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Abstract. In this paper, we discuss the existence of solutions for a boundary value prob-
lem of fractional differential inclusions with nonlocal Riemann-Liouville integral boundary
conditions. Our results include the cases when the multivalued map involved in the prob-
lem is (i) convex valued, (ii) lower semicontinuous with nonempty closed and decomposable
values and (iii) nonconvex valued. In case (i) we apply a nonlinear alternative of Leray-
Schauder type, in the second case we combine the nonlinear alternative of Leray-Schauder
type for single-valued maps with a selection theorem due to Bressan and Colombo, while
in the third case we use a fixed point theorem for multivalued contractions due to Covitz
and Nadler.
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1. INTRODUCTION

In this paper, we discuss the existence of solutions for nonlinear fractional differen-
tial inclusions of order ¢ € (1, 2] with nonlocal Riemann-Liouville integral boundary
conditions given by

cDiz(t) € F(t,z(t)), 1<q<2, tel0,1],
" (n — 5)B~1
(1.1) z(0) = al’x(n za/ =" x(s)ds, 0<p<1
: 0
x(1) = bI%x( :b/ i) x(s)ds, 0<a<l,
0
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where ¢D? denotes the Caputo fractional derivative of order ¢, F': [0,1] x R — P(R)
is a multivalued map, P(R) is the family of all subsets of R and a, b, 1, o are real
constants with 0 < n, o < 1.

The present work is motivated by a recent article [5], where the authors studied
the single-valued case (°D%x(t) = f(t,z(t))) of problem (1.1).

Integral boundary conditions have found useful applications in applied fields such
as blood flow problems, chemical engineering, thermo-elasticity, underground water
flow, population dynamics, etc. For a detailed description of the integral boundary
conditions, we refer the reader to the papers [6], [14] and references therein. For
the basic theory of fractional differential equations and its applications see [22], [23],
[24], [25], whereas the recent developments on the topic can be found in [1], [2], [3],
[4], [7], 8], [9], [10], [11], [12] and the references cited therein.

We establish some existence results for the problem (1.1) when the multivalued
map involved in the problem is (i) convex valued; (ii) lower semicontinuous with
nonempty closed and decomposable values and (iii) nonconvex valued. The first
result is shown by applying a nonlinear alternative of Leray-Schauder type. To
obtain the second result, we combine the nonlinear alternative of Leray-Schauder
type for single-valued maps with a selection theorem due to Bressan and Colombo.
The third result is based on a fixed point theorem for contraction multivalued maps
due to Covitz and Nadler.

The methods used are standard, however their exposition in the framework of
problems (1.1) is new.

2. PRELIMINARIES

2.1. Fractional calculus. Let us recall some basic definitions of fractional cal-
culus [22], [25].

Definition 2.1. For (n—1)-times absolutely continuous function g: [0,00) — R,
the Caputo derivative of fractional order ¢ is defined as

1 t
“Dig(t) = m/ (t—s)"" T lgM(s)ds, n—1<qg<n, n=][q+1,
0

where [¢] denotes the integer part of the real number q.

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ is defined
as

190 = g [ gt a0

provided the integral exists.
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To define the solution for the inclusion problem we need the following lemma.

Lemma 2.3 ([5]). For any y € C[0, 1], the unique solution of the linear fractional
boundary value problem

Dia(t) = y(t), 1<q<2 te0.1)
"y )t
1) (0) za/o "FTJ;(S) ds,
= ai(a_s)a_lms s o
x(l)—b/o (s ds, 0<8 a1

(22)  a(t) = I%() + (1 — ) TPy (n) + (v2 + vst) (bITTy(o) — T7y(1)),

where
a bot! anPtl
= — 1 e — - - @@
. 1/( I‘(()4—|—2))7 "2 vI(B+2)
1 an® a bo®
2.3 = (1 - —L — (1=
(2:3) Vs 1/(1 F(6+1))’ v 1/(1 F(oz—l—l))’

anP oo tl anPt1 o
v= (“r(,@Lﬂ))(l_ F?a—i—Z)) +F(Z+2)<1_F(27+1))'

