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A dyadic view of rational convex sets

GABOR CzEDLI, MIKLOS MAROTI, A.B. ROMANOWSKA

Abstract. Let F be a subfield of the field R of real numbers. Equipped with
the binary arithmetic mean operation, each convex subset C' of F™ becomes a
commutative binary mode, also called idempotent commutative medial (or en-
tropic) groupoid. Let C' and C’ be convex subsets of F'™. Assume that they are
of the same dimension and at least one of them is bounded, or F' is the field of
all rational numbers. We prove that the corresponding idempotent commutative
medial groupoids are isomorphic iff the affine space F™ over F' has an automor-
phism that maps C onto C’. We also prove a more general statement for the
case when C,C’ C F™ are barycentric algebras over a unital subring of F' that is
distinct from the ring of integers. A related result, for a subring of R instead of a
subfield F', is given in Czédli G., Romanowska A.B., Generalized convezity and
closure conditions, Internat. J. Algebra Comput. 23 (2013), no. 8, 1805-1835.

Keywords: convex set; mode; barycentric algebra; commutative medial groupoid;
entropic groupoid; entropic algebra; dyadic number

Classification: Primary 08A99; Secondary 52A01

1. Introduction and motivation

Let F be a subfield of the field R of real numbers. Equipped with the arithmetic
mean operation (z,y) — (x 4+ y)/2, denoted by h (coming from “half”), F" be-
comes a groupoid (F™, h). This groupoid is idempotent, commutative, medial, and
cancellative. In Polish notation, which we use in the paper, these properties mean
that, for arbitrary x,y, z,t € F", zah = x (idempotence), xyh = yzh (commu-
tativity), xyh zth h = xzh yth h (mediality, which is a particular case of entrop-
icity), and zyh = xzh implies y = z (cancellativity). These groupoids without
assuming cancellativity are also called commutative binary modes or CB-modes,
and they were studied in, say, [7] and [11] and [12], and Jezek and Kepka [6].

Let C' be a nonempty subset of F'™. If there is a convex subset D of the
Euclidean space R” in the usual sense such that C' = DNF™, then C will be called
a geometric conver subset of F™. We also say that C' is a geometric convex set
over F. Later we will give an “internal” definition that does not refer to R. Note
that C' above is simply called a convezr subset in Romanowska and Smith [12];
however, the adjective “geometric” becomes important soon in a more general
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situation. For convenience, the empty set will not be called a geometric convex
set.

Our initial problem is to characterize those pairs (C1, C2) of geometric convex
subsets of F™ for which (Cq,h) and (Ca,h) are isomorphic groupoids. In the
particular case when F' = Q, loosely speaking we are interested in what we can
see from the “rational world” Q™ if the only thing we can percept is whether a
point equals the arithmetic mean of two other points.

Similar questions were studied for some particular geometric convex subsets of
D?, where D = {22* : 2,k € Z} is the ring of rational dyadic numbers. Namely,
the isomorphism problem of line segments and polygons of the rational dyadic
plane D? were studied in Matczak, Romanowska and Smith [8]. Another problem
of deciding whether (C1, k) is isomorphic to (Cz, h) is considered in [3, Ex. 2.6],
and [4] also considers a related isomorphism problem.

The isomorphism problem even for intervals of the dyadic line D is not so
evident as one may expect. This explains why our convex sets in the main result,
Theorem 2.4, are assumed to have some further properties, including that they
are geometric over a subfield of R. Further comments on the main result will be
given in Section 3.

2. Barycentric algebras over unital subrings of R and the results

Notation 2.1. The general assumptions and notations in the paper are the fol-
lowing.
(i) N={1,2,...}, Ng ={0,1,2,...}, Z is the ring of integers, Q is the field
of rational numbers, R is the field of real numbers, and n € N.
(ii) T is a subring of R such that 1 € T and TNQ # Z (that is, Z C TN Q).
(iii) K is the subfield of R generated by T', and F is a subfield of R such that
T CF. (Clearly, TC K C F CR.)
(iv) The open and the closed unit intervals of T are denoted by I°(T) = {z €
T:0<z<1l}and I*(T) ={z € T : 0 <z < 1}, respectively; I°(F),
I°(Q), etc. are particular cases. (Notice that T can equal, say, F and
F can equal R, etc. Therefore, whatever we define for T' or F' in what
follows, it will automatically make sense for F or R.)
(v) With each p € R we associate a binary operation symbol denoted by p.
For H C R, we let H := {p:p € H}. However, we will write, say, I°(T)
instead of I°(T). For z,y e R™, xyp is defined to be (1 — p)z + py.

