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On some classes of spaces with the D-property

JuaAN CARLOS MARTINEZ

Abstract. We shall prove that under CH every regular meta-Lindel6f P-space
which is locally D has the D-property. In addition, we shall prove that a regular
submeta-Lindelof P-space is D if it is locally D and has locally extent at most w1 .
Moreover, these results can be extended from the class of locally D-spaces to the
wider class of D-scattered spaces. Also, we shall give a direct proof (without
using topological games) of the result shown by Peng [On spaces which are D,
linearly D and transitively D, Topology Appl. 157 (2010), 378-384] which states
that every weak O-refinable D-scattered space is D.
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1. Introduction

All spaces under consideration are 7;. Our terminology is standard. Terms
not defined here can be found in [4].

A neighbourhood assignment for a space X is a function 7 from X to the
topology of X such that x € n(z) for every x € X. If Y is a subset of X, we
write [Y] = U{n(y) : y € Y}. Then, we say that X is a D-space, if for every
neighbourhood assignment n for X there is a closed discrete subset D of X such
that n[D] = X.

The notion of a D-space was introduced by van Douwen and Pfeffer in [7],
and it is a useful tool in the study of covering properties in topology. It is easy
to see that compact spaces and also o-compact spaces have property D. Also,
it is known that (finite unions of) metric spaces and spaces satisfying certain
generalized metric properties are D (see [1], [2], [5], [9] and [15]).

However, it is not known whether every regular Lindelof space is D. Neverthe-
less, it has been recently shown in [19] that under ¢ there is a Hausdorff heredi-
tarily Lindelof space which is not D. Also, it is unknown whether the D-property
is implied by paracompactness, subparacompactness or metacompactness. These
problems have been the subject of much research. It was shown in [6] that on
the class of generalized ordered spaces paracompactness is equivalent to the D-
property, and it was proved in [9] that for subspaces of finite products of ordinals
property D is equivalent to metacompactness. On the other hand, it is known
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that a submetacompact space is D if it is scattered or locally D (see [16]). And
recently, it has been shown in [20] that under MA + —CH every submeta-Lindel6f
space of cardinality < wj is D. However, it is not known whether it is consistent
that every paracompact space of cardinality < ws is D. We refer the reader to the
survey paper [11] for further results on D-spaces as well as examples and basic
facts.

Recall that a topological space X is a P-space, if every Gs-subset of X is open.
It is known that regular P-spaces are important in the study of rings of continuous
real-valued functions (see [10]). Since in a P-space every countable set of points
is closed discrete, it is obvious that every Lindel6f P-space is D. In fact, we have
that every Lindelof P-space is Alster, a property that implies being productively
Lindelof and being D (see [3]). However, it is not known whether every regular
meta-Lindelof P-space is D. In connection with this question, we shall prove here
that under CH every regular meta-Lindel6f P-space which is locally D has the
D-property. In addition, we shall prove that a regular submeta-Lindel6f P-space
is D if it is locally D and every point of the space has a neighbourhood whose
extent is at most wi. Moreover, these results can be extended from the class of
locally D-spaces to the wider class of D-scattered spaces.

Also, by means of stationary winning strategies in topological games, it was
shown by Peng in [16, Theorem 18] that every weak f-refinable D-scattered space is
D (and so it is obtained as a consequence that every submetacompact D-scattered
space is D). Note that this theorem is best possible, because the construction car-
ried out in [8] provides us an example of a locally compact scattered (hereditarily)
weak #-refinable space which is not D. Then, we shall give here an alternative
proof of Peng’s theorem, which we think is more direct and does not use topolog-
ical games.

We shall use without explicit mention the well-known facts that “D-space”,
“P-space”, “meta-Lindel6f” and “submeta-Lindelof” are closed hereditary.

2. P-spaces

Recall that if I/ is an open cover of a space X, the order of a point z € X in
U is ord(z,U) = {U e U : = € U}|. A space X is meta-Lindeldf, if for every
open cover U of X there is an open refinement P such that every element of X
has countable order in P.

