Mathematica Bohemica

Nihat Yagmur; Halit Orhan

Fekete-Szeg6 problem for subclasses of generalized uniformly starlike functions with
respect to symmetric points

Mathematica Bohemica, Vol. 139 (2014), No. 3, 485-509

Persistent URL: http://dml.cz/dmlcz/143938

Terms of use:

© Institute of Mathematics AS CR, 2014

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143938
http://dml.cz

139 (2014) MATHEMATICA BOHEMICA No. 3, 485-509

FEKETE-SZEGO PROBLEM FOR SUBCLASSES OF GENERALIZED
UNIFORMLY STARLIKE FUNCTIONS
WITH RESPECT TO SYMMETRIC POINTS

NIHAT YAGMUR, Erzincan, HALIT ORHAN, Erzurum

(Received October 12, 2012)

Abstract. The authors obtain the Fekete-Szegé inequality (according to parameters s and
t in the region 2 st+t2 <3, s #tand s+t # 2, or in the region 2 4st+t2>3,s #1
and s+t # 2) for certain normalized analytic functions f(z) belonging to k—UST§7H(s, t,v)
which satisfy the condition

(s — )2(D} ()’ (s — 0)=(DY f(2))
%{ DY F(s) = DY, 1(22) } > ’“‘ Dy (s2) = DY (22)

-1+, zel.

Also certain applications of the main result a class of functions defined by the Hadamard
product (or convolution) are given. As a special case of this result, the Fekete-Szegd in-
equality for a class of functions defined through fractional derivatives is obtained.

Keywords: Fekete-Szegd problem; Sakaguchi function; uniformly starlike function; sym-
metric point

MSC 2010: 30C45, 30C50

1. INTRODUCTION

Let A denote the family of functions f of the form
0 .
(1.1) f(z)zz—i—Zajzj
j=2

which are analytic in the open unit disk &/ = {z: |z| < 1}. Further, let S denote
the class of functions which are univalent in ¢/. If f and g are analytic in U, we say

The present investigation was supported by Atatiirk University Rectorship under “The
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that f is subordinate to g, written symbolically as f < g or f(2) < ¢g(z), z € U,
if there exists a Schwarz function w(z), which (by definition) is analytic in ¢/ with
w(0) = 0 and |w(z)| < 1 in U such that f(z) = g(w(z)),z € U. In particular, if the
function ¢(z) is univalent in I/, then we have that f(z) < g(z), z € U, if and only
if £(0) = g(0) and f(U) C g(U). A function f(z) € A is said to be in the class of
k-starlike functions of order +, denoted by k-UST(v), if

(1.2) %(ZJ{(S)) > k‘ ZJ{(S) - 1‘ +

where k > 0, v € [—1, 1) and is said to be in the class of k-uniformly convex functions
of order 7, denoted by k-UCV(y) [3], if

)y )
7o)~

(1.3) R(1+ |+
where k >0, v € [-1,1).

The classes 1-UST(0) = UST and 1-UCV(0) = UCV were defined by Goodman 8]
and Rgnning [28], respectively. Furthermore, the classes k&-UST(0) and k-UCV(0) are
the well-known classes of k-starlike and k-uniformly convex functions, respectively,
introduced by Kanas and Wisniowska [16], [15]. Using the Alexander type relation,
we can get the following relation:

(1.4) f(2) € k-UCV(y) < zf'(2) € k-UST(v).

Geometric interpretation: f € k-UST(y) and f € k-UCV(y) if and
only if z2f"(2)/f(z) and 1+ zf"(2)/f'(2), respectively, take all the values in the
conic domain Ry, which is included in the right half plane such that

(1.5) Rpy={w=u+iveC: u>ky/(u—12+0v>+7, k>0andy € [-1,1)}.

Denote by P(Py.) (k > 0, =1 < v < 1) the family of functions p such that p € P,
where P denotes the well-known class of Caratheodory functions and p < Py in U.
The function Py, maps the unit disk conformally onto the domain R} ~ such that
1 € R,y and ORy  is the curve defined by the equality

(1.6) ORky ={w=u+iveC: u? = (k\/m+ )2,

k>0and~ve[-1,1)}.

From elementary computations we see that (1.6) represents conic sections symmetric
about the real axis. Thus Ry  is an elliptic domain for £ > 1, a parabolic domain
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for k = 1, a hyperbolic domain for 0 < k¥ < 1 and the right half plane v > ~ for
k=0.

The functions Py, which play the role of extremal functions of the class P (P ),
were obtained in [2], and for some unique 0 € (0, 1), every positive number k can be
expressed as

K/ (6)
4K(6)

(1.7) k = cosh

where K is Legendre’s complete elliptic integral of the first kind and K’ is the com-
plementary integral of K (for details see [2], [16], [15], [14], [19] and [20]).

For f(z) belonging to A, the multiplier differential operator Dy |, f was defined by
the authors in [6] as follows:

D} f(2) = f(2),
D} uf(2) = Dauf(2) = iz (f(2))" + (A = m)2(£(2)) + (1 = A+ w) f(2),
D?\,;Lf(z) = D)\7IL(D}\,;I,f(Z))7

D;L,p,f(z) = D)MII«(DS\Z,;,l (Z))a

where A > ¢ > 0 and n € Ng =N U {0}.
If f is given by (1.1) then from the definition of the operator DY , f(2) it is easy
to see that

o0
(1.8) DY f() =2+ Y Ala;,
j=2

where A7 = [1 + (Auj + A —p)(5 — D)™
It should be remarked that DY , is a generalization of many other linear operators
considered earlier by different authors. In particular, for f € A we have the following:
> DY, f(2) = D" f(2), the operator investigated by Salagean (see [30]).
> DY o f(2) = DX f(2), the operator studied by Al-Oboudi (see [1]).
> Df\iuf(z) the operator for 0 < p < A < 1, called the Raducanu-Orhan operator
(see [27] ).

Now we define new subclasses of A.
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Definition 1.1. Let £ > 0, —1 < v < 1, and let s, ¢ be real numbers with
s # t. We denote by k-USTY ,(s,t,7) the class of functions f € A which satisfy the
following condition:

KRl LG SRR ML
D;\l’uf(sz) - D;\’}Hf(tz) D;\l’uf(sz) - D;\’}Hf(tz)

(1.9) a%{ “1l+5, zeu.