If p € I°(R), then p is called a barycentric operation since xyp gives the
barycenter of a two-body system with weight (1 — p) in the point 2 and weight
p in the point y. For any p,q in R, the operations p and ¢ commute in R", that
is, zyp 2tp ¢ = xzqytq p holds for all x,y, z,t € R. This property is called the
entropic law, see [12]. As a particular case, the medial law (for h) means that h
commutes with itself. Although the present paper is more or less self-contained,
for standard general algebraic concepts the reader may want to see Burris and
Sankappanavar [1]. He may also want to see Romanowska and Smith [12] for
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additional information on modes and barycentric algebras. The visual meaning
of barycentric operations is revealed by the following lemma; the obvious proof

will be omitted. The Euclidean distance ((:rl -2+ 4 (2, — yn)Q) V2 o
x,y € R™ will be denoted by dist(z, y).

Lemma 2.2. Let y and x be distinct points in R™, see Figure 1. Then for each
b belonging to the open line segment connecting y and x and for each p € I°(R),

b=yrp <= x=ybl/p < y=brp/(p—1).

Moreover, dist(y, z) = dist(y, b)/p.

y=brp/(p—1) b=yxp r=ybl/p
O O } O

FIGURE 1. Tllustrating Lemma 2.2 in case p = 1/3

The algebra (R™;I°(T)) and all of its subalgebras are particular members of
the variety of barycentric algebras over T', or T'-barycentric algebras for short.
(However, as opposed to previous papers and monographs, T is no longer assumed
to be a field.) These particular T-barycentric algebras that we consider are modes,
that is, idempotent algebras in which any two operations (and therefore any two
term functions) commute. Modes and barycentric algebras have intensively been
studied in the monographs [10] and [12], see also the extensive bibliography in [3].
It is well-known, see [12], that (F™;h) is term-equivalent to (F™; 1°(D)), whence
the same holds for its subalgebras. This allows us to translate the initial problem
to the language of D-barycentric algebras, and then it is natural to extend it to
T-barycentric algebras.

The subalgebras of (R™;I°(T)) will be called T-convex subsets of R™. The
empty set is not considered to be T-convex. (Notice that the adjective “T-convex”
in [4] is used only for subsets of T™.) For ) # X C R", the T-convez hull of X,
denoted by Cnvr(X), is the subalgebra generated by X in (R™;I°(T)). It is
well-known, see [12], that I*(T) is exactly the set of binary term functions of
(F™; I°(T)). Moreover, each (1 + k)-ary term function of (F™; I°(T)) agrees with
a function 7: (zg,...,zE) — &oxo + - - + Ekxr where &, ..., & € I*(T) such that
&0+ -+ + & = 1. This implies that, for any ) # X C F™,

(1) Covp(X)={zo---xxT:k € Nop, x0,...,2, € X and 7 is as above} .

The full idempotent reduct of the T-module 7 F™ is a so-called affine module over
T; we call it an affine T-module and denote it by Affp(F™). We often simply
write F" instead of Affp(F™). In the particular case T = F, the affine F-module
Affp(F™) is an n-dimensional affine F-space, see more (well-known) details later.
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The assumption that C' C F™ is a T-convex subset would be rarely sufficient
for our purposes, see also [4] for a similar analysis. There are three reasonable
ways to make a stronger assumption.

Firstly, we can assume that C is an F'-conver subset, that is, a subalgebra of
(P, 1°(F)).

Secondly, we can assume that C'is the intersection of F” with an R-convex sub-
set of R”. (That is, with a convex subset of R™ in the usual geometric meaning.)
In this case we say that C is a geometric convex subset of F™. In other words, we
say that C is a geometric convex set over F. Notice that the geometric convexity
of C depends on F', so we can use this concept only for subsets of F™. (Note also
that [4] defines geometric convexity even when C' C T™ but in a different way,
which is equivalent to our approach for the case T'= F.)

To define the third variant of convexity, let a,b € F™ with a # b. By the T-
line generated by {a,b} we mean the subalgebra generated by {a,b} in the affine
T-module Affr(F™). This T-line is denoted by ¢7(a,b). It is easy to see that
lr(a,b) = {abp : p € T}. It follows from cancellativity that for each x € ¢r(a,b),
there is exactly one p € T such that z = abp. Let ¢,d € {r(a,b). Then there
are unique p,r € T such that ¢ = abp and d = abr. For s € T, we say that s is
between p and r iff p < s <7 or r < s < p. Then

[c,d]¢y(a,p) = {abs : s is between p and 7}

is called a T'-segment of the T-line ¢r(a,b) with endpoints ¢ and d. As opposed to
the case when T is a field, a T-segment is usually not determined by its endpoints.
For example, 0 and 3 are the endpoints of the D-segment [0, 3]s, (0,1) and also of
the D-segment [0, 3]¢,(0,3) in @', but 1 € [0,3]g,0,1) \ [0,3]ey(0,3) indicates that
these D-segments are distinct. Now, a nonempty subset C' of F™ will be called
T-segment convez if for all ¢,d € C' and all T-segments S with endpoints ¢ and
d, S C C. This definition, is quite “internal” since it does not refer to external
objects like R (besides that T is a subring of R). The relationship between the
three concepts above is clarified by the following statement, which is proved later.
A related treatment of analogous concepts is given in [4].