We say that a space X is locally D, if for every point x of X there is a neigh-
bourhood U of x such that U with the relative topology of X is D.

First, our aim is to prove the following result.

Theorem 2.1. Assume CH and that X is a regular meta-Lindeléf P-space such
that X is locally D. Then X is D.

PROOF: Suppose that X is a regular meta-Lindelof P-space such that X is lo-
cally D. To prove that X is D, assume that 7 is a neighbourhood assignment
for X. As X is regular and locally D, we may assume that Clx(n(x)) is D for
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every x € X. Since X is meta-Lindelof, there is a point-countable open refinement
P of n.

Proceeding by induction on 0 < n < w, it is not difficult to construct a closed
discrete subset E,, of X such that {z € X : ord(z,P) < n} C n[E,]. However,
if we put V= n[U{En : n < w}], we cannot assume that X \ V is a discrete
union of D-subspaces, because if x,y € X \ V with = # y, it may happen that
{UeP:2eU} & {U e P:yecU} Then, in order to construct the required
closed discrete subset D for 7, first we fix an enumeration {z, : a < 7} of X.
For each o < 7y, we define P, ={U € P:xq € Ut and Z, = ({U € P : 2, €
UN({X\U :U € P,x, ¢ U}. Our purpose is to define for each o < v a closed
discrete subset D, of X such that the following conditions hold:

(1) DaNnll{Dp : 8 < a}] = 0;
(2) for every ¢ <~y with Ps C Pn, Zs Cn[U{Ds: 8 < a}].

So, assume that oo < v and Dg has been constructed for every 5 < . Let

Ua =l J{Ds : 8 < a}].

If for every § < v with Ps C P, we have that Zs C U,, we define D, = (). So,
suppose that there is a § < v with Ps C P, and Zs Z U,. Since we are assuming
CH, there is an enumeration {Ps, : £ < ¢} with ¢ < wy of {Ps : § < 7, Ps C
Po, Zs € Uy }. Without loss of generality, we may assume that ( = w;. Note that
for 6 < v with Ps C P, Clx(Zs) is D because Zs is contained in some element of
the cover {n(z) : ¢ € X} and Clx(n(x)) is D for every x € X. Then, proceeding
by transfinite induction on £ < wy, it is easy to construct a closed discrete subset

Eg(a) of X such that the following holds:

(a) B0 (Ua UnU(ES : < €})) = 05
(b) B C Clx(Zs,) € Ua Un[U(EL : < €},

We define D, = U{Eéa) : & < wi}. We need to show that D, is closed discrete
in X. For this, assume that D, # 0 and z € X. If z € n[J{Ds : B < a}], we
are done by condition (a). And if x € n[D,], we are done by condition (a) and
the assumption that X is a P-space. So, assume that z ¢ n[J{Ds : 5 < a}]. Let
0 <~y such that = x5. Clearly Zs € U,, and hence Ps € P, by condition (b).
Let Uy = ({U € P : 2 € U}. Then since Ps € Pa, Up N Clx(Z5,) = 0 for every
¢ < wi, hence U, N Eg(a) = () for every £ < w1, and so U, N D, = 0.

Finally, we put D = [J{D, : @ < v}. By condition (2), for every a < 7,
o € NU{Ds : B < a}] C n[D], and hence n[D] = X. To check that D is closed
discrete in X, consider a point z € X. Let a < 7 such that = € n[D,]. Since D, is
closed discrete in X, there is a neighbourhood V' of  such that (V\{z})ND, = 0.
Also, by the argument given above, ({U € P:xz € U} N Dg = () for every 3 < a.
And by condition (1), we see that n[D,] N Dg = 0 for every 8 > a. Therefore,
is not an accumulation point of D. O
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Recall that a space X is submeta-Lindelof , if for every open cover U of X there
is a sequence of open refinements {P,, : n € w} such that every element of X has
countable order in some P,,.

For every space X, we denote by e(X) the extent of X, i.e. the supremum of the
cardinalities of the closed discrete subsets of X. If A is an infinite cardinal, we say
that a space X has locally extent < A, if for every x € X there is a neighbourhood
U of x with e(U) < .