Using the Alexander type relation, we define the class k-UCVY M(s, t,v) as follows:
f € k-UCVY ,(s,t,v) ifand only if =zf" € k-USTY ,(s,t,7),

and also
k_UCVS\Z,u(Sa L, 7) < k_USTi\l,u(sv L, 7)

Geometric interpretation: From (1.9), f € k-USTY ,(s,t,7) if and only
ifq(z) = (s —=t)=(D} . f(2))' /(DX ,f(sz) — DY , f(tz)) take all the values in the conic
domain Ry given in (1.5) which is included in the right half plane.

Detailed information about uniformly convex functions can be found in Gangad-
haran, Shanmugam, Srivastava [7], Kanas, Srivastava [13] and Orhan, Deniz, Radu-
canu [20].

We note that by specializing the parameters s,t¢,v, A\, u,n and k& we obtain the
subclasses studied by various authors, some of them are the following classes:

1. The class O-UST())H ,.(8,t,0) was introduced by Sakaguchi [29]. Therefore, a func-
tion 0-USTY ,(1,—1,7) is called a Sakaguchi function of order ~ (see [4] and [24]).

2. The class O—USTR’M(l, t,~v) was introduced and studied by Owa et al. [25].

3. The class 0-USTY ,(1,¢,7) was introduced and studied by Orhan et al. [23].

4. The class k-USTY ,(1,t,v) was studied by Goyal et al. [9].

To prove our results, we will need the following lemmas.

Lemma 1.1 (see [2] also [20]). Let 0 < k < oo and —1 < 7 < 1 be fixed and let
Py, be the Riemann map of U onto Ry, satisfying Py ,(0) = 1 and P _ (0) > 0. If

(1.10) Por(z)=1+Piz+P2?+..., z€U,
then
2(1 —)B?
—_— < L
T 0<k<
8(1—
P = % k= 1;
2(1 _
~(1-7) , k>1;
4(k2 — 1)VO(1 + 0)K2(0)
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and

2
B+ 2P1, k<1
3
2
P2 - §P17 k= 17
4K2(0)(0* + 60 + 1) — =2
1, k> ]-a
24V/0(1 + 0)K2(6)
where
2
(1.11) B = —arccosk
T

and K(0) is the complete elliptic integral of the first kind.

Lemma 1.2 ([17]). Let h € P be given by

(1.12) h(z)zl—l—clz—i—cQzQ—i—..., zel.
Then
—4v+2, v<0;
(1.13) ver — el < {2, 0<v<l;
qv — 2, v 2= 1.

When v < 0 or v > 1, the equality holds if and only if hy(2) is (1 + 2)/(1 — )
or one of its rotations. If 0 < v < 1, then the equality holds if and only if h(z) is
(1+ 22)/(1 — 22) or one of its rotations. If v = 0, the equality holds if and only if

1 1 \1+z2 (1 1)1—2

(1.14) hi(z) = (5 + 577) 1 33T

0<n<1,
272 n

—z
or one of its rotations. If v = 1, the equality holds if and only if h;(z) is the reciprocal
of one of the functions such that the equality holds in the case v = 0.

The above upper bound is sharp. When 0 < v < 1, it can be improved as follows:

(1.15) lve} —co| +v|er]* <2, 0<w< 3,
and
(1.16) vel —eal + (L =v)er? <2, 2<v<l
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2. MAIN RESULTS

In this section, we will give some upper bounds for the Fekete-Szegé functional
103 — as).

In order to prove our main results we have to recall the following facts.

First, the following calculations will be used in the proofs of each of Theo-
rems 2.1-2.11. By geometric interpretation there exists a function w satisfying the
conditions of the Schwarz lemma such that

(s —t)z(DX . f(2))
Df\iuf(sz) — D;\iuf(tz)

(2.1) =P (w(z)), z€l,

where Py, is the function defined in Lemma 1.1.
Define the function h in P by

1
h(z):+7w(2):1+612+0222+.”, el
1—w(z)
It follows that
1 2
w(z):%z+§(02_02_1)22+
and
a 1 AN o
(22) Pe(w() =14+ P{ G245 (e = D)2 4.
1 2 2
+P2{%Z+§(02—31)z2+ }—i—
P 1 2 1
=1+ =2zt {5(e - L) P+ dn e

Thus, by using (2.1) and (2.2), we obtain

(2.3) S
' RO — Y T

and

1 c%) N Pyc? (s+t)Pic? }

2(3—52—st—t2)Ag{ 275 2 2s+t—2)

(24) as

In all our theorems and corollaries we suppose that s # ¢ and s 4+ ¢ # 2.
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Theorem 2.1. Let the function f given by (1.1) be in the class k—USTS\”M(s,t,'y)
(-1<v<1;0<k<1)and let s> + st +t*> > 3. Then
2(1—~)B? 2(1—)B?(s? +st+t2—3) A%
(17k2)(52+5t+t273)Ag( (1—k2)(s+t—2)2AZ"

B242 2(s+t)B2
R e (lsz)(s+t72))7
2 2(1—~)B?
(25) |MG,2 - a3| < (l—kz)(32+st+t2—3)Ag’ o9 <
2(1—y)B? ( 2(s+t)B2
(I—k2) (s2Fst+12—3) A7 \(1—k2)(s+1—2)
_ B242  2(1—7)B2(s’+st+t>—3) AT
3 (1—k2)(s+t—2)2A3" )

where B is given by (1.11), and

L (s+t—2)Ay (s+t-2)0 - )( ),
(2.6) 01—(52+3t+t2_§,)Ag(8”_ 6(1 —~)B? )
(s +1—2)A% (540 CHI=20- k2)<5’2+5>)

= .

