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QUASITRIVIAL SEMIMODULES V
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In the paper, critical semimodules over congruence-simple semirings are studied.

This part is an immediate continuation of [4] (but see also [1], [2] and [3]). The
notation introduced in the preceding parts is used. Here, critical semimodules over
congruence-simple semirings are studied. All the results collected here are fairly
basic and we will not attribute them to any particular source.

1. Auxiliary results (A)

In this part, let M be an idempotent (left S -)semimodule over a semiring S'.

1.1 Lemma. Letw € P(M). PutA,, ={xe M|x+w=w}and B,, = {x|x+w = x}.
Then:

(1) A,, is a subsemimodule of M and w € A,,.

(1) B,, is an ideal of M (i.e., B,, is a subsemimodule and B,, + M C B,,) and w € B.
(i) A, N B, = {w} and A,, U B,, is a subsemimodule of M.

v) A, = M iffw = oy.

(v) By, = M iff w = Oy
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Proof. All the assertions are easy to check. O

1.2 Lemma. Let w € P(M) be such that w # oy and B,, € P(M). Then M \ A,, is an
ideal of M.

Proof. Sincew # oy, wehave C = M\A,, # 0. If x € C,y € M then x+w # w and
x+x+y+w = x+y+w. Consequently, x+y+w # w and x+y € C. Furthermore, if r € §
then x+w € B,, € P(M) (use 1.1(i1)) implies w # x+w = r(x+w) = rx+rw = rx+w.
Thus rx € C. O

1.3 Proposition. Assume that M is not id-quasitrivial but that every proper subsemi-
module of M is id-quasitrivial. Then P(M) C {0,,, 0p}.

Proof. Letw € P(M). If A,, = M then w = o0y, by 1.1(1v). If B,, = M then w = Oy
by 1.1(v). Henceforth, assume that C = M\ A,, # 0 # M\ B,,. Wehavew € A, N B,,
and, by 1.1(i),(ii), both A,, and B,, are proper subsemimodules of M. According to
our assumptions, we get A,,UB,, € P(M). Of course, w ¢ C and, by 1.2, C is a proper
subsemimodule of M. Again, C € P(M) and it follows that M = A,, U C C P(M), a
contradiction. O

1.4 Proposition. Assume that M is not id-quasitrivial but that every proper sub-
semimodule of M is id-quasitrivial. Then just one of the following seven cases takes
place:
(1) P(M) =0, M is strictly minimal and M = S x for every x € M;
2) P(M) = {0y}, SM = {0y}, IM| = 2 and M is minimal;
(3) P(M) = {0y}, M is minimal and M = Sv for every v € M \ {Oy};
4) P(M) ={oy}, SM = {oy}, IM| =2 and M is minimal;
(5) P(M) = {opy}, M is minimal and M = S u for every u € M \ {oy};
(6) P(M) = {oy, 0y}, M = PIM) VU {z}, IM| =3 and SM = P(M) = Sz (then M
is congruence simple);
(7) P(M) = {on,0u}, M is almost minimal and M = Sw for every w € M \
\ {om, Op.

Proof. 1If P(M) = ( then M has no proper subsemimodules at all and (1) is clear.
Assume, henceforth, that P(M) # 0.

First, let P(M) = {w} be one-element. By 1.3, either w = 0y, or w = 0);. Anyway,
Sw = {wlandw € N = {x € M|Sx = {w}}. Clearly, N is a subsemimodule
of M. Assume, for a moment, that N # M. Then N € P(M), and hence N =
= {w}. Moreover, Sy = M for every y € M \ {w} and either (3) or (5) is true. Now,
assume that N = M. Then S M = {w}, and hence any subsemigroup K of the additive
semigroup M(+) is a subsemimodule. Since M is idempotent and w € {0y, 0y}, the
set {x, w} is a subsemimodule of M for every x € M. However, {w} is the only proper
subsemimodule of M. Consequently, |[M| = 2 and either (2) or (4) is true.
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Next, let |P(M) > 2. According to 1.3, we have P(M) = {Op, 05} If M is
almost minimal then (7) is true. On the other hand, if M is not almost minimal then
Sz € P(M) for some z € M\ P(M). Theset L = {x € M|Sx € P(M)}is a
subsemimodule of M, z € L and it means that L = M. Thus SM = P(M). Besides,
the set P(M) U {z} is a subsemimodule of M and it means that M = P(M) U {z}. If
S z = {oy} then the set {0y, z} is a subsemimodule of M, a contradiction. Similarly, if
Sz ={0y}. Thus Sz = P(M) and (6) is true. O