Proposition 2.3. Let C' be a nonempty subset of F™.

(i) If C is T-segment convex, then it is T-convex.

(ii) C is a geometric convex subset of F™ if and only if it is F-convex.

(iii) If C is F-convex, then it is T-segment convex.

(iv) If T generates F (that is, F = K), then C' is F-convex if and only if it is
T-segment convex.

Besides (i), each of the conditions (ii)—(iv) above clearly implies T-convexity.
Remember that Z C TNQ means that Z # TNQ and Z C TNQ. If X C F™ and
{dist(z,y) : z,y € X} is a bounded subset of R, then X is called a bounded set.
For X C R"™, the affine F-subspace spanned by X will be denoted by Spani'(X).

aff

As usual, by the affine F-dimension of X, denoted by dim% (X), we mean the
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affine F-dimension of Spani (X). We are now in the position to formulate the
main result.

Theorem 2.4. Assume that n € N, F' is a subfield of R, T is a subring of F', and
Z CTNQ. Let C and C’ be F-convex subsets (equivalently, geometric convex
subsets) of F™. Assume also that

(a) F=0Q,
or

(b) C and C' have the same affine F-dimension and at least one of them is

bounded.
Then the following three conditions are equivalent.
(i) (C,I°(T)) and (C',I°(T)) are isomorphic T-barycentric algebras.

(ii) The affine F-space Affp(F™) has an automorphism 1 such that ¢(C) =
.

(iii) The affine real space Affg (R™) has an automorphism v such that )(C) =
.

Corollary 2.5. If C and C' are geometric convex subsets of F™ satisfying (b)
above, then (C,h) = (C',h) if and only if (ii) of Theorem 2.4 holds, which is
equivalent to (iii) of Theorem 2.4. Furthermore, if D and D’ are isomorphic
subalgebras of (Q™, h), then D is a geometric convex subset of Q™ if and only if
sois D'

3. Examples and comments

Before proving our results, we present four examples to illustrate and comment
them. The first example below is a variant of [3, Ex. 1.5]. While [3] is insufficient
to handle it, Theorem 2.4 will apply easily. Remember that h stands for 1/2.

Example 3.1. Let C; = {(z,y) € F? : 2% € I°(F) and |y| < 1 — |z|*}, for
i € N. Are there distinct ¢, € N such that the groupoids (C;, k) and (C}, h) are
isomorphic?

The answer is negative. Suppose, for a contradiction, that (C;,h) = (Cj,h)
and 1 < j < 4. Then Theorem 2.4 yields an automorphism 1 of Affg(R?) such
that ¥(C;) = Cj. It is well-known that there exist an invertible 2-by-2 matrix M
over R and a column vector ¢ € R? such that

(2) for every ¥ = (Z) cR?  Y(¥) = M +¢.

The usual topological closure of Cy is denoted by [Ci]g”, for ¢ € {i,j}. Since ¢
and 1! are continuous by (2), ¥([Ci]g") = [C;]". Let B, denote the boundary

(Gl \ Cr = {(z,y) €R®: =1 <z < 1and |y| =1 [z}



164

G. Czédli, M. Maréti, A.B. Romanowska

of Cy, for t € {i,j}. Clearly, ¥(B;) = Bj. Depending on the parity of ¢, B,
consists of two or four algebraic curves. If S; is a subset of one of these curves,
then we can choose the signs in fi(z,y) = +2' +y — 1 so that S; is a subset
of V(f:) = {(z,y) € R? : fi(x,y) = 0}. We choose S; and S; so that S; is
infinite and ¥(S;) C S;. Since +y — 1 is an irreducible polynomial in R[y], the
Eisenstein—Schénemann criterion (see Cox [2] for our terminology) yields that f; is
an irreducible polynomial in R[z,y]. Note that the (total) degree of f; € R[z,y],
denoted by deg(f;), is t. Let g;j(z,y) = fj(¥(z,y)). It follows from (2) that
g; € Rlz,y] and that deg(g;) = j. Since 1 < deg(g;) = j < i = deg(f;) and f; is
irreducible, the greatest common divisor of f; and g; in the unique factorization
domain Rz, y] is 1. Hence, by the classical Bézout’s theorem in algebraic geometry
(see, for example, Fulton [5]), |V (f;)NV (g;)| < ij. This is a contradiction, because
S; C V(fz) N V(gj) and S; is infinite.

Example 3.2. Let n =1, F = Q(v/2), T =D, and let C be the least T-segment
convex subset of F' = F™ that includes {0, 3}. Since [0, 3]NQ is T-segment convex
and includes {0, 3}, we conclude that C' C [0,3]NQ. Hence v/2 ¢ C, and C is not
F-convex.

Thus, the assumption F' = K in Proposition 2.3(iv) cannot be omitted.