2.2. Multivalued analysis. Let us recall some basic definitions on multi-valued
maps [17], [19].

For a normed space (X, | - ), let Pa(X) = {Y € P(X): Y is closed}, Py(X) =
{Y e P(X): Y is bounded}, Pep(X) = {Y € P(X): Y is compact}, and Py o(X)
{Y € P(X): Y is compact and convex}. A multi-valued map G: X — P(X)
is convex (closed) valued if G(x) is convex (closed) for all z € X. The map G is

bounded on bounded sets if G(B) = |J G(x) is bounded in X for all B € P,(X) (i.e.
z€B

sup{sup{|y|: v € G(x)}} < o). G is called upper semi-continuous (u.s.c.) on X if

z€B

for each zg € X, the set G(xp) is a nonempty closed subset of X, and if for each
open set N of X containing G(zy), there exists an open neighborhood N of z( such
that G(Ny) € N. A map G is said to be completely continuous if G(B) is relatively
compact for every B € P,(X). If the multi-valued map G is completely continuous
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
ie, Tn = Tu, Yn = Yu, Yn € G(x,) imply y. € G(x.). A map G has a fixed point if
there is € X such that € G(z). The fixed point set of the multivalued operator
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G will be denoted by FixG. A multivalued map G: [0;1] — P.(R) is said to be
measurable if for every y € R, the function

t—d(y,G(t)) =inf{ly — 2|: z € G(1)}

is measurable.

Let C(]0,1]) denote a Banach space of continuous functions from [0, 1] into R with

the norm ||z|| = sup |z(t)|]. Let L'([0,1],R) be the Banach space of measurable
te[0,1]

)

functions z: [0,1] — R which are Lebesgue integrable and normed by |z| . =
fol |z(t)| dt. Also, AC1(]0, 1], R) will denote the space of functions y: [0,1] — R that
are absolutely continuous and whose first derivative is absolutely continuous.

Definition 2.4. A multivalued map F: [0,1] x R — P(R) is said to be
Carathéodory if

(i) t — F(t,z) is measurable for each = € R;

(ii) = — F(t, z) is upper semicontinuous for almost all ¢ € [0, 1].
Further, a Carathéodory function F is called L!-Carathéodory if
(iii) for each a > 0, there exists ¢, € L'([0,1],RT) such that

[1E(t 2) || = sup{lo]: v € F(t,2)} < ¢a(t)
for all ||z|| < o and for a.e. ¢ € [0, 1].

For each y € C([0, 1], R), define the set of selections of F by
Spy = {ve L'([0,1],R): v(t) € F(t,y(t)) for a.e. t € [0,1]}.

Let X be a nonempty closed subset of a Banach space E and G: X — P(E)
a multivalued operator with nonempty closed values. G is lower semi-continuous
(Ls.c.) if the set {y € X: G(y) N B # ()} is open for any open set B in E. Let A be
a subset of [0,1] x R. A is £® B measurable if A belongs to the o-algebra generated
by all sets of the form J x D, where J is Lebesgue measurable in [0,1] and D is
Borel measurable in R. A subset A of L([0, 1], R) is decomposable if for all u,v € A
and measurable J C [0,1] = J, the function ux s + vxs—7 belongs to A, where x 7
stands for the characteristic function of J.

Definition 2.5. Let Y be a separable metric space and let N be a multivalued
operator such that N: Y — P(L([0,1],R)). We say N has the property (BC) if N
is lower semi-continuous (l.s.c.) and has nonempty closed and decomposable values.
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Let F': [0,1] x R — P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F: C([0,1] x R) — P(L([0, 1], R)) associated with '

F(x) = {we LY([0,1],R): w(t) € F(t,z(t)) for a.e. t € [0,1]},

which is called the Nemytskii operator associated with F.

Definition 2.6. Let F': [0,1] x R — P(R) be a multivalued function with non-
empty compact values. We say F is of lower semi-continuous type (l.s.c. type) if its
associated Nemytskii operator F is lower semi-continuous and has nonempty closed
and decomposable values.