Now, our purpose is to prove the following result.

Theorem 2.2. Suppose that X is a regular submeta-Lindeléf P-space such that
X is locally D and has locally extent < wy. Then X is D.

In fact, we can show the following more general result, whose proof is a refine-
ment of the argument given in [17, Lemma 25]. In the proof, we will use ideas
given in the construction carried out in [14, Section 3].

Lemma 2.1. Assume that there is a sequence {Py, : k € w} of open covers of a
P-space X such that every point of X has order < wy in some Py, and in such a
way that for every U € |J{Pk : k € w}, Clx(U) is a D-subspace whose extent is
at most wy. Then X is D.

PrOOF: In order to show that X is D, suppose that n is a neighbourhood as-
signment for X. Put X = {z, : @ < v}. For each o < ~, we construct a closed
discrete subset D, of X such that the following conditions are satisfied:

(1) 20 € nlU{Dp : 6 < a});
(2) DailU{Ds : B < a}] = 0
B)ifze X\nU{Dpg:B8<a}]and V = {Vi: k € w} where x € V}, € Py, for
each k € w, then VN J{Dg: 5 < a} =0.
Note that conditions (2) and (3) imply that (J{Dg : § < a} is closed for limit «.
So, assume that o < v and Dg has been constructed for every 5 < a. Our aim
is to construct Dy. Put Uy = n[U{Ds : B < a}]. If z4 € Uy, we put D, = 0.
So, assume that zo ¢ Us. Let {I¢ : £ < w1} be a partition of w; into subsets of
size wi. In order to construct Dy, we will define a sequence {E¢ : £ < w1} of closed
discrete subsets of X, we will define a strictly increasing function s : w; — w;
and we will construct a sequence {V¢ : £ < wi} of collections of open sets of
U{Px : k € w} such that each V¢ is enumerated by {V; : i € I¢,i > s(§)} and in
such a way that, for every ¢ < wi, the following conditions hold:
(a) B¢ N (Ua UnlU{E,: p < &}]) = 0;
(b) if V; € V¢ for ( < € and ¢ < s(§), then V; C Uy Un[U{E, : p < &}
(c) if V' € Vg, then there is some k < w such that V' € P, and V N {z € E¢ :
ord(z, Pr) <wi} # 0.
Let F = Clx(V) where zo € V € |J{Pr : k € w} . Since F' is a D-subspace
whose extent is at most wy, there is a closed discrete subset Ey of F'\ U, such
that F'\ U, C n[Ep] and |Ep| < wy. For every k € w, let Eék) ={zr € Ey:
ord(z, Pr) < wy}. Clearly, Ey = U{Eék) : k € w}. Now, for k € w let Vék) =
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{VeP,:Vn Eék) #0}. Let Vo = U{Vék) : k € w}. Since every point of Eék)
has order < w; in P; and |Eék)| < wy, we deduce that |V0(k)| < w; for every k € w,
and hence [Vy| < wi. We enumerate Vo by {V; : i € Iy \ {0}}. We put s(0) = 0.

