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IDEAL-SIMPLE SEMIRINGS II

TOMAS KEPKA, PETR NEMEC
Praha

Received April 25, 2012

Left- and right-ideal simple semirings are characterized.

This note is an immediate continuation of [1]. Any prospective reader is fully
referred to the first part as concerns various prerequisities, terminology, references,
etc. (e.g., Lemma 1.14 from [1] is referred to as I.1.14).

1. Elementary observations (a)

Let S be a non-trivial semiring such that the multiplicative semigroup S(:) is a
group. Then, of course, the semiring S is both left- and right-ideal-free.

1.1 Proposition. S is infinite and the group S (-) is torsionfree.

Proof. First,leta € S and m > 1 be such that a” = 1 (= Ig). Putbh = a + a* +
+---+ d". Then ab = b (see 1.1.14), and hence a = 1. It follows that S(-) is
torsionfree and S is infinite. O

1.2 Proposition. Either S is additively idempotent or S has no additively idempotent
element.
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Proof. It is easy. O

1.3 (The dual semiring.) Putaxb = (a~'+b~")" foralla,b € S. Clearly, axb = bxa,
a+b=(a"'*b")" andaxa = %. Furthermore, a* (bxc)=(a' +(b*c)')" =
=@'+b '+ ) =(axb)' +c ! = (a*b)*c. Consequently, S(x) is a
commutative semigroup. We have (a(b*c))™' = (ab™ ' +c )™ = +cHa! =
=bla ' +c a7 = (ab) ! + (ac)! = (ab)™" + (ac)™) )7 = (ab * ac)™' so that
a(b = ¢) = ab * ac. Symmetrically, (b * c)a = ba * ca. We see that the algebraic
structure S (x,-) is again a semiring — the dual of or the conjugate to S(+,-). The
mapping a — a~! is an antiisomorphism of the semirings ((a + b)™' = a”! * b~! and
(ab)™' = b~'a™"!). Notice that the semiring S (%, -) is additively idempotent if and only
if the semiring S (+, -) is such.

The dual (or conjugate) semiring S (x, -) is a parastrophe of the original semiring
S (+, ). Of course, we also have the usual parastrophe, namely the opposite semiring
S (+,0), where a o b = ba. Notice that the mapping a + a~' is an isomorphism of
S (+, 0) onto S (%, ) and conversely.

1.4 Assume that S (= S(+,-)) is additively idempotent. Then S (x, -) is so and (a~' +
+b Ya+@xb)=1+bla+1=1+b"'a=(a"'+b")a. Thusa+ (a*b) = a and,
symmetrically, a * (a + b) = a for all a,b € §. It means that the algebraic structure
S (+, =) is a lattice and S (-, +, =) is a lattice ordered group.

Conversely, let G = G(-,V, A) be a lattice ordered group, i.e., G(:) is a group,
G(V,A)is alattice and a(b V ¢) = ab V ac, (b V ¢)a = ba V ca, a(b A ¢) = ab A ac,
(bAc)a=baAcaforalla,b,ceG.

We have (aV (@ 'vb )™ DYa'vb™) =a@!'vb ™) andsoav(@ ' vb ) ! = a.
Similarly, bV (@' vb ) =b, (an@' v )Y DY -(@'vb Y =al@'vb YAl =
=(vab Hal =1L, an@'vb ) =@ vb ) L ba@ ' vb ™) =@ vb !,
and hence (aAD)A(@ ' Vb ™)™ = (@' vb )7L On the other hand, aAaAb = aAb,
(@Ab)ytanl =1,anb) ' Ab ' =b71. Now, (anb) ' va = (@anb) ' v((anb)™' A
Aa )= (anb)y " and (aAb)'vb! = (aAb)™'. Thusa ' Vb ' v(anb) ™! = (anb)!,
@'vbYanbyvli=1,@Ab)Vv @' vbH! =(@"'vb)! and, finally,
aNb=(@Ab)A((arb)V(a'Vvb ) )=(@Ab)A(a'Vvb ). Consequently,
aAb=(a"'vb ") and, dually, aVb = (a' Ab")"!. Now, it is clear that the
algebraic structures G(V, -) and G(A, -) are conjugate semirings.

Finally, let G = G(-, <) be an ordered group, i.e., < is a reflexive, antisymmetric
and transitive relation defined on G and a < b implies ca < cb and ac < bc. Assume
that the ordered set G(<) is a lattice and put a V b = sup(a,b), a A b = inf(a,b), so
that G(V, A) is an algebraic lattice. Now, ca < c(a V b), cb < c(a V b), and hence
caVceb < c(avb)and ¢! (caVveb) < avb = ¢ 'cave'ch. From this, d(eV f) < devdf
for all d,e, f € G and we have proved that w(u V v) = wu V wv for all u,v,w € G.
Quite similarly, w(u A v) = wu A wv. This means that G(-, V, A) is a lattice ordered
group in the algebraic sense.