Example 3.3. The rational vector spaces g(R x {0}) and gR? are well-known
to be isomorphic since they have the same dimension. (Recall that any basis of
oR = (R x {0}) is called a Hamel-basis.) Therefore C' = Affp(R x {0}) and
C' = Affg(R?) are isomorphic affine Q-spaces. Thus, (C,1°(Q)) is isomorphic
to (C',I°(Q)), and they are both R-convex subsets of Affz(R?). However, no
automorphism of Affg(R?) maps C onto C".

Let F = R, and observe that dim}% (C) = 1 # 2 = dim%'(C’) and none of C
and C’ is bounded. This motivates (without explaining fully) the assumption “C
and C’ have the same affine F-dimension and at least one of them is bounded”
in Theorem 2.4.

Example 3.4. A routine application of Hamel bases shows that the unit disc
(C1,h) == ({(x,y) : 22 + y? < 1}, h) is isomorphic to another subalgebra (Ca, h)
of (R?, h) such that both Cy and R? \ Cy are everywhere dense in the plane; see
[3, Proof of Lemma 2.7] for details. Clearly, C5 is not R-convex. By the term
equivalence of (Cy, ) and (C;, I°(D)), we also have that (C1, I°(ID)) is isomorphic
to (Ca,1°(D)). However, no automorphism of Affg(R?) maps C onto Cs.

With T'= D and F = R, this example motivates the assumption in Theorem 2.4
that C' and C’ are geometric conver subsets of F™.

This and the previous example show that Theorem 2.4 is not valid for arbi-
trary T-convex subsets of F'™, so we added some further assumptions. However, it
remains an open problem whether one could somehow relax the present assump-
tions. In particular, we do not know whether they are independent.
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4. Auxiliary statements and proofs

It is well-known that given an affine space V = Affp(V), which is the full
idempotent reduct of the vector space V', we can obtain the vector space struc-
ture back as follows: fix an element o € V, to play the role of 0, define x + y :=
x —o+y and, for p € F, px := oxp. This explains some (also well-known) basic
facts on affine independence. Namely, a (1 4 k)-element subset {ag,...,ar} of
Affp(V) is called affine F-independent, if a; ¢ Spany (ag, . .., @Gi—1,@it1, - - -, aK),
for i = 0,...,k. In this case, each element of the affine F-subspace U :=
Spani(a, - - ., ax) can be uniquely written in the form &yag+- - - +&gag where the
so-called barycentric coordinates &g, ...,&kr belong to F' and their sum equals 1.
Moreover, then U = Affp(U) is freely generated by {ao,...,ax}; that is, each
mapping {ao,...,ar} — U extends to an endomorphism of Affr(U).

To capture convexity, we need a similar concept: {ag,...,ar} C F™ will be
called I°(T)-independent if a; ¢ Cnvr(ag,...,ai—1,0i4+1,...,a%), for i =0,... k.
It is not hard to see (and it is stated in [9]) that if {ag,...,ax} C F™ is affine
K-independent, then it is a free generating set of (Cnvy(ag,...,ax),L°(T)) and
of (Cuvg(ag,...,ax),I°(K)). However, as opposed to affine K-independence,
I°(K)-independence does not imply free I°(K)-generation. For example, the ver-
tices ag, . ..,as of a regular hexagon in the real plane form an I°(R)-independent
subset but (Cnvg(ao, . ..,as),L°(R)) is not freely generated since agash = ajash.

As usual, maximal independent subsets are called bases, or point bases. If
an affine F-space V has a finite affine F-basis, then all of its bases have the
same number of elements, which is 1 plus the so-called (affine F-) dimension
dim3 (V) of the space. If V is an affine F-space with dimension k, then, for any
{b()a"'abk} - V;

(3) {bo,...,br} spans Affp(V) iff {bg,...,bx} is an affine F-basis of Affp(V).

Lemma 4.1. Let L be a subfield of R such that F' C L. Assume that X C F".
Then, for each d € F™ N Cnvy(X), there are a k € Ny, an affine L-(and therefore
affine F-) independent subset {ag,...,ar} of X, & € I*(F), and &,...,& €
I°(F) such that &+ -+ & = 1 and d = &ag + -+ + &gag. (Note that & is
necessarily in I°(F) if k > 1). Consequently, Cnvp(X) = F™ N Cnvp(X).

This lemma belongs to the folklore. For the reader’s convenience (and having
no reference at hand), we present a proof.

PROOF OF LEMMA 4.1: Since d € Cnvy(X) C Cnvr(X NR™), we can choose an
affine R-subspace V' C R™ of minimal dimension such that d € Cnvg(X NV). The
affine R-dimension of V' will be denoted by k. By Carathéodory’s Fundamental
Theorem, there are ag,...,ar € X NV such that d € Cnvg(ag,...,a;). The
affine R-subspace Spang'(ag,...,ax) is V. Otherwise a subspace with smaller
dimension would do. Hence, using (3), we conclude that {ag,...,ax} is an affine

165
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R-basis of V. Therefore, there is a unique (£, ..., &) € R*™* such that
(4) d=¢&ao+-+E&arand § + -+ & =1