1.5 Remark. Let M be as in 1.4. Then M is minimal, provided that any of the subcases
(1),...,(5) holds, If (6) is true then M is not almost minimal. If (7) is true then M is
almost minimal. In all the cases, M contains at most four different subsemimodules.

2. Auxiliary results (B)

Let M be a semimodule over a semiring S .

2.1 Lemma. Assume that os € S and oy € M. Then:
(1) If x € M is such that oy € S x then oy = og x.
(i) If opy € Sy for every y € M then os M = {0y}

Proof. (i) We have 0y, = rx for some r € §, and hence ogx = (r+og)x = rx+osx =
=0y +0sX =0y.
(i1) This follows immediately from (i). ]

2.2 Lemma. Assume that os € S and og is right multiplicatively absorbing in S. If
oy € Mand oy = rixy+...r,x, forsomen > 1, r; € S and x; € M then Soy = {0y}
(i.e., oy € P(M)).

Proof. Forr = r; + -+ +r,, we have roy;, = rioy + -+ + r,oy = ri(xy + oy) +
+eoo (X, FOy) = XL+ Xy F POy + -+ 10 = Oy + TOy = Oy
Now, osoy = (r + 05)oy = roy + 0soy = oy + 050y = oy and soy = s(osoy) =
= (sos)oy = osoy = oy forevery s € §. m]

2.3 Lemma. Assume that og € S, oyy € M and oy € S x for every x € M. Then
osM = {oy}. If, moreover, og is right multiplicatively absorbing in S then Soy =
= {ou}

Proof. Combine 2.1 and 2.2. O

2.4 Lemma. Assume that M is faithful and \rM| = 1 for some r € S. Then r is left
multiplicatively absorbing in S.

Proof. We have (rs)x = r(sx) = rx forevery s € S and x € M. Since M is faithful,
we getrs =r. O
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2.5 Lemma. Assume that os € S, M is faithful, oy € M and oy € S x for every
x € M. Then os M = {oy} and oy is left multiplicatively absorbing in S. If og is right
multiplicatively absorbing then og is bi-absorbing and S oy = {0y}

Proof. Combine 2.3 and 2.4. O

2.6 Lemma. Assume that Og € S and 0y € M. Then:
(1) If x € M is such that Oy € S x then 0y = Og x.
(i1) If Oy € Sy for every y € M then Os M = {0y,}.

Proof. (1) We have 0y = rx for some r € S, and hence Ogx = 0y + Ogx
=rx+0sx = (r+0g)x =rx =0y.

(i1) This follows immediately from (i). O

2.7 Lemma. Assume that Oy € S and Og is right multiplicatively absorbing in S.
If Oy € M and Oy = rix; + -+ + 1px, for somen > 1, r; € S and x; € M then
S0y = {OM} (ie., Oy € P(M))

Proof. Forr = r{ + .-+ + r,, we have Oy = rix; + -+ + r,x, = ri(x; +0y) +
++ (ry(x, +0p) =Xy + -+ 1x, + 710y + - - - + 1,00 = 0y + 7057 = 70y. Now,
Oy =10y = (r+OS)OM =rOy +OSOM =0y + OSOM = OSOM and 50y, = S(OsoM) =
= (505)0y = 050y = 0y for every s € S. O

2.8 Lemma. Assume that Og € S, Oy € M and Oy, € Sx for every x € M. Then
OsM = {Op). If, moreover, Og is right multiplicatively absorbing in S then SOy =
= {Om}.