1.5 Proposition. Z(S (+)) is a subsemiring of S.
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Proof. It is easy. O
1.6 Lemma. S is additively idempotent if and only if 15 + 15 = 15.
Proof. Tt is easy. O

1.7 Proposition. Let 15 + 1g # 1g (see 1.2, 1.6) and let Q be the subgroup of S(-)
generated by all the elements nlg, n > 1. Then Q is a subsemiring of S and Q = Q*
(the parasemifield of positive rational numbers). Moreover, Q C Z(S(+)) (see 1.5).

Proof. Wehavenlg-a=(lg+---+1lg)a=a+---+a=na=a-nlg forallae$§
and all positive integers n. Thus nlg € Z(S(-)) and Q € Z(S(-)) follows from 1.5.

Let ny,ny,my,my be positive integers. Then (n;15)(m;1s) + (nalg)(mylg)™ =
= (m15)(ma1s)(my 1) (mals)™ + (malg)(my 15 )(my 1) (malg)™" = (mmols) +
+ (mamy1g))(mimy1g)™" and, further, (n115)(m15)™" - (n21s)(mals)™! = (mnaly)
(mln’Lzls)71. If nlmfl = l’lzmgl then nymy = nomy, nymyls = nymylg and (n;lg)
(m1g)~! = (ny1g)(ma1g)~". Using these observations, we get a semiring homomor-
phism ¢ : QY — Q such that ¢(nm™') = (nlg)(mls)~'. Clearly, ¢(1) = 1g and
»(Q*) = Q. Since the parasemifield Q* is congruence-simple, the homomorphism ¢
is an isomorphism. O

2. Elementary observation (b)

In this section, let S be a left-ideal-simple semiring.

2.1 Proposition. Just one of the following four cases takes place:
(1) Sa=S foreveryae S,
(2) S contains a multiplicatively absorbing element w and Sa = S for every
aeS\{w}
(3) S is a zero multiplication ring of finite prime order;
(4) S is isomorphic to one of Zy,23, 24,7y (see 1.2.1).

Proof. Assume that (1) is not true. Then A ={a € S |Sa# S} # 0. If a € A then
Sa is a proper left ideal, and therefore Sa = {w,}, where w, is right multiplicatively
absorbing. The set B of right multiplicatively absorbing elements is an ideal. If B = S
then uv = v for all uv, € § and every subsemigroup of S (+) is a left ideal. Then S (+)
has no non-trivial proper subsemigroups and we see that either [S| = 2 or S(+) is
a p-element group for some prime number p. Since uv = v, v = uv = (u + u)y =
=uv+uv =v+v,S(+)is idempotent and S = Zy (see 1.2.1). On the other hand, if
B # S then B = {w}, w being multiplicatively absorbing. We have Sa = {w} for every
a € A and it is easy to see that A is an ideal of S. If [A] = 1 then A = {w} and (2) is
true. Finally, if |A| > 2 then A = S, |SS| = 1 and 1.5.3 applies. O
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2.2 Proposition. Just one of the following seven cases takes place:

(1) Sa=S foreveryaeS;

(2) Os € S is voth additively neutral and multiplicatively absorbing, T = S \ {0}
is a subsemiring of S and Ta = T foreverya € T;

(3) os € S is bi-absorbing, T = S \ {0} is a subsemiring of S and Ta = T for
everyaeT;

(4) os €S is bi-absorbing, Ta =T ando € T + aforeveryacT =S \ {0},

(5) S is a skew-field;

(6) S is a zero multiplicaiton ring of finite prime order;

(7) Sis isomorphic to one of Z,,73,74,Zo.

Proof. Assume that neither (1) nor (6) nor (7) is true. According to 2.1, S contains
a multiplicatively absorbing element w and Sa = S foreverya € T =S \ {w}.

First, let w = Og be additively neutral. For every a € T, Sa = S and the set
B, ={b € S |ba=0}is aleft ideal. Since B, # S, we have B, = {0} and it follows
that 7T € T and Ta = T forevery a € T. If S is not a ring then (2) follows from
1.3.6. On the other hand, if S is a ring then, for every a € T, there is [, € T with
l, = a and, for every b € T, we have bl,a = ba, (bl, — b)a = 0 and bl, = b. It follows
that /, = 1g is the unity of the ring S (b(({,, — l,) = 0and l,, = 15 = [,,). For every
ceTthereisd € T withdc = 1. Then (¢cd — 1)c =cdc—c=c—c=0and cd = 1.
Thus S is a skew-field.