These uniquely determined ¢; are non-negative since d € Cnvg(ao,...,ar). We
can consider (4) as a system of linear equations for (&,..., &), and this system
has a unique solution. Since d,aq,...,ar € F", the rudiments of linear algebra
imply that (&,...,&) € F'*k. This, together with the fact that the affine
R-independence of the set {ag,...,ar} € F™ implies its affine L-independence,
proves the first part of the lemma. The second part is a trivial consequence of
the first part. (Il

ao Z = apai 1/1) X = agaq ’LL/’U ap = apcv
= apzu

O O t O t t t O

FIGURE 2. The case k =1 and p = u/v =3/7

PROOF OF PROPOSITION 2.3: Part (i) follows obviously from the fact that a,b €
C with a # b implies that [a,b]s, (a4 € C.

If C' is a geometric convex subset of F™, then it is obviously F-convex. Con-
versely, if C' is F-convex, then it is a geometric convex subset of F™, because
Lemma 4.1 yields that C = Cnvp(C) = F™ N Cnvg(C'). This proves part (ii).

Part (iii) is evident.

In order to prove (iv), assume that C' is T-segment convex. Let D := Cnvg (C).
Since D is K-convex and C C D, it suffices to show that D C C. Let z be an
arbitrary element of D = Cnvg(C). We obtain from Lemma 4.1 that D =
K™ N Cnvg(C). Hence, again by Lemma 4.1, there are a minimal k € Ng, an
affine R-independent subset {ag,...,ar} C C, and a (&, ...,&) € (I°(K))'TF
such that

x =E&ao+ - +&ar and o+ -+ & = 1.

This allows us to prove the desired containment x € C by induction on k. If
k =0, then x = ag € C is evident. Hence, k£ > 1, and the minimality of k£ implies
that (£, ..., &) € (I°(K)) .

Next, assume that k& = 1. Then z = apa1p where p = u/v € I°(K) and
u,v € T with 0 < u < v. Let z := apay1/v, see Figure 2 for u/v = 3/7, and we
will rely on Lemma 2.2. Then ¢1(ag, z) contains ag = apz0 and a; = agzv since
0,v € T. Hence x = agzu € [ao,al]gT(ao’Z), together with T-segment convexity,
implies that x € C.

Finally, assume that &k > 1. Observe that &;/(1—¢&) € I°(K) fori € {1,...,k},
and that Zle &/(1—¢&)=1. Letb= Zle & /(1 —¢&p)a;. Then it belongs to C
by the induction hypothesis. Hence, x = oap + (1 — &o)b € C. O
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The next lemma asserts that although (C,I°(T)) cannot be generated by an
independent set GG of points in general, G satisfactorily describes C' by means of
existential formulas. This fact will enable us to use some ideas taken from [8].

Lemma 4.2. Let k € Ny and 50, ..., &, € Q such that g+ - -+&, = 1. Then there
exists an existential formula ®* E,Ek (20, ...,2k;y) in the language of (F™,I°(T))

with the following property: Whenever ag,...,ar,b € F™, then
b= €oao+ -+ &ag iff OF T, (ao, ... ax;b) holds in (F™, I°(T)).

If, in addition, C' is a Q-convex subset of F" such that C is also T-convex and
{b,a9,...,ar} C C, then

b= &ag + -+ Epag 1ffCI)* °(T) (ao, ..., ag;b) holds in (C,I°(T)).

.....

o = Uo Ui U2 us T1 = Ugq Us Yy

:u6
@ O O O ® O ®

FIGURE 3. Illustrating @{02(2 6/4(aco,x1;y)

PROOF: Let p be the smallest prime number such that 1/p € T. There is such a
prime since Z C TN Q. Note that i/p € I°(T) for i = 1,...,p — 1. We proceed
by induction on k. If £k = 0, then & = 1, so we let CID% (T (z0;y) to be the formula
Yy = 2.

Assume that kK = 1. We also assume that at least one of &, and &; is greater
than 1. Otherwise we can let (I> ( )(aco,acl,y) = (y = zor1&1). (Note that
&1 is a projection if & € {0, 1}) Hence we can assume that & = r/q and
&0 = (g—r)/q such that ¢,r € N and p < ¢ < r. Figure 3 illustrates the particular
case (p,q,r7) = (3,4,6). Let A(p,r) denote the conjunction of the equations
Uji = ujujypi/p for all 0 <j <r—pand 1 <i<p-1. Clearly, the formula