Proof. Combine 2.6 and 2.7. O

2.9 Lemma. Assume that Oy € S, M is faithful, Oy € M and Oy € Sx for every
x € M. Then OgM = {0y} and Og is left multiplicatively absorbing in S. If Og
is right multiplicatively absorbing in S then Qg is multiplicatively absorbing and
S0y = {Opm}.

Proof. Combine 2.8 and 2.4. O
2.10 Lemma. Let the semiring S be additively idempotent. Put Id(M) = {x €
e M|2x = x}. Then:

1) If M = Sv for at least one v € M then Id(M) = M and M is idempotent.

(i) If M is not idempotent then S M C Id(M) and 1d(M) is a proper subsemimodule
of M.

Proof. Wehaverx = (r+r)x=rx+rxforallre S and x € M. O
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3. Critical semimodules (A)

In this section, let S be a congruence-simple semiring.

3.1 Proposition. Assume that S is not left quasitrivial. Let M be a critical semimod-
ule. Then M is faithful, congruence-simple and not almost quasitrivial. Moreover,
R(M) = QM) = PIM) +#+ M, M = Sv for every v € M \ P(M) and just one of the
followng four cases takes place:

(1) P(M) = 0 and M is strictly minimal;

(2) Oy € M, P(M) = {0y} and M is minimal;

(3) oy € M, P(M) = {0y} and M is minimal;

@) Oy e M, 0y € M, PIM) = {0y, 0m} and M is almost minimal.

Proof. Taking into account [4, 5.5], we have to show that (at least) one of the
four cases takes place. We know that M is not (almost) quasitrivial, and hence it is
not id-quasitrivial either. On the other hand, every proper subsemimodule of M is
quasitrivial (see [4, 5.3]), and hence every proper subsemimodule of M is contained
in Q(M) = P(M). It follows that every proper subsemimodule of M is id-quasitrivial.
The rest follows from 1.4. |

3.2 Proposition. Let M be a congruence-simple semimodule that is not quasitrivial.
If M is minimal or almost minimal then M is critical.

Proof. See [4, 5,6,5.8]. O

3.3 Corollary. Assume that S is not left quasitrivial. A semimodule M is critical if
and only if M is congruence-simple, minimal or almost minimal and not quasitrivial.
O

3.4 Proposition. Let a semimodule M be minimal or almost minimal. If M is not
quasitrivial there there is a congruence o of M such that the factrosemimodule M/o
is critical.

Proof. See [4,5.7,5.9]. m]

3.5 Proposition. The following conditions are equivalent:
(1) The semiring S is finite.
(i1) There is at least one finite critical semimodule (see [4, 5.3]).

Proof. (1) implies (ii). If the (left S-)semimodule S is faithful then the result is
clear. Assume, henceforth, that 5§ is not faithful. Then S is left quasitrivial and, in
view of [4, 3.6], we have to distinguish the following four cases:

(a) S is a zero multiplication ring |S| = p is a prime number. Without loss of gener-
ality, we can assume that S(+) = Z,(+), Z, = {0, 1,...,p — 1}. Put M(+) = Z,2(+),

27



sz ={0,1,... ,p2 — 1}, and define an § -scalar multiplication = on M by a * x = pax
forall0 <a < p—1and0 < x < p*> — 1. One checks readily that M becomes a left
S -semimodule and that M is critical.

®) S ={0,1},0+0=0,0+1=140=14+1=1andab=bforalla,beS. By [4,
4.12], there is an idempotent critical semimodule M such that |M| < 5.

©S8 =1{0,1,,0+0=0,0+1=1+0=1+1=1and |SS]| = 1 (either SS = {0}
or SS = {1}). Again, by [4, 4.12], there is an idempotent critical semimodule M such
that |M| < 5.

