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Norms on Semirings 1.
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Praha
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Various norms defined on semirings and rings are studied.

The study of semirings is interesting not only because of the structural properties,
but also because of certain cryptological applications. Recently, it was shown by
Monico and Maze in [3] and [4] that there are close connections between public key
cryptography based on the Discrete Logarithm Problem and finite congruence- and/or
ideal-simple semirings and finite semimodules over such semirings. It is known (see
e.g. [1] and [2]) that (except for some non-important trivial cases) there are three
basic classes of simple semirings, namely additively cancellative, additively idem-
potent and additively nil of index 2. It seems that possible connections of additively
cancellative simple semirings with discrete logarithms and perhaps also with cryptog-
raphy based on primes can be investigated using norms and seminorms on semirings.

The present note summarizes a few auxiliary results on semiring-valued norms
defined on (semi)rings. All the material collected here is fairly basic, elementary, and
of folklore character, and therefore we are not going to attribute any of the results to
any particular source.

Throughout the paper, let Q = Q(+, -, <) be a non-trivial (i.e., having at least two

elements) linearly ordered commutative and associative semiring. That is, a + b =
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=b+a,ab =ba,a+ (b+c) = (a+b)+c,albc) = (ab)c,a(b + ¢) = ab + ac for all
a,b,c € Q, <is alinear (or total) ordering on Q and a < b implies a + ¢ < b + ¢ and
ac < bc. We shall denote by 0p € Q (0p ¢ Q, resp.) the fact that Op is the neutral
element in Q(+) (Q(+) has no neutral element, resp.). Instead of 0y we shall also use
only the symbol 0. Similarly, 19 € Q (1o ¢ O, resp.) means that 1 is the neutral
element of Q(-) (Q(-) has no neutral element, resp.) and we shall often write 1 instead
of 1Q.

1. Positive and negative cones

We denote by Q,, and Q,, the positive and negative cones of the ordered semiring.
That is, Q,, = {alx < a + x for every x € Q} and Q,, = {ala + x < x for every x € Q}.

1.1 Lemma. (i) Either Qps = 0 (Qne = 0, resp.) or Qpg (Qyg, resp.) is a subsemi-
group of Q(+).
(il) Ong £ Qps. Moreover, if a < b and a € Qps (b € Qyg, resp.) then b € O,
(a € Qpg, resp.).
(iii) IfOg ¢ Q then Qps N Ope = 0.
(iv) If Og € Q then Qps = {al0 < a}, Qyg = {ala < 0}, 0,5 N Qpe = {0} and
st U Qng =0.

Proof. (i) Wehave x <a+x<a+b+xforalla,be Q,, x € Q. The other case
is symmetric.

(i) Wehave b <a+b <aforalla € Qb € Q. Thus b < a.

(iii) and (iv). If e € Qs N Qe thene+x < x < e+xand e+ x = x forevery x € Q.
Thus e = 0p and we see that Q,; N Q,,, = {0} provided that Qs N Op, # 0.

Now, assume that 0 € Q. If a € Qs then 0 < a + 0 = a. Conversely, if 0 < a
then x = x + 0 < x + a for every x € Q and hence a € Q,,. Thus Q,; = {a|0 < a}
and, symmetrically, Q,, = {ala < 0}. Using the linearity of the order <, the equality
Ops U Ope = Q easily follows. O

1.2 Lemma. Let a € Q and put M, = {x|x < a + x} and N, = {yla +y < y}. Then
(1) Either M, =0 (N, = 0, resp.) or M, (N,, resp.) is an ideal of Q(+).
(i) M,UN, = Q.
(i) M, NN, ={zlz+a = a}.
@Gv) If M, #0 # N, then M, + N, € M, N N,.
(v) Either M, # 0 or N, # 0.
(vi) M, =0 (N, = 0, resp.) if and only if a + x < x (x < a + x, resp.) for every
xe Q.
(vii) M, = Q (N, = Q, resp.) if and only if a € Q, (a € Qyg, resp.).
(viii) If Og ¢ Q then M, N N, # Q and either M, # Q or N, # Q.
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Proof. (i) Wehave x <a+xandx+u <a+x+uforall xe M, and u € Q. Thus
x + u € M,. The other case is symmetric.

(i) M, U N, = Q follows from the linearity of the order <.

(iii) Clear from the definition of the sets M,, N,,.

(iv) Use ().

