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FEKETE-SZEGŐ PROBLEM FOR SUBCLASSES OF GENERALIZED

UNIFORMLY STARLIKE FUNCTIONS

WITH RESPECT TO SYMMETRIC POINTS

Nihat Yagmur, Erzincan, Halit Orhan, Erzurum

(Received October 12, 2012)

Abstract. The authors obtain the Fekete-Szegő inequality (according to parameters s and
t in the region s2 + st+ t2 < 3, s 6= t and s+ t 6= 2, or in the region s2 + st+ t2 > 3, s 6= t

and s+ t 6= 2) for certain normalized analytic functions f(z) belonging to k-USTnλ,µ(s, t, γ)
which satisfy the condition

ℜ

{

(s− t)z(Dn
λ,µf(z))

′

Dn
λ,µ

f(sz)−Dn
λ,µ

f(tz)

}

> k

∣

∣

∣

∣

(s− t)z(Dn
λ,µf(z))

′

Dn
λ,µ

f(sz)−Dn
λ,µ

f(tz)
−1

∣

∣

∣

∣

+ γ, z ∈ U .

Also certain applications of the main result a class of functions defined by the Hadamard
product (or convolution) are given. As a special case of this result, the Fekete-Szegő in-
equality for a class of functions defined through fractional derivatives is obtained.

Keywords: Fekete-Szegő problem; Sakaguchi function; uniformly starlike function; sym-
metric point

MSC 2010 : 30C45, 30C50

1. Introduction

Let A denote the family of functions f of the form

(1.1) f(z) = z +

∞
∑

j=2

ajz
j

which are analytic in the open unit disk U = {z : |z| < 1}. Further, let S denote
the class of functions which are univalent in U . If f and g are analytic in U , we say

The present investigation was supported by Atatürk University Rectorship under “The
Scientific and Research Project of Atatürk University”, Project No. 2012/173.
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that f is subordinate to g, written symbolically as f ≺ g or f(z) ≺ g(z), z ∈ U ,
if there exists a Schwarz function w(z), which (by definition) is analytic in U with
w(0) = 0 and |w(z)| < 1 in U such that f(z) = g(w(z)), z ∈ U . In particular, if the
function g(z) is univalent in U , then we have that f(z) ≺ g(z), z ∈ U , if and only
if f(0) = g(0) and f(U) ⊆ g(U). A function f(z) ∈ A is said to be in the class of
k-starlike functions of order γ, denoted by k-UST(γ), if

(1.2) ℜ
(zf ′(z)

f(z)

)

> k
∣

∣

∣

zf ′(z)

f(z)
− 1

∣

∣

∣
+ γ

where k > 0, γ ∈ [−1, 1) and is said to be in the class of k-uniformly convex functions

of order γ, denoted by k-UCV(γ) [3], if

(1.3) ℜ
(

1 +
zf ′′(z)

f ′(z)

)

> k
∣

∣

∣

zf ′′(z)

f ′(z)

∣

∣

∣
+ γ

where k > 0, γ ∈ [−1, 1).

The classes 1-UST(0) = UST and 1-UCV(0) = UCV were defined by Goodman [8]

and Rønning [28], respectively. Furthermore, the classes k-UST(0) and k-UCV(0) are

the well-known classes of k-starlike and k-uniformly convex functions, respectively,

introduced by Kanas and Wísniowska [16], [15]. Using the Alexander type relation,

we can get the following relation:

(1.4) f(z) ∈ k-UCV(γ) ⇐⇒ zf ′(z) ∈ k-UST(γ).

G e om e t r i c i n t e r p r e t a t i o n : f ∈ k-UST(γ) and f ∈ k-UCV(γ) if and

only if zf ′′(z)/f(z) and 1 + zf ′′(z)/f ′(z), respectively, take all the values in the

conic domain Rk,γ which is included in the right half plane such that

(1.5) Rk,γ =
{

w = u+ iv ∈ C : u > k
√

(u− 1)2 + v2 + γ, k > 0 and γ ∈ [−1, 1)
}

.

Denote by P(Pk,γ) (k > 0, −1 6 γ < 1) the family of functions p such that p ∈ P ,

where P denotes the well-known class of Caratheodory functions and p ≺ Pk,γ in U .
The function Pk,γ maps the unit disk conformally onto the domain Rk,γ such that

1 ∈ Rk,γ and ∂Rk,γ is the curve defined by the equality

(1.6) ∂Rk,γ := {w = u+ iv ∈ C : u2 = (k
√

(u − 1)2 + v2 + γ)2,

k > 0 and γ ∈ [−1, 1)}.

From elementary computations we see that (1.6) represents conic sections symmetric

about the real axis. Thus Rk,γ is an elliptic domain for k > 1, a parabolic domain
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for k = 1, a hyperbolic domain for 0 < k < 1 and the right half plane u > γ for

k = 0.

The functions Pk,γ , which play the role of extremal functions of the class P(Pk,γ),

were obtained in [2], and for some unique θ ∈ (0, 1), every positive number k can be

expressed as

(1.7) k = cosh
πK′(θ)

4K(θ)

where K is Legendre’s complete elliptic integral of the first kind and K′ is the com-

plementary integral of K (for details see [2], [16], [15], [14], [19] and [20]).

For f(z) belonging to A, the multiplier differential operator Dn
λ,µf was defined by

the authors in [6] as follows:

D0
λ,µf(z) = f(z),

D1
λ,µf(z) = Dλ,µf(z) = λµz2(f(z))′′ + (λ− µ)z(f(z))′ + (1− λ+ µ)f(z),

D2
λ,µf(z) = Dλ,µ(D

1
λ,µf(z)),

...

Dn
λ,µf(z) = Dλ,µ(D

n−1
λ,µ f(z)),

where λ > µ > 0 and n ∈ N0 = N ∪ {0}.
If f is given by (1.1) then from the definition of the operator Dn

λ,µf(z) it is easy

to see that

(1.8) Dn
λ,µf(z) = z +

∞
∑

j=2

An
j ajz

j,

where An
j = [1 + (λµj + λ− µ)(j − 1)]n.

It should be remarked that Dn
λ,µ is a generalization of many other linear operators

considered earlier by different authors. In particular, for f ∈ A we have the following:

⊲ Dn
1,0f(z) ≡ Dnf(z), the operator investigated by Sălăgean (see [30]).

⊲ Dn
λ,0f(z) ≡ Dn

λf(z), the operator studied by Al-Oboudi (see [1]).

⊲ Dn
λ,µf(z) the operator for 0 6 µ 6 λ 6 1, called the Răducanu-Orhan operator

(see [27] ).

Now we define new subclasses of A.
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Definition 1.1. Let k > 0, −1 6 γ < 1, and let s, t be real numbers with

s 6= t. We denote by k-USTn
λ,µ(s, t, γ) the class of functions f ∈ A which satisfy the

following condition:

(1.9) ℜ
{

(s− t)z(Dn
λ,µf(z))

′

Dn
λ,µf(sz)−Dn

λ,µf(tz)

}

> k

∣

∣

∣

∣

(s− t)z(Dn
λ,µf(z))

′

Dn
λ,µf(sz)−Dn

λ,µf(tz)
−1

∣

∣

∣

∣

+ γ, z ∈ U .