Let (X, d) be a metric space induced from the normed space (X;| - ||). Consider

Hy: P(X)xP(X)— RU{oo} given by

Hy(A,B) = max{sgg d(a, B), ilelg d(A, b)}7

where d(A,b) = inlf4 d(a;b) and d(a, B) = bing d(a;b). Then (Py o1(X), Hg) is a metric
ac S
space and (P(X), Hq) is a generalized metric space (see [20]).

Definition 2.7. A multivalued operator N: X — P (X) is called:
(a) y-Lipschitz if and only if there exists 7 > 0 such that

Hy(N(z),N(y)) < vd(z,y) foreachz, y € X;
(b) a contraction if and only if it is 7-Lipschitz with v < 1.

The following lemmas will be used in the sequel.

Lemma 2.8 (Nonlinear alternative for Kakutani maps [18]). Let E be a Banach
space, C a closed convex subset of E, U an open subset of C and 0 € U. Suppose
that F: U — P, o(C) is an upper semicontinuous compact map. Then either

(i) F has a fixed point in U, or
(ii) there is au € U and X € (0,1) with u € AF(u).

Lemma 2.9 ([21]). Let X be a Banach space. Let F: [0,T] x R — Py, o(X)
be an L'-Carathéodory multivalued map and let © be a linear continuous mapping
from L1([0,1], X) to C([0,1], X). Then the operator

©0Sp: C([0,1],X) = Ppo(C([0,1], X)), x> (©08r)(z) = O(Sp.)

is a closed graph operator in C([0, 1], X) x C(]0, 1], X).
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Lemma 2.10 ([13]). Let Y be a separable metric space and let N: Y —
P(LY([0,1],R)) be a multivalued operator having the property (BC). Then N has
a continuous selection, that is, there exists a continuous (single-valued) function
g: Y — L1([0,1],R) such that g(z) € N(z) for every z € Y.

Lemma 2.11 ([16]). Let (X,d) be a complete metric space. If N: X — P, (X)
is a contraction, then Fix N # ().

Definition 2.12. A function # € AC?([0,1],R) is said to be a solution of the
problem (1.1) if #(0) = al®z(n), (1) = bI*xz(c), and there exists a function f €
L1([0,1], R) such that f(t) € F(t,z(t)) a.e. on [0,1] and

B t (t— 8)q71 T (n— s)‘”ﬁ*l

wwn{o [ %ﬂs)ds - 1 %ﬂs)ds},

where v1, 19, v3 and vy are given by (2.3).

3. EXISTENCE RESULTS

Theorem 3.1 (The Carathéodory case). Assume that:

(Hy) F: [0,1] x R = P(R) is Carathéodory and has nonempty compact and convex
values;

(Hg) there exist a continuous nondecreasing function ¢ : [0,00) — (0, 00) and a func-
tion p € C([0,1], R™) such that

|1E(t, @)l :=sup{ly|: y € F(t,z)} < p(t)¢(|lx]|) for each (t,z) € [0,1] x R;

(Hg) there exists a constant M > 0 such that

M
L+ [vo| + |vs| | 9P (la] +|val) | [blo?™(|va] + [v3])
HPW(M){ I'(g+1) Lg+B+1) * T(g+a+1) }

Then the boundary value problem (1.1) has at least one solution on [0, 1].
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Proof. Define the operator 2: C([0,1],R) — P(C([0,1],R)) by

Q(z) = {h e C([0,1],R):

L —g)a-1 n — g)atB-1
h(t) = /0 %f(s)ds-i—(l/l—tm)/o %Jc(s)ds

+(V2+V3t)(b/oa%f(s)ds—/ol%f@)ds)}

for f € Sp. We will show that 2 satisfies the assumptions of the nonlinear alter-
native of Leray-Schauder type. The proof consists of several steps. As a first step,
we show that Q is convex for each x € C([0, 1], R). This step is obvious since Sr; is
convex (F has convex values), and therefore we omit the proof.