(v) Use (ii).

(vi) and (vii). Easy to see.

(viii) The element a is not neutral in Q, and so M, N N, # Q by (iii). The rest is
clear.

O

In the remaining part of this section (except for 1.12) we shall assume that Oy € Q.

1.3 Lemma. Assume that Q - 0 = {w}. Then:
1) Q- -w={w}and2w = w.
(i1) The set {x|w + x = x} is a bi-ideal of the semiring Q.
(iii) If Q is bi-ideal-simple then either w = 0 or w is a bi-absorbing element of the
semiring Q.
(iv) If1p € Q thenw = 0.

Proof. (i) We have xw = xw0Q = w forevery x € Qand w+w = Ow + Ow =
=0+0w=0w=w.
() Ifw+x=xthenw+x+y=x+yandw+ xy = wy + xy = (W + x)y = xy for
every y € Q.
(ii1) Use (ii).
(iv) Wehavew =0-1=0.
O

1.4 Lemma. Ifa € Q,, (a € Qy, resp.) is such that Oa < 0 (0 < Oa, resp.), then
Oa + Ox = Ox for every x € Q. Moreover, if 1o € Q then Oa = 0.

Proof. We have x < a + x, and so Ox < Oa + Ox. But Oa < 0 implies Oa + Ox < Ox,
and hence Oa + Ox = Ox. Now, setting x = 1y, we get Oa = Oa + 0 = 0.The other case
1s symmetric. o

1.5 Lemma. Just one of the following cases takes place:
(1) 0-0=0and 0b <0 < Oa forall a € Q,s and b € Qy, (i.e.,, Oa € O, and
0D € Qyg);
(2) 0 < Oa forevery a € Qpy;
(3) 0b <0 for every b € Qp,.
Moreover, if 1o € Q then (1) is true.

Proof. First, assume that neither (2) nor (3) is true. Then Oa; < 0 < 0b; for some
ay € Qps, b1 € Q. But 0 < ay,by <0, and hence 0-0 < 0a; <0<0b <00
and 0 - 0 = 0. Moreover, 0 < a implies 0 = 0 - 0 < Oa and, similarly, b < 0 implies
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0b < 0. Further, suppose that (2) and (3) hold simultaneously. Then 0 < 0-0 < 0, a
contradiction. Finally, if 1o € Q then 0 = 0 -1 and either 1 € Q,; or 1 € Q,,. Thus
(1) is true. O

1.6 Lemma. Let a,b € Q be such that a +b = 0. Then a € Q, if and only if
b € Qyq. In particular, if Qps = Q (Qng = O, resp.) then Q = {ul0 € Q + u} = {0}.

Proof. If a € Qps0orb € Q,othenb < a+b =0 < a, hence b € Q,, and
a € Q. O

1.7 Lemma. Assume that Q - 0 = {0}. Then Q, - Qe = {O}.
Proof. If0 <aand b <0then 0= 0b < ab < al =0, and hence ab = 0. m|

1.8 Lemma. Assume that Q - 0 = {0}. Then:
@) Theiet é = {ul|0 € Q + u} is an ideal of the semiring Q.
(i) Q-0 = {0} ~
(iii) a,b € Q whenevera+b € Q.
(iv) Either é = {0} or é is a (non-trivial) zero-multiplication subring of the semi-
ring Q.
(v) Ann(Q) = {u]Qu = 0} is an ideal of the semiring Q and é C Ann(Q).

Proof. (1) We have 0 € é and, if u + v = 0 then ux + vx = 0, so that ux € é If
uy+vy =0 =u+vythen (uy +ur) +(vi +v2) = 0,and so u; +u, € Q Consequently,
Q is an ideal of the semiring.

(ii) First, (O N Qp)Que = 0 = (O N Que)Q,, follows from 1.7. Moreover, if
ace éﬂ Opsand a+b =0, then b € Q,, by 1.6 and we have bc = 0 for every ¢ € Q.
Consequently, 0 = Oc = ac + bc = ac. We have proved that (é N Qps)Qps = 0, and
hence (Qﬂ 0,5)0 = 0, since Q = Q,,UQ,, by 1.1(iv). Symmetrically, (éﬁQng)Q =0
and, together, QQ =0.

(iii), (iv) and (v). Easy.