2.7 =
27) 72 (s2 + st + 12— 3)AY 3 6(1—~

Each of the estimates in (2.5) is sharp.
Proof. From (2.3) and (2.4) we have

P? 1
9. 2 _ i 2
(28) Pz s = e )2 A2 N T 23 — 52 — st — 12) A7
2

X{Pl( 2_0_1)+ch% B (s—f—t)Pfcf}7
2 2 2(s+t-2)

from Lemma 1.1 for 0 < k < 1 if we put P, = (B + 2)P;/3, we get

(2 9) 0 B i{[ P1 1
. nas — as = 5 N2(2 s t)QA%” (3 — 82— st— tQ)Ag

2 _
% <_2(2S—2t—t)P1 +2 6 1)}6% T 23— 2 —1st—t2)Ag62}

again from Lemma 1.1 for 0 < k < 1 if we take P; = 2(1 — v)B?/(1 — k?), we obtain

(1—k2) (s+t—2)2A2"
s+t)B?
+ st + 2 — 3)A%

(1-7)B (1-7)B
(
(s?

B ( -
A—F)(s+t—2

| —

+ Bl }02 + ! c }
6(s% + st + 12 —3)AP 11T (24 st+ 12— 3)Ar
_ -(1-9)B° 2
S AR st =gy e
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where

—_ _ 2( 2 2 n _ 9 9
@211) v [(ZAZ VB st 2345 (s +0B B2y

(1—k2)(s +t—2)2A2" (1—k)(s+t—2) 6
We have
1—v)B?
2.12 2 a3 = ( 2_¢ol.
(2.12) Iay = asl = G gm e st 2 o 3) A7 fvei—c2
If 4 > o1, then, according to Lemma 1.2, we get
2(1 —~)B?
2.13 2 _ag| <
213) |naz —asl S Tym Tt r 2 =341
(2(1 —)B(s* + st +1* =3)Ay  B*+2 2(s +t)B? )
1-k)(s+t—22A FT 73 A—k)(s+t—2)/)

which is the first assertion of (2.5).
Next, if p < 09, by applying Lemma 1.2 we get

2(1 — 7)B?
2 _ 4.l <
G1) et —wlS Ty 2 -9 A3
( 2s+8)B> B2 +2 201 —7)B*(s* + st +> = 3)Az )
Tmeri- 3 G-Ber o ")

which is the third assertion of (2.5)
If 0o < p < 01, by using again Lemma 1.2 we obtain

2(1 —~)B?
1 —k2)(s2 + st +t2 — 3)AY’

(2.15) |ua3 — as| < (

which is the second part of the assertion (2.5).
To show that these bounds are sharp, we define functions K, , m = 2,3,4,...,
by

(s = 1)2(DX , Ko, (2))
2.1 H__T =P, (", K =0=K/ -1
( 6) DSL K (SZ) - D;\l,lLKQOm (tZ) kv'Y(Z )7 om (O) 0 Pm (O)

LT Pm

and functions Fy, and G, 0 < a < 1, by

(s — t)z(D"!MFa(z))' B 2(z 4+ @)
(2.17) Dy Fx(sz) —ADQ’uFa(tz) - ’“”( 1+az

). Fa0)=0=F{(0) -1
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and

(s =1)z(D} ,Ga(2)) P (—z(z—l-a)),

2.18 =
( ) Df\ZHGa(sz) - Dt\l,uGa (tz) "1 F az

G(0) = 0 = G4 (0) — 1.

Clearly, these functions satisfy K, Fo,Go € k:—USTSf!M(s, t,7y).

Also, we write K, = K. If > o1, then equality holds in (2.5) if and only if
equality holds in (2.13). This happens if and only if |c1| = 2 and |¢? — ¢a| = 2. Thus
w(z) = z, i.e., equality holds if and only if f is K, or one of its rotations. If u < o2,
then equality holds in (2.5) if and only if equality holds in (2.14). This happens if
and only if |¢;| = 2 and |ea| = 2. Thus w(z) = z, i.e., equality holds if and only if f
is K, or one of its rotations. If u = o5, then equality holds if and only if |c| = 2. In
this case, equality holds if and only if f is F, or one of its rotations.

Similarly, for u = o1, equality holds if and only if f is G, or one of its rotations.
Finally, if 02 < p < o1, then equality holds if and only if f is K, or one of its
rotations.

The proof of Theorem 2.1 is now completed. O

Corollary 2.2. Let the function f given by (1.1) be in the class k-USTY ,(s,t,7);
—1<y<1;0<k<1,ands?+st+t?< 3. Then

2(1—~)B? (2(1—7)62(32+st+t2—3)A§
(1—k2)(3—s2—st—t2) A} (1—k2)(s+t—2)2A2"
B242 2(s+t) B2
t 5~ (lsz)(erth))’ 1S o1;
2 2(1—v)B? .
(219) |Ma’2 - a3| < (1—k2)(3(—s;—)st—t2)A§" o1 < [ < 025
2(1—~)B? ( 2(s+t)B2
(A—F2)(3—s2—st—12) A7 \(1—KkZ)(s+t—2)
2 2(1—~)B2(s%+st+t2—3) AR
_83+2_ (A—)B"(s°+s A3 > 09;

(1—k2) (s+t—2)2 AZ" p, nz

where B, o1 and o9 are given by ( 1.11), (2.6), (2.7), respectively.

Theorem 2.3. Let the function f given by (1.1) be in the class k-USTY (s, t,7);
-1<v< L k=1, and s% + st + t2 > 3. Then

16(1—7) (4(177)(52+st+t273)A§/
n2(s2+st+12—3) AT n2(s+t—2)2 A"
1 A(s+)(1—v)
+3 — Sri=3 ) fr = 01;
8(1—
(2.20) |naj — ag| < Wﬁ)ﬂ% 02 S S 01
16(1—v) (4(S+t)(17v)
n2(s2+st+t2—3) AT \ n2(s+t—2)
1 4 —7)(s®+st+t2—3)AY
3 72 (s+t—2)2AZ" : N)v < 02;
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where

(s+t—2)A3" ?(s+t—2)
2.21 - rlstt—2)
(221) o (32+st+t2—3)A§(s+t+ 24(1 — ) )

(s+t—2)A3" 5n(s 4+t —2)
2.22 - _omls+t—2)
(222) 02 (52+st+t2—3)Ag( LA YT g )

The results are sharp.

