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DIRICHLET-NEUMANN ALTERNATING ALGORITHM FOR AN
EXTERIOR ANISOTROPIC QUASILINEAR ELLIPTIC PROBLEM

BAoQING L1u, Qikul Du, Nanjing
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Abstract. In this paper, by the Kirchhoff transformation, a Dirichlet-Neumann (D-N)
alternating algorithm which is a non-overlapping domain decomposition method based on
natural boundary reduction is discussed for solving exterior anisotropic quasilinear prob-
lems with circular artificial boundary. By the principle of the natural boundary reduction,
we obtain natural integral equation for the anisotropic quasilinear problems on circular
artificial boundaries and construct the algorithm and analyze its convergence. Moreover,
the convergence rate is obtained in detail for a typical domain. Finally, some numerical
examples are presented to illustrate the feasibility of the method.

Keywords: quasilinear elliptic equation; domain decomposition method; natural integral
equation

MSC 2010: 65N30, 35J65

1. INTRODUCTION

Based on natural boundary reduction [4], [13], the overlapping and non-overlapping
domain decomposition methods can be viewed as effective ways to solve problems in
unbounded domains. These techniques have been used to solve many linear prob-
lems [11], [12], [13], [14] and they have also been generalized to linear or nonlinear
wave problems [2], [1], [3]. In this paper, we consider a non-overlapping domain
decomposition method for an exterior anisotropic quasilinear elliptic problem with
circular artificial boundary. By the Kirchhoff transformation, we shall discuss some

This work is supported by the National Natural Science Foundation of China, con-
tact/grant number 11371198, the Jiangsu Provincial Key Laboratory for Numerical Sim-
ulation of Large Scale Complex Systems contract/grant number 201305, and the Priority
Academic Program Development of Jiangsu Higher Education Institutions.
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exterior anisotropic quasilinear elliptic problems [5], [7], [6], [9], [10] using the
non-overlapping domain decomposition method.

Let  be a bounded and simply connected domain in R? with sufficiently smooth
boundary 99 = T, and let Q¢ = R?\ 2. We consider the numerical solution of the
exterior quasilinear problem

0 o 9 )

_(% (aa(%u)a—z) + a—y(ﬁa(m,u)a—Z)) =f, inQ°

-y u=0, on I,
u(x) = O(1), as || = oo,

with 8 >a>0o0ora=pF=1,x=(x,y), a(,-) and f are given functions which will
be ranked as below. Following [5], [6], suppose that the given function a(-, ) satisfies

(1.2) 0< Cp <alx,u) <Cy, Yu € R, and for almost all x € Q°,
with two constants Cp, C7 € R, and
(1.3) la(z,u) — a(x,v)|] < Crlu—wv|, Vu,v € R, and for almost all x € Q°,

with a constant Cz, > 0. In the following, we suppose that the function f € L?(°)
has compact support, i.e., there exists a constant Iy > 0, such that

(1.4) supp f C Qg, = {z; = € R? || < Ty}
We also assume that
(1.5) a(z,u) = ap(u), when |z| > T.

Now, we introduce a circular arc I} in Q¢ with radius R centered at the origin,
enclosing I such that R > Ty > 0 and dist(Ty,Ty) = dp > 0. Then, Q° is divided
into two non-overlapping subdomains ; and 5 (see Fig. 1.1), where ; denotes
the bounded domain between Iy and I} and 2y refers to the unbounded domain
outside I';. The original problem (1.1) can be decomposed into two subproblems in
domains Q; and s, respectively, with Q; N Qs = (). We have the following D-N
alternating algorithm:

Q

Iy

Figure 1.1. The illustration of the domains 1 and Q.
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Step 1: Choose an initial value \° € H'/2(I'}), and put k = 0.
Step 2: Solve a Dirichlet boundary value problem in the exterior domain {2

_(% (aa(w,ulﬁ)%—lf) + %(ﬂa(w,u’g)%)) =0, in Qy,

ub =\, on I,

u(z) = O(1), as |x| — oo.