O

1.9 Lemma. Assume that Q - 0 = {0}. Let a,b € Q be such that a + b € Ann(Q).
Then: _
(1) xa,xb € Q for every x € Q.
(i) yxa =0 = yxb for all x,y € Q.
(iii) b € Ann(Q) if and only if a € Ann(Q).

Proof. (1) We have xa + xb = 0.
(i) By (i) and 1.8(v), xa € Ann(Q), and so yxa = 0.
(ii1) If @ € Ann(Q) then O = xa + xb = xb.
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1.10 Lemma. Assume that Q - 0 = {0} and that at least one of the following two
conditions is satisfied.

(1) 0 =1{0};
(2) For every x € Q there exist m > 1 and uy, ..., upy,Vvi,...,vy € Q such that
X=uvy + -+ UyVpy.
Then:

(i) a,b € Ann(Q) whenever a,b € Q are such that a + b € Ann(Q).
(i1) Either Ann(Q) = Q (and then Q = 0) or Q\Ann(Q) is an ideal of Q(+).

Proof. (i) Combine 1.9(i), (ii), (iii).
(1) If Ann(Q) = Q and (2) is true, then Q = 0. The rest is clear from (i).
O

1.11 Remark. Assume that Q-0 = { }. Now, define a relation p on Q by (u,v) € p
if and only if ¥ = v + a for some a € Q Since Q(+) is a subgroup of Q(+), we see
that p is an equivalence. Clearly, it is stable with respect to the addition. Moreover, if
u = v+ a then uz = vz for every z € Q (by 1.8(ii)). In particular, p is a congruence of
the semiring Q.

Clearly, p = id if and only if Q = {0} and p = Q x Q if and only if 0 = Q (Qis a
zero-multiplication ring in the latter case).

1.12 Remark. The operations of the semiring Q(+, ) and the dual order <! are
compatlble as well and Q(+,-,<™') is again a linearly ordered semiring. We have

Q Qng and Qng st

2. Additively cancellatice semirings

This section is an immediate continuation of the preceding one.

2.1 Lemma. The following conditions are equivalent:
(1) The semiring Q is additively cancellative. (i.e., a+ ¢ = b + ¢ implies a = b).
(i1) The order < is additively cancellative (i.e., a + ¢ < b + c implies a < b).

Proof. (i) implies (ii). If a4+ ¢ < b+ cand b < a, then b + ¢ < a + ¢, and hence
a+c =b+c. Since Q is additively cancellative, we geta = b, and soa < b. If b £ a
then a < b, since the order < is linear. Thus a < b anyway.

(ii) implies (i). f a+ c =b+cthena+c < b+ cand a < b. Similarly, b < a, and
therefore a = b.

O

In the rest of this section, we will assume that the equivalent conditions of 2.1 are
satisfied.

2.2 Lemma. The following conditions are equivalent for a € Q:
(i) a £ 2a(2a < a, resp.).
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(1)) u <a+u(a+u<u, resp.) for at least one u € Q.
(iii) a € Qps (a € Qyg, resp.).

Proof. (1) implies (ii) and (iii) implies (i) trivially.
(1) implies (iii). We have # + x < u + a + x, and hence x < a + x for every x € Q.
The other case is symmetric.
O

2.3 Lemma. (i) Either Q,s = 0 (Q,g = 0, resp.) or Qps (Ong, resp.) is an ideal of
the semiring Q.

(ii) stQng c st N Qng c {OQ}

(i) QpsU One = 0.

Proof. (i) Assume that Q,; # 0, the other case being symmetric. By 1.1(i), Qs
is a subsemigroup of Q(+). Furthemore, if a € Q,; and x € Q, then ax < 2ax and
ax € Qps by 2.2. Thus Q, is an ideal of Q.

(ii) Since both Q,, and Q,,, are ideals of Q (when non-empty), we get Q,,Q,, <
C Qps N Qpe. By 1.1(iii), (iv), we have Q,; N Oy € {0p}.

(iii) For every a € Q, either a < 2a and a € Q,; by 2.2 or 2a < aand a € Qy,
again by 2.2.

O

2.4 Lemma. Assume that Og ¢ Q. Then just one of the following two cases takes
place:
(1) Qps=Qandb <a+bforalla,be Q.
(2) Que=Qanda+b<bforalla,be Q.