Next, let w # Og. By 1.3.6, w = og is bi-absorbing. For every a € T, we have
Sa = § and the set C, =}c € S|ca = o} is a left ideal. Since C, # S, we have
C, = {o} and it follows that TT C T and Ta = T. If T + T ¢ T then the set
D={deT|oed+T}isnon-empty. But DU {0} is an ideal of S. O

2.3 Lemma. Assume that Sa = S for every a € S such that a is not multiplicatively
absorbing (see 2.1). Define a relation o on S by (a,b) € o iff xa = xb for every x € S.
Then:

(1) o is a congruence of the semiring S.

@i1) If a,b,c € S are such that ab = ac then either (b, c) € o or a is multiplicatively
absorbing.

(iii) If a,b,c € S are such that (ab,ab) € o then either (b,c) € o or a is multiplica-
tively absorbing.

Proof. Tt is easy. m|

2.4 Proposition. Let S be finite. Then just one of the following eight cases takes
place:
(1) S is additively idempotent, os € S is bi-absorbing, Ta = T, Sa = S and
oeT +aforeveryaeT =S \{o};
(2) S is additively idempotent, og € S is bi-absorbing, T = S \ {0} is a subsemir-
ing of S and ab = aforall a,b e T;
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(3) S is additively idempotent and ab = a for all a,b € S;

(4) S is additively idempotent Og € S is additively neutral and multiplicatively
absorbing, T = S \ {0} is a subsemiring of S and ab = a forall a,b € T;

(5) S is additively constant, og € S is bi-absorbing and Ta = T, Sa = S for
everyaeT =S5 \{o},

(6) S is a (finite) field;

(7) S is a zero multiplication ring of (finite) prime order;

(8) S is isomorphic to one of Z,2Z3, 24,2y (see L.2.1).

Proof. We can assume that either 2.1(1) or 2.1(2) is true. The rest of the proof is
divided into four parts (use 2.2).
(i) Let 2.1(1) be true and let o # S X §, where o is defined in 2.3. Then R = S/p is
a non-trivial semiring and the multiplicative semigroup R(:) is left cancellative. Since
Sa = § for every a € S, both the semigroups S (-) and R(-) are right divisible. Since
S is finite, the semigroups are right quasigroups. Consequently, R() is a quasigroup,
and hence a group. This contradicts 1.1.
(i1) Let 2.1(1) be true and let o = S X §. Then ab = ac for all a,b,c € S and (3)
follows from 1.5.2.
(iii) Let 2.1(2) be true and let w = Og be additively neutral and multiplicatively ab-
sorbing. If S is aring then § is a (finite) field by 2.2. If S isnot aring then 7 = S \ {0}
is a subsemiring of § and Ta = T for every a € T. Now, by (i) and (ii), we have
ab =aforall a,b € T. Thus (4) is true.
(iv) Let 2.1(2) be true and let w = og be bi-absorbing. If T+7 € T, where T = S \ {0},
then T is a subsemiring of S and Ta = T for every a € T (use 2.2). Again, ab = a
for all a,b € T and (2) is true. Finally, assume that 7 + 7 ¢ T. By 2.2, Ta = T for
everya € T and o € T + a. If § is additively idempotent then (1) is true. If S is not
additively idempotent then S is additively constant by 1.3.10. Thus (5) is true. O

2.5 Proposition. Let S be left-ideal-free. Then Sa = S for every a € S. Moreover, if
S is finite then ab = a for all a,b € S.

Proof. Use 2.2 and 2.4. m|

3. Elementary observations (c)

In this section, let S be a non-trivial finite semiring containing a bi-absorbing ele-
ment og suchthat Ta =T ando € T +aforeverya e T =S \ {0} (see 2.4).

3.1 Lemma. (i) S is left-ideal-simple.

(i1) The multiplicative semigroup T(-) is a right quasigroup.
(iVA={aeT|a*=a}+0.

(iv) Every element from A is right multiplicatively neutral in S .
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(v)ab = aforalla,b € A.
(vi) For every a € T there is a uniquely determined element l(a) € A with l(a)a = a.

Proof. The semigroup 7T'(-) is right divisible and it is a right quasigroup, since it is
finite. Consequently, for every a € T there is a uniquely determined element l(a) € T
with [(a)a = a. We have bl(a)a = ba for every b € T, so that bl(a) = b and l(a) is
right multiplicatively neutral in §. Of course, A = {a € T|l(a) = a} and the rest is
clear. O

3.2 Lemma. Let f € A. Then:

1) (fT)() is a group.