Using the Alexander type relation, we define the class k-UCVn
λ,µ(s, t, γ) as follows:

f ∈ k-UCVn
λ,µ(s, t, γ) if and only if zf ′ ∈ k-USTn

λ,µ(s, t, γ),

and also

k-UCVn
λ,µ(s, t, γ) ⊆ k-USTn

λ,µ(s, t, γ).

G e om e t r i c i n t e r p r e t a t i o n : From (1.9), f ∈ k-USTn
λ,µ(s, t, γ) if and only

if q(z) = (s− t)z(Dn
λ,µf(z))

′/(Dn
λ,µf(sz)−Dn

λ,µf(tz)) take all the values in the conic

domain Rk,γ given in (1.5) which is included in the right half plane.

Detailed information about uniformly convex functions can be found in Gangad-

haran, Shanmugam, Srivastava [7], Kanas, Srivastava [13] and Orhan, Deniz, Radu-

canu [20].

We note that by specializing the parameters s, t, γ, λ, µ, n and k we obtain the

subclasses studied by various authors, some of them are the following classes:

1. The class 0-UST0
λ,µ(s, t, 0) was introduced by Sakaguchi [29]. Therefore, a func-

tion 0-UST0
λ,µ(1,−1, γ) is called a Sakaguchi function of order γ (see [4] and [24]).

2. The class 0-UST0
λ,µ(1, t, γ) was introduced and studied by Owa et al. [25].

3. The class 0-USTn
λ,µ(1, t, γ) was introduced and studied by Orhan et al. [23].

4. The class k-UST0
λ,µ(1, t, γ) was studied by Goyal et al. [9].

To prove our results, we will need the following lemmas.

Lemma 1.1 (see [2] also [20]). Let 0 6 k < ∞ and −1 6 γ < 1 be fixed and let

Pk,γ be the Riemann map of U onto Rk,γ , satisfying Pk,γ(0) = 1 and P ′
k,γ(0) > 0. If

(1.10) Pk,γ(z) = 1 + P1z + P2z
2 + . . . , z ∈ U ,

then

P1 =



































2(1− γ)B2

1− k2
, 0 6 k < 1;

8(1− γ)

π
2

, k = 1;

π
2(1− γ)

4(k2 − 1)
√
θ(1 + θ)K2(θ)

, k > 1;
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and

P2 =



































B2 + 2

3
P1, 0 6 k < 1;

2

3
P1, k = 1;

4K2(θ)(θ2 + 6θ + 1)− π
2

24
√
θ(1 + θ)K2(θ)

P1, k > 1;

where

(1.11) B =
2

π

arccosk

and K(θ) is the complete elliptic integral of the first kind.

Lemma 1.2 ([17]). Let h ∈ P be given by

(1.12) h(z) = 1 + c1z + c2z
2 + . . . , z ∈ U .

Then

(1.13) |vc21 − c2| 6











−4v + 2, v 6 0;

2, 0 6 v 6 1;

4v − 2, v > 1.

When v < 0 or v > 1, the equality holds if and only if h1(z) is (1 + z)/(1 − z)

or one of its rotations. If 0 < v < 1, then the equality holds if and only if h1(z) is

(1 + z2)/(1− z2) or one of its rotations. If v = 0, the equality holds if and only if

(1.14) h1(z) =
(1

2
+

1

2
η
)1 + z

1− z
+
(1

2
− 1

2
η
)1− z

1 + z
, 0 6 η 6 1,

or one of its rotations. If v = 1, the equality holds if and only if h1(z) is the reciprocal

of one of the functions such that the equality holds in the case v = 0.

The above upper bound is sharp. When 0 < v < 1, it can be improved as follows:

(1.15) |vc21 − c2|+ v|c1|2 6 2, 0 < v 6 1
2 ,

and

(1.16) |vc21 − c2|+ (1− v)|c1|2 6 2, 1
2 < v < 1.
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2. Main results

In this section, we will give some upper bounds for the Fekete-Szegő functional

|µa22 − a3|.
In order to prove our main results we have to recall the following facts.

First, the following calculations will be used in the proofs of each of Theo-

rems 2.1–2.11. By geometric interpretation there exists a function w satisfying the

conditions of the Schwarz lemma such that

(2.1)
(s− t)z(Dn

λ,µf(z))
′

Dn
λ,µf(sz)−Dn

λ,µf(tz)
= Pk,γ(w(z)), z ∈ U ,

where Pk,γ is the function defined in Lemma 1.1.

Define the function h in P by

h(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + . . . , z ∈ U .

It follows that

w(z) =
c1
2
z +

1

2

(

c2 −
c21
2

)

z2 + . . .

and

(2.2) Pk,γ(w(z)) = 1 + P1

{c1
2
z +

1

2

(

c2 −
c21
2

)

z2 + . . .
}

+ P2

{c1
2
z +

1

2

(

c2 −
c21
2

)

z2 + . . .
}2

+ . . .

= 1 +
P1c1
2

z +
{1

2

(

c2 −
c21
2

)

P1 +
1

4
c21P2

}

z2.

Thus, by using (2.1) and (2.2), we obtain

(2.3) a2 =
P1

2(2− s− t)An
2

c1,

and

(2.4) a3 =
1

2(3− s2 − st− t2)An
3

{

P1

(

c2 −
c21
2

)

+
P2c

2
1

2
− (s+ t)P 2

1 c
2
1

2(s+ t− 2)

}

.

In all our theorems and corollaries we suppose that s 6= t and s+ t 6= 2.
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Theorem 2.1. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ)

(−1 6 γ < 1; 0 6 k < 1) and let s2 + st+ t2 > 3. Then

(2.5) |µa22 − a3| 6











































2(1−γ)B2

(1−k2)(s2+st+t2−3)An

3

( 2(1−γ)B2(s2+st+t2−3)An

3

(1−k2)(s+t−2)2A2n

2

µ

+B2+2
3 − 2(s+t)B2

(1−k2)(s+t−2)

)

, µ > σ1;

2(1−γ)B2

(1−k2)(s2+st+t2−3)An

3

, σ2 6 µ 6 σ1;

2(1−γ)B2

(1−k2)(s2+st+t2−3)An

3

( 2(s+t)B2

(1−k2)(s+t−2)

−B2+2
3 − 2(1−γ)B2(s2+st+t2−3)An

3

(1−k2)(s+t−2)2A2n

2

µ
)

, µ 6 σ2;

where B is given by (1.11), and

σ1 =
(s+ t− 2)A2n

2

(s2 + st+ t2 − 3)An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 − 1)

6(1− γ)B2

)

,(2.6)

σ2 =
(s+ t− 2)A2n

2

(s2 + st+ t2 − 3)An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 + 5)

6(1− γ)B2

)

.(2.7)

Each of the estimates in (2.5) is sharp.