(1.6)

Step 8: Solve a mixed boundary value problem in the interior domain 24

—( 0 (aa(w,u’f)a—wf) + 2(6@(:1:,u’f)a—wf)) =f, in Qq,

ox ox Jy y
(1.7) 8u’f 8u§
-1 2 r
8n1 5"1127 on 215
u’f =0, on I,

where nq and ny are the unit exterior normal vectors on IY.
Step 4: Update the boundary value 0 < 0y < 1,

MNHL = gk 4 (1 - 0N\, onTy.

Step 5: Put k =k + 1, and go to Step 2.

The relaxation factor 6 is a suitably chosen real number. Notice that, in Step 3
we solve the problem (1.7) by the standard finite element method and only need the
normal derivative of the solution to the problem (1.6) in Step 2. So we need not
to solve (1.6) directly, based on the Kirchhoff transformation, the natural integral
equation for the quasilinear problem can be obtained by the natural boundary ele-
ment method [11], [13]. In particular, when a(z,u) = ¢ which is independent of x
and u, [12], [13], [14] have discussed the corresponding problems by this technique.
Now, we introduce the so-called Kirichhoff transformation [8]

u(x)
(1.8) w(xz) = / ap(§)d¢, for x € Qo.
0

Then we have

(1.9) Vw = ao(u)Vu
and

ow _Ow ou ou
(1.10) (O‘%’Ba_y) = (aao(u)%,ﬂao(u)a—y).
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By (1.6), one obtains that w satisfies the following problem

O?wk 0wk
_ (a

02 +6 8y2 ) :07 in 927

(1.11) I
k = d nIy.
w /0 ao(f) é, o 1

The rest of the paper is organized as follows. In Section 2, we obtain the natural
integral equation for the circular unbounded domain cases. In Section 3, we discuss
the convergence of the D-N algorithm and analyze its convergence rate. At last, in
Section 4, we present some numerical examples to present the efficiency and feasibility
of our method.

2. EXACT QUASILINEAR ARTIFICIAL BOUNDARY CONDITION

In this section, by virtue of the Poisson integral formula and natural integral
equation for the linear problem, we shall obtain the corresponding results for the
quasilinear problem in .

2.1. Natural integral equation for a = § = 1. Assume that w(x) is the
solution of the problem (1.11), and the value w|r, is given, namely

wln, = w(R,0).

Then, based on the natural boundary reduction, there are the Poisson integral for-
mulas in the Fourier expansion [5], [9], [13]:

%) RNJ
(2.1) w(r, 0) = %0 + Z (?) (cjcosj0 + d;sin j0),
j=1
with
1 2n
(2.2) cjz—/ w(R,0)cosjddd, j=0,1,...,
T Jo
1 2n
(2.3) d; = —/ w(R,0)sinjddd, j=1,2,...
T Jo

So, we have

0 2n
— - / - / /
(2.4) rT TR Z] /0 w(R,0") cosj(0 —0)do'.
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From (1.10), we obtain

ow ou
2.5 — = -—.
25) on ao(u) on
Combining (1.9), (2.4), and (2.5), we get the exact artificial boundary condition for
u on I,

(2:6) (ao() 2470

1 2n u(R,0")
B— ao(y) dy)j cosj(0 —0)do’
r=R RTE 0 j§=:l (l ( )

= J(u(R.0)).

2.2. Natural integral equation for 5 > a > 0. Now we assume that 5 > a > 0.
We let w(x) be a solution of problem (1.11) and let the value w|r, be given, namely

w|n, = w(R,0).

Let z = va¢é and y = +/Bn. Then the boundary I} is changed into the el-
liptic boundary T'; = {(£,71); a&? + pn? = R?}. Assume ¢ = (R/\/a)cosp,
n = (R/+/B)sin p, then the unit exterior normal vector on I'y is

R
vV = —W(\/&COS @, \/BSIDQO)

By the above transformation, the problem (1.11) changes into

Pw  JPw Lo~
o (G ) =0 o
w = wyp, on Ty.

Now, we introduce elliptic coordinates (u, ¢):
&= focoshpcosyp, n= fosinhpsinp,

with fo = /(8= a)/(aB)R, o = n((Vb+ va)/vb—a), T'1 = {(1¢); 1 = po,
¢ € [0,2n]} and Qo = {(u, »); p > po, ¥ € [0,27]}.