T
(I)Zq(7§/q T/Q(xo,:rl;y) =
(Fuo) ... (Fuy) (w0 = up & 21 =uy &y =u, & A(p,7))
does the job in (F™,I°(T)). If C is a Q-convex subset of F™, then {b,ag,a1} C C

implies that the u; belong to C, and the formula works in (C, I°(T)).
Next, assume that k > 2 and the statement holds for smaller values. If one of

o, ..., & is zero, say z; = 0, then we can obviously let
I(T I(T
(I)EO’(W?&(J)Q, ey Tk ) = <I> ( )51 L §1+1,,,7§k($07 sy L1y L1y - v - ,xk;y).
So we can assume that none of &; is zero. We have to partition {0,1,...,k}

into the union of two nonempty disjoint subsets I and J such that &;, i € I, have
the same sign, and the same holds for &;, j € J. If all the &, ..., & are positive,
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then any partition will do. Otherwise we can let ) # I = {i : & < 0}; then
J ={0,...,k}\I is nonempty since {y+- - -+&; = 1 > 0. To ease our notation, we
can assume, without loss of generality, that I = {0,...,t} and J = {t+1,...,k}.
Let ko =&+ -+& and kK1 = &1+ - - +&. Then kg # 0 # k1 and Ko+ k1 = 1.
Define n; := &;/ko for ¢ <t and 7; := §;/ky for j > t. Clearly, no+---+mn. =1
and Ty41 + --- 4+ 7 = 1. Moreover, all the n; and the 7; are positive, and the
identity

Soxo+ -+ ek = ko(oxo + -+ + Mexe) + K1 (Tep1 @1 + -+ + TRTE)

clearly holds. Therefore we can let

1°(T o o
CIDEO,(___?& (o, g3 y) 1 = @%U’(_T_)M (xo,. .., 20) & CI%H(IT)W (Teg1,- .-, Tk; 21)
& oF 1) (20, 21;9)-

This formula clearly does the job in (F",I°(T)). It also works in (C,I°(T)),
provided that C' is Q-convex, since if ag, . ..,ar,b € C, then ngag +---+ma, € C
and 7yy1a.41 + -+ + TRax € C, and the induction hypothesis (for k — 1 and then
for k = 1) applies. O

The following lemma is perhaps known (for arbitrary fields). Having no refer-
ence at hand, we will give an easy proof.

Lemma 4.3. Let C be a nonempty subset of F". Assume that {ag,...,ar} is
a maximal afline F-independent subset of C, and let V := Span’ (ag, .. .,ax).

Then
(i) C CV and V = Spany (C);
(ii) V does not depend on the choice of {aog,...,ar};
(iii) all maximal affine F-independent subsets of C consist of 1+ k elements.

PROOF: We know that V = {&oap + -+ &kar : o+ -+ & =1, (§o,.--,&k) €
F*k} If we had C € V, then {ay,...,ax,ars1} would be affine F-independent
for every axy1 € C'\ V, which contradicts the maximality of {aq, ..., ar}. Hence
C C V, which gives Spany(C) C V. Conversely, {ag,...,ar} C C implies that
V = Spany(ao, - . ., ar) C Spany' (C), proving part (i).

Next, let {bo,...,b:} be another maximal affine F-independent subset of C,
and let W be the affine F-subspace it spans. By part (i), C € W. Let U :=
VNW. Since C C U, {aop,...,ar} and {bg,...,b:} are affine F-independent in
U. This yields that k¥ < dim}% (U) and ¢ < dim% (U). On the other hand, U C V
and U C W give that dim}% (U) < dim% (V) = k and dim% (U) < t. Hence
t = dim3 (U) = k, proving part (iii).

Using dim3 (U) = dim% (V) and U C V we conclude that U = V. We obtain
U = W similarly, whence W =V proves part (ii). O

PROOF OF THEOREM 2.4: Assume that (ii) holds. Then 1 is of the form z —
Ax 4+ b where b € F™ is a column vector and A is an invertible n-by-n matrix
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over F'. Then A is also an invertible real matrix and b € R™, whence 1 extends
to an R™ — R™ automorphism. Thus, (ii) implies (iii).

Since I°(T) C R, the automorphisms of the real affine space preserve the
I°(T)-structure. Hence (iii) trivially implies (i).

Next, assume that (i) holds, and let ¢: (C, I°(T)) — (C',I°(T)) be an isomor-
phism. For z € C, ¢(x) is often denoted by z’. If an element of C’ is denoted
by, say, ¥', then y will automatically stand for ¢~1(y’). We assume that |C| > 1
since otherwise the statement is trivial. Firstly, we show that

(5) dim3(C) = dim%' (C”).

Since this is stipulated in the theorem if F' # Q, let us assume that F' = Q and
prove (5). Let, say dimg'(C') < dimg'(C’) =: k. By Lemma 4.3, we can choose
a (maximal) affine F-independent, that is Q-independent, subset {ay,...,a}}
in C’. Tt suffices to show that {ag,...,a;} C C is affine F-independent. By way
of contradiction, suppose that this is not the case. Then, apart from indexing,
there is a t € {1,...,k} such that {a1,...,a:} is affine Q-independent and ag €

Spang (a1, ..., at). Hence there are &i,...,& € Q whose sum equals 1 such that

ag = &a1 + -+ + &az. It follows from Lemma 4.2 that (I)g(T)& (a1,...,a¢a0)

holds in (C,I°(T)). Consequently, (I)g(T)& (ah,...,a};aq) holds in (C7,I°(T)).
Hence Lemma 4.2 implies that af = &af + - - - + &a}, which contradicts the affine
F-independence of {ay, ..., a}}. This proves (5).