P r o o f. From (2.3) and (2.4) we have

(2.8) µa22 − a3 = µ
P 2
1

4(2− s− t)2A2n
2

c21 −
1

2(3− s2 − st− t2)An
3

×
{

P1

(

c2 −
c21
2

)

+
P2c

2
1

2
− (s+ t)P 2

1 c
2
1

2(s+ t− 2)

}

,

from Lemma 1.1 for 0 6 k < 1 if we put P2 = (B2 + 2)P1/3, we get

(2.9) µa22 − a3 =
P1

2

{[

µ
P1

2(2− s− t)2A2n
2

− 1

(3− s2 − st− t2)An
3

×
(

− s+ t

2(2− s− t)
P1 +

B2 − 1

6

)]

c21 −
1

2(3− s2 − st− t2)An
3

c2

}

,

again from Lemma 1.1 for 0 6 k < 1 if we take P1 = 2(1− γ)B2/(1− k2), we obtain

(2.10) µa22 − a3 =
(1 − γ)B2

(1− k2)

{[

µ
(1− γ)B2

(1 − k2)(s+ t− 2)2A2n
2

− (1− γ)(s+ t)B2

(1− k2)(s+ t− 2)(s2 + st+ t2 − 3)An
3

+
B2 − 1

6(s2 + st+ t2 − 3)An
3

]

c21 +
1

(s2 + st+ t2 − 3)An
3

c2

}

=
−(1− γ)B2

(1 − k2)(s2 + st+ t2 − 3)An
3

{vc21−c2}
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where

(2.11) v :=
[

µ
−(1− γ)B2(s2 + st+ t2 − 3)An

3

(1− k2)(s+ t− 2)2A2n
2

+
(1 − γ)(s+ t)B2

(1 − k2)(s+ t− 2)
− B2 − 1

6

]

.

We have

(2.12) |µa22 − a3| =
(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

|vc21−c2|.

If µ > σ1, then, according to Lemma 1.2, we get

(2.13) |µa22 − a3| 6
2(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

×
(2(1− γ)B2(s2 + st+ t2 − 3)An

3

(1− k2)(s+ t− 2)2A2n
2

µ+
B2 + 2

3
− 2(s+ t)B2

(1− k2)(s+ t− 2)

)

,

which is the first assertion of (2.5).

Next, if µ 6 σ2, by applying Lemma 1.2 we get

(2.14) |µa22 − a3| 6
2(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

×
( 2(s+ t)B2

(1 − k2)(s+ t− 2)
− B2 + 2

3
− 2(1− γ)B2(s2 + st+ t2 − 3)An

3

(1− k2)(s+ t− 2)2A2n
2

µ
)

,

which is the third assertion of (2.5)

If σ2 6 µ 6 σ1, by using again Lemma 1.2 we obtain

(2.15) |µa22 − a3| 6
2(1− γ)B2

(1 − k2)(s2 + st+ t2 − 3)An
3

,

which is the second part of the assertion (2.5).

To show that these bounds are sharp, we define functions Kϕm
, m = 2, 3, 4, . . .,

by

(2.16)
(s− t)z(Dn

λ,µKϕm
(z))′

Dn
λ,µKϕm

(sz)−Dn
λ,µKϕm

(tz)
= Pk,γ(z

m−1), Kϕm
(0) = 0 = K ′

ϕm

(0)− 1

and functions Fα and Gα, 0 6 α < 1, by

(2.17)
(s− t)z(Dn

λ,µFα(z))
′

Dn
λ,µFλ(sz)−Dn

λ,µFα(tz)
= Pk,γ

(z(z + α)

1 + αz

)

, Fλ(0) = 0 = F ′
λ(0)− 1
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and

(2.18)
(s− t)z(Dn

λ,µGα(z))
′

Dn
λ,µGα(sz)−Dn

λ,µGα(tz)
= Pk,γ

(−z(z + α)

1 + αz

)

, Gλ(0) = 0 = G′
λ(0)− 1.

Clearly, these functions satisfy Kϕm
, Fα, Gα ∈ k-USTn

λ,µ(s, t, γ).

Also, we write Kϕ = Kϕ2
. If µ > σ1, then equality holds in (2.5) if and only if

equality holds in (2.13). This happens if and only if |c1| = 2 and |c21 − c2| = 2. Thus

w(z) = z, i.e., equality holds if and only if f is Kϕ or one of its rotations. If µ < σ2,

then equality holds in (2.5) if and only if equality holds in (2.14). This happens if

and only if |c1| = 2 and |c2| = 2. Thus w(z) = z, i.e., equality holds if and only if f

is Kϕ or one of its rotations. If µ = σ2, then equality holds if and only if |c2| = 2. In

this case, equality holds if and only if f is Fα or one of its rotations.

Similarly, for µ = σ1, equality holds if and only if f is Gα or one of its rotations.

Finally, if σ2 < µ < σ1, then equality holds if and only if f is Kϕ3
or one of its

rotations.

The proof of Theorem 2.1 is now completed. �

Corollary 2.2. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 0 6 k < 1, and s2 + st+ t2 < 3. Then

(2.19) |µa22 − a3| 6











































2(1−γ)B2

(1−k2)(3−s2−st−t2)An

3

( 2(1−γ)B2(s2+st+t2−3)An

3

(1−k2)(s+t−2)2A2n

2

µ

+B2+2
3 − 2(s+t)B2

(1−k2)(s+t−2)

)

, µ 6 σ1;

2(1−γ)B2

(1−k2)(3−s2−st−t2)An

3

, σ1 6 µ 6 σ2;

2(1−γ)B2

(1−k2)(3−s2−st−t2)An

3

( 2(s+t)B2

(1−k2)(s+t−2)

−B2+2
3 − 2(1−γ)B2(s2+st+t2−3)An

3

(1−k2)(s+t−2)2A2n

2

µ
)

, µ > σ2;

where B, σ1 and σ2 are given by ( 1.11), (2.6), (2.7), respectively.

Theorem 2.3. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; k = 1, and s2 + st+ t2 > 3. Then

(2.20) |µa22 − a3| 6











































16(1−γ)
π
2(s2+st+t2−3)An

3

( 4(1−γ)(s2+st+t2−3)An

3

π
2(s+t−2)2A2n

2

µ

+ 1
3 − 4(s+t)(1−γ)

π
2(s+t−2)

)

, µ > δ1;

8(1−γ)
π
2(s2+st+t2−3)An

3

, δ2 6 µ 6 δ1;

16(1−γ)
π
2(s2+st+t2−3)An

3

( 4(s+t)(1−γ)
π
2(s+t−2)

− 1
3 − 4(1−γ)(s2+st+t2−3)An

3

π
2(s+t−2)2A2n

2

µ
)

, µ 6 δ2;
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where

δ1 =
(s+ t− 2)A2n

2

(s2 + st+ t2 − 3)An
3

(

s+ t+
π
2(s+ t− 2)

24(1− γ)

)

,(2.21)

δ2 =
(s+ t− 2)A2n

2

(s2 + st+ t2 − 3)An
3

(

s+ t− 5π
2(s+ t− 2)

24(1− γ)

)

.(2.22)

The results are sharp.

P r o o f. From Lemma 1.1 for k = 1 if we put P2 = 2P1/3 in (2.8), we get

(2.23) µa22 − a3 =
P1

2

{[

µ
P1

2(s+ t− 2)2A2n
2

− 1

(s2 + st+ t2 − 3)An
3

×
( s+ t

2(s+ t− 2)
P1 +

1

6

)]

c21+
1

(s2 + st+ t2 − 3)An
3

c2

}

,

again from Lemma 1.1 for k = 1 if we take P1 = 8(1− γ)/π
2, we obtain

(2.24) µa22 − a3 =
4(1− γ)

π
2

{[

µ
4(1− γ)

π
2(s+ t− 2)2A2n

2

− 1

(s2 + st+ t2 − 3)An
3

×
(4(s+ t)(1− γ)

π
2(s+ t− 2)

+
1

6

)]

c21 +
1

(s2 + st+ t2 − 3)An
3

c2

}

=
−4(1− γ)

π
2(s2 + st+ t2 − 3)An

3

{vc21−c2}

where

(2.25) v :=
[

µ
−4(1− γ)(s2 + st+ t2 − 3)An

3

π
2(s+ t− 2)2A2n

2

+
4(s+ t)(1 − γ)

π
2(s+ t− 2)

+
1

6

]

.