Letting
28 9¢
] 0
J(/J’7<p):‘8g aﬁ‘a
o Bp

then J(u, p) = f2(sinh? cos? @ + cosh psin? @) and J(po, @) = (R?/af)(Bsin® o +
acos?p) £ Jy. Based on the natural boundary reduction, there are the Poisson
integral formulas

62” _ QQHO 2n wo (MO s0/)
2.8 = : dy’
( ) U)(‘LL, 90) 2 /0 €21 | @210 — QeltHo COS((p _ QO/) ®, B> po,
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and the natural integral equation

(2.9) ow 1 [ 1

o \/JO 4nsin® £

27
Z/ cos j (¢ — ¢ )wo (1o, ¢") dep.

* wo (110, sﬁ)}

TE\/ J()
Hence, for the original problem (1.11), we have the natural integral equation

('9 ow vap
2.10 e = Va7
(210)  ana g+ B = Ran?e2

/A 2n 0
=— ];_Eﬂ Z wo(R,0")jcosj(0 —6)de’,
o =

U)()(R, 9)

where (ng,ny) = (z/R,y/R) is the unit exterior normal vector on I'l. From (1.11),
we obtain

ow ow ou ou
(2.11) g 5 + ,Bnya—y = anxao(u)% + Bnyao(u)a—y.

Combining (1.9), (2.10) and (2.11), we obtain the exact artificial boundary condition
for u on I7,

0 0
(2.12) (anxao(u)a—z + /BnyGO(u)a_Z)

21 u(R,0")
_ _YaB [T </0 ao<y>dy>jcosj<9'—9>d9'

Rr

2 1 (u(R,0)).

r=R

3. VARIATIONAL PROBLEM AND CONVERGENCE ANALYSIS OF THE ALGORITHM

Now, we consider the equation (1.7). We shall use WP to denote the standard
Sobolev spaces, || - || and | - | referring to the corresponding norms and semi-norms.
Especially, we define H™(Q) = W™2(Q), || - lm.a = || [lm2.0 and |- [;m.0 = | |m.2.0-
Let us introduce the space

(3.1) V ={v; ve H' (Q),v|r, = 0},

and the corresponding norms

Ivllog = [ 1ol de, |U||1,91=\/ [ ol 4 Vo) do
Ql Q1
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The boundary value problem (1.7) is equivalent to the following variational prob-

lem
(3.2) find w € V, such that
. D(u;u,v)—f—ﬁ(u;u,v):F(v), Yv eV,
where
ou dv ou v
(3.3) D(w;u,v) = /Q a@.w) (a2t 2, 8_y8_) d
A °° 2 o au(R 0’
(3.4) D(w;u,v) = / 20}
j= 1
8U(R, 0) o ,
X —2p cosj(0' — 6)do’ do,
and
(3.5) Fv) = f(x)v(z)de.

931

3.1. D-N alternating algorithm and convergence analysis. Divide the arc
I into M parts and take a finite element subdivision in ; such that their nodes on
Iy are coincident. That is, we make a regular and quasi-uniform triangulation .7},
on €1y, such that

(3.6) m=J K

KeTh,

where K is a (curved) triangle and h the maximal diameter of the triangles. Let
(3.7) Vi, = {vn; vp € V 0|k is a linear polynomial, VK € %,}.

Then the approximate problem of (3.2) can be written as

(3.8)

find up € V},, such that
D(up; un, vn) + D(up; up,vn) = Flvg), Yoy, € Vi,

where

(3.9) D(wh%uhavh):/ a(w,wh)( 83% e ,8% aUh)dgc
Ql X

dy Oy
R /— 21 21 0 R, 0’
(3.10) D(wp;up,vp) = jz; / ao(wp (R, 6 ))%
QB 0) o — 0)ae ap.

06
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Some existence and uniqueness results for this type of problem are given in [7], [6]
under some conditions on the coefficients a. So, by the constraint conditions (1.2)-
(1.3), we have

Lemma 3.1. The problems (3.2) and (3.8) have unique solvability.