Next, we let k = dim3 (C) = dim3(C”). Clearly, k < n. Let V := Spani'(C)
and V’ := Span}'(C"). We claim that for ¢ = 0,1,...,k and for an arbitrarily
fixed ag € C,

there are as,...,a; € C such that both {ag,...,a;} C C and
{ag,...,a;} = ¢({ao, ..., a;}) € C" are affine F-independent.

(6)
(This assertion does not follow from the previous paragraph since here we do not
assume that F' = Q.) Of course, we need (6) only for ¢t = k, but we prove it
by induction on ¢t. If ¢ < 1, then (6) is trivial. Assume that 1 < ¢ < k and (6)
holds for ¢ — 1. So we have an affine F-independent subset {aq,...,a:—1} such
that {a{,...,a}_,} is also affine F-independent. Let Spani (ao,...,a;—1) and
Spany (ag, . ..,a;_;) be denoted by V;_;1 and V/_,, respectively. Since t—1 < k =
dim3¥(C) = dim% (C”), there exist elements z € C'\V;—; and y/ € C"\ V/_;. Then
{ag,...,at—1,z} and {ay,...,a;_q,y'} are affine F-independent. We can assume
that ' € V/_; and y € V;_; since otherwise {ay,...,a}_1,2'} or {ao,...,a—1,y}
would be affine F-independent, and we could choose an appropriate a; from {z, y}.
Take a p € I°(T), and define a; := yxp € C. Then a; = y'z'p. Suppose for a
contradiction that a; € V;—;. Then, by Lemma 2.2, 2 = ya;1/p € V;_1, a contra-
diction. Hence a; ¢ V;—; and {ag, ..., at—1,a:} is affine F-independent. Similarly,
suppose for a contradiction that a; € V/_;. Then, again by Lemma 2.2, 3y’ =

169
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a;z’'p/(p — 1) € V/_; is a contradiction. Hence a; ¢ V;_; and {ao, ..., a;—1,a;} is
affine F-independent. This completes the proof of (6).

From now on in the proof, (6) allows us to assume that {ag,...,ax} C C
and {ag,...,a)} € C’ are affine F-independent subsets with a; = ¢(a;), for

i=0,...,k For ) # X C F", we define two “relatively rational” parts of X as
follows:

rrz(X) := X N Spang'(ag, . . ., ax) and rrg (X) := X N Spang(ag, . . ., ay,).
If F = Q, then Lemma 4.3(i) yields that
113(C) = C'N Spang'(ao, . . ., ax) = C' N Spang'(C) = C,

and rrz (C') = C' follows similarly. Moreover, even if F # Q, rrz(C) is dense in
C, and rrz (C’) is dense in C” (in topological sense). The restriction of a map «
to a subset A of its domain will be denoted by a]4. We claim that there is an
automorphism ¢ of Affr(F™) such that

(7) Vlia(o) = Plua(c)  and  P(rrz(C)) = rra (C").

In order to prove this, extend {ao,...,ar} and {af,...,a},} to maximal affine
F-independent subsets {ag,...,a,} and {ap,...,al,} of Affp(F™), respectively.
Since {ao,...,an} and {ag, ..., a,} are free generating sets of Affp(F™), there is
a (unique) automorphism ¢ of Affp(F™) such that ¢(a;) = a} for i = 0,.

Let x € rrz(C) be arbitrary. Then there are &, ..., & € Q such that their sum
equals 1 and

(8) x = &oaop + ...+ Eak.

Observe that C and C” are Q-convex and T-convex since they are F-convex. Hence
we obtain from Lemma 4.2 and ( ) that (I>I () (ao, ...y a;x) holds in (C, I°(T)).

Since ¢ is an isomorphism, CI) 1111 fk (agy- -, ak, ©(x)) holds in (C",I°(T)). Using
Lemma 4.2 again, we conclude that o(x) = &oag+. .. +&ka). Therefore, (8) yields
that ¥ (x) = &vY(ao) + ...+ &(ar) = &oal + ... + &ka), = p(x) € C’. This gives
that Y] (c) = @lwa(c) and ¥(x) € rrg (C). Therefore, ¢(rrz(C)) C 1rar (C).
Working with (=1, 1) instead of (¢, ), we obtain ¥~ (rrz(C")) C rrz(C)
similarly. Thus, (7) holds.

If F = Q, then (7) together with C' = 115(C) and C’ = rrz (C’) implies the
validity of the theorem. Thus we assume that at least one of C' and C” is bounded.
If, say, C' is bounded, then so is rrz(C). The automorphisms of Affp(F™) preserve
this property, whence (7) implies that rrz (C') is bounded. Since rrz (C”) is dense
in C’, we conclude that C’ is bounded. Therefore, in the rest of the proof, we
assume that both C' and C’ are bounded.