Proof. By 2.3(iii), we have Q = Q,s U Qpn,. Now, assume that Q,, # 0, the
other case being symmetric. Since 0 ¢ Q, the equality Q,, = 0 follows from 2.3(ii).
Consequently, Q,; = Qand b < a+bforalla,b € Q. If b = a+ bthena € Q,, by
2.2(ii), a contradiction. Thus b < a + b. ]

In the remaining part of this section (except for 2.14, 2.15, and 2.16), we will
assume that Op € Q.

2.5 Lemma. (i) 0-0=0.
(ii) Ifa € Qps and b € Q4 are such that a +b € Qs (a + b € Oy, resp.), then
b € Ann(Q) (a € Ann(Q), resp.).

(iii) Either Q,; € Ann(Q) or Q,, € Ann(Q).

(iv) Q € Ann(Q).

PrOOf (i) We have 0-0= (st U Qng) -0 = st -0U Qng -0 C stQrLg c {0}
by 2.3.

(ii) We have 0 = (a + b)c = ac + bc = bc for every ¢ € Q,, by 2.3. Then bQ,,, = 0,
and hence bQ = 0 follows from 2.3 again. Thus b € Ann(Q). The other case is
symmetric.
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(iii) Assume that Q,, ¢ Ann(Q), the other case being symmetric. If b €
€ Ong\Ann(Q) then b + Q¢ C O, by (ii). Using (ii) again, we get Q,; € Ann(Q).
(iv) Combine (i) and 1.8(v).
O

2.6 Lemma. Let a,b € Q, (a,b € Q,,, resp.) be such that a + b € Ann(Q). Then
a,b € Ann(Q).

Proof. Assume a,b € Q,,, the other case being symmetric. We have xa + xb = 0
for every x € Q. By 2.3(iv), we get xa, xb € Q,, and it follows from 1.6 that xa, xb €
€ Qpg, too. Thus xa,xb € Qps N Qp, = {0}, xa = 0 = xb and, finally, a,b €
€ Ann(Q). m|

2.7 Lemma. Either Ann(Q) = Q or the set Q\Ann(Q) is an ideal of Q(+).
Proof. Immediate from 2.6. O

Now (except for 2.14, 2.15, 2.16), assume that Q,,, € Ann(Q), the other case being
symmetric (see 2.5(iii) and 1.12). Then we have Q,, U é C Ann(Q) and we put
K = O\Ann(Q).

2.8 Lemma. (i) K = Q,,\Ann(Q) € Q,\{0}.

(i) Q@ = KU Ann(Q) and K N Ann(Q) = 0.
(iii) Either K = 0 (and then Ann(Q) = Q) or K is an ideal of Q(+).

Proof. (i) Clearly, Q,,\Ann(Q) € K. On the other hand, if a € K then a ¢ Q,,,
and so a € Q. Thus K = Q,,\Ann(Q). The inclusion K € Q,,\{0} is clear.
(i1) Obvious.
(iii) See 2.7.
O

Define a relation o (= o) on Q by (a, b) € o if and only if ax = bx for all x € Q.

2.9 Lemma. (i) o is a congruence of the semiring Q and p C o (see 1.11).
(i1) Ann(Q) is a block of o
(i) o = Q x Q if and only if Ann(Q) = Q.
@iv) Ifa,b,c € Q are such that (a + c,b + ¢) € o, then (a,b) € 0.
) If a,b,c,d € Q are such that (a,b) € o,(c,d) € o and a < c, then either
b<dor(a,c)€oand(b,d) € o.

Proof. (i) Easy to check directly.

(i1) Clearly, Ann(Q) = {a|(a,0) € o}.

(iii) This follows immediately from (ii).

(iv) We have ax + cx = bx + cx for every x € Q. Since Q(+) is cancellative, we get
ax = bx.

(W) Ifb £dthend < b and cx = dx < bx = ax for every x € Q. But a < ¢ implies
ax < cx, and so ax = cx and (a, c) € . Then (b,d) € 0. m]
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2.10 Remark. Let Ann(Q) # Q (i.e., ab # 0 for some a,b € Q). Then o #
# O X Q by 2.9(iii) and P = Q/o is a non-trivial semiring. According to 2.9(iv), P
is additively cancellative. Moreover, it follows from 2.9(v) that the order < induces
an order (we denote it again <) on the factorsemiring P. Thus P becomes a linearly
ordered semiring.
(i) If a € Q) then Op < a, and hence Op = Op/0 < a/o and a/o € P,,. If
a € Q\Q,s then a € Ann(Q) (see 2.8), a/o = Op and a/o € P,. It follows
that P, = P.
(i1) Clearly, a/o € Ann(P) if and only if axy = O for all x,y € Q. In particular, if
the condition 1.10(2) is satisfied, then Ann(P) = {Op}.
(iii) Clearly, (a/o,b/o) € op if and only if axy = bxy for all x,y € Q. Again, if
1.10(2) is true, then op = idp.
(iv) We have P, = P by (i) and it follows that P= {Op} (use 1.6 or 2.7).