We have

(2.26) |µa22 − a3| =
4(1− γ)

π
2(s2 + st+ t2 − 3)An

3

|vc21−c2|.

If µ > δ1, then, according to Lemma 1.2, we get

(2.27) |µa22 − a3| 6
16(1− γ)

π
2(s2 + st+ t2 − 3)An

3

×
(4(1− γ)(s2 + st+ t2 − 3)An

3

π
2(s+ t− 2)2A2n

2

µ+
1

3
− 4(s+ t)(1 − γ)

π
2(s+ t− 2)

)

which is the first assertion of (2.20).
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Next, if µ 6 δ2, by applying Lemma 1.2 we get

(2.28) |µa22 − a3| 6
16(1− γ)

π
2(s2 + st+ t2 − 3)An

3

×
(4(s+ t)(1 − γ)

π
2(s+ t− 2)

− 1

3
− 4(1− γ)(s2 + st+ t2 − 3)An

3

π
2(s+ t− 2)2A2n

2

µ
)

,

which is the third assertion of (2.20)

If δ2 6 µ 6 δ1, by using again Lemma 1.2 we obtain

(2.29) |µa22 − a3| 6
8(1− γ)

π
2(s2 + st+ t2 − 3)An

3

,

which is the second part of the assertion (2.20).

The sharpness of the estimates in (2.20) can be proved as in Theorem 2.1, using

Kϕm
, Fα, Gα. �

Corollary 2.4. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; k = 1, and s2 + st+ t2 < 3. Then

(2.30) |µa22 − a3| 6











































16(1−γ)
π
2(3−s2−st−t2)An

3

( 4(1−γ)(s2+st+t2−3)An

3

π
2(s+t−2)2A2n

2

µ

+ 1
3 − 4(s+t)(1−γ)

π
2(s+t−2)

)

, µ 6 δ1;

8(1−γ)
π
2(3−s2−st−t2)An

3

, δ1 6 µ 6 δ2;

16(1−γ)
π
2(3−s2−st−t2)An

3

( 4(s+t)(1−γ)
π
2(s+t−2)

− 1
3 − 4(1−γ)(s2+st+t2−3)An

3

π
2(s+t−2)2A2n

2

µ
)

, µ > δ2;

where δ1 and δ2 are given by (2.21) and (2.22), respectively.

Theorem 2.5. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 1 < k < ∞, s2 + st+ t2 > 3 and let θ be the unique positive number in

the open interval (0, 1) defined by (1.7). Then

(2.31) |µa22 − a3| 6











































P1

2(s2+st+t2−3)An

3

( 2P1(s
2+st+t2−3)An

3

(s+t−2)2A2n

2

µ

+ 4K2(θ)(θ2+6θ+1)−π
2

12
√
θ(1+θ)K2(θ)

− 2(s+t)
(s+t−2)P1

)

, µ > ̺1;

P1

(s2+st+t2−3)An

3

, ̺2 6 µ 6 ̺1;

P1

2(s2+st+t2−3)An

3

( 2(s+t)
(s+t−2)P1 − 4K2(θ)(θ2+6θ+1)−π

2

12
√
θ(1+θ)K2(θ)

− 2P1(s
2+st+t2−3)An

3

(s+t−2)2A2n

2

µ
)

, µ 6 ̺2;
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where K(t) is the complete elliptic integral of the first kind, P1 is given by Lemma 1.1

and

̺1 =
2(s+ t− 2)2A2n

2

P1(s2 + st+ t2 − 3)An
3

(2.32)

×
( (s+ t)

2(s+ t− 2)
P1 +

1

2
−4K2(θ)(θ2 + 6θ + 1)− π

2

48
√
θ(1 + θ)K2(θ)

)

,

̺2 =
2(s+ t− 2)2A2n

2

P1(s2 + st+ t2 − 3)An
3

(2.33)

×
( (s+ t)

2(s+ t− 2)
P1 −

1

2
− 4K2(θ)(θ2 + 6θ + 1)− π

2

48
√
θ(1 + θ)K2(θ)

)

.

P r o o f. From Lemma 1.1 for 1 < k < ∞ if we put P2 = [4K2(θ)(θ2 + 6θ + 1)−
π
2]P1/(24

√
θ(1 + θ)K2(θ)) in (2.8), we obtain

(2.34) µa22 − a3 =
P1

2

{[

µ
P1

2(s+ t− 2)2A2n
2

− 1

(s2 + st+ t2 − 3)An
3

( s+ t

2(s+ t− 2)
P1

− 4K2(θ)(θ2 + 6θ + 1)− π
2

48
√
θ(1 + θ)K2(θ)

+
1

2

)]

c21+
1

(s2 + st+ t2 − 3)An
3

c2

}

=
−P1

2(s2 + st+ t2 − 3)An
3

{vc21−c2}

where

(2.35) v :=
[

µ
−P1(s

2 + st+ t2 − 3)An
3

2(s+ t− 2)2A2n
2

− 4K2(θ)(θ2 + 6θ + 1)− π
2

48
√
θ(1 + θ)K2(θ)

+
s+ t

2(s+ t− 2)
P1 +

1

2

]

.

We have

(2.36) |µa22 − a3| =
P1

2(s2 + st+ t2 − 3)An
3

|vc21−c2|.

If µ > ̺1, then, according to Lemma 1.2, we get

(2.37) |µa22 − a3| 6
P1

2(s2 + st+ t2 − 3)An
3

(2P1(s
2 + st+ t2 − 3)An

3

(s+ t− 2)2A2n
2

µ

+
4K2(θ)(θ2 + 6θ + 1)− π

2

12
√
θ(1 + θ)K2(θ)

− 2(s+ t)

(s+ t− 2)
P1

)

,

which is the first assertion of (2.31).
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Next, if µ 6 ̺2, by applying Lemma 1.2 we get

(2.38) |µa22 − a3| 6
P1

2(s2 + st+ t2 − 3)An
3

( 2(s+ t)

(s+ t− 2)
P1

− 4K2(θ)(θ2 + 6θ + 1)− π
2

12
√
θ(1 + θ)K2(θ)

− 2P1(s
2 + st+ t2 − 3)An

3

(s+ t− 2)2A2n
2

µ
)

,

which is the third assertion of (2.31).

If ̺2 6 µ 6 ̺1, by using again Lemma 1.2 we obtain

(2.39) |µa22 − a3| 6
P1

(s2 + st+ t2 − 3)An
3

,

which is the second part of the assertion (2.31).

The sharpness of the estimates in (2.31) can be proved as in Theorem 2.1. �

Corollary 2.6. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 1 < k < ∞, s2 + st+ t2 < 3 and let θ be the unique positive number in

the open interval (0, 1) defined by (1.7). Then

(2.40) |µa22 − a3| 6











































P1

2(3−s2−st−t2)An

3

( 2P1(s
2+st+t2−3)An

3

(s+t−2)2A2n

2

µ

+ 4K2(θ)(θ2+6θ+1)−π
2

12
√
θ(1+θ)K2(θ)

− 2(s+t)
(s+t−2)P1

)

, µ 6 ̺1;

P1

(3−s2−st−t2)An

3

, ̺1 6 µ 6 ̺2;

P1

2(3−s2−st−t2)An

3

( 2(s+t)
(s+t−2)P1 − 4K2(θ)(θ2+6θ+1)−π

2

12
√
θ(1+θ)K2(θ)

− 2P1(s
2+st+t2−3)An

3

(s+t−2)2A2n

2

µ
)

, µ > ̺2;

where K(t) is the complete elliptic integral of the first kind, P1, ̺1, ̺2 are given by

Lemma 1.1, (2.32 ) and (2.33), respectively.