Now, assume that 0 < ¢ < wi, F, and V, have been constructed for u < ¢
and s has been defined for every p < & If V.C U, Un[U{E, : p < &}] for every
Ve U{Vy: p <&}, we define D, = | J{E,, : p < &}. Otherwise, we consider the
least ordinal i € (J{I, : p < &} such that V; € Uy Un[U{E, : p < £}]. We put
V =V, and s(§) = i. We show that s(u) < s(§) for every u < £. First, assume
that £ = (+1 is a successor ordinal. Note that if V' € V¢, then s(¢) < s(§) because
V¢ is enumerated by {V; : j € I¢,j > s({)}, and hence s(u) < s(&) for every p < &
by the induction hypotheses. So, suppose that V' € V, for some u < ¢. Note
that, by condition (b), Vi) € Ua Un[U{E, : p < &}], and hence s(¢) # s().
Then, by the election of V' and the definition of s(¢), it follows that s(¢) < s(§).
Now, assume that £ is a limit ordinal. Let { < £ such that V = V; € V.. As
VZ U UnU{EL : 1 < &}, it follows that ¢ = s(§) > s(p) for ¢ < p < &, and so
s(&) > s(u) for every pu < £ by the induction hypotheses. Now, let F' = Clx (V).
Since F' is a D-subspace whose extent is at most wj, there is a closed discrete
subset E¢ of F\ (Ua Un[U{E, : p < &}]) such that F\ (U Un[U{E, : 1 < &}]) C
n[Ee] and |E¢| < wq. For k < w, let Eg(k) = {z € E¢ : ord(z,P) < w1} and
VP =V eP: VNE® £0and V ¢ V), for i < €}. Let Ve = UV k € w}.
Since every point of Eék) has order < w; in P and |E§k)| < wy, we deduce that
Ve has size at most wy. We enumerate Ve by {V; : i € I¢, i > s(§)}.

Without loss of generality, we may assume that for every £ < w; there is an
element V e J{V, : p < &} such that V & Uy Un[U{E, : p < §}]. Otherwise,
D, is a countable union J{E, : u < &} for some £ < wy and the argument
is easier. We define D, = J{E¢ : £ < wi}. We show that D, is a closed
discrete subset of X. First, assume that z € U, Un[D,]. Then since X is a
P-space, by condition (a), it follows that 2 is not an accumulation point of D,,.
So, assume that « ¢ U, Un[D,]. For each k € w let W), € P}, with z € W,
Let W = ({W} : k € w}. We show that W N D, = 0. For this, assume on the
contrary that W N D, # 0. Let & be the least p < wq such that W N E, # 0. So,
there is an m € w such that WnN Eém) # (. Therefore, W,, ﬂEém) £ (). Tt follows
that Wy, € V¢ for some ¢ < . Let ¢ € I¢ such that Wy, = V;. Since s is strictly
increasing, there is an ordinal § < w; such that i < (). Note that ¢ < §, because
if & < ¢, then s(d) < s(¢) < i, which contradicts the election of §. Now, by the
definition of s(4), we deduce that V; = W,,, C UUn[U{E, : p < 6}] C UaUn[Dy],
which contradicts our assumption on .

So, we have shown that D, is a closed discrete subset of X. Clearly, the
family {Dg : 8 < o} satisfies conditions (1) and (2). And by using the induction
hypotheses and the argument given in the preceding paragraph, we can see that
it also satisfies condition (3).
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Now, we can check that D = (J{D, : @ < 7} is as required. By condition (1),
n[D] = X. To verify that D is closed discrete in X, consider a point € X. Let
a < v such that z € n[D,]. Since D, is closed discrete in X, by using conditions
(2) and (3), it is easy to see that there is a neighbourhood U of = such that
(U\{z})nD =10. O

PROOF OF THEOREM 2.2: Since X is regular, locally D and has locally extent
< wy, for every z € X there is an open neighbourhood U, of = such that Clx (U,)
is a D-subspace whose extent is at most wy. As X is submeta-Lindelof, there is
a sequence {Py : k € w} of open refinements of {U, : © € X} such that every
element of X has countable order in some Pj. Clearly, the sequence {Py : k € w}
satisfies the requirements of Lemma 2.1. O

Also, since every Lindeldf P-space is D and has countable extent, the following
result is an immediate consequence of Theorem 2.2.

Corollary 2.1. Every regular submeta-Lindel6f locally Lindeléf P-space is D.

3. IDD-scattered spaces

Recall that a space X is scattered, if every non-empty closed subspace of X
has an isolated point. And a space X is C-scattered, if every non-empty closed
subspace Y of X has a point with a compact neighbourhood in Y. Clearly,
the class of C-scattered spaces contains every locally compact space and every
scattered space. And we say that a space X is D-scattered, if every non-empty
closed subspace Y of X has a point with a D-neighbourhood in Y. Note that the
class of D-scattered spaces contains every locally D-space and every C-scattered
space. These notions of scattered spaces have been useful in the study of D-spaces
(see [12], [13], [15], [16] and [17]).