(d)S ={0,1}and S +S§ ={0} =SS. Takea ¢ S,put M = S U{a}, M + M = {0} and
extend the interior multiplication of § to an S -scalar multiplication on M by aa = a
for all a € S. Then M becomes a critical left S -semimodule.

(i1) implies (i). S imbeds into the full endomorphism semiring End(M(+)). O

4. Critical semimodules (B)

In this section, let S be an additively idempotent congruence-simple semiring. As-
sume, furthermore, that S is not left quasitrivial. The latter assumption is equivalent
to: Either |S| > 3 or |S| = 2, the multiplication of S is not constant and ab # b for
somea,b € S.

Let M be a critical semimodule (see [4, 5.3,5.4]). Then M is faithful, congruence-
simple and not almost quasitrivial. In view of 3.1, just one of the following four cases
takes place:

(@) M is strictly minimal (then R(M) = Q(M) = P(M) = 0);

(B) R(IM) = Q(M) = P(M) = {0y} and M is minimal;

(y) R(IM) = Q(M) = P(M) = {0y} and M is minimal;

() RIM) = Q(M) = P(M) = {oy,0x} and M is almost minimal.

In all the four cases, M = Sv for every v € M \ P(M). In particular, the mapping
s — sv is a projective homomorphism of the left S-semimodule §S onto g M. Thus
M is finite if and only if S is finite. Furthermore, M is idempotent. If Og € S then
Oy € M. If og € S thenoy € M.

4.1 Lemma. Let og € S. Then:
(i) oy € M.
(i) ogx = oy for every x € (M \ P(M)) U (M \ {Op}).

Proof. (i) ¢ M is a homomorphic image of S .
(i) If xe M\ P(M)then M = Sx, 0y = rxand oy = ogx by 2.1(1). If x € M \ {0y}
then either x ¢ P(M) and oy = osx, or x € P(M) and then x = oy and ogx = x =
= OM' O

4.2 Corollary. If os € S and 0y ¢ P(M) then os M = {oy}. O
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4.3 Lemma. An element r € S is right multiplicatively absorbing in S if and only if
rM < P(M).

Proof. If rM C P(M) then srx = rx for all x € § and x € M. Since M is faithful,
we get sr = r. Conversely, if r is right multiplicatively absorbing then srx = rx for
all s € S and x € M. Thus rx € P(M). O

4.4 Proposition. Assume that os € S (e.g., if S is finite then og = )., s, s € S ). Then:
(1) oyr € M and og(M \ {0y}) = {0} (possibly 0y & M).

(i) If 0y ¢ P(M) then og M = {0}.

(iii) If M is of type (a) then osM = {oy}, Soy = M, og is left multiplicatively
absorbing in S and og is not right multiplicatively absorbing in S .

(v) If M is of type (B) then osM = {oy,0y}, Soy = M and og is neither left nor
right multiplicatively absorbing in S .

V) If M is of type (y) then os M = {oy}, Soy = {oy} and os is bi-absorbing in S.
(vi) If M is of type (0) then ogs M = {01, 0y}, Soy = {oy} and oy is right, but not left
multiplicatively absorbing in S.

P}"OOf. (1) By 4.1, oy € M. Since P(M) - {OM, OM}, we have os (M\ {OM}) = {OM}.
(ii) See 4.2.
(iii) We have P(M) = 0, and so og M = {oy} by (ii). Since M is strictly minimal, we
have Soy = M. Furthermore, ogrx = oy = ogx forall r € § and x € M. Since M is
faithful, we get ogr = oy, i.e., og is left multiplicatively absorbing. By 4.3, oy is not
right multiplicatively absorbing.
(iv) We have P(M) = {oy}. Thus 050y = 0y and osM = {oy, 0y} follows from
(i). Since oy ¢ P(M), we have Soy = M. By 4.3, og is not right multiplicatively
absorbing. Finally, roy = 0y for some r € S and ogroy = 050y = Oy # oy =
= osoy. Thus ogr # og and og is not left multiplicatively absorbing.
(v) We have P(M) = {0y}, and hence Soy = {oy} = os M (see (ii)). By 4.3, og is
right multiplicatively absorbing. Finally, ogrx = 0y = ogx forall r € S and x € M.
Since M is faithful, we have ogr = og and oy is left multiplicatively absorbing. Thus
os 1s bi-absorbing.
(vi) We have P(M) = {0y;,0y} and os M = P(M) follows from (i). Of course, Soy =
= {om} and oy is right multiplicatively absorbing by 4.3. On the other hand, if x €
€ M\ P(M) then 0y, = rx for some r € § and we have ogrx = 050y = Oy # oy =
= ogx. Thus ogr # og and og is not left multiplicatively absorbing. ]