Proof. From Lemma 1.1 for k =1 if we put P» = 2P;/3 in (2.8), we get

(2.23) 2 Pl{[ h !
: a; —az = — —
Ha2 =0 =5 Mo + ¢ — 2)2420 ~ (82 + st+ {2 — 3)A

s+t 1N 1
' p o4
8 (2(s+t—2) v 6)}Cl+(52+st+t2 —3)Ag62}’

again from Lemma 1.1 for k = 1 if we take P, = 8(1 —v)/n%, we obtain

4(1—7) 41 —7) 1
2 _ -
(224)  pa3 —as 2 { [“n2(s Ft—22A% (21 st+12—3)A7
As+t)(1—7)  1\7 o 1
X( 2(5+1-2) +6)}Cl (52+st+t2—3)A§02}

_ —4(1—9)
n2(s% + st +t2 - 3)

a {vcf—cz}

where
—4(1 =) (s> +st+t2=3)A%  A(s+t)(1—7) 1
2.25 = —1.
(2.25) vi= [ 2(s 112242 LT - +5)
We have
4(1 —
(2.26) |pa3 — az| = (=7 lve? —col.

m2(s2 + st + ¢2 — 3) A%
If > 61, then, according to Lemma 1.2, we get

16(1 —~)
m2(s2 4 st + 12 — 3) A%
y (4(1—7)(52—1—5754—752—3)14? +1 4(s+t)(1—fy))

(227)  |ua} - as| <

n2(s+t—2)2A4%" kT3 2(s+t—2)
which is the first assertion of (2.20).
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Next, if p < d2, by applying Lemma 1.2 we get

16(1 —7)
n2(s? + st +t2 — 3) A}

(2.28)  |ua3 —as| <

4(1 —7)(s® + st + 1% —3)A%

(4(5 +H(1l-v) 1
P(s+t—2) 3

which is the third assertion of (2.20)

(s + 1t —2)2A3"

If 92 < p < 91, by using again Lemma 1.2 we obtain

(2.29) 81 =7)

|pas — as| <

which is the second part of the assertion (2.20).

n2(s2 + st +t2 — 3) Ay’

).

The sharpness of the estimates in (2.20) can be proved as in Theorem 2.1, using

K., Fo, Ga.

O

Corollary 2.4. Let the function f given by (1.1) be in the class k—USTK’M(s, t,v);

—1<'y<1;k:1,and52+st+t2<3. Then

16(1—~) (4(177)(52+st+t273)Ag/

n2(3—s2—st—12) A} n2(s+t—2)2A%" H
1 AG+)(1—y)
+3 - Seri=3 ) p< 0
8(1—
(2.30) a3 — as] < { =ty o1 < p < B
16(1—v) (4(S+t)(1fv)
n2(3—s2—st—t2) AL \ n2(s+t—2)
1 4 —7) (s> +st+t2—3) A7
B i pewany sy o ) N R 2%

where §1 and 09 are given by (2.21) and (2.22), respectively.

Theorem 2.5. Let the function f given by (1.1) be in the class k-USTY ,(s,t,7);
—1<y<1;1<k<oo,s?+st+1t2 >3 and let O be the unique positive number in

the open interval (0,1) defined by (1.7). Then

2P (52 4st4t?—3)AY

Py (
2(s2 st H{Z—3)AT (s+t—2)2a3" M
4K2(0)(82+66+1)—n*  2(s+t) .
T VB30 (8) i)y mZ e
2 P .
(2.31) lnay —as| < { FrsEe—s)ar 02 S P S 013
Py ( 2(s4t) p 41C%(0) (62 4+60+1)—x2
2(s2Fst+2—3) A5 \(s+1-2) " 1 12V6(1+6)K2(6)
2P (s24st+12—3) AT
- lgzﬁfg)m%n) L), 1< 02
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where K(t) is the complete elliptic integral of the first kind, P is given by Lemma 1.1

and
2(s +t—2)2A3"
2.32 =
(2:32) T Pi(s2t st + 12— 3)Az
2 2 .2
L (D 1 OO +60+1) )
2(s+1t—2) 2 48V0(1 + 0)K2(0)
2 -9 2A2n
(2.33) o = — 28+ t=27 4

Pi(s?+ st+ 12— 3)A%
(s+1) 1 4K*(0)(0* + 66+ 1) — =2
x (2(s+t—2)P1_§_ 48/0(1 + 0)K2(6) )

Proof. From Lemma 1.1 for 1 < k < oo if we put P> = [4K%(0)(6* + 66 + 1) —
2| P /(24V6(1 + 0)K?(6)) in (2.8), we obtain

P, P, 1 s+t
2.34) paj —as = — -
(2.34) pag — a3 = 3 {[“2(s+t—2)2A§" (52+st+t2—3)A§(2(5+ﬁ—2> '
4K%(0)(0? +60+1) —n® 1 1
_ATO)O" 46011 — +3)]d+— Py
4BVOL+0)K2(0) 2/ (st = 3)Ay

-P

p— 2_
S st Ay el

where
(2.35) Y —Pi(s® +st+ 12 = 3) Ay 4K%(0)(0* + 60+ 1) — 7?
' S T PR Y P 48v6(1 + 6)K2(6)
s+t 1
_sttp )
2s+i-2) ' 2
We have
Py
2. 2 a3 = 2 cal.
(2.36) ey = asl = S — A Y
If 4 > o1, then, according to Lemma 1.2, we get
P 2P (s% + st +t2 — 3) A%
2.37 5—asl < (
(2:37) ey —asl S ST — A (s+t— 2)2A%"

AK*(0)(0* +60+1) =7 2(s+1) P)
12V0(1 + 6)K2(6) (s+t—2)" ')

which is the first assertion of (2.31).
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Next, if p < g2, by applying Lemma 1.2 we get

Py ( 2(s +1)
sZ2+st+t2—3)AF \(s+t—2)
4K2(0)(0% + 60 + 1) — 12 2P (s% + st +t2 — 3) A%

Ve +ok2e) (s +t—2)2A43 )

(2.38)  |ua3 —asz| < 3 1

which is the third assertion of (2.31).
If oo < i < 01, by using again Lemma 1.2 we obtain

P,
s2 4 st + 12 — 3) Ay’