We define the D-derivative X* of a space X as the set of all z € X such that
x does not have a D-neighbourhood in X. We can extend the Cantor-Bendixson
process for topological spaces by using the notion of D-derivative. If X is a space
and « is an ordinal, we define X as follows. X° = X;ifa =3+1, X* = (XP)*,
and if « is a limit, X* = N{X? : 8 < a}. It is easy to check that a space X is
D-scattered iff there is an ordinal o such that X® = (). Then, we define the rank
of a D-scattered space X by rank(X) = the least ordinal « such that X% = (.
Note that if X # (), then X is locally D iff rank(X) = 1.

In [17], Peng proved that if X is a regular meta-Lindel6f D-scattered space
with locally countable extent, then X is a D-space.

We want to remark that the notion of a locally D-space is strictly stronger
than the notion of a D-scattered space. For this, we construct a regular scattered
space X which is not locally D. First, for each n < w we consider a copy X,, of
the ordinal w; with the order topology in such a way that X, N X,, = 0 if n # m.
The underlying set of X is {z*} U J{X, : n < w} where z* ¢ X, for n < w. If
x € X,, a basic neighbourhood of z in X is a basic neighbourhood of x in X,,.
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And a basic neighbourhood of z* in X is a set of the form {z*} UU{X,, : n > m}
where m < w. It is easy to check that X is as required.

The following proposition will be useful to extend Theorems 2.1 and 2.2 from
the class of locally D-spaces to the class of D-scattered spaces.

Proposition 3.1. Let K be a class of regular spaces that is closed hereditary
such that every locally D-space in K is a D-space. Then, every D-scattered space
in K is a D-space.

PROOF: Let X be a D-scattered space in K. We proceed by transfinite induction
on the rank o of X. If « = 0, then X = 0, and so we are done. Suppose that
a = B+ 1 is a successor ordinal. Let 1 be a neighbourhood assignment for X.
Put Z = X?. We see that Z is a closed locally D-subspace of X, hence Z is a
locally D-space of K, and so Z is a D-space. Let D be a closed discrete subset of
Z such that | J{n(z)NZ:x € D} =Z. Let Y = X \ n[D]. Since Y is closed in X
and rank(Y) < a, it follows that Y is D by the induction hypotheses. Let E be
a closed discrete subset of Y such that (J{n(z)NY :2 € E} =Y. Clearly, DUFE
is as required.

Now, assume that « is a limit ordinal. Since X is regular, for every z € X
there is an open neighbourhood U, of = such that Clx (U,) is a subset of X \ X*
for some 5 < a. By the induction hypotheses, Clx (U,) is D for every z € X. It
follows that X is a locally D-space of K, and hence X is D. O

Corollary 3.1. Assume CH and that X is a regular meta-Lindel6f P-space such
that X is D-scattered. Then X is D.

Corollary 3.2. Assume that X is a regular submeta-Lindel6f P-space such that
X is D-scattered and has locally extent < wy. Then X is D.

We do not know whether Proposition 3.1 can be extended to classes of T}
spaces. Note that in the proof we carried out regularity is used in an essential
way in the limit case.

A space X is weak O-refinable, if for every open cover U of X there is an open
refinement | J{P% : k¥ € w} such that the following two conditions hold:

(1) {UPs : k € w} is a point-finite open cover of X;

(2) for every x € X there is a k € w such that 0 < ord(z, Px) < w.

It is known that every submetacompact space is weak -refinable (see [18]).
In [16, Theorem 18], it was shown by means of stationary winning strategies
in topological games that every weak f-refinable D-scattered space is D. This
theorem has been used in [17, Sections 2 and 4] to obtain further results on D-
spaces. Then, our aim is to show without using topological games (an extension
of) Peng’s theorem proved in [16].