Define arelation 07, (= 09 ), m > 1,0on Q by (a,b) € oy, if and only if ax; - - - x,, =
=bxy---xy, forall xi,...,x, € Q.

2.11 Lemma. (i) o, is a congruence of the semiring Q.
(1) Ifa,b,c € Q are such that (a + c,b + ¢) € oy, then (a,b) € o,
(ii) Ifa,b,c,d € Q are such that (a,b) € o,,,(c,d) € o, and a < c, then either
b <dor(a,c)€ o, and (b,d) € o,

Proof. Similar to that of 2.9. O
Clearly,c =01 Co,Co3C... and we put (0¢g =)o =Joy,,m> 1.

2.12 Lemma. (i) 7 is a congruence of the semiring Q.
(i) o = O X Q if and only if for every a € Q there exists a positive integer n such
that axy---x, =0 forall x,...,x, € O,
(i) Ifa,b,c € Q are such that (a + c,b + ¢) € 7, then (a,b) € 7.
@v) If a,b,c,d € Q are such that (a,b) € o,(c,d) € 0 and a < c, then either
b<dor(a,c)eoand(b,d)€ao.

Proof. An easy consequence of 2.11. O

2.13 Remark. Assume that & # Q x Q (see 2.12(ii)) and put P = Q/&. Then P
is a non-trivial additively cancellative semiring that is linearly ordered (see 2.12(iii),

(iv)). Moreover, I_Jm = Pand I_Jng = {05} (see 2.10(i)). Consequently, P= {0z}

2.14 Remark. Assume that either Op ¢ Q or Op € Q and é = {0} (see 1.6 and
2.10(iv)). Now, define a relation <y on Q by a <( b if and only if b = a + u for some
u € QU {0}. It is easy to check that <y is an ordering that is compatible with the
addition and multiplication.

(i) The ordering < is contained in the ordering < if and only if Q,; = Q.
(ii) The ordering < is contained in the ordering <™! if and only if Q,, = Q.
(iii) The following conditions are equivalent:
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(iiil) The ordering < is contained in the ordering <.

(i1i2) The orderings < and < coincide.

(iii3) The semiring Q is semisubtractive and Q,; = 0.
(iv) The following conditions are equivalent:

(ivl) The ordering <~! is contained in the ordering <.

(iv2) The orderings <~! and < coincide.

(iv3) The semiring Q is semisubtractive and Q,, = Q.

2.15 Lemma. Assume that 19 € Q. Then Q,; = Q (Qne = O, resp.) if and only if
1o £2¢ (29 < 1, resp.).

Proof. If 19 < 2pthena <2a=a+a,andsoa+x <a+a+xforalla,x € Q.
Using 2.1, we get x < a + x. O

2.16 Corollary. If 1, € Q then either Q,; = Q or O, = Q.

3. Difference rings

In this section, let O be additively cancellative. We denote by R the difference ring
of Q. Thatis, R = {u — vlu,v € Q}, R is a commutative and associative ring (possibly
without unit element).

3.1 Lemma. Let uj,us,vy,va,21,22, Wi, W2 € 0 be such that uy — vy = upy — v,
z1—wi=2—-—wranduy +w; <71 +vy. Thenu, + wy < 20 + .

Proof. Wehave u; +vy =up +vi,21 +wWa =20 +wi, s +vi + W +wp = uy +vp +
+wp +wy <71 +Vvp+ Vo4 wy =20+ wp + v + vy Consequently, up + wy < 25 + 1o
by 2.1. O

In view of 3.1, define a relation <z on Rby u—v < z—wifand only if u+w < z+v.