(2.39) na — ao] < ¢

which is the second part of the assertion (2.31).
The sharpness of the estimates in (2.31) can be proved as in Theorem 2.1. O

Corollary 2.6. Let the function f given by (1.1) be in the class k—USTK’M(s, t,v);
—1<y<1;1<k<oo,s?+st+t? <3 and let 6 be the unique positive number in
the open interval (0,1) defined by (1.7). Then

2P (s2+st+t2—3)AY

Py ( ’
2(3—s2—st—t2) AL (s+t—2)2AZ"
4K2(0)(02+466+1)—n>  2(s+t) .
+ 12\/@(1+9)K2(9) (s+t—2) P1)7 H < 01;
(2.40) |pa3 — az| < mv 01 S [ < 023
Py ( 2(s+t) _4K2(8)(8%+66+1) x>
2B—s7—st—t2)AF \(s+t—2)" | 12V0(1+0)K2(6)
2P (s24st41%2—3) AT
N 1E:+ti2)2A§") ’ “)’ w= 02;

where K(t) is the complete elliptic integral of the first kind, Py, 01, o2 are given by
Lemma 1.1, (2.32 ) and (2.33), respectively.

Theorem 2.7. Let the function f given by (1.1) be in the class k-USTY ,(s,t,7);
—1<y<1;0<k<1,ands?+st+t?>3. Then

2(1 — v)B?
2.41 2 _a — 21 < < u<o-
( ) |Ma’2 a3| + (‘LL 02)|a2| (1 — k}2)(82 ¥ st+ t2 — 3)A§l7 02 M g3
and

2(1 — v)B?
(2.42) |uad — as| + (o1 — p)lad] < (1-7) o3 <p<on

(1—k2)(s2 + st + {2 — 3) A7’
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where B, o1 and o9 are given by ( 1.11), (2.6) and (2.7), respectively, and

(2.43) o3 =

(s+t—2)A3" ( . (s+t—2)(1—k2)(82+2))
(s2 + st + 12 — 3)AY 6(1—~)B2 '

Proof. Suppose that 0 < k < 1 and 02 < p < 03. Using (2.3) for |ua2 — a3
and (2.12) for |az|, we have

QA1) Juad — agl + (or2)lad] = (4 -ns v
' 20 IR A o) (2 + st 2 —3)Ap L7
(1-~)*B* 2
) Tt e gz Ak

After some computations we get

(1-7)B*

2 Juag = oa] + (u=oulleg] = (1 —k2)(s2 + st + 12 — 3) Ay
x {[v—co| + (1 —v)|2[}
where
- u_(l — 7)B%(s? + st + t2 —23)Ag L A=+ B® B - 1]
(1—Fk2)(s+t—2)2A5" (1—k2)(s+t—2) 6

From (1.16) we obtain

2(1 — v)B?
(1 —k2)(s2 4 st + 12 — 3) A7’

(2.46) a3 — as| + (u—02)|a3] <

which proves (2.41).
Similarly, for the values o3 < p < 01, we write

(2.47) |ua — as| + (o1-m)la3] = (- )8" o~
‘ 20 ! AT AR (2 +st+2—3)An 172
_ (1- 7)284 2
+ (Jl M) (1 — k2)2(8 it 2)2A%n |Cl|
(1—~)B?

= 2 2
= A2 st B 3yag Lol elal

From (1.15) we get

2(1 — )B?
(1 —k2)(s? 4 st + 2 — 3) A}’

(2.48) a3 — as| + (o1—p)la3| <

which proves (2.42).
This completes the proof of Theorem 2.7. O
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Corollary 2.8. Let the function f given by (1.1) be in the class k—USTK’M(s, t,v);
-1<v<L;0<k<], and let s® + st + > < 3. Then

2(1 —v)B?
(1 —k2)(3 — 8% — st — t2) A}’

(249) |ua3 — as| + (u—0)la3] < o1 < p< oy

and

2(1 — ~)B?
(1 —k2)(3—s2—st—t2)A}’

(2.50) |na3 — as| + (02 — p)|a3] <
where B, 01, 02 and o3 are given by (1.11), (2.6), (2.7) and (2.43), respectively.

Theorem 2.9. Let the function f given by (1.1) be in the class k—USTK’M(s, t,v);
-1<v<1; k=1, and let s2+ st +t2 > 3. Then

8(1—7)
2.51 — —d2)]a3] < b <p<é
( ) |Ma‘2 Cl3|+(/$ 2)|a2| E2(82+8t+t2—3)14§7 2 1% 3
and

8(1 —
(252)  |uad — as| + (61 — p)lad] < ) 5y < 0 < 6,

n2(s% + st +t2 — 3) A}’
where 61 and d, are given by (2.21) and (2.22), respectively, and

(s+t—2)A3"
2. 03 = t—
(2.53) ST (824 st + 12— 3)AY (8 *

2r%(s +t — 2)
24(1 — ) )

Corollary 2.10. Let the function f given by (1.1) be in the class k-USTY ,(s,t,7);
—1<y<1; k=1, and let s®> + st +t> < 3. Then

8(1—7)
2.54 2_ —61)|a?] < 1< pu<d
( ) |Ma‘2 Cl3|+(/$ 1)|a‘2| E2(82+8t+t2—3)14§7 1 1% 3
and

8(1 —
(255)  |uad — as| + (5 — p)lad] < U=7) 5 < < b

n2(s? + st + 2 — 3)AY’
where 1, 02 and 03 are given by ( 2.21), (2.22) and (2.53), respectively.
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Theorem 2.11. Let the function f given by (1.1) be in the class k—USTK’M(s, t,v);
—1<y<1;1<k<oo,s?+st+t>> 3 and let § be the unique positive number in
the open interval (0,1) defined by (1.7). Then

P
2.56 2 — 21 < , <u<
( ) |Ma‘2 a3| + (/J’ 92)|a2| (82 T st+ t2 — 3)A§L 02 H 03
and

P
2.57 2 _a. — ]3| < , s <<
(2.57) lpay — as| + (01 — p)las| 4 st+ 03 AT 03 < <o

where 01, 02 and Py are given by (2.32 ), (2.33), Lemma 1.1, respectively, and

(2.58) 05 — 2(s+t—2)2A3" (2( s+t B 4’C2(9)(92+69+1)—n2)

Pi(s2+st+12—3)A7\2(s+t—2) ' 48v0(1 + 0)K2(6)

Proofs of the Theorem 2.9 and Theorem 2.11. The proofs of The-
orem 2.9 and Theorem 2.11 are similar to the proof of Theorem 2.7, except for some
obvious changes. Therefore, we omit the details.