Theorem 2.7. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 0 6 k < 1, and s2 + st+ t2 > 3. Then

(2.41) |µa22 − a3|+ (µ−σ2)|a22| 6
2(1− γ)B2

(1 − k2)(s2 + st+ t2 − 3)An
3

, σ2 6 µ 6 σ3

and

(2.42) |µa22 − a3|+ (σ1 − µ)|a22| 6
2(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

, σ3 6 µ 6 σ1
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where B, σ1 and σ2 are given by ( 1.11), (2.6) and (2.7), respectively, and

(2.43) σ3 =
(s+ t− 2)A2n

2

(s2 + st+ t2 − 3)An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 + 2)

6(1− γ)B2

)

.

P r o o f. Suppose that 0 6 k < 1 and σ2 6 µ 6 σ3. Using (2.3) for |µa22 − a3|
and (2.12) for |a2|, we have

(2.44) |µa22 − a3|+ (µ−σ2)|a22| =
(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

|vc21−c2|

+ (µ−σ2)
(1− γ)2B4

(1 − k2)2(s+ t− 2)2A2n
2

|c21|.

After some computations we get

(2.45) |µa22 − a3|+ (µ−σ2)|a22| =
(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

× {|vc21−c2|+ (1− v)|c21|}

where

v :=
[

µ
−(1− γ)B2(s2 + st+ t2 − 3)An

3

(1− k2)(s+ t− 2)2A2n
2

+
(1 − γ)(s+ t)B2

(1− k2)(s+ t− 2)
− B2 − 1

6

]

.

From (1.16) we obtain

(2.46) |µa22 − a3|+ (µ−σ2)|a22| 6
2(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

,

which proves (2.41).

Similarly, for the values σ3 6 µ 6 σ1, we write

(2.47) |µa22 − a3|+ (σ1−µ)|a22| =
(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

|vc21−c2|

+ (σ1−µ)
(1− γ)2B4

(1 − k2)2(s+ t− 2)2A2n
2

|c21|

=
(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

{|vc21−c2|+ v|c21|}.

From (1.15) we get

(2.48) |µa22 − a3|+ (σ1−µ)|a22| 6
2(1− γ)B2

(1− k2)(s2 + st+ t2 − 3)An
3

,

which proves (2.42).

This completes the proof of Theorem 2.7. �
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Corollary 2.8. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 0 6 k < 1, and let s2 + st+ t2 < 3. Then

(2.49) |µa22 − a3|+ (µ−σ1)|a22| 6
2(1− γ)B2

(1 − k2)(3− s2 − st− t2)An
3

, σ1 6 µ 6 σ3

and

(2.50) |µa22 − a3|+ (σ2 − µ)|a22| 6
2(1− γ)B2

(1− k2)(3 − s2 − st− t2)An
3

, σ3 6 µ 6 σ2

where B, σ1, σ2 and σ3 are given by (1.11), (2.6), (2.7) and (2.43), respectively.

Theorem 2.9. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; k = 1, and let s2 + st+ t2 > 3. Then

(2.51) |µa22 − a3|+ (µ−δ2)|a22| 6
8(1− γ)

π
2(s2 + st+ t2 − 3)An

3

, δ2 6 µ 6 δ3

and

(2.52) |µa22 − a3|+ (δ1 − µ)|a22| 6
8(1− γ)

π
2(s2 + st+ t2 − 3)An

3

, δ3 6 µ 6 δ1

where δ1 and δ2 are given by (2.21) and (2.22), respectively, and

(2.53) δ3 =
(s+ t− 2)A2n

2

(s2 + st+ t2 − 3)An
3

(

s+ t− 2π
2(s+ t− 2)

24(1− γ)

)

.

Corollary 2.10. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; k = 1, and let s2 + st+ t2 < 3. Then

(2.54) |µa22 − a3|+ (µ−δ1)|a22| 6
8(1− γ)

π
2(s2 + st+ t2 − 3)An

3

, δ1 6 µ 6 δ3

and

(2.55) |µa22 − a3|+ (δ2 − µ)|a22| 6
8(1− γ)

π
2(s2 + st+ t2 − 3)An

3

, δ3 6 µ 6 δ2

where δ1, δ2 and δ3 are given by ( 2.21), (2.22) and (2.53), respectively.
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Theorem 2.11. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 1 < k < ∞, s2 + st+ t2 > 3 and let θ be the unique positive number in

the open interval (0, 1) defined by (1.7). Then

(2.56) |µa22 − a3|+ (µ−̺2)|a22| 6
P1

(s2 + st+ t2 − 3)An
3

, ̺2 6 µ 6 ̺3

and

(2.57) |µa22 − a3|+ (̺1 − µ)|a22| 6
P1

(s2 + st+ t2 − 3)An
3

, ̺3 6 µ 6 ̺1

where ̺1, ̺2 and P1 are given by (2.32 ), (2.33), Lemma 1.1, respectively, and

(2.58) ̺3 =
2(s+ t− 2)2A2n

2

P1(s2 + st+ t2 − 3)An
3

( s+ t

2(s+ t− 2)
P1 −

4K2(θ)(θ2 + 6θ + 1)− π
2

48
√
θ(1 + θ)K2(θ)

)

.

P r o o f s o f t h e T h e o r e m 2 . 9 a n d T h e o r e m 2 . 1 1 . The proofs of The-

orem 2.9 and Theorem 2.11 are similar to the proof of Theorem 2.7, except for some

obvious changes. Therefore, we omit the details.

Corollary 2.12. Let the function f given by (1.1) be in the class k-USTn
λ,µ(s, t, γ);

−1 6 γ < 1; 1 < k < ∞, s2 + st+ t2 < 3 and let θ be the unique positive number in

the open interval (0, 1) defined by (1.7). Then

(2.59) |µa22 − a3|+ (µ−̺1)|a22| 6
P1

(s2 + st+ t2 − 3)An
3

, ̺1 6 µ 6 ̺3

and

(2.60) |µa22 − a3|+ (̺2 − µ)|a22| 6
P1

(s2 + st+ t2 − 3)An
3

, ̺3 6 µ 6 ̺2

where ̺1, ̺2, ̺3 and P1 are given by (2.32), (2.33), (2.58) and Lemma 1.1, respec-

tively.
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3. Applications to functions defined by fractional derivatives

For functions f, g ∈ A, given by f(z) = z +
∞
∑

j=2

ajz
j and g(z) = z +

∞
∑

j=2

bjz
j, we

define the Hadamard product (or convolution) of f(z) and g(z) by

(3.1) (f ∗ g)(z) := z +

∞
∑

j=2

ajbjz
j =: (g ∗ f)(z), z ∈ U .

For fixed g ∈ A, let k-USTn,g
λ,µ(s, t, γ) be the class of functions f ∈ A for which

(f ∗ g) ∈ k-USTn
λ,µ(s, t, γ).