In practice, the sum in (3.10) is truncated to a finite number of terms N. By
the hypothesis on a(:, ), it is not difficult to show that D(-;-,-) is a positive definite
bilinear form on V x V and V}, x V},. For ﬁ(, -, ), similarly as in the proof in [5],
[9], we have the following conclusion.

Lemma 3.2. There exists a constant C > 0 which has different meaning in
different places and is related to o and 3, such that

|ﬁ(w;u’1})| < CHUHLQl”UHLQU ﬁ(u;uvu) Z COl“'ina Vu,v,w € V.

From the discrete problem (3.8), we can get a system of algebraic equations of the
following form

Apn+ K, A U 0
(3.11) 11 h 12 _ ,
where U is a vector whose components are function values at the nodes on Iy, and
V is a vector whose components are function values at the interior nodes of €2;. The

. A A
matrix A £ A(u) = (
() Azr Ago

element method in €, while K;, £ Kj(ulr,) is gotten from the natural boundary

) is the stiffness matrix obtained from the finite

element method on I7.
The equation (3.11) can also be rewritten as follows

A A U -KU
(3.12) 11 12 _ h .
Ag1 Az \%4 b
Then, we have the iterative algorithm
A A U —KpA
(3.13) ( 11 12)( k):( h k),
Az Az Vi b
with

(314) Ak+1 :GkUk—f—(l—@k)Ak, k=0,1,...
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Since A is a positive definite matrix, we know that A2_21 exists. Now, we let
Sy =8 ,(Ll) + K, be the discrete analogue of the Steklov-Poincaré operator on I7,
with S}(LI) = Ay — A12A2_21A21, and B = —A12A2_21b. Then, similarly to the proof of
[13], [14], we conclude that the alternating algorithm (3.13)—(3.14) is equivalent to
the preconditioned Richardson iteration:

(3.15) S (AR — AF) = 6,(B — S,A%).
And we also have the following convergence result:

Theorem 3.1. If 0 < minf, < max#, < 1, then the discrete non-overlapping
alternating method (3.13)—(3.14) is convergent, and both the convergence rate and
the condition number of the iterative matrix [S ,(Ll)]’lSh are independent of the finite
element mesh size h.

3.2. Convergence analysis of the method in continuous cases. From (1.8)-
(1.9), the original problem (1.1) can be changed to

0%w 0%w e

—(aw‘Fﬁa—yg) = f(z), inQ°,

(3.16) w =0, on Ip,
w(x) = O(1), as |x| — oo.

Then, we let z = \/a&, y = v/Bn. The equation (3.16) becomes

?w 0w

—Aw:—(a—é,Q—Fa—nQ):f(w), in Q s
(3.17) w =0, on fo,
w(z) = O(1), as |x| — oo,

where Q¢ and I are the corresponding images of ()¢ and I, respectively. Let g be
extended to Q°, w = u — g, f = Ag, then the equation (3.17) is equivalent to

—Au =0, in Q°,
(3.18) u =g, on Iy,
u(x) = O(1), as|z| — oco.
Since it is difficult to estimate the convergence rate for a general unbounded do-
main ¢, we here let Q¢ be an exterior domain of a circle Iy, with radius r = Ry
and I is taken as stated in Section 1. For the case 8 > a > 0, Iy and I} will be

changed to ellipses fo and fl, respectively. We introduce the following conclusions
fora =5 =1and > a > 0, respectively.
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Lemma 3.3. If u is the solution of

—Au =0, inQq,
(319) U = ug, on FO,
Ju r
R— n
on Up, O 1,

where 1 is the annular domain between Iy and I,

o0 o0
Uy = Z ame™? € Hl/Q(I‘Q)7 Uy, = Z bm|m|eim‘P + by € H_l/Q(Fl),
m=—oo m=—0o0

m#0

then, there exists a unique u € H'(Q;) and

B > amR(l)m‘(T‘ml + R2Imlp=Imly b, RImIFL(plm] Rg‘mlr_””") im
U’(T7 410) - Z Q‘ml 2lm €
Ry™ 4+ R2Im|

m=—o0
m#0

+a0+Rb01nRLO.