We say that X is a generalized weak -refinable space, if for every open cover
U of X there are an infinite cardinal A and an open refinement (J{P¢ : £ < A}
such that the following two conditions hold:
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(*) (1) {UP¢ : € < A} is a point-finite open cover of X;
(2) for every x € X there is a & < A such that 0 < ord(z, P¢) < w.

Note that the class of generalized weak -refinable D-scattered spaces is here-
ditary with respect to closed subspaces.

Theorem 3.1. Every generalized weak -refinable D-scattered space is D.

PROOF: Let X be a generalized weak f-refinable D-scattered space. We will
proceed by transfinite induction on the rank o of X. Note that since we are not
assuming that X is regular, we cannot argue as in Proposition 3.1 in the limit
case. Then, suppose that either a = 1 or « is a limit. Let n be a neighbourhood
assignment for X. For every x € X, we take an open neighbourhood U, of z
as follows. If & = 1, U, is a subset of some D-neighbourhood of . And if « is
a limit, U, € X \ X” for some 8 < a. As X is a generalized weak -refinable
space, there are an infinite cardinal A and an open refinement | J{Pg : £ < A} of
{Uy : * € X} satisfying conditions (*)(1)—(2). Let P = {UPe : £ < A}. For
0<n<wlet

H, ={z € X :ord(z,P) <n}.

Note that, by condition (*)(1), X = UJ{H, : 0 < n < w}. Proceeding by
induction on n > 1 we construct a closed discrete subset D,, of X such that
D,NnDiU---UDy_1] =0 and H, C n[D; U---U D,]. Hence, it follows that
D =|{D, :0 < n < w} is as required.

So, assume that n > 1 and D, has been constructed for m < n. Put

U= 77[D1 J---u Dn—l]-

Note that H,, \ U = |JH,, where H,, is a closed discrete family of subsets of X.
In order to define D,, we will construct a closed discrete subset Ey for each
H e H,. So, fix H € H,. Note that

H:(UPilﬂ---ﬂUPinﬂﬂ{X\UPi:i¢{i1,...,in}})\U

where i1, ...,1, are pairwise different elements of A\. As H,,_1 C U, we infer that
H is closed in X. For 1 <m <nand 1 <1 < w, we define

Fpi={z€ H:ord(z,P;,,) <l}.

Now, we fix a bijection h : w — {1,...,n} x (w\ {0}). In order to define Ep,
we construct by induction on k € w a closed discrete subset Ej of X such that
Exn(UUnEyU---UEk_1]) = 0 and in such a way that if h(k) = (m,l) then
FnL,l C UUn[EOU"'UEk]'

So, assume that k > 0 and Fy, ..., Fr_1 have been constructed. Put h(k) =
(m,1). Let

V:UU’I][EoLJ'--UEk_l].
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Without loss of generality, we may assume that VN Fy, ; =0 for 1 < j <I[. In
order to construct Ej we will define closed discrete subsets By, ..., B; of X such
that for 1 <¢ <1, ByN(VUn[B1U---UB;_1]) = 0 and F,, s C VUn[B1U---UB].
Suppose that 1 <t <[ and By,..., B;_1 have been constructed. Let

Vi=V unBiU---UB_q].

Let Fy,; = Frni \ V. Since Hy 1 UU{Fm,r : 7 < t} C V;, it follows that F;, ,
is the union of a discrete family F, ; of closed subsets of X. Moreover, as every
element of P;  is contained in some element of the cover {U, : € X'}, by using
the induction hypotheses if « is a limit, we deduce that every element of Fy, ; is

D.

So, there is a closed discrete subset B; of X such that B, C F};, , C n[B;], and

hence F,; CV Un[ByU---UBy]. Then, we define B, = By U---U B;.

Now, we define Ey = |J{Ek : k € w}. Note that, by condition (x)(2), H C

n[Ex]. Then, we define D,, = |J{Ex : H € H,}. We see that D,, NU = @ and
H, CUUn[D,] =n[D1U---UD,].

Finally, if = 8+ 1 is a successor ordinal, we can proceed as in the proof of

Proposition 3.1. O
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