In order to introduce the class k-USTn
λ,µ(s, t, γ), we need

Definition 3.1 ([26]). Let f(z) be an analytic function in a simply connected

region of the z-plane containing the origin. The fractional derivative of f of order τ

is defined by

Dτ
zf(z) =

1

Γ(1 − τ)

d

dz

∫ z

0

f(ζ)

(z − ζ)τ
dζ, 0 6 τ < 1,

where the multiplicity of (z − ζ)η is removed by requiring that log(z − ζ) is real for

z − ζ > 0.

Using Definition 3.1 and its known extensions involving fractional derivatives and

fractional integrals, Owa and Srivastava [26] introduced the operator Ωτ : A → A
defined by

Ωτf(z) = Γ(2 − τ)zτDτ
z f(z), τ 6= 2, 3, 4, . . . .

The class k-USTn,τ
λ,µ(s, t, γ) consists of functions f ∈ A for which

Ωτf ∈ k-USTn
λ,µ(s, t, γ).

The class k-USTn,τ
λ,µ(s, t, γ) is the special case of the class k-UST

n,g
λ,µ(s, t, γ) when

(3.2) g(z) = z +

∞
∑

j=2

Γ(j + 1)Γ(2− γ)

Γ(j + 1− γ)
zj .

Now for the function (f ∗ g)(z) = z + a2g2z
2 + a3g3z

3 + . . . , we get the following

theorem after an obvious change of the parameter µ:

Theorem 3.1. Let g(z) = z +
∞
∑

j=2

gjz
j (gj > 0) and s2 + st + t2 > 3. If the

function f given by (1.1) is in the class k-USTn,g
λ,µ(s, t, γ); −1 6 γ < 1; 0 6 k < 1,
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then

(3.3) |µa22 − a3| 6











































2(1−γ)B2

(1−k2)(s2+st+t2−3)g3An

3

( 2(1−γ)B2(s2+st+t2−3)g3A
n

3

(1−k2)(s+t−2)2g2

2
A2n

2

µ

+B2+2
3 − 2(s+t)B2

(1−k2)(s+t−2)

)

, µ > σ∗
1 ;

2(1−γ)B2

(1−k2)(s2+st+t2−3)g3An

3

, σ∗
2 6 µ 6 σ∗

1 ;

2(1−γ)B2

(1−k2)(s2+st+t2−3)g3An

3

( 2(s+t)B2

(1−k2)(s+t−2)

−B2+2
3 − 2(1−γ)B2(s2+st+t2−3)g3A

n

3

(1−k2)(s+t−2)2g2

2
A2n

2

µ
)

, µ 6 σ∗
2 ;

where B is given by (1.11), and

σ∗
1 =

(s+ t− 2)g22A
2n
2

(s2 + st+ t2 − 3)g3An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 − 1)

6(1− γ)B2

)

,(3.4)

σ∗
2 =

(s+ t− 2)g22A
2n
2

(s2 + st+ t2 − 3)g3An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 + 5)

6(1− γ)B2

)

.(3.5)

Each of the estimates in (3.3) is sharp.

Corollary 3.2. Let g(z) = z+
∞
∑

j=2

gjz
j ; gj > 0 and s2+st+t2 < 3. If the function

f given by (1.1) is in the class k-USTn,g
λ,µ(s, t, γ); −1 6 γ < 1; 0 6 k < 1, then

(3.6) |µa22 − a3| 6











































2(1−γ)B2

(1−k2)(3−s2−st−t2)g3An

3

( 2(1−γ)B2(s2+st+t2−3)g3A
n

3

(1−k2)(s+t−2)2g2

2
A2n

2

µ

+B2+2
3 − 2(s+t)B2

(1−k2)(s+t−2)

)

, µ 6 σ∗
1 ;

2(1−γ)B2

(1−k2)(3−s2−st−t2)g3An

3

, σ∗
1 6 µ 6 σ∗

2 ;

2(1−γ)B2

(1−k2)(3−s2−st−t2)g3An

3

( 2(s+t)B2

(1−k2)(s+t−2)

−B2+2
3 − 2(1−γ)B2(s2+st+t2−3)g3A

n

3

(1−k2)(s+t−2)2g2

2
A2n

2

µ
)

, µ > σ∗
2 ;

where B, σ∗
1 , σ

∗
2 are given by (1.11), (3.4) and (3.5), respectively.

Theorem 3.3. Let g(z) = z+
∞
∑

j=2

gjz
j; gj > 0 and s2+st+ t2 > 3. If the function

f given by (1.1) is in the class k-USTn,g
λ,µ(s, t, γ); −1 6 γ < 1; k = 1, then

(3.7) |µa22 − a3| 6











































16(1−γ)
π
2(s2+st+t2−3)g3An

3

( 4(1−γ)(s2+st+t2−3)g3A
n

3

π
2(s+t−2)2g2

2
A2n

2

µ

+ 1
3 − 4(s+t)(1−γ)

π
2(s+t−2)

)

, µ > δ∗1 ;

8(1−γ)
π
2(s2+st+t2−3)g3An

3

, δ∗2 6 µ 6 δ∗1 ;

16(1−γ)
π
2(s2+st+t2−3)g3An

3

( 4(s+t)(1−γ)
π
2(s+t−2)

− 1
3 − 4(1−γ)(s2+st+t2−3)g3A

n

3

π
2(s+t−2)2g2

2
A2n

2

µ
)

, µ 6 δ∗2 ;
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where

δ∗1 =
(s+ t− 2)g22A

2n
2

(s2 + st+ t2 − 3)g3An
3

(

s+ t+
π
2(s+ t− 2)

24(1− γ)

)

,(3.8)

δ∗2 =
(s+ t− 2)g22A

2n
2

(s2 + st+ t2 − 3)g3An
3

(

s+ t− 5π
2(s+ t− 2)

24(1− γ)

)

.(3.9)

The results are sharp.

Corollary 3.4. Let g(z) = z+
∞
∑

j=2

gjz
j ; gj > 0 and s2+st+t2 < 3. If the function

f given by (1.1) is in the class k-USTn,g
λ,µ(s, t, γ); −1 6 γ < 1; k = 1, then

(3.10) |µa22 − a3| 6











































16(1−γ)
π
2(3−s2−st−t2)g3An

3

( 4(1−γ)(s2+st+t2−3)g3A
n

3

π
2(s+t−2)2g2

2
A2n

2

µ

+ 1
3 − 4(s+t)(1−γ)

π
2(s+t−2)

)

, µ 6 δ∗1 ;

8(1−γ)
π
2(3−s2−st−t2)g3An

3

, δ∗1 6 µ 6 δ∗2 ;

16(1−γ)
π
2(3−s2−st−t2)g3An

3

( 4(s+t)(1−γ)
π
2(s+t−2)

− 1
3 − 4(1−γ)(s2+st+t2−3)g3A

n

3

π
2(s+t−2)2g2

2
A2n

2

µ
)

, µ > δ∗2 ;

where δ∗1 , δ
∗
2 are given by (3.8) and (3.9), respectively.

Theorem 3.5. Let g(z) = z +
∞
∑

j=2

gjz
j ; gj > 0 and s2 + st + t2 > 3. Let the

function f given by (1.1) be in the class k-USTn,g
λ,µ(s, t, γ); −1 6 γ < 1; 1 < k < ∞,

and let θ be the unique positive number in the open interval (0, 1) defined by (1.7).