@11) (fT) U {o} is a subsemiring of S.

(iii) fa+ fb =oforall a,b € T such that fa # fb.

Proof. By 3.1(iv), fafb = fab, ffa = fa and faf = fa for all a,b € S. Conse-
quently, fT is a subsemigroup of 7(-) and f is the neutral element of f7. We have
fTfa= fTa = fT forevery a € T, and so (fT)(-) is a right quasigroup. Now, it is
clear that, in fact, it is a group. Furthermore, fa + fb = f(a + b) € (fT) U {o} for
alla,b € T and R = (fT) U {o} is a subsemiring of S. The assertions (i) and (ii) are
proved. If S is additively constant then (iii) is clear.

Assume that S is not additively constant. By 2.4, S is additively idempotent. Put
O={acRla¢a+(R\{a})}. Theno ¢ Q and bQ C Q forevery b € R\ {o}.

Let O # 0. Then Q = R\ {0} = fT and if a,b € R are such that a + b # o then
a+be Q. Buta+b=(@+b)+aanda+b=(a+b)+bltmeansthata=a+b=>
and (iii) is true.

Finally, let Q = 0. Choose a; € R\ {0}. Since a; ¢ Q, there is a, € R\ {a;} with
a; = ay + ap. Clearly, a; # o and there is a3 € R \ {a,} with a; = a + a3. Since
a, # ap, we have as # a,. Proceeding in this way, we find an infinite sequence of
pair-wise different elements a1, a;, as, . .., a contradiction. O

3.3 Lemma. Let f € A. Then:
1) (Ia), fa) # (I(b), fb) foralla,b e T, a+b.
(i) l(@)(b) = l(a) = l(ab) and fafb = fab forall a,b e T.

Proof. (1) If l(a) = (b) and fa = fbthen a = l(a)a = l(a)fa = l(a)fb = l(a)b =
= I(b)b = b (use 3.1).
(ii) fafb = fab by 3.1(iv). O

3.4 Lemma. Assume that S is additively idempotent. The following conditions are
equivalent for a,b € T:
(i) a+b+o(ie,a+beT).
(i) a+b #oandl(a+b) = la)+ (D).
(ii1)) fa = fb for some f € A.
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(iv) fa = fb forevery f € A.
(v) ca = cb for someceT.
(vi) ua = ub foreveryu € §.

Proof. If ca = cb for some ¢ € T then S = Sc implies (vi). Consequently, the
conditions (iii).. . . ,(vi) are equivalent. If (iv) is true then f(a+b) = fa+ fb = fa +# o
(S is additively idempotent), and hence a + b # o and (i) is true. Finally, ifa + b # o
then fa + fb = f(a +b) # o and fa = fb by 3.2(iii). Hence (iv) is true and
(Ua)+1U(D))-(a+b) = la)a+1(a)b+1(D)a+I(b)b = a+b. Thus l(a+b) = l(a)+I(b). O

3.5 Lemma. Lete, f € Aanda € T. Then l(ea) = e and fea = fa (i.e., (l(ea), fea) =
= (e, fa)).

Proof. 1t is obvious. O

4. Examples

4.1 Every two-element semiring is both left- and right-ideal-simple (see 1.2.1).

4.2 Let S(+) be semilattice (i.e., an idempotent commutative semigroup). Define a
multiplication on S by ab = a for all a,b € S. Them § = S(+,-) becomes a bi-
idempotent semiring. If [S| > 2 then this semiring is left-ideal-free and contains no
right multiplicatively absorbing element.

4.3 Let S be a semiring of type 4.2. Let 0 ¢ S| and put S = S; U {0}, where O is
additively neutral and multiplicatively absorbing. Then S becomes a bi-idempotent
semiring that is left-ideal-simple. If |S | > 2 then the semiring S is not congruence-
simple.

4.4 Let S| be a semiring of type 4.2. Leto ¢ S| and put S = S| U {0}, where o is
bi-absorbing. Then S becomes a bi-idempotent semiring that is left-ideal-simple. If
|S'1] > 2 then S is not congruence-simple.

451etG = G(-) beagroup, 0 ¢ G, S = GU{o},a+b =a+0=0+a = o,
a+a=aandao =0 =oaforalla,b e G,a +# b. Then S is an additively idempotent
semiring, o = og is bi-absorbing and the unity of G is multiplicatively neutral. The
semiring S is both left- and right-ideal-simple. If |G| > 2 then S has no additively
neutral element. If |G| = 1 then S = Zg (see 1.2.1).