Corollary 2.12. Let the function f given by (1.1) be in the class k-USTY ,(s,t,7);
—1<y<1;1<k<oo,s?+st+12 < 3 and let § be the unique positive number in
the open interval (0,1) defined by (1.7). Then

Py

2 2
(259) |/’1/a‘2_a3|+(1u’_291)|a2| g (82+St+t2—3)A§L, 01 g/'[/g 03
and
(260)  |ua} —as| + (02 — a3 < h L m<u<o
(s2 4 st +12 — 3)A%

where g1, 02, 03 and Py are given by (2.32), (2.33), (2.58) and Lemma 1.1, respec-
tively.
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3. APPLICATIONS TO FUNCTIONS DEFINED BY FRACTIONAL DERIVATIVES

o) .
For functions f,g € A, given by f(z) = z + Z ajzd and g(2) =z + Y bjzd, we
j=2

define the Hadamard product (or convolution) of f( ) and ¢(z) by

(3.1) (fx9)(2) =2+ ajbz/ = (g% f)(2), z€U.
=2
For fixed g € A, let k-UST}(s,t,7) be the class of functions f € A for which

(f *g) € k-USTY, u(s,t,’y).
In order to introduce the class k:—USTSfJL(s, t,7), we need

Definition 3.1 ([26]). Let f(z) be an analytic function in a simply connected
region of the z-plane containing the origin. The fractional derivative of f of order 7
is defined by

rpy_ L d 7 f(Q
sz(z)—ma/o Wd@ 0<T<1,

where the multiplicity of (z — ()" is removed by requiring that log(z — () is real for
z—(¢>0.

Using Definition 3.1 and its known extensions involving fractional derivatives and
fractional integrals, Owa and Srivastava [26] introduced the operator Q7: A — A
defined by

O f(z)=T(2-71)2"D] f(2), T#23,4,....

The class k—USTz:; (s,t,7y) consists of functions f € A for which
Q7 f € k-USTY ,(s,,7).

The class k—USTK:;(S, t,7y) is the special case of the class k-USTK;ﬂ(S, t,7v) when

(3.2) —z+z j+i1_ )7)27

Now for the function (f * g)(2) = 2 + a29222 + azgsz® + ..., we get the following
theorem after an obvious change of the parameter p:

Theorem 3.1. Let g(z) = 2+ Y. g;27 (9; > 0) and s* + st + t*> > 3. If the
j=2
function f given by (1.1) is in the class k-UST}(s,t,7); =1 <7 < 1; 0 <k <1,
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then

2(1—~)B? (2(1—7)82(32+st+t2—3)93A§
(1—k2)(s2+st+t2—3)g3 AT (1—k2)(s+t—2)2g2 AZ"
B2+2  _ 2(s+t)B?
+3 RN ) p=or;
2 2(1—v)B?
(33) |ua2 - a3| < (1—K2)(s2+st+t2—3) g3 Ay ' <p < O’ 13
2(1—~)B? ( 2(s+t) B2
(1—k2)(s2+st+t2—-3)g3 AT \ (1—k2)(s+1—2)
_B242 _ 2(1—9)B?(®+st+t7—3)gs AY x.
3 (1—k2)(s+1—2)2gZ A2" ), n<o3;

where B is given by (1.11), and

. (s+t—2)g3A3 _(s+t=2(A - k(B2 - 1)
B4 o= @ et 2 8)ged] ( ' 6(1 —~)B2 )

. (s+t—2)g3A3 (s +t—2)(1 - k*)(B% +5)
B8 %= @ T e - 8)geds (407 6(1 = )8 )

Each of the estimates in (3.3) is sharp.

o) .
Corollary 3.2. Let g(z) = 2+ Y. gj27; gj > 0 and s*>+ st +1* < 3. If the function
j=2
[ given by (1.1) is in the class k-UST}" (s, t,7); =1 <y < 1; 0 < k < 1, then

2(1—y)B* (2(1—’7)52(32+st+t2—3)g3A§
(1-k?)(3—s2—st—t?)g3 A} (1—K2)(s+t—2)2gZA2Z"
B2 42 2(s+t)B2
+ (171@2)(5“72))7 B < o7
2 2(1—~)B> %,
(36) [nag — a3l < § TP B=—st— )5 AT S p < 033
2(1-7)8° ( 2(s+t)B2
(I—k2)(3—s2—sl—12)gs AT \ (1—k2)(s+1—2)
B242 2(1—v)B2(s2+st+t2—3)gz AR .
_ ?;i‘ _ 3 A3 20_5’

(1—k2)(s+t—2)2g2Z A" R
where B, o}, 0 are given by (1.11), (3.4) and (3.5), respectively.
Theorem 3.3. Let g(z) = z+ E g;27; gj > 0 and s*+ st +t* > 3. If the function

=
[ given by (1.1) is in the class k-UST} (s, t,7); =1 <7 < 1; k =1, then

16(1—~) (4(17'y)(52+5t+t273)g3Ag’
n2(s2+st+12—3)gs A} n2(s+t—2)2g3 A"
1 _ A=)
3~ T2 ) = 07;
2 8(1—)
(37) |Ma‘2 - a3| < n2(s2+st+12—3)gs AL 5; S p < 5{7
16(1—7) (4(8+t)(17'y)
n2(s2+st+1t2—-3)gs AF \ n2(s+t—2)
1 4(1—~)(s2+st+t2—3)gs A} .
-3 n2(s+t72)29§A§"3 : N)7 f < 033
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where

. (s+t—2)g343" s +t-2)
59 s (s tt—2g3A3n (s+- M)
: 27 (2 + st + 12 — 3)g3 AR 241 -7

The results are sharp.