Proof. The result can be obtained directly from (3.19) by separation of vari-
ables. O

Lemma 3.4. If u is the solution of

—Au = 07 in Ql,
(320) U = ug, on FO,

% =u on I’

on — Un, 1,

where ), is the elliptical ring domain between Iy and I7,

ug= Y _ cme™ € H'/2(Ly), up = \/—J_< > d|mle™? + d0> e HV2(1),
0

m=—0o0 m=—0o0

m#0
then, there exists a unique u € H' (1) and

o0
Cm(elm‘(’**“l) + e|m\(l$1*#)) + dm(e|m\(l¢*#0) — e|m\(l$0*#)) imep
u(p, ) = Z elml(pi—po) 1 glml(uo—p1) ©

m=—0o0

m##0
+ co + do(p — po)-

Proof. The result also can be obtained directly from (3.20) by the separation
of variables. O
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Theorem 3.2. If 0 < 0, < 1, then the non-overlapping domain decomposition
method (1.6)—(1.7) is convergent.

Proof. We only focus on the case § > «a > 0, the other can be discussed
similarly.
We assume the exact solution of (1.1) is v and we let A = u|r,, ux = ulq,, k =1,2.
Then, following (1.6)—(1.7), we let e¥ = A\ — u¥ and e¥|r, = A — \¥ 2 5. We let
oS .
ek = 3 a,e™ € H'/2(T}). By the natural integral equation, we have

n=-—oo

8_e’f = — (e = L i |n|a,e™?
on 1" vV J() e —oo " .
So, el satisfies
—Aek =0, in €y,
(3.21) e’f =0, on Ip,
dek 1 i Infane™® r
— = — nla,e™?, on
877/ JO o !
By Lemma 3.2, one obtains
e .
(3.22) e = — Z anHy(pn)e™?,

with H, () = (ell(r=ro) — elnl(ro=m)) /(elnl(mi=ro) 4 elnl(o—r1))  From (3.22), the
restriction of e¥ to I can be expressed as

oo

€]f|1“1 == Z aan(Ml)eimpv
and
1 s .
H(eh) =——= Y |njanHn(p1)e™.

Vo

n=-—oo

Thus, we have

k+1
Oej

il KN = M) = A (Ol + (1= 0p)NF = N)

— O (eh) — (1 — O) A (eh)

oo

S [nfan (@ H(p1) — 1+ 6r)e™.

295



Let E" & ||8e’f/8n|\271/2’n. Then E" =21 Y (n?/V1+n?)|a,|* and

n—=——oo

(3.23) E"T! lan |2 (O Hy (1) — 1 4 6;)?

oo 2
n
=%

n—=—oo

— (1= 02" 21} \/%MM%W,L(M)[@(H"(M) +2)—2].

n=-—oo

Assume 07 = izn\f{o} 2/(2+ Hp(p1)), then 1 > 6, > 2/3.
ne
IfO0< 0 <d,k=0,1,2,..., then

(3.24) E"l < (1 —6)%E™,
or equally
- 1
(3.25) B < JJ(1—-6,)°E' < B, g Sr<l
j=1
By the trace theorem, we have
(3.26) lefl g, <CE™ =0, n— oo

From (3.23), one also has

0 2
n+1 __ n 2 — 2
o 2
1 2 n n 2 _
= (1 29k) E"™ + 27[”:2_:00 \/].-l——n2|an| 9kfn(ﬂl)[9k(fn(ﬂl) 2) + 1]a
with I,(u1) = (1 — Hp(p1))/2. Assume 93 = sup 1/(2 —1I,(p1)), then 0 <
neZ\{0}
d2 < 2/3.
For 0o <0 <1,k =0,1,2,..., the convergence result can be obtained similarly to

(3.24)—(3.26). Therefore, for 0 < 6. < 1, the non-overlapping domain decomposition
method is convergent. O
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4. NUMERICAL EXAMPLES

In this section, we shall give some examples to illustrate our theoretical results.
In the following, we choose the finite element space as given in (3.7). For simplicity,
we let 1 9

T k
Ar = — Af = i e(k) = |lu— Uh7NHLac(Qi).
Moreover, let ej(k) denote the maximal error between the iteration & — 1 and k,
that is, e (k) = [|uf v — U,Z’_]\}HLOO(QI.), and let gn(k) = en(k — 1)/en(k) simulate the
convergence rate.