4.5 Corollary. Let os € S. Then any two critical semimodules have the same type.
O

Assume that og € S. With respect to 4.5, we can define the type of S to be the
type of M. Thus S is of type
(@) if og is left, but not right multiplicatively absorbing;
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(B) if oy is neither left nor right multiplicatively absorbing;
(y) if os is bi-absorbing;
(0) if oy is right, but not left multiplicatively absorbing.

5. Critical semimodules (C)

The preceding section is immediately continued. We will assume here that Og € S.

5.1 Lemma. (i) 0y, € M.
(1) Ogx = Oy for every x € (m \ P(M)) U (M \ {0y}

Proof. (i) s M is a homomorphic image of S
(i) If x e M\ P(M) then M = Sx, 0y = rx for some r € S and 0y = Ogx by 2.6(i).
If x € M \ {0y} then either x ¢ P(M) and 0y = Ogx or x € P(M) and then x = 0, and
Osx = x=0y. O

5.2 Corollary. If oy ¢ P(M) then 0s M = {0y;}. O

5.3 Proposition. (i) 0y, € M and 0s(M \ {01}) = {0y} (possibly oy € M).

(i) If opr € P(M) then Og M = {0y}.

(i) If M is of type (@) then OgM = {0y}, SOy = M and Og is left multiplicatively
absorbing, but not right multiplicatively absorbing.

@v) If M is of type (B) then OsM = {0y}, SOy = {0y} and Og is multiplicatively
absorbing.

W) If M is of type (y) then Og M = {0y, 0y}, SOy = M and Qg is neither left nor right
multiplicatively absorbing in S.

(vi) If M is of type (y) then Og M = {0y, 0p}, SOy =30y} and Og is right, but not left
multiplicatively absorbing.

Proof. (i) By 5.1, 0y € M. Since P(M) C {opm, 0y}, we have Os (M \ {oy}) = {Op}.
(ii) See 5.2.
(iii)) We have P(M) = 0, and so Og M = {0y} by (ii). Since M is strictly minimal, we
have S0, = M. Furthermore, Ogrx = 0); = Ogx for all » € S and x € M. Since M is
faithful, we get Ogr = Og, i.e., Og is left multiplicatively absorbing. By 4.3, Oy is not
right multiplicatively absorbing.
(iv) We have P(M) = {0y}. Thus Og M = {0y} follows from (ii). Of course, S0y =
= {0Oy}. By 4.3, Og is right multiplicatively absorbing. Finally, Ogrx = 0y = Ogx
for all r € S and x € M. Since M is faithful, we have Ogr = Og, i.e., Og is left
multiplicatively absorbing.
(v) We have P(M) = {oy}, and hence Os M = {0y,0y} and SOy, = M (use (i)). By
4.3, Og is not right multiplicatively absorbing. Finally, rOy; = 0y, for some r € S and
05704 = Osop = 0y # 0y = 050y,. Thus Ogr # Og and Oy is not left multiplicatively
absorbing.
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(vi) We have P(M) = {0y;,0y} and Og M = P(M) follows from (i). Of course, S0y =
= {0y} and Oy is right multiplicatively absorbing by 4.3. On the other hand, if x €
€ M\ P(M) then oy, = rx for some r € § and we have Ogrx = Ogsos = oy # Oy =
= Ogx. Thus Ogr # Og and Oy is not left multiplicatively absorbing. O

5.4 Corollary. Any two critical semimodules have the same type. O

With respect to 5.4, we can define the type of S to be the type of M. Thus § is of
type
(@) if Og is left but not right multiplicatively absorbing;
(B) if Og is multiplicatively absorbing;
(y) if Oy is neither left nor right multiplicatively absorbing;
(0) if Oy is right, but not left multiplicatively absorbing.