4.6 Let A = A(+) be a semilattice, G = G(-) a group and S = (A X G) U {0}, where
0 ¢ A X G. Define an addition and a multiplication on S by the following rules:
(@x+o=0+x=x0=o0x=oforeveryx € S;

(b) (a,u) + (b,v) =oforalla,b € A, u,ve G,u+v,

(¢) (a,u) + (b,u) =(a+b,u)foralla,b € A, u € G,

(d) (a,u) - (b,v) = (a,uv) forall a,b € A, u,v € G.
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It is moderately tedious but easy to check that § becomes an additively idempotent
semiring and o = oy is bi-absorbing. Furthermore, Sx = S forevery x e T = § \ {0},
and hence S is left-ideal-simple. We have o € T +y forevery y € S. For every a € A,
the set ({a} X G) U {o} is a right ideal. Consequently, S is right-ideal-simple if and
only if |A| = 1 (see 4.4). For every a € A, the element (a, 1) is right multiplicatively
neutral. If |A| > 2 then the semiring S has no multiplicatively neutral element. The
semiring S has an additively neutral element if and only if |G| = 1 and A(+) has such
an element (then Og = (04, 15)).

4.7 Let G = G(-) be a group, 0 ¢ G, S = GU{o} and x + y = x0 = ox = o for all
x,y € §. Then S is an additively constant semiring, 0 = og is bi-absorbing and the
unity of G is multiplicatively neutral. The semiring S is both left- and right-ideal-
simple and has no additively neutral element. If |G| = 1 then S = Z, (see 1.2.1).

4.8 Let A be a non-empty set,0 ¢ Aand S = AU {o}. Put x +y = x0 = ox = o for all
x,ye€ S andab = aforalla,b € A. Then § is an additively constant semiring, 0 = og
is bi-absorbing and Sa = S for every a € A. Consequently, S is left-ideal-simple.

4.9 Let A be a non-empty set, G (= G(:)) a group and § =)A X G) U {0}, where
0 ¢ A X G. Define an addition and a multiplication on S by the following rules:
(@x+y=o0=ox=xoforall x,yeS;

() (a,u)(b,v) = (a,uv) foralla,b € A, u,v € G.

It is easy to check that S becomes an additively constant semiring and that 0 = oy
is bi-absorbing. Furthermore, Sx = S for every x € T = § \ {0}, and hence § is
left-ideal-simple. We have 0 € T + y for every y € S. For every a € A, the set
({a} X G) U {0} is a right ideal. Consequently, S is right-ideal-simple if and only if
|A] = 1 (see 4.7). For every a € A, the element (a, 1) is right multiplicatively neutral.
If |A| > 2 then the semiring S has no multiplicatively neutral element. The semiring
S has no additively neutral element.

4.10 Let R be a semiring such that the multiplicative semigroup R(-) is a group.
Let the group R(-) be subgroup of a group 7(-). Leto ¢ T and S = T U {0}. Define
an additionon S by x +o =0 =0+ xforeveryx € S,a+b =ofora,b €T,
a'b ¢ R (equivalently, b-' ¢ Ryanda+ b = a(l +a 'b) fora,b € T,a 'b € R
(equivalently, b~'a € R). Setting xo = 0 = ox for every x € S, we get an algebraic
structure S = S(+,-) with two binary operations, where o = og is apparently bi-
absorbing. 7T'(-) is a subgroup of S(-) and S(-) is a monoid, 1y = 17. If a,b € T are
suchthata™'b ¢ Rthenb'a¢ Randa+b=0=b+a. Ifa'b e Rthenb 'a e R,
a'b(l+b'a)y=a'b+1landa+b=a(l +a'b) =b(1 + b 'a) = b + a. It means
that S (+) is a commutative groupoid.

(1) If x,y,z€ S are such thato € {x,y,z}thenx+ (y+z2) =0 = (x+y) + 2.

(ii) Let a,b,c € T be such that a™'b € Rand b'c € R. Thena'c € R,a+b =
=a(l+a'b),b+c=b(1+b'c),c'al+a'b)=cla+c'beR,a'b(1+b7'¢) =
=a'b+a'lceRand(a+b)+c=c+@+b) =c(l+clall +a'b) =c+
+cla+cb)y o0, a+(b+c)=all +a'b(1 +b7'e) =a(l +a'b+a'c) # o.
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Buta'cl+cla+c'b)y=a'lc+1+a'band(a+b)+c=c(l +c la+c'b) =
=a(l+a'b+a'c)=a+ D +o).