Next, we show that £ maps bounded sets (balls) into bounded sets in C([0,1], R).
For a positive number p, let B, = {z € C([0,1],R): ||z|| < ¢} be a bounded ball in
C([0,1], R). Then, for each h € Q(z),z € B,, there exists f € Sp, such that

it —g)a-1 M (p— g)atB-1
h(t):/o %f(s)ds—k(ul—tm)/o %Jc(s)ds

9 (g — g)ata-1 11— g)a1
+(1/2+1/3t){b/0 (F(q%a)f(s)ds—/o %f(s)ds},
and

t — s q—1
Ih(t)] < / %p@mnmds
n (77 _ S)q+6—1
+(l+ bl [ I la) ds

(g —3 qt+a—1
a1 [ O plepwlal) ds

11— g)at
‘) %zg(s)wwnms)

4 77(1+B
< Il gy + (il + D gy

|b|0q+a 1
+ (Jve] + |”3|)(r(q+ a+1) + I'(q+ 1))}

- ||p||w<|\x||){ L+ [vo| +|vs| | 0% F(lva] + [va]) | [Blo9t(Jve] + Iv:sl)}
b T(g+1) T(q+pB+1) T(g+a+1)
Thus,
Ihl < HPW(Q){HIVQIHWI 1P (Jva| + |va) Ibloq+“(|w|+lv:sl)}
b T(g+1) T(g+8+1) T(g+a+1)
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Now we show that  maps bounded sets into equicontinuous sets of C([0, 1], R).
Let t1,to € [0,1] with ¢1 < t2 and = € B,, where B, is a bounded set of C(][0, 1], R).
For each h € Q(z), we obtain

Iht) — h(ty)] < / T (o) ds I =S o) ds

I'(q) 0 I'(q)
M (n—g)ath—1
—utta =) [ e
—untta= (0 [ s [T as)
o[ [ g [ |,
n—s) q+ﬁ 1
i o) [P v s

T val(ta - t1><|b|
0

_ q+a 1 _
(0 — ) ‘d +/ ‘ (1—29) ds‘)}
I'(g+«)

Obviously, the right hand side of the above inequality tends to zero independently
of x € B, as tg — t; — 0. As ) satisfies the above three assumptions, it follows
by the Arzela-Ascoli theorem that Q: C(]0,1],R) — P(C([0,1],R)) is completely
continuous.

In our next step, we show that ) has a closed graph. Let x, — z., h, € Q(x,) and
hy, — hs. Then we need to show that h, € Q(z.). Associated with h,, € Q(z,,), there
exists f, € Sg, such that for each ¢t € [0, 1],

ot — g)a1 M (n— g)atB-1
(0 = [ G e as o o) [N g g as

7 (o — g)ata-t B 1(1—5)‘1’1 ) ds
wen s [T [ S ar

Thus we have to show that there exists f. € Sr . such that for each ¢ € [0, 1],

it — g)a L M (p— g)atB-1
hy(t) = /0 %f*(s) ds + (11 —tz/4)/0 %ﬂ(s) ds

+ (v +V3t){b/oa %ﬂ(sms _ /01 %ﬂ(s)ds}.
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Let us consider the continuous linear operator ©: L!([0,1],R) — C([0,1],R)
given by

(t—s)17t — g)ath-1

Fron® = [ G as+ o - [T as

7 (0 —s)atal —s)!
+(u2+u3t>{b/0 e [ S f(s)ds}-

Observe that

1 (8) = ha(B) ]| = /0 Ceb)i (fn(s) = fu(s)) ds

T(q)
n _ q+ﬂ 1
Vl—m/o ;M (Fals) — fu(s)) ds
o' 0__5 q+o( 1
w v { [ O o) - o

’—>0

/0( F(fj)“( fols) = 1)) s
as n — oQ.

Thus, it follows by Lemma 2.9 that © o Sg is a closed graph operator. Further,
we have hy,(t) € ©(SF, ). Since z, — x., we have

L —g)a1 n — g)atB-1
hi(t) = /0 (t F(q)) fe(s)ds+ (11 —t1/4)/0 %J‘*(s) ds

. Vgt){b/oa %ﬂ(s) ds — /O1 u ;(Sq))q_l £u(s) ds}

for some f, € Spg..