5.5 Lemma. Assume that M is of type (y) or (0). Then oy € P(M) and oy is
irreducible.

Proof. Left oy = u + v for some u,v € M. Then oy = Ogopy = Os(u +v) =
= Osu + Ogv, and hence either Ogu # Oy pr Osv # 0. If Osu # 0y then u = 0y by
5.1(1). Similarly, if Ogv # 0y then v = 0y,. Thus oy, is irreducible. ]

6. Critical semimodules (D)

Let S be an additively idempotent congruence-simple semiring that is not left qu-
asitrivial. Let M be a critical semimodule.

6.1 Lemma. LetOg ¢ S, oyy € M and 0y € M. Then:

(1) M is of type (y) or (9).
(ii) If os € S then os is right multiplicatively absorbing.

Proof. (i) We have to show that oy, € P(M). Suppose, on the contrary, that oy, ¢
¢ P(M). Then Soy = M and there is r € S such that roy; = 0y, and Oy = roy =
=r(x+oy) =rx+roy =rx+ 0y = rxforevery x € M. That is rM = {0y}. Now,
(r+s)x=rx+ sx,0y + sx = sxforall s €S and x € M. Since M is faithful, we get
r+ s = s and r = Og, a contradiction.

(i1) Combine (i) and 4.4(v),(vi). O

6.2 Lemma. Let Og ¢ S, 05 ¢ S, oy € M and 0y € M. Then M is of type ().

Proof. By 6.1, M is of type (y) or (6). Proceeding by contradiction, assume that
M is of type (y). Then P(M) = {oy}, SOy = M, oy = rOy for some r € S and
rx = r(x+0y) = rx +r0y = rx+ oy = oy for every x € M. Thatis, rM = {oy}.
Now, (r+s)x =rx+sx =0y +sx =0y =rxforall s € S and x € M. Since M is
faithful, we get r + s = r and r = 0g, a contradiction. ]
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6.3 Lemma. Letog ¢ S, oy € M and Oy € M. Then:

(1) M is of type (B) or (9).
(i1) If Os € S then Qg is right multiplicatively absorbing.

Proof. (1) We have to show that 0y, € P(M). Suppose, on the contrary, that 0y, ¢
¢ P(M). Then SOy, = M, 1Oy = opy forsome r € S, rx = r(x + 0y) = rx + rOy =
= rx + oy = oy for every x € M, and hence rM = {oy}. Now, (r + s)x = rx + sx =
=0, +sx =0y =rxforall s €S and x € M. Since M is faithful, we get r + s = r
and r = og, a contradiction.

(i) Combine (i) and 5.3(iv),(vi). O

6.4 Lemma. Let og € S be not right multiplicatively absorbing. Then:
(1) 0s € S ifand only if Oy € M.

(i1) If Og € S then Og is left multiplicatively absorbing.

(iii) M is of type (@) or (B) and oy € M.

Proof. Since og € S is not right multiplicatively absorbing, the semimodule M is
of type (@) or (B) (use 4.4). Of course, oy € M. If Og € S then 0y € M and Og left
multiplicatively absorbing by 5.3. Finally, if 0y € M then Oy € S by 6.1. O

6.5 Lemma. Let og € S be neither left nor right multiplicatively absorbing. Then:
(1) Os € S and Og is multiplicatively absorbing.
(1) M is of type (B) and oy € M, Oy € M.