For X C R™, the topological closure of X, that is, the set of cluster points of X,
will be denoted by [X];". Let C* = ~1(C”). It is an F-convex subset of F" since
the automorphisms of Affr(F™) are also automorphisms of (F", I°(F)). By the
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same reason, the restriction ¢ ~1] ¢/ is an isomorphism (C’, I°(T)) — (C*,I°(T)).
Let v := "¢ 0 ¢ (we compose maps from right to left). Then, by (7), by
~(a;) = a; for 0 < i < n, and by Lemma 4.3, we know that

~v: (C,I°(T)) — (C*,I°(T)) is an isomorphism,
(9) 117(C) = 115(C*), and 7]y, (c) is the identical map,
C CV :=Spany(ag,...,ar) and C* CV.

It suffices to show that v is the identical map. Really, then the desired ¢ = 9]¢
would follow by the definition of v. For y € C, the element v(y) will be often
denoted by y*. We have to show that y* = y for all y € C. Since this is clear
by (9) if y € rrz(C), we assume that

y € C\rrg(C).

Next, we deal with C' and C* simultaneously. Since they play a symmetric role,
we give the details only for C.

If b = (by, ba, bs,...) € r13(C)% = rrz(C*)*, then b is called an rrz(C)-sequence.
Convergence (without adjective) is understood in the usual sense in R™. We use
the notation lim;_,., b; = y to denote that b converges to y. We say that b
(C,I°(T))-converges to y, in notation b —(c,10(1)) Y, if for each j € N,

there exist an z; € C and a g; € I°(T)
10
(10) such that ¢; <1/j and b; = yz,g;.

In virtue of Lemma 2.2, b —(c.ro(T)) Y iff

for each j € N, there is a ¢; € I°(T)
such that ¢; < 1/j and yb;1/q; € C .

(11)

It follows from (9) and (10) that for all b € rrz(C)*,

(12) gﬁ}(c,l"(T)) Yy iff g*}(C*,lo(T)) y*.

For X C R", let diam(X) denote the diameter sup{dist(u,v) : u,v € X} of
X. We know that diam(C) < oo and diam(C*) < co. Hence if ¢; < 1/j, then
Lemma 2.2 yields that dist(y,b;) = g; - dist(y,yb;1/q;) < diam(C)/j. Hence (11)

gives that for any rrz(C)-sequence b,

if b—ery)y, then lim b; =y. Similarly,
- j*)OO

(13) .
if b —(C*,I°(T)) y*, then hm bj = y*.
= j—o0
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Next, we intend to show that
(14) there exists a rrz(C)-sequence b such that l_)’—>(cy£o(T)) Y.

Extend {y} to a maximal affine F-independent subset {y,z1,...,2x} of C. It
follows from Lemma 4.3 that this set consists of 1 + k elements, and V equals
Spany (y, 21, ..., zx). For a given j € N, choose a ¢; € I°(T) such that ¢; < 1/j.
For i = 1,...,k, let u; := yz;q;. By the F-convexity of C, u; € C. Since
z; = yu;1/q; by Lemma 2.2, {y,_ul, ..., uE} also F-spans V, whence it is affine

F-independent by Lemma 4.3(iii). Hence Cnvp(y,us,...,ux) € C is a (non-
degenerate) k-dimensional simplex of V, so its interior (understood in V) is
nonempty. Since rrz(C) is dense in C' and rrz(C) € C C V, we can choose
a point b; € Cnvp(y,ui,...,ug). By (1), b; is of the form yu;...up7. Let
xj :=1yz1...2,T € C. Using that ¢; commutes with 7 and the terms are idem-
potent, we have that o

yriq; =YYz ... zm)g = Yy .y7) (Y21 26 T) G5
= (yyq;)(y214) - Yz i) = yur ... upT = b;.

(Notice that the parentheses above can be omitted.) Therefore, the sequence
b= (by,by,...) satisfies (14).

Finally, it follows from (14), (12) and (13) that y* = y. Therefore, 7 is the
identical map. (I

PROOF OF COROLLARY 2.5: As we have already mentioned, with reference to
[12], (F™, k) is term equivalent to (F™,1°(D)). Hence the first part of the state-
ment is clear.

To prove the second part, assume that D and D’ are isomorphic subalgebras
of (Q™, k) such that D’ is a geometric subset of Q™. By Proposition 2.3(ii), D’
is Q-convex. Let ¢: (D,h) — (D', h) be an isomorphism. Let a,b € D. Their
p-images are denoted by a’ and ', respectively. If 3y € D’, then y will stand
for o71(y') € D. Assume that r/q € I°(Q) such that r < ¢ € Np; we have to
show that abr/q € D. Since D’ is Q-convex, u, = a'b'i/q € D’ for i € {0,...,q}.
Clearly, u :u_;_lu;“ﬁ forj e {1,...,q—1}. Hence, 1?: uj—1u41 h for all these
J, and we conclude that abr/q = u, € D. This proves that D is Q-convex. Il
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