3.2 Lemma. The relation <g is a linear ordering that is compatible with the addi-
tion of the ring R.

Proof. First,u —v <g u—v, since u + v < u +v. Thus <p is reflexive. If u — v <g
<gRz-w<gu—-vthenu+w<z+v<u+wu+w=z+vandu—v =z—w.
Thus the relation <g is antisymmetric. Finally, if u — v <z 7z —w <g r — s then
u+w < z+v,z+s<r+w,u+w+s <z+v+s<r+w+v,and hence u+s < r+vand
u—v <p r—s. That is, the relation <p is transitive and we have checked that <j is an
ordering on R. Moreover, if u,v,r,s € Q theneitheru + s <r+vandu—-v<gr-—s
orr+v<u+sandr— s <gu—v. Thus the ordering <g is linear.

It remains to show the compatibility. If u—v <z z—w then u+w < z4+v, u+w+r+s <
<z+w+r+s, andthereforeu —v+r—s=w+r)—(v+s)<g@+r)—w+s) =
=z—-w+r-—s.

O
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3.3 Lemma. The following conditions are equivalent for a,b € Q:
(1) a<b.

(ii) a <y b.
(i) 0 <z b —a.
@(iv) a—-b <z 0.

Proof. The conditions (ii), (iii), and (iv) are equivalent due to 3.2. If @ < b then
2a <a+b,2a+b <a+2banda=2a+b-(a+b) <g 2b+a)—(a+Db)=h.
Conversely, if 2a—a=a <g b =2b—-bthen2a+b < 2b+a,a+ b < 2b and, finally,
a<b. O

3.4 Lemma. If o, € R and a <g 5 then aa <g af for every a € Q.

Proof. Wehavea =u—-v,=z—w,u+w < z+v. Then au + aw < az + av, and
So aa = au — av <g az — aw = ap. O

3.5 Lemma. (i) R, = {@ € R|Og <g a} = {u—v|v < u}.
(i) Rug = {@ € Rl <g Og} = {u — viu < v}.
(iii) Rps N Q = Qp and Ryg N Q = Oy

Proof. (i) Clearly, Og <g u —vif and only if v < u.
(i1) Symmetric to (i).
(iii) If a € Q then a —a = Og <g a if and only if a < 2a. Using 2.2, we get
R,s N O = Q. The other case is symmetric.
O

3.6 Lemma. The following conditions are equivalent:
(i) Ry is a subsemiring of the ring R.
(ii) If @ <g B then ay <g Py for every y € R, (i.e., R, together with <g, is a
linearly ordered ring in the usual sense).
(iii) If a <g B then By < ay for everyy € R,.
@v) Ifu,v,z,w € Q are such thatu < v and w < z, then vw + uz < vz + uw.

Proof. (i) implies (ii). We have § — a € R,; and y € R ;. Then By — ay € R, and
so ay <g By.

(ii) is equivalent to (iii). Easy to see.

(iii) implies (iv). We have v —u € R,z —w € R, and s0 vz — vw — uz + uw =
= (v —u)z—w) € R,s. Then vw + uz < vz + uw.

(iv) implies (i). Let = v—-uand § = z—wbe in R,;, u < v,w < z. Then
0<gpvi—-vw—uz+uw=—-u)z—w)=ap. Thus off € R;.

O
3.7 Lemma. (i) a — b € Ann(R) if and only if (a,b) € o (see 2.9).
(i) Ann(R) = {Or} if and only if oo = idy.
Proof. 1tis easy. O
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3.8 Lemma. The following conditions are equivalent:
(1) af # Og for all @, € R\{Og}.
(1) uz + vw # vz + uw whenever u,v,w,z € Q are such that u < v and w < z.

Proof. 1t is easy. O

3.9 Lemma. (i) 1g € R if and only if there are a,b € Q such that au = bu + u for
everyu € Q (then 1g = a—b).
(i) If1g € Q then 1p = 1g.

Proof. Tt is easy. O

3.10 Remark. Let Q be a non-trivial additively cancellative semiring such that
either Op ¢ Q or 0p € Q and Q = {0g} (see 2.14). Assume further that Q is semisub-
tractive and put <=<,. Then < is a linear ordering that is compatible with the semiring
operations of Q. Clearly, Qs = Q.

Now, we check that the condition 3.6(iv) is satisfied. Indeed, if v = u + a and
z=w+b,thenc=vw+uz=uw+aw +uw + ub = 2uw + aw + ub,d = vz + uw =
=uw+ub+aw + ab + uw = 2uw + aw + ub + ab = ¢ + ab, and hence ¢ < d.