Proof. Since og € S is neither left nor right multiplicatively absorbing, the semi-
module M is of type (8) by 4.4. Of course, oy € M, Oyy € M and we have
P(M) = {0y}. By 6.4, 05 € S and Og is multiplicatively absorbing by 5.3(iv). O

6.6 Lemma. Let Os € S be not right multiplicatively absorbing. Then:
(1) M is of type @) or (y) and Oy € M.

(1) os € S if and only if o)y € M.

(1) If os € S then oy is left multiplicatively absorbing.

Proof. By 5.3, M is of type (@) or (y) and 0y; € M. If og € S then o)y € M and
os is left multiplicatively absorbing by 4.4 Conversely, if oy, € M then og € S by
6.3. O

6.7 Lemma. Let Og € S be neither left nor right multiplicatively absorbing. Then:
(1) M is of type (y) and oy € M, 0y € M.
(i) os € S is bi-absorbing.

Proof. By 5.3, M is of type (y) and we have 0y, € M. Of course, P(M) = {oy},
and hence og € S by 6.6. By 4.4(v), og is bi-absorbing. O
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6.8 Proposition. Assume that the semimodule M is of type (). Then:

(1) If os € S then og is left multiplicatively absorbing, og is not right multiplicatively
absorbing, oy € M, Soyy = M and os M = {oy}.

(1) If Og € S then Og is left multiplicatively absorbing, Og is not right multiplicatively
absorbing, 0y € M, 0y = M and Og M = {0y}

(iii) Ifos € S and 0y € M then Og € S.

(iv) IfOs € S and oy € M then og € S.

(v) Assume that either og € S or Og € S. If N is a critical semimodule then N is of
type (a).

Proof. See 4.4(1),(iii), 5.3(1),(iii), 6.4(i), 6.6(ii), 4.5 and 5.4. O

6.9 Proposition. Assume that the semimodule M is of type (8). Then:

(1) If os € S then og is neither left nor right multiplicatively absorbing, oy € M,
Soy =M, 0y € M and osM = {OM,OM}.

(1) If Os € S then Og is multiplicatively absorbing, 0y € M and S0y = {0y} = Og M.
(iii) If og € S then Og € S.

(iv) If opy € M then Oy € M.

(v) Assume that either og € S or Og € S. If N is a critical semimodule then N is of
type (B).

Proof. See 4.4(1),(iv), 5.3(iv), 6.1, 4.5 and 5.4. ]

6.10 Proposition. Assume that the semimodule M is of type (y). Then:

(1) If og € S then ogis bi-absorbing and S oy = {oy} = os M.

(i1) If Os € S then O is neither left nor right multiplicatively absorbing in S, Oy € M,
SOM =M and OsM = {OM,OM}.

(iii) If Og € S then og € S.

(iv) If O)y € M then og € S'.

(v)(Assume that either og € § or Og € S. If N is a critical semimodule then N is of

type ().
Proof. See 4.4(v), 5.3(1),(v), 6.3, 4.5 and 5.4. o

6.11 Proposition. Assume that the semimodule M is of type (6). Then:

(1) If os € S then og is right multiplicatively absorbing, os is not left multiplicatively
absorbing and og M = {01, 0p}.

(1) If Og € S then Qg is right, but not left multiplicatively absorbing and OsM =
= {om, Op}.

(iii) Assume that either og € S or Og € S. If N is a critical semimodule then N is of
type (0).

Proof. See 4.4(vi), 5.3(vi), 4.5 and 5.4. O
33



6.12 REMARK. Put S°? =T (= T(+, %), a = b = ba).

(i) Let M be a right S-semimodule. Put a o x = xa forall a € S and x € M. Then
ao(x+y) = (x+y)a = xa+ya = aox+aoy, (a+b)ox = x(a+b) = xa+xb = aox+box
anda o (box) =aoxb = (xb)a = x(ba) = x(ax) = (a = b) o x. Thus M(x,0) is a left
T-semimodule.