(iii) Let @, b,c € T be such that a™'b € Rand b~'c ¢ R. Thena + b = a(l + a”'b),
cla=c'"bb'a¢R 1+a'beR, cla(l+a'b)¢ Rand (a+b)+c=c+(a+b) =
=o=a+o=a+ (b+c).

(iv) Let a,b,c € T be such that a~'b ¢ R and b~'c € R. Similarly as in (iii), we have
(a+b)+c=0=a+ (b+o).

(v)Leta,b,c € Tbesuchthata™'b ¢ Randb~'c ¢ R. Then (a+b)+c=0+c=0=
=a+o=a+ (b+c).

(vi) Combining (i)....,(v), we have verified that S (+) is a commutative semigroup.
(vii) If x,y,z € § are such that 0 € {x,y,z} then x(y +z) =0 = xy + xzand (y + 2)x =
=0 =yx+ zx.

(viii) Let a,b,c € T be such that b"'¢ € R. Then (ab)'(ac) = b~'c € R and
ab +¢) =ab(1 +b7'c) = ab(l + (an)"'(ac)) = ab + ac.

(ix) Let a, b, ¢ € T be such that 5~'¢ ¢ R. Then (ab)'(ac) = b 'c ¢ Rand a(b + ¢) =
=0 =ab+ac.

(x) Combining (vii), (viii) and (ix), we have verified that the multiplication is left
distributive over the addition. It means that S = S(+, -) is a left near-semiring.

(xi) Let a,b,c € T be such that b"'c € R. Then b+ ¢ = b(l + b~'¢) and (b +
+c)a=a'blca. fa'b'ca ¢ Rthenba+ca =0 # (b+c)a. Ifa'b'ca e R
then ba + ca = ba(l + a 'b~'ca) # o. In the latter case, ba + ca = (b + ¢)a iff
al+a'b'eca)a'=1+b'corl +a b 'ca=a'(1 +b 'c)a.

(xii) Let a,b,c € T be such that 5-'c ¢ R. Thenb +c¢ = oand (b + ¢)a = o. If
a'b~'ca e Rthen ba + ca # o = (b + ¢)a.

(xiii) Let a,b € T and u € R. then b™'bu = u, b+ bu = b(1 +u), (b +bu)a = b(1 +u)a.
If a 'ua € R then ba+bua = ba(1+a 'ua). Thus (b+bu)a = ba+buaiff a ' (1+u)a =
=1+a'ua. If a”'ua ¢ R then ba + bua = o.

(xiv) Combining (xi), (xii) and (xiii), we have verified that the near-semiring S is a
semiring if and only if R(-) is a normal subgroup of 7(:) and a™'(1 + ua) = 1 + a~'ua
forall a € T and u € R. (Notice that these conditions are satisfied if R C Z(T'(+)).)
(xv) Assume that S is a semiring (see (xiv)). The unity 17 = 1g is multiplicatively
neutral and 0 = oy is bi-absorbing. If |[T| = 1 then § = Zs. If |T| > 2 then S has no
additively neutral element. If [R| = 1 then S is as in 4.5.

We have a + a = (1 + 1)a = 2a for every a € T. Consequently, either S is
additively idempotent or o is the only additively idempotent element of §. We have
alsoSa = S —aS forevery a € T. It follows that S is both left- and right-ideal-simple.
Ofcourse,R={acT|l+a+#0}. IfR#+TthenoeT+xforeveryxeS.

If § is not additively idempotent then 23 = 1g + 1+ S # 1g and the subgroup Q
of the semiring R generated by all ng, n > 1, is a subsemiring of R and Q = Q* (the
parasemifield of positive rational numbers). Clearly, Q € Z(T(-)).

In particular, if R(-) is an infinite cyclic group then S is additively idempotent and
we claim that R C Z(T'(+)).
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Indeed, if R ¢ Z(T(-)) then there is a € T such that a~'ua = u~" for every u € R.
Now, 1+ =a'Q+wa =1+aua=1+u',1 = +wd+u) =
=l4+u'+u+1=1+u+u',1+u=1,1+u"" =1 forevery u € R. On the other
hand, 1 + u~' = 1 implies u = u + 1, so that u = 1 and |R| = 1, a contradiction.

5. Finite left-ideal-simple semirings

In this part, let S be a finite left-ideal-simple semiring.