Finally, we show there exists an open set U C C([0,1],R) with = ¢ Q(x) for A €
(0,1) and x € OU. Let A € (0,1) and z € AQ(x). Then there exists f € L'([0, 1], R)
with f € Sg, such that, for ¢t € [0,1], we have

ot — g)a1 n — g)atp-1
h(t) = / ¢ F(q)) F(5)ds + (1 — tw) / %ﬂs)ds

v {o [TO I g as- [ a s}

Using the computations of the second step above we obtain

L+ [ve| +fvs| | 0™ (lva| + |val) |b|0q+a(|l/2|+|1/3l)}

Il < Iols(lel){ =Rl + Tl | Heel 2

459



Consequently, we have

Iz _
Dl + ] (ol 4 ), Pl (al + o)y
Il { =5+ st Fre

In view of (Hs), there exists M such that ||z| # M. Let us set
U={zeC(0,1],R): |z|]| < M}.

Note that the operator Q: U — P(C([0,1],R)) is upper semicontinuous and com-
pletely continuous. Due to the choice of U, there is no « € QU such that z € A\Q(x)
for some A € (0, 1). Consequently, by the nonlinear alternative of the Leray-Schauder
type (Lemma 2.8), we deduce that  has a fixed point x € U which is a solution of
the problem (1.1). This completes the proof. O

Example 3.1. Consider the strip fractional boundary value problem

cD3/2, T
(3.1) {D (t) € F(t,z(t), 0<t<T1,

z(0) = IY2%2(1/4), z(1) = I'/32(1/2).

Here¢q=3/2,a=b=1,=1/2,a=1/3,n=1/4,0 =1/2;and F: [0,1] xR —
P(R) is a multivalued map given by

j/?

3t 45, 1]

— F(t :{
T ) = e o+ 1

+t+1].
For f € F we have

|z 3 ||
+ 3t° 45,
|z|® + 3 |z] + 1

|f|<max( +t+1)<9, z €R.
Thus,
|E(t, @)l :=sup{ly|: y € F(t,2)} <9 =pt)¢(lz]), v R,
with p(t) = 1, ¢([|z]]) = 9.
Further, using the condition (Hs) we find that M > M;, where M; ~ 15.2244.

Clearly, all the conditions of Theorem 3.1 are satisfied. So there exists at least one
solution of the problem (3.1) on [0, 1].
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Theorem 3.2 (The lower semicontinuous case). Assume that (Hz), (Hs) and the
following condition hold:

(Hq) F: [0,1] x R — P(R) is a nonempty compact-valued multivalued map such
that
(a) (t,x) — F(t,z) is L ® B measurable,
(b) x> F(t,z) is lower semicontinuous for each t € [0, 1].

Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. We make use of the nonlinear alternative of the Leray Schauder type
together with the selection theorem of Bressan and Colombo [13] for lower semi-
continuous maps with decomposable values to complete the proof. It follows from
(Hz) and (Hy) that F is of Ls.c. type. Then by virtue of Lemma 2.10 there exists
a continuous function f: C([0,1],R) — L([0,1],R) such that f(x) € F(x) for all
z € C([0,1], R).

Consider the problem

(3.2)

{”D%@) = fl@)(t), te0,1], 1<q¢<2,
z(0) = alPz(n), z(1) = bI%(0).

Observe that if x € AC?([0, 1], R) is a solution of (3.2), then z is a solution to the
problem (1.1). In order to transform the problem (3.2) into a fixed point problem,
we define the operator  as

o t _ s qg—1 n — 35)¢ B—1
) = [ Gl s as+ 0 —w) [T ) as

7 (0 —s)rta-t -t
+ (st Vgt){b/o e @) —/O S @) ds}.

It can be shown easily that Q is continuous and completely continuous. The
remaining part of the proof is similar to that of Theorem 3.1. So we omit it. This
completes the proof. O

Our next result dealing with the nonconvex type multivalued map for problem (1.1)
relies on a fixed point theorem for multivalued maps due to Covitz and Nadler [16].