(i1) Let M(+,0) be a left T-semimodule. Put xa = a o x for all a € S. Again,
(xa)b =bo(aox)=(bxa)ox=x(b+*a)= x(ab). It means that M becomes a right
S'-semimodule.

(iii)) Combining (i) and (ii), we get a biunique correspondence between right S -
semimodules and left 7-semimodules.

(iv) T°P = §, and hence there is a biunique correspondence between right 7-semimo-
dules and left S -semimodules as well.

(iv) Assume that S is neither left nor right quasitrivial. Let N be a critical right S -
semimodule. Denote by N the corresponding left T-semimodule. A subset K of N
is a subsemimodule of N if and only if K is a subsemimodule of N. Clearly, N is a
faithful 7-semimodule and P(N) = P(N). Consequently, N is critical and of the same
type as N.

6.13 Proposition. Assume that S is neither left nor right quasitrivial (e.g., if |S| > 3)
and that either os € S or Oy € S. Let M be a critical left S -semimodule and N be a
critical right S -semimodule. Then:

(1) M is of type (@) iff N is of type (9).

(i1) M is of type (B) iff N is of type (B).

(iii) M is of type (y) iff N is of type ().

Proof. (i) First, let M be of type (@). I[f o € § (05 € §, resp.) then og (Og, resp.)
is left, but not right multiplicatively absorbing in S (see 6.8)i),(ii)). Put 7 = S°. If
os € S (0g € S, resp.) then oy € T (Op € T, resp.) and if og (Og, resp.) is left
multiplicatively absorbing in S then oy (07, resp.) is right multiplicatively absorbing
in T. By 6.11, the left T-semimodule N is of type (§). By 6.12(v), the right S-
semimodule N is of type (0) as well.

(i1) and (ii1). Combine 6.9, 6.10 and 6.12. m]

7. Critical semimodules (E)

Let S be a finite additively idempotent and congruence-simple semiring such that
IS| > 3. Thenog = >, S € S and § is neither left nor right quasitrivial.

7.1 Remark. Let M be a critical left S-semimodule and N be a critical right S -
semimodule. The type of M (N, resp.) is uniquely determined and M is of type ()
((B), (y), (), resp.) if and only if N is of type (9) ((8, (y), (@), resp.). We will say
that S is of type (I) ((ID), (IIT), (IV), resp.). The semiring S is of this type if and
only if the opposite semiring S°P is of the type (IV) ((II), (IIT), (I), resp.). We have
oy=YyMeMandoy = NeN.
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(1) If S is of type (I) then og M = {0y} and Nos = {on,0n} = P(N). If S is of type
(IT) then ogM = {oy,0y} and Nog = {on,0n}. If S is of type (III) then oM =
={oy} = Soy and Nog = {ony} = onS. If S is of type (IV) then og M = {0, 04} and
os = {on}.

(i) S is of type (I) ((IV), resp.) if and only if og is left (right, resp.) and not right (left,
resp.) multiplicatively absorbing. S is of type (I) if and only if oy is neither left nor
right multiplicatively absorbing. S is of type (III) if and only if oy is bi-absorbing.
(iii) If S is of type (II) then Og € S. If S is of type (I) (IV), resp.) then 0y € M
(Oy € N, resp.) implies Og € S.

(iv) Assume that Oy € S. Then 0y € M and Oy € N. S is of type (I) if and only
if Og is left but not right multiplicatively absorbing. Then Og M = {0y}, SOy = M,
OnS = {Oy} and NOg = {oy,On}. S is of type (IT) if and only if Og is multiplicatively
absorbing. Then S0y = {0y} = OsM and OyS = {Oy} = NOg. S is of type (III) if
and only if Og is neither left nor right multiplicatively absorbing. Then S0y = M,
OsM = {op,0p}, OnS = N and NOg = {on,0Oy}. Finally, S is of type (IV) if and
only if Og is right but not left multiplicatively absorbing. Then S0y = {0y}, Os M =
={oum, 0y} = P(M), OnS = N and NOg = {Oy}.
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