5.1 Theorem. Just one of the following eleven cases takes place:

(1) S is additively idempotent, og € S is bi-absorbing, 1s € S is multiplicatively
neutral, T(-) is a subgroup of S (:), where T = S \ {os} and a + b = o for all
a,beT,a+ b (seedb),

(2) S is additively idempotent, os € S is bi-absorbing, S has no multiplicatively
neutral element, T(-) is a subgroup of S (-), where T = S \{os}, 0o € a+ T for
everya € T and S is constructed in the way described in 4.6 (where |A| > 2
and |G| > 2; then |S| > 5);

(3) S is additively idempotent, og € S is bi-absorbing, T = S \ {os} is a sub-
semiring of S and ab = a forallae S, b e T (see 4.4);

(4) S is additively idempotent and ab = a for all a,b € S (see 4.2);

(5) S is additively idempotent, Og € S is additively neutral and multiplicatively
absorbing, T = S \{Og} is a subsemiring of S and ab = aforallae S,beT
(see 4.3);

(6) S is additively constant, og € S is bi-absorbing, 1s € S is multiplicatively
neutral and T(-) is a subgroup of S (-), where T = S \ {os} (see 4.7);

(7) S is additively constant, og € S is bi-absorbing and ab = afor all a € S and
b e S \{os} (see 4.8);

(8) S is additively constant, og is bi-absorbing, S has no multiplicatively neutral
element, ab # a for some a,b € S \ {os} and S is constructed in the way
described in 4.9 (where |A| > 2 and |G| = 2; then |S| = 5);

9) S is a (finite) field;

(10) S is a zero multiplication ring of prime order;
(11) S = Zl,Z3,Z4,Zg (see 121)

Proof. In view of 2.4, we will assume that either 2.4(1) or 2.4(5) is satisfied. In
both cases, S contains a bi-absorbing element 0 and we put 7 = S \{o}. We have Ta =
=T,0eT+aand Sa =S foreverya € T. Now, asin3.1,put A ={aeT|a’> =a)
and choose f € A. Define a mapping ¢ : T — A X G, where G = fT, by ¢(a) =
= (l(a), fa). By 3.3(1), the mapping ¢ is injective and, by 3.5, it is projective as well.
Thus ¢ is a biunique mapping of 7" onto A X G and, by 3.3(ii), ¢(ab) = (I(a), fab) for
all a,b € T. The rest of the proof is divided into six parts.

(i) Let S be additively idempotent and let [A| = 1. We have A = {f}, where f = Ig
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is multiplicatively neutral, and hence 7 = 1T = fT = G and T(-) is a group. Now,
using 3.4, we see that (1) is true.

(i1) Let S be additively idempotent and let |G| = 1. We have G = fT = {f}, so
that fa = f foreverya € T. Thene = ef = efa = eaforalle € A,a € T,
and hence l(a) = l(a)a = a. Thus A = T, ab = a for all a,b € T. Moreover,
ala+b) =a®> +ab = a+ a = a and it follows that a + b € T. Now, it is clear that (3)
is true.

(iii) Let S be additively idempotent and let |[A| > 2 and |G| > 2. By 3.2(i), G(:) is a
group. If ej,e; € A then ejer = ey, ej(e; +e3) = e% +ejep = e] +e; = eq, so that
e1 + e, # 0. Of course, (e] +€;)* = e% +e1ey + erey +e§ =e +te teytey=e +e
and e; + e; € A. Thus A is a subsemiring of S. By 3.4, if a,b € T thena + b # o iff
fa = fb; then l(a + b) = l(a) + I(b). By 3.1, l(ab) = l(a) = l(a)l(b) and fab = fafb
forall a,b € T. Now, it is clear that (2) is true.

(iv) Let S be additively constant and let |A| = 1. By 3.2(i), T(-) = G(-) is a group and
(6) is true.

(v) Let S be additively constant and let |G| = 1. We have G = fT = {f}and A =T,
ab =aforalla,b € T. Thus (7) is true.

(vi) Let S be additively constant, |A| > 2 and |G| > 2. Then (8) is true. O

5.2 Corollary. Assume that Og € S. Then either 5.1(3) is true (and Oy € T) or
5.1(4) is true (and 0 € S(+)) or 5.1(5) is true or 5.1(9) is true or 5.1(10) is true or
S = Z3,Z4,Z9. O

5.3 Corollary. Assume that Os € S is multiplicatively absorbing. Then either 5.1(5)
is true or 5.1(9) is true or 5.1(10) is true or S = Zy4. m]

5.4 Corollary. Assume that 1g € S. Then either 5.1(1) is true or 5.1(6) is true or
5.1(9) is true or S = Zs, Zs. m|

5.5 Corollary. IfOg € S and 1g € S then either S is a field or S = Zs,Zs. m]

5.6 Corollary. If S has no multiplicatively absorbing element then either 5.1(4) is
true or S = Zo. O

5.7 Corollary. If S is left-ideal-free then 5.1(4) is true. O

5.8 Corollary. If'S is both left- and right-ideal-simple then either 5.1(1) is true or
5.1(6) is true or 5.1(9) is true or 5.1(10) is true or 5.1(11) is true or S = Zs, Zs, Z.
[m}
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6. Left- and right-ideal-simple semirings

Let S be a left- and right-ideal-simple semiring.