It follows from 3.6 that R together with <p is a linearly ordered ring. Clearly,
Rps = Q U {0g}.

(i) fae R, a =u—v,theneitherv <uanda € QU{O}oru <v,v=u+a,a € Q,
and @ = —a. Thus R = Q U (-Q) U {0}.

(i) Ann(R) = Ann(Q) U (—Ann(Q)) U {0}.

(iii) If Op ¢ Q then af # O for all @, € R\{0} (use 3.8). Consequently, the
multiplicative semigroup Q(-) is cancellative. (In fact, if ab = ac,a,b,c €
€eQ,b<c,c=b+u,uc QU{0}, thenab = ab+au,au =0,u =0and b = c.)

(iv) Assume that Op € Q. If a,b € Q are such that ab = 0 and a < b, then
b=a+u,a®+au=0anda® =0 = au, since O = {0}.

(v) Assume that Op € Q. Then af # O for all &, € R\{0} if and only if a*# 0
for every a € Q\{0} (combine (iv) and 3.8).

(vi) 1g e Rif and only if 1y € Q; then 1z = 1¢.

Indeed, if 1y € Q then 1 = 1. Conversely, if a € Q is such that —a = 1 (see (1)),

thena = —a® € Qa = 0p and Q = {0}, a contradiction.

3.11 Remark. Assume that Q = Q,, and that the equivalent conditions of 3.6
are satisfied. The difference ring R, together with <g, is a linearly ordered ring (in
the normal sense). Consequently, R, is a semisubtractive semiring that is linearly
ordered by <z. Of course, Q is a subsemiring of R, and <z Q =<. Moreover,
0€R,, Eps = {0} and either 0 ¢ Q or 0 € Q and é = {0}.

3.12 Remark. Let §, together with <g, be a non-trivial ordered ring (in the usual
sense). Then Q = S, together with <=<g | Q, is a linearly ordered semiring that is
additively cancellative and that satisfies the equivalent conditions of 3.6. Moreover,
Q is semisubtractive, Q,; = Q and Q ={0}.
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3.13 Remark. Let Q be a non-trivial semiring. Combining 3.11 and 3.12, we see
that the following two conditions are equivalent:
(1) Q is additively cancellative and can be linearly ordered in such a way that
Qps = Q and 3.6(iv) is true.
(2) There exists a linearly ordered ring S such that Q is a subsemiring of S .

3.14 Example. Put Q = Q* x Q" (Q* being the parasemifield of positive rational
numbers) and define a relation <y on Q by (a,b) < (c,d) if and only if either a < ¢
ora = c and d < b. One checks readily that Q (together with <) becomes a linearly
ordered parasemifield that is additively cancellative.

Clearly, Qps = Qand Op ¢ Q. If u; = (1,2) and v; = (1,1), then u; < v; and
u% + v% =(2,5) < (2,4) = 2u;v,. Consequently, the condition 3.6(iv) is not satisfied.

On the other hand, if u, = (1,1) and v, = (2, 1), then u, < v, and 2urv, = (4,2) <
< (5,2) = u3 + v3. Thus the condition dual to 3.6(iv) is not satisfied either.

3.15 Remark. It is not clear whether there exists a linearly ordered additively
cancellative parasemifield P such that 3.6(iv) is not true for any (compatible) linear
ordering defined on P.

4. Parasemifields of fractions

4.1 Lemma. The following conditions are equivalent:
(1) The semiring Q is multiplicatively cancellative (i.e., ac = bc implies a = b).
(i) The order < is multiplicatively cancellative (i.e., ac < bc implies a < b).

Proof. Similar to that of 2.1. O

In the rest of this section, we will assume that the equivalent conditions of 4.1 are
satisfied. Let P be the parasemifield of fractions of Q.

4.2 Lemma. Let uy,ur,vi,v2,21,22, Wi, Wa € Q be such that u;/vi = ux/vy,
z1/wy = 22/wy and uywy < z1vy. Then upwy < 25v;.

Proof. Similar to that of 3.1. O

In view of 3.2, define a relation <p on P by u/v <p z/w if and only if uw <p zv.

4.3 Lemma. The relation <p is a linear ordering that is compatible with the
multiplication of the parasemifield P.

Proof. Similar to that of 3.2. O

4.4 Lemma. The following conditions are equivalent for a,b € Q:
(i) a <b.
(ii) a <p b.
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(iii) 1 <p b/a.