Corollary 3.4. Let g(z) = 2+ Y. gj27; gj > 0 and s*>+ st +1* < 3. If the function
=2

o
[ given by (1.1) is in the class k-UST}"(s,t,7); =1 <7 < 1; k =1, then

16(1—~) (4(1—7)(32+st+t2—3)93A§
12 (3—s2—st—t2)gs A% n2(5+t72)2g§A§"
1 A(s+t)(1—)
+§ T TR2(s+t—-2) )7 IS §T’
2 8(1—v) .
(310) |Ma‘2 - a3| < n2(3—s2—st—t2)g3 AL &f < H < 65’
16(1—7) (00—
12(3—s2—st—t2)gs AL \ n2(s+t—2)
1 4(1—7)(s2+st+t2—3)gs AT .
3 n2(s+t—2)2g2 AZ" . /J/), s 527

where 037, d5 are given by (3.8) and (3.9), respectively.

o) .
Theorem 3.5. Let g(z) = 2+ Y. g;27; gj > 0 and s*> + st + t* > 3. Let the
j=2
function f given by (1.1) be in the class k-USTY 7 (s, 1,7); —1 <y < 1; 1 <k < o0,
and let 6 be the unique positive number in the open interval (0,1) defined by (1.7).

Then

P, (2P1(s2+st+t2—3)g3Ag
2(s2+st+t2—3)gs AL (s+t—2)2g2AZ"
4K2(0)(0%24+60+1)—12 2(s+t) *
T RVEI 0K (0) G+t—2) Pr), = o
2 P .
(3.11) lnaz — as| < e Beap 05 S p S 01
Py ( 2(s+t) _4K2(0)(82+66+1)—r?
2(s3Fst+t2—3)gs Af \ (s+t—2) " | 12v/0(1+6)K2(6)
2Py (s2+st+t2—3)gs AL .
- (S+t72)2g§A§" /’1/)7 12 < 925

where K(t) is the complete elliptic integral of the first kind, P, is given by Lemma 1.1,

2(s+t—2)%g3A%n
Pi(s2 4 st + 12 — 3)gs A%
(s +1) 1 4K%(0)(6? + 60+ 1) — =2
NS )
2(s+t—-2) 2 48v60(1 + 0)K2(6)

(812) o=

503



. 2(s +t —2)%g3A%"
(3.13) 05 = (2 1_2 z
Py (s? + st 412 — 3)g3 A%
(s+1) 1 4K2%(0)(0? +60 +1) — 72
(D L )
2(s+t—2) 2 48V0(1 + 0)K2(6)

Corollary 3.6. Let g(z) = z + Zgjz gj > 0 and let s> + st +t* < 3. Let the

function f given by (1.1) be in the class k-USTY 7 (s,t,7); =1 <7 <1; 1<k < oo,
and let 6 be the unique positive number in the open interval (0,1) defined by (1.7).
Then

P, (2P1(s2+st+t2—3)g3A§
2(3—s2—st—t2)g3 AT (s+t—2)2g2AZn
4K2(0)(02+4660+1)—n>  2(s+t) .
+ 12v0(1+6)K2(6) (5+t—2) P), u<oei
P
(3:14)  |pa3 — a3l < { G SEEmAT 01 S B < 05
Py ( 2(s+t) P — 4K2(0) (602 4+60+1)—x2
2(3—s2—st—t2)gz A% \ (s+t—2) 126 (1+60)K2(0)

2P (s> +st+t>—3)gz AT )
Y

*,
(s+t—2)2g§A§" M 2 Q2a

where K(t) is the complete elliptic integral of the first kind, Py, o%, 05 are given by
Lemma 1.1, (3.12) and (3.13), respectively.

Since
(3.15) (1)) =2 +§ TUEure 7,
we have

(3.16) s = F(I?:)(I;(E 7——)7') . E .

and

(3.17) gy = LALC—T) _ 6

r4-r) 2-7)3-1)

For go and g3 given by the above equalities, Theorem 3.1, Theorem 3.3 and Theo-
rem 3.5 reduce to the following statements:
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Theorem 3.7. Let 7 < 2 and s? + st +t2 > 3. If the function f given by (1.1) is
in the class k-USTY" (s,1,7); =1 <7y < 1;0< k <1, then

(1—7)(2—7)(3—7)B> (3(17’}/)(27T)B2(82+St+t273)

3(1—F2)(s2 st +12—3) AT (A—k2)(3—7)(s+t—2)2
AT B242 2(s+t)B? sk
X qge i+ 32— ey ) Mo
1— 2—7)(3—7)B? sk ok
(3.18) |paj — a3 < 3(1(—k;))((32+s)t(+t2—)3)A§"’ 0 S S OT
(1)) (2-7)(3-7)B? ( 2s+t)B>  B2y2
3(1—F2) (2 Fst+12—3) A7 \(1—k2) (s1t—2) 3
3(1—7)(2—7)B%(s2+st+t2—3) A} %,
T T -k (B3—7)(s+t—2)2AZ" tu), < o3
where B is given by (1.11), and
2(3 — t—2)gs A3" t—2)(1-k?)(B*> -1
a0y o = ZOTOHCDGAT (oD ) 1))
3(2—7)(s2 + st +1t2 —3)gsAY 6(1 —~)B2
2(3 — t—2)gs A3" t—2)(1—-k*)(B*+5
PP B (ETEL .1 N (ET R LE )
3(2—7)(s2+ st +12 —3)gs A} 6(1 —~)B2

Each of the estimates in (3.18) is sharp.

Corollary 3.8. Let 7 < 2 and s? + st +t? < 3. If the function f given by (1.1) is
in the class k—USTK:;(s,t,’y); —-1<v<1;0< k<1, then

(1= @=7)(3=7)B? (3(1*7)(277)62(52+st+t273)

301—k?)(3—s2—sl—12) A7 =k (3—7) (s+i—2)2
AR B242 2(s+1) B2 ok
XEwh+ =3 — Cerey) A< orh
1—)(2—7)(3—1)B> . -
(3.21) |ﬂa§ —ag| < 3(1(—k;))((3—s2)£st—1)52)14g’ o S p K037

(-7 (@2-7)(3-7)B* ( 2s+0)B>  B%42

301—k2)(3—s2—si—12) A7 \(1—k?)(s+1—2) 3

_3(17'y)(277)82(52+5t+t273)A§’ > gt
2

(1—k2)(3—7) (s +1—2)2 AZ" p, n=

where B, 01*, 05" are given by (1.11), (3.19) and (3.20), respectively.