Theorem 3.3 (The Lipschitz case). Assume that the following conditions hold:

(Hs) F: [0,1] x R — Pp(R) is such that F(-,z): [0,1] — Pep(R) is measurable for
each x € R;

(He) Hy(F(t,z), F(t,z)) < m(t)|x — Z| for almost all t € [0,1] and z,Z € R with

m € C([0,1], RT) and d(0, F(t,0)) < m(t) for almost all ¢ € [0, 1].
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If

m ||{1+|u2|+|u3| 0P (| + [val) |b|aq+a<|u2|+|vzl>}<1
I'(g+1) Tg+p+1) Mg+ a+1)

then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Observe that the set Sp, is nonempty for each x € C([0,1], R) by the
assumption (Hs), so F' has a measurable selection (see [15], Theorem IIL.6). Now
we show that the operator €2, defined at the beginning of the proof of Theorem 3.1,
satisfies the assumptions of Lemma 2.11. To show that Q(z) € Pu((C]0,1],R))
for each z € C([0,1],R), let {up}tn>0 € Q(z) be such that u, — u(n — oo0) in
C([0,1],R). Then v € C([0,1],R) and there exists v, € Sp,, such that, for each
t €10,1],

[T st o) [T s
wlt) = [ v s+ o =) [ )

T mt){b/oa %w(s)ds—/o1 %w(s)ds}-

As F has compact values, we pass to a subsequence to obtain that v, converges
to v in L([0, 1], R). Thus, v € S, and for each t € [0, 1],

B t (t— S)q71 T (n— s)‘”ﬁ*l
un(t) = u(t) = /0 Wﬁu(s) ds+ (11 — t1/4)/0 wv(s) ds
07(0_5)(&&_111 s)ds — 17(1_8>q_1v s)ds
s [0 [ ESE e an}

Hence, u € Q(x).
Next we show that there exists v < 1 such that

Hy(Q(z),2(z)) < vlJlx —Z|| for each z,Z € C([0, 1], R).

Let z,z € C(]0,1],R) and hy € Q(x). Then there exists v1(t) € F(t,x(t)) such that,
for each ¢t € [0, 1],

t—s)q 1 . n(n_s)q+ﬁ—1v )ds
/0 S T(q) () ds (e t4)/0 I'(g+ B) (=)

+(1/2+1/3t){b/00 %vms)ds—/{:%m(sms}.

By (Hg), we have
Ha(F(t,2), F(t, 7)) < m(t)]z(t) — z(t)].
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So, there exists w € F(t,Z(t)) such that
l1(t) — w| <m(t)x(t) —z(t)], te[0,1].
Define U: [0,1] — P(R) by
Ut) = {w e R: |ur(t) —w| < m(t)|z(t) — 2(t)[}-

Since the multivalued operator U(t) N F(t,Z(t)) is measurable ([15], Proposi-

tion III.4), there exists a function ve(¢) which is a measurable selection for U. So

va(t) € F(t,z(t)) and for each ¢ € [0, 1], we have |vy(t) — v2(t)| < m(t)|z(t) — Z(t)|-
For each t € [0,1], let us define

vt —g)a1t M (p— g)atB—1
ha(t) = /0 %vg(s) ds + (v — t1/4)/0 %vg(s)ds

7 (o —s)ita-t B 1(1—5)‘171” ) ds
+(1/2+1/3t){b/0 7F(q+a) va(s)ds /0 7F(q) 2(s) d }

Thus,

t—s)at

ne) = hato) < [ 5T 09 - )]s

n — g)atB-1
+ (bl [ O (o) = walo) s
7 (g —s)rta—l
#nl {1 [ T () - o)l
L —s)rt

[ BTt - n)las
<L bl Yl ) | [ Dy
h T(g+1) I'(qg+B+1) Tlg+a+1)

Hence,

L+ [vo| + lvsl | 0P (lval + |va]) |b|0q+“(|V2|+|V3|)}Hx_,

|h1 — hal| < ||mH{ T(q+1) T(g+B+1) I'(g+a+1)

Analogously, interchanging the roles of z and T, we obtain

Ha(Q(x), 7)) < vz — Z|

L+ o]+ |ws| | 97 P (vl + [va]) | [blo? ™ (Jva| + |va]) ~
< —x|.
Hm”{ T'(g+1) P(g+8+1) Fg+a+1) }Hx z]|

Since € is a contraction, it follows by Lemma 2.11 that €2 has a fixed point x which
is a solution of (1.1). This completes the proof. O
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