Example 4.1. We take Q¢ = {(z,9); x,y € R,r = /22 +y? > 1} and with
boundary Iy = {(1,0); 6 € [0,2n]}, T'r = {(2,0); 0 € [0,2n]}. We show our numeri-
cal results for problem (1.1) with a = 8 = 1, where

1

4—7“2+—1+ 5, 1S7r<2,
U
(4.1)  a(x,u) = .
112 r>2,
2 2(4 —1r?
B —<1+tan2%)<—g+¥tan%), 1<r <2,
(42 f@)= EZAC R r

0, r> 2.

The exact solution of Example 4.1 is u = tan(y/r?). The numerical results are
given in Table 4.1.

Example 4.2. We assume the exterior domain Q¢ with boundary Iy = {(1.5,0);
010,21}, T'r = {(3,0); 6 € [0,2n)}. Now we consider the problem

(32 (a0 52) + 5 (a0 52)) = S(e), im0

Ox oy

(4.3) u =0, on Ty,
ou ou

Enxao(u)% + nyao(u)a—y =1 (u(R,0)), on I'g,

where a(z,u) = 1/(1 +u?) and f = (2y(1 — ¢)(3z% — 3?))/(2* + 3?)3.

The exact solution of Example 4.2 is u = tan(y/r?). The numerical results are
given in Table 4.2 and Figure 4.1.

Example 4.3. Similar with Example 4.2, a(z,u) is replaced by a(z,u) =
1/v/1—u2. And we take f = 22(1 —¢)(z? — 3y2)/(2? + y?)>.

The exact solution of Example 4.3 is u = sin(x/r?). The numerical results are
given in Tables 4.3, 4.4, and Figure 4.2.
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Iteration number

(m,M) error
0 1 2 3 4 5 6 9
e 3.1267E-01  2.6695E-01  2.3989E-01  2.2255E-01  2.1096E-01  2.0294E-01 1.9719E-01 1.8723E-01
(2,8) en - 4.5716E-02  2.7057E-02  1.7339E-02 1.1590E-02  8.0264E-03  5.7445E-03  2.5046E-03
qn - - 1.6896 1.5605 1.4961 1.4440 1.3972 1.2847
e 2.1516E-01  1.5965E-01 1.2520E-01 1.0330E-01  8.8956E-02  7.9245E-02  7.2452E-02 6.1109E-02
(4,16) ep - 5.5517E-02  3.4447E-02  2.1896E-02 1.4348E-02 9.7116E-03  6.7924E-03  2.7899E-03
qn - - 1.6117 1.5732 1.5261 1.4774 1.4298 1.3078
e 1.8696E-01  1.2285E-01  8.4593E-02  6.1009E-02  4.5959E-02 3.6011E-02 2.9234E-02 1.8980E-02
(8,32) en - 6.4629E-02  3.8734E-02  2.3925E-02  1.5290E-02 1.0119E-02 6.9347E-03 2.7112E-03
qn - - 1.6685 1.6190 1.5647 1.5110 1.4592 1.3270
Table 4.1. The relationship between meshes and convergence rate (N = 10, 6 = 0.50)
0 k 0 1 2 3 4 5 6 9
e 2.4518E-01  2.1469E-01  1.8909E-01 1.6769E-01  1.4980E-01  1.3480E-01 1.2218E-01 9.4903E-02
0.18 en - 3.0488E-02  2.5607E-02  2.1391E-02 1.7894E-02 1.5005E-02 1.2618E-02  7.6329E-03
qn - - 1.1906 1.1971 1.1955 1.1925 1.1892 1.1791
e 2.4518E-01  1.8245E-01  1.4010E-01 1.1189E-01  9.2904E-02  7.9930E-02  7.0920E-02  5.6628E-02
0.38 en - 6.2734E-02  4.2348E-02  2.8207E-02 1.8988E-02 1.2974E-02 9.0100E-03  3.3507E-03
qn - - 1.4814 1.5013 1.4855 1.4636 1.4399 1.3658
e 2.4518E-01 1.6310E-01 1.1623E-01  8.9593E-02  7.4012E-02 6.4577E-02 5.8645E-02  5.0282E-02
0.50 en - 8.082 E-02  4.6865E-02 2.642E-02 1.581E-02 9.4350E-03  5.9317E-03  1.8546E-03
qn - - 1.7515 1.7591 1.7099 1.6514 1.5906 1.4192
e 2.4518E-01  1.5020E-01  1.0260E-01  7.8494E-02 6.5665E-02 5.8427E-02 5.4088E-02 4.8168E-02
0.58 en - 9.4981E-02  4.7604E-02  2.4103E-02 1.2829E-02 7.2378E-03 4.3387E-03  1.3066E-03
qn - - 1.9952 1.9750 1.8788 1.7725 1.6682 1.4188
e 2.4518E-01  1.3891E-01 9.2142E-02 7.0876E-02  6.0407E-02 54777E-02 5.1478E-02 4.6971E-02
0.65 en - 1.0627E-01  4.6773E-02  2.1266E-02  1.0469E-02  5.6292E-03  3.2995E-03  1.0052E-03
qn - - 2.2720 2.1995 2.0313 1.8598 1.7060 1.4048