Then

(3.11) |µa22 − a3| 6











































P1

2(s2+st+t2−3)g3An

3

( 2P1(s
2+st+t2−3)g3A

n

3

(s+t−2)2g2

2
A2n

2

µ

+ 4K2(θ)(θ2+6θ+1)−π
2

12
√
θ(1+θ)K2(θ)

− 2(s+t)
(s+t−2)P1

)

, µ > ̺∗1;

P1

(s2+st+t2−3)g3An

3

, ̺∗2 6 µ 6 ̺∗1;

P1

2(s2+st+t2−3)g3An

3

( 2(s+t)
(s+t−2)P1 − 4K2(θ)(θ2+6θ+1)−π

2

12
√
θ(1+θ)K2(θ)

− 2P1(s
2+st+t2−3)g3A

n

3

(s+t−2)2g2

2
A2n

2

µ
)

; µ 6 ̺∗2,

where K(t) is the complete elliptic integral of the first kind, P1 is given by Lemma 1.1,

̺∗1 =
2(s+ t− 2)2g22A

2n
2

P1(s2 + st+ t2 − 3)g3An
3

(3.12)

×
( (s+ t)

2(s+ t− 2)
P1 +

1

2
− 4K2(θ)(θ2 + 6θ + 1)− π

2

48
√
θ(1 + θ)K2(θ)

)

,
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̺∗2 =
2(s+ t− 2)2g22A

2n
2

P1(s2 + st+ t2 − 3)g3An
3

(3.13)

×
( (s+ t)

2(s+ t− 2)
P1 −

1

2
− 4K2(θ)(θ2 + 6θ + 1)− π

2

48
√
θ(1 + θ)K2(θ)

)

.

Corollary 3.6. Let g(z) = z +
∞
∑

j=2

gjz
j ; gj > 0 and let s2 + st+ t2 < 3. Let the

function f given by (1.1) be in the class k-USTn,g
λ,µ(s, t, γ); −1 6 γ < 1; 1 < k < ∞,

and let θ be the unique positive number in the open interval (0, 1) defined by (1.7).

Then

(3.14) |µa22 − a3| 6











































P1

2(3−s2−st−t2)g3An

3

( 2P1(s
2+st+t2−3)g3A

n

3

(s+t−2)2g2

2
A2n

2

µ

+ 4K2(θ)(θ2+6θ+1)−π
2

12
√
θ(1+θ)K2(θ)

− 2(s+t)
(s+t−2)P1

)

, µ 6 ̺∗1;

P1

(3−s2−st−t2)g3An

3

, ̺∗1 6 µ 6 ̺∗2;

P1

2(3−s2−st−t2)g3An

3

( 2(s+t)
(s+t−2)P1 − 4K2(θ)(θ2+6θ+1)−π

2

12
√
θ(1+θ)K2(θ)

− 2P1(s
2+st+t2−3)g3A

n

3

(s+t−2)2g2

2
A2n

2

µ
)

, µ > ̺∗2;

where K(t) is the complete elliptic integral of the first kind, P1, ̺
∗
1, ̺

∗
2 are given by

Lemma 1.1, (3.12) and (3.13), respectively.

Since

(3.15) Ωτ (f)(z) = z +

∞
∑

j=2

Γ(j + 1)Γ(2− τ)

Γ(j + 1− τ)
ajz

j ,

we have

(3.16) g2 :=
Γ(3)Γ(2− τ)

Γ(3− τ)
=

2

2− τ

and

(3.17) g3 :=
Γ(4)Γ(2− τ)

Γ(4− τ)
=

6

(2 − τ)(3 − τ)
.

For g2 and g3 given by the above equalities, Theorem 3.1, Theorem 3.3 and Theo-

rem 3.5 reduce to the following statements:
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Theorem 3.7. Let τ < 2 and s2 + st+ t2 > 3. If the function f given by (1.1) is

in the class k-USTn,τ
λ,µ(s, t, γ); −1 6 γ < 1; 0 6 k < 1, then

(3.18) |µa22 − a3| 6











































(1−γ)(2−τ)(3−τ)B2

3(1−k2)(s2+st+t2−3)An

3

( 3(1−γ)(2−τ)B2(s2+st+t2−3)
(1−k2)(3−τ)(s+t−2)2

× An

3

A2n

2

µ+ B2+2
3 − 2(s+t)B2

(1−k2)(s+t−2)

)

, µ > σ∗∗
1 ;

(1−γ)(2−τ)(3−τ)B2

3(1−k2)(s2+st+t2−3)An

3

, σ∗∗
2 6 µ 6 σ∗∗

1 ;

(1−γ)(2−τ)(3−τ)B2

3(1−k2)(s2+st+t2−3)An

3

( 2(s+t)B2

(1−k2)(s+t−2) − B2+2
3

− 3(1−γ)(2−τ)B2(s2+st+t2−3)An

3

(1−k2)(3−τ)(s+t−2)2A2n

2

µ
)

, µ 6 σ∗∗
2 ;

where B is given by (1.11), and

σ∗∗
1 =

2(3− τ)(s + t− 2)g22A
2n
2

3(2− τ)(s2 + st+ t2 − 3)g3An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 − 1)

6(1− γ)B2

)

,(3.19)

σ∗∗
2 =

2(3− τ)(s + t− 2)g22A
2n
2

3(2− τ)(s2 + st+ t2 − 3)g3An
3

(

s+ t− (s+ t− 2)(1− k2)(B2 + 5)

6(1− γ)B2

)

.(3.20)

Each of the estimates in (3.18) is sharp.

Corollary 3.8. Let τ < 2 and s2 + st+ t2 < 3. If the function f given by (1.1) is

in the class k-USTn,τ
λ,µ(s, t, γ); −1 6 γ < 1; 0 6 k < 1, then

(3.21) |µa22 − a3| 6











































(1−γ)(2−τ)(3−τ)B2

3(1−k2)(3−s2−st−t2)An

3

( 3(1−γ)(2−τ)B2(s2+st+t2−3)
(1−k2)(3−τ)(s+t−2)2

× An

3

A2n

2

µ+ B2+2
3 − 2(s+t)B2

(1−k2)(s+t−2)

)

, µ 6 σ∗∗
1 ;

(1−γ)(2−τ)(3−τ)B2

3(1−k2)(3−s2−st−t2)An

3

, σ∗∗
1 6 µ 6 σ∗∗

2 ;

(1−γ)(2−τ)(3−τ)B2

3(1−k2)(3−s2−st−t2)An

3

( 2(s+t)B2

(1−k2)(s+t−2) − B2+2
3

− 3(1−γ)(2−τ)B2(s2+st+t2−3)An

3

(1−k2)(3−τ)(s+t−2)2A2n

2

µ
)

, µ > σ∗∗
2 ;

where B, σ∗∗
1 , σ

∗∗
2 are given by (1.11), (3.19) and (3.20), respectively.

