. Let w(r) = r”(log(e+1/r))?. If p~ > v/a and esssup (—3/p(x) +

zeX
6 +1) <0, then

Q. (z,7) +1r7Q" (z,7) < C(log(e + 1/r))~A/p@)+0+1

forre Xand 0<r <dx.

Our final goal is to establish the following result, which deals with the continuity
for Riesz potentials of functions in grand Morrey spaces of variable exponents over
non-doubling measure spaces.
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Theorem 6.2. Suppose that (6.1) holds. Then there exists a constant C > 0
such that

|Ua,2f(m) - Uaﬂf(z)l
< C{Qu(z, 02, 2)) + Qu(2, 0(2, 2)) + 0(, 2)7 Q" (2, 0(, 2)) }

for all x,z € X, whenever f is a nonnegative measurable function on X satisfying
[flLoer-0wo(x) < 1.
Before the proof of Theorem 6.2, we prepare some lemmas.

Since
W(T)*\p(w)*p(y)\ < Or~Qir@—rWl < ¢

for all y € B(x,r) by (6.2) and (P2), we can show the following result in the same

manner as Lemma 3.2 and (5.6).

Lemma 6.3. Let f be a nonnegative function on X such that || f[| Lrc)-0w.e(x) < 1.
Then there exists a constant C' > 0 such that

_
p(B(z,r))

forallr € X and 0 <r <dx.

/B ) auly) < Culr) ™ oo +1/r)°

Lemma 6.4. Let f be a nonnegative function on X such that || f|| rc)-0w.e(x) < 1.
Then there exists a constant C > 0 such that

o(z,y)*
/B@,(;) (Bl 20z.g))) W) 1) < € (x,9)

and

o(z,y)*° .
/G\B(x,cs) Bz, 200wy W) dnly) < € (,9)

forallz € X and 0 < § < dx.

Proof. Let f be a nonnegative function on X such that ||f||prc)-0we(x) < 1.
We show only the first case. As in the proof of (5.3), we have by Lemma 6.3

o(z,y)*
/Bms) w(B(z,20(x, y))) f(y) du(y)

o0

oz, y)*
/B@,Q_m,;)\m_,.é) w(B(x, 20z, )’ W) #)

Jj=1

o0

—J+1 5\« 1
< L Loy T 00
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Z 27Tt §) (277 8) /P (log(e 4 1/ (27711 6)))?
0 @ —1/p(x) 0 di
<C | t%w(t) /P (log(e + 1/t)) - = CQ.(x,0),
0
as required. 0

Proof of Theorem 6.2. Let f be a nonnegative measurable function on X
satisfying || f||Loc)—0.w.0(x) < 1. Write

3 = o(z,y)
Veaf @) ~UaafG) = [ S anty

: e
/]3(9572.9(1 2)) ( (Z 29(2;7 )))f(y)d:u'(y)

o(x,y)™ o(z,y)”
*/X\B@,gg(x,z»( B(x, 20(z,1))) u(B(ng(z,ym)

for z,z € X. Using Lemma 6.4, we have

Lo TG sy @ ) < OO 2000, 2) < OO, 0(0:2)

and

__omyr
/B(M@(LZ)) p(B(z;20(z, y)))f(y) dp(y)

o(z,y)*
) /B<z7a1<ao+2>g<z,z>> u(B(z,zg(z,y)))f(y) dp(y)
< CQ(2,a1(ao + 2)o(z, 2)) < CQ(2, 0(, 2)).

On the other hand, by (6.1) and Lemma 6.4, we have

ow,y)*  olzy)”
/X\szg(zz ‘u( B(z,20(z,y))  w(B(z 20(z, 1)) f(y)duy)
((E, )a o
<Cuglo2)” [ ety HBLE: 20 gy W)
< Co(z, 2)° QX (x, 20(x, 2)) < Co(x, 2)" Q" (x, o(x, 2)).
Thus we have the conclusion. .
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