Theorem 3.9. Let 7 < 2 and s? + st +t2 > 3. If the function f given by (1.1) is

in the class k—UST;’_’;(s,t,’y); -1<v<1;k=1, then

8(1—7)(2—7)(3—7) (12(177)(277—)(52+st+t273)A§/
3n2(s2+st+t2—3) A7 n2(s+t—2)22(3—71)AZ"

SERCEETEE)

sk,
n2(s+t—2) =2 51 )

T T T

4(1— 2—7)(3—71 * 3k
(3:22)  |uad— a3l < { meEarA A 03" <
8(1—y)(2—7)(3—1) (4(8+t)(1*v)
3n2(s2+st+t2—3)A7 \ n2(s+t—2)
1 120—y)(2—7)(s®+st+t°—3) AT )

3 n2(s+t—2)22(3—71)AZ"

<0

1< 057
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where

e 20s+t—2)(3-7)A3" (s +t—2)
B2 N = rare-3@2-nag (st 24(1 =) )

e 2s+t—2)(3—7)AP 52(s+t — 2)
(3:24) 6" = 3(s2 4 st + 2 —3)(2 — 1) A2 (SH_ 24(1 — ) )

The results are sharp.

Corollary 3.10. Let 7 < 2 and s? + st + t?> < 3. If the function f given by (1.1)
is in the class k—USTS\L:;(S, t,7); =1 <y <1; k=1, then

8(1—y)(2—-7)(3—1) (12(1*7)(Q*T)(82+St+t2*3)14§
32 (3—s2—st—12) A 2 (s+i-2)22(3—1)A3" M
1 4(s+t)(1—7) *k
T3 = 7:2(s+t—2’; )’ p< 07
4(1—vy)(2—7)(3—T o S
(325) |H’a’§ - a’3| < 37:(2(31?32—%)—(152)14)@7 51 S /J/ S 62 7
8(1—y)(2—-7)(3—1) (4(8+t)(1*7)
3n2(3—s2—st—t2) AL \ n2(s+t—2)
1 12(1—9)(2—7)(s>+st+t>—3) Ax .
3 72(s+1—2)22(3—7)A2" 2 /1)7 W= 05

where 07*, d5* are given by ( 3.23) and (3.24), respectively.

Theorem 3.11. Let s? + st +t? > 3. Let the function f given by ( 1.1) be in the
class k-UST}" (s,t,7); =1 < v < 1; 1 < k < o0, and let 0 be the unique positive
number in the open interval (0,1) defined by (1.7). Then
(2-7)(3—7)P; (6(277)(52+5t+t273)A§'P1

12(s2+st+t2-3) Ay (s+t—2)22(3—7)A2"
4K2(0)(02+660+1)—7>  2(s+t) *o
+ 12v/6(1+60)K2(6) (s+t—2) P1)7 H = 01
2—71)(3—71)P: sk sk .
(3.26) |uaj — as| < 6(:(;2+sz—(i-t2—)3)34§'7 0" S PO
(2—7)(3—7) Py ( 2(s+t) _4K2(8)(8%+66+1) 1>
12(sFst+12—3) A7 \ (s+t—2)~ 1 12v/0(1+6)K2(6)
6(2—7)(s24st+t2—3)AT P, k.
T tt—2)72(—n) AT 1), 1S 07
where K(t) is the complete elliptic integral of the first kind, P, is given by Lemma 1.1
and
4 t—2)%(3 —1)A2"
3(s2+st+t2-3)(2—1)ATP
( (s+1) P 1_4IC2(9)(92+69+1)—T:2)
2s+t-2) 2 4801 +0)K2(0) )
4 t—2)%(3 —1)A2"

(s2+st+12—-3)3(2—1)ATP
><( (s+1) P _1_4IC2(9)(92+69+1)—R2)
2s+t—2) ' 2 48VB(1+0)K2(0)
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Corollary 3.12. Let s> + st +t? < 3. Let the function f given by ( 1.1) be in
the class k-USTY ' (s, t,7); =1 <y < 1; 1 < k < o0, and let ¢ be the unique positive
number in the open interval (0,1) defined by (1.7). Then

(2—7)(3—7)Py (6(277)(52+st+t273)A§‘P1

12(3—s2—st—t2) A7 (s+t—2)22(3—1)AZ"
4K2(0)(02+660+1)—>  2(s+t) ok
T VeTo)k(6) (s+t—2) Pr), < or;
2—1)(3—71)P; ok ok
(3:29) a3 — as| < 6(:(’,—s2)—(st—t)2)f4g’ 01" S U< 057
(2—7)(3=7)P, ( 2(s4t) p _ 4K2(0)(0*+60+1)—r>
12(3—s2—si—12) A7 \(s+t—2)" 1 12v/0(1+6)K2(8)
6(2—7)(s°+st+t>—3)AZ P o,
B (s+t72)22(377)A§’? : )’ 203"

where K(t) is the complete elliptic integral of the first kind, Py, o}*, 03" are given
by Lemma 1.1, (3.23) and (3.24), respectively.

Remark 3.1. If we take s =1, ¢t = —1 and n = 0 in corollaries 2.2-3.12, we get

all theorems in [9].

_51

[ The region of 52 + st + 12 < 3, s #t and s+t # 2.
[ The region of s? + st +t2 >3, s #t and s+t # 2.

For a brief history of the Fekete-Szeg6 problem for the class of starlike, convex
and close to convex functions, see the recent papers by Deniz and Orhan [6], Deniz
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et al. [5], Kanas and Lecko [12], Kanas and Darwish [11], Kanas [10], Mishra and
Gochhayat [18], Orhan and Gunes [21], Orhan and Raducanu [22], Orhan et al. [20],
Srivastava and Mishra [31], Srivastava et al. [32].
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