Theorem 3.9. Let τ < 2 and s2 + st+ t2 > 3. If the function f given by (1.1) is

in the class k-USTn,τ
λ,µ(s, t, γ); −1 6 γ < 1; k = 1, then

(3.22) |µa22 − a3| 6











































8(1−γ)(2−τ)(3−τ)
3π

2(s2+st+t2−3)An

3

( 12(1−γ)(2−τ)(s2+st+t2−3)An

3

π
2(s+t−2)22(3−τ)A2n

2

µ

+ 1
3 − 4(s+t)(1−γ)

π
2(s+t−2)

)

, µ > δ∗∗1 ;

4(1−γ)(2−τ)(3−τ)
3π

2(s2+st+t2−3)An

3

, δ∗∗2 6 µ 6 δ∗∗1 ;

8(1−γ)(2−τ)(3−τ)
3π

2(s2+st+t2−3)An

3

( 4(s+t)(1−γ)
π
2(s+t−2)

− 1
3 − 12(1−γ)(2−τ)(s2+st+t2−3)An

3

π
2(s+t−2)22(3−τ)A2n

2

µ
)

, µ 6 δ∗∗2 ;
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where

δ∗∗1 =
2(s+ t− 2)(3− τ)A2n

2

3(s2 + st+ t2 − 3)(2− τ)An
3

(

s+ t+
π
2(s+ t− 2)

24(1− γ)

)

,(3.23)

δ∗∗2 =
2(s+ t− 2)(3− τ)A2n

2

3(s2 + st+ t2 − 3)(2− τ)An
3

(

s+ t− 5π
2(s+ t− 2)

24(1− γ)

)

.(3.24)

The results are sharp.

Corollary 3.10. Let τ < 2 and s2 + st+ t2 < 3. If the function f given by (1.1)

is in the class k-USTn,τ
λ,µ(s, t, γ); −1 6 γ < 1; k = 1, then

(3.25) |µa22 − a3| 6











































8(1−γ)(2−τ)(3−τ)
3π

2(3−s2−st−t2)An

3

( 12(1−γ)(2−τ)(s2+st+t2−3)An

3

π
2(s+t−2)22(3−τ)A2n

2

µ

+ 1
3 − 4(s+t)(1−γ)

π
2(s+t−2)

)

, µ 6 δ∗∗1 ;

4(1−γ)(2−τ)(3−τ)
3π

2(3−s2−st−t2)An

3

, δ∗∗1 6 µ 6 δ∗∗2 ;

8(1−γ)(2−τ)(3−τ)
3π

2(3−s2−st−t2)An

3

( 4(s+t)(1−γ)
π
2(s+t−2)

− 1
3 − 12(1−γ)(2−τ)(s2+st+t2−3)An

3

π
2(s+t−2)22(3−τ)A2n

2

µ
)

, µ > δ∗∗2 ;

where δ∗∗1 , δ
∗∗
2 are given by ( 3.23) and (3.24), respectively.

Theorem 3.11. Let s2 + st+ t2 > 3. Let the function f given by ( 1.1) be in the

class k-USTn,τ
λ,µ(s, t, γ); −1 6 γ < 1; 1 < k < ∞, and let θ be the unique positive

number in the open interval (0, 1) defined by (1.7). Then

(3.26) |µa22 − a3| 6











































(2−τ)(3−τ)P1

12(s2+st+t2−3)An

3

( 6(2−τ)(s2+st+t2−3)An

3
P1

(s+t−2)22(3−τ)A2n

2

µ

+ 4K2(θ)(θ2+6θ+1)−π
2

12
√
θ(1+θ)K2(θ)

− 2(s+t)
(s+t−2)P1

)

, µ > ̺∗∗1 ;

(2−τ)(3−τ)P1

6(s2+st+t2−3)An

3

, ̺∗∗2 6 µ 6 ̺∗∗1 ;

(2−τ)(3−τ)P1

12(s2+st+t2−3)An

3

( 2(s+t)
(s+t−2)P1 − 4K2(θ)(θ2+6θ+1)−π

2

12
√
θ(1+θ)K2(θ)

− 6(2−τ)(s2+st+t2−3)An

3
P1

(s+t−2)22(3−τ)A2n

2

µ
)

, µ 6 ̺∗∗2 ;

where K(t) is the complete elliptic integral of the first kind, P1 is given by Lemma 1.1

and

̺∗∗1 =
4(s+ t− 2)2(3− τ)A2n

2

3(s2 + st+ t2 − 3)(2− τ)An
3P1

(3.27)

×
( (s+ t)

2(s+ t− 2)
P1 +

1

2
−4K2(θ)(θ2 + 6θ + 1)− π

2

48
√
θ(1 + θ)K2(θ)

)

,

̺∗∗2 =
4(s+ t− 2)2(3− τ)A2n

2

(s2 + st+ t2 − 3)3(2− τ)An
3P1

(3.28)

×
( (s+ t)

2(s+ t− 2)
P1 −

1

2
−4K2(θ)(θ2 + 6θ + 1)− π

2

48
√
θ(1 + θ)K2(θ)

)

.
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Corollary 3.12. Let s2 + st + t2 < 3. Let the function f given by ( 1.1) be in

the class k-USTn,τ
λ,µ(s, t, γ); −1 6 γ < 1; 1 < k < ∞, and let θ be the unique positive

number in the open interval (0, 1) defined by (1.7). Then

(3.29) |µa22 − a3| 6











































(2−τ)(3−τ)P1

12(3−s2−st−t2)An

3

( 6(2−τ)(s2+st+t2−3)An

3
P1

(s+t−2)22(3−τ)A2n

2

µ

+ 4K2(θ)(θ2+6θ+1)−π
2

12
√
θ(1+θ)K2(θ)

− 2(s+t)
(s+t−2)P1

)

, µ 6 ̺∗∗1 ;

(2−τ)(3−τ)P1

6(3−s2−st−t2)An

3

, ̺∗∗1 6 µ 6 ̺∗∗2 ;

(2−τ)(3−τ)P1

12(3−s2−st−t2)An

3

( 2(s+t)
(s+t−2)P1 − 4K2(θ)(θ2+6θ+1)−π

2

12
√
θ(1+θ)K2(θ)

− 6(2−τ)(s2+st+t2−3)An

3
P1

(s+t−2)22(3−τ)A2n

2

µ
)

, µ > ̺∗∗2 ;

where K(t) is the complete elliptic integral of the first kind, P1, ̺
∗∗
1 , ̺

∗∗
2 are given

by Lemma 1.1, (3.23) and (3.24), respectively.

R em a r k 3.1. If we take s = 1, t = −1 and n = 0 in corollaries 2.2–3.12, we get

all theorems in [9].

1

1

1−

1−

2

2

2−

2−

3

3

3−

3−

4

4

4−

4−

5

5

5−

5−

The region of s2 + st+ t
2
< 3, s 6= t and s+ t 6= 2.

The region of s2 + st+ t
2
> 3, s 6= t and s+ t 6= 2.

For a brief history of the Fekete-Szegő problem for the class of starlike, convex

and close to convex functions, see the recent papers by Deniz and Orhan [6], Deniz
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et al. [5], Kanas and Lecko [12], Kanas and Darwish [11], Kanas [10], Mishra and

Gochhayat [18], Orhan and Gunes [21], Orhan and Răducanu [22], Orhan et al. [20],

Srivastava and Mishra [31], Srivastava et al. [32].
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[30] G.S. Sălăgean: Subclasses of univalent functions. Complex Analysis—fifth Roma-

nian-Finnish Seminar, Part 1, Bucharest, 1981 (C.AndreianCazacu et al., eds.). Lecture
Notes in Math. 1013, Springer, Berlin, 1983, pp. 362–372.

[31] H.M. Srivastava, A.K.Mishra: Applications of fractional calculus to parabolic starlike
and uniformly convex functions. Comput. Math. Appl. 39 (2000), 57–69.

[32] H.M. Srivastava, A.K.Mishra, M.K.Das: The Fekete-Szegő problem for a subclass of
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