6.1 Theorem. Just one of the following nine cases takes place:

(1) S()isa group (then S is infinite);

(2) Os € S is multiplicatively absorbing, T = S \ {Og} is a subsemiring of S and
T(:) is a group (then either S = Zs or S is infinite;

3) os €S is bi-absorbing, T = S \{os} is a subsemiring of S and T(-) is a group
(then either S = Zg or S is infinite);

(4) S is additively idempotent, og € S is bi-absorbing, T(-) is a group and og €
eT +aforeveryaeT =S5 \{os},

(5) os € S is bi-absorbing, os is the only additively idempotent element of S,
T(:)isagroupand2a # og € T +aforeveryaeT =S5 \{os},

(6) S is additively constant, og € S is bi-absorbing and T(-) is a group, where
T =S8 \{os} (see 4.7, then either S = Z, or S is infinite);

(7) S is a skew-field;

(8) S is a zero-multiplication ring of prime order;

(9) S =71,23,24,729, 2.

Proof. Assume that none of (1), (2), (3), (7), (8), and (9) is true. Now, considering
2.2 and the right hand form of 2.2, we conclude that o = og € S is bi-absorbing, 7'(-)
isagroupando € T +aforeverya e T =S \ {o}. If S is additively idempotent
then (4) is true. If S is additively constant then (6) is true. Henceforth, assume that
a+b # oand2c # c forsome a,b,c € S. Clearly,a,b,c € T, 1+a~'b# 0 # 1+b”'q,
o0+ (+a'b)1+bla)y=1+1+a'b+bla,1+1 £0,d+d # 0oand 2d = 2cc™'d #
# cc'd = d for every d € T. Thus (5) is true. o

6.2 Theorem. Let S satisfy 6.1(4) or (5). Then:

(1) The set R={acT|1+a + o}isasubsemiring of S ,the multiplicative semigroup
R(:) is a subgroup of the group T(:), |T| > 2 and T #+ R.

(1) R(:) is a normal subgroup of T(-).

(iii)a ' +uya=1+a'uaforallaeT andu € R.

(iv)Ifa,be T thena+b # oifandonlyifa 'beR (a+b=a(l +a'b)).

(v) 17 = 1g is multiplicatively neutral.

(vi) S has no additively neutral element.

(vi)) If 1 + 1 = 1 then S is additively idempotent.

(viii) If 1 + 1 # 1 then o is the only additively idempotent element of S .

(ix) If R = {1} then S is additively idempotent and a + b = o foralla,b € T, a # b
(see 4.5; of course, |T| > 2).

(X) If IR = 2 then S is infinite. (Notice that S is constructed in the way described in
4.10.)
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Proof. (i) We have 1 + 1 # o, and therefore | € R. If a,b € Rthena™' + 1 =
=a'd+a) 0, 1+a+b+ab=0+a)l+b) # 0,andso | +ab # o and
1 +a+ b # o. It follows that R is a subsemiring of S and R(-) is a subgroup of the
group 7'(-). Since 1 + 1 o€ T + 1, wehave |T| >2and T # R.

(ii)Ifac Tandu e Rtheno # a”'(1 + u)a = 1 + a 'ua. Thus a 'ua € R.
The remaining assertions are now easy. O

6.3 Corollary. Assume that Og € S. Then either 6.1(2) is true or 6.1(7) is true or
6.1(8) is true or S = 73,724, Z¢, 2y, Z1o. (Notice that Og is multiplicatively absorbing
in the first three cases and also if S = Z4.) m

6.4 Corollary. If 15 ¢ S then either 6.1(8) is true or S = 71,723,724, 2y, Z19. O

6.5 Corollary. Assume that Og € S and 1s € S. Then either 6.1(2) is true or 6.1(7)
is true or S = Zg. (If either Qg is not multiplicatively absorbing or Og = lg then

S =Zs.) O
6.6 Corollary. Assume thatOg € S, 15 € S, a+b = Qg for some a € S and b € §\{0g}
and either Og # lg or |S| > 3. Then S is a skew-field. ]
6.7 Corollary. If S is left- and right-ideal-free then S (-) is a group. O
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