Table 4.2. The relationship between 6 and convergence rate (N = 10, ¢ = 0.50, m = 4 and M = 16)
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(m,M)  error

Iteration number

0 1 2 3 4 5 6 9
e 2.8435E-01  1.6224E-01  1.2442E-01 1.0754E-01  9.9263E-02  9.4815E-02  9.2202E-02  8.8600E-02
(2,8) en - 1.5390E-01  5.7326E-02 2.4772E-02 1.1662E-02 5.9765E-03  3.3381E-03  9.0551E-04
an - - 2.6847 2.3142 2.1242 1.9513 1.7904 1.4518
e 2.4395E-01  9.6279E-02  6.0029E-02  4.5237E-02  3.8537E-02  3.5193E-02  3.3353E-02  3.1593E-02
(4,16) en - 1.6892E-01  4.9286E-02 1.8472E-02 7.6755E-03  3.6131E-03 1.9503E-03  5.4979E-04
qn - - 3.4274 2.6681 2.4066 2.1243 1.8526 1.4282
Table 4.3. The relationship between meshes and convergence rate (N = 10, 6 = 0.65 and ¢ = 0.50)
(m, M) error Iteration number
0 1 2 3 4 5 6 9
e 2.4989E-01 1.3435E-01  9.4821E-02 7.9172E-02 7.1187E-02 6.6744E-02 6.4061E-02 6.0244E-02
(2,8) en - 1.1554E-01  4.6950E-02 2.1771E-02 1.1029E-02 6.0871E-03  3.6459E-03  1.1582E-03
an - - 2.4609 2.1565 1.9739 1.8120 1.6695 1.3896
e 2.1005E-01  8.4833E-02  4.4906E-02  3.0606E-02  2.3875E-02  2.0372E-02 1.8374E-02 1.5735E-02
(4,16) en - 1.2576E-01  4.4282E-02 1.8891E-02 8.9007E-03  4.6036E-03 2.6097E-03  7.4866E-04
qn - - 2.8400 2.3441 2.1224 1.9334 1.7640 1.4246

Table 4.4. The relationship between meshes and convergence rate (N = 10, 6 = 0.65 and ¢ = 0.75)
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Figure 4.1. The relationship between 6 Figure 4.2. The relationship between meshes
and convergence rate (N = and convergence rate (N = 10,
10, m =4, M = 16). 0 = 0.65).

In Tables 4.1, 4.3, 4.4, and Figure 4.2, the relationship between the meshes and
convergence rate is shown. We obtain that the convergence rate is independent of
the finite element mesh size. In Table 4.2 and Figure 4.1, the convergence rates for
different relaxation factors 6 are compared. The results indicate that the choice of
the relaxation factor is very important for the performance of the D-N alternating
method. On the other hand, the convergence rate is not sensitive to the relaxation
factor € in the interval (0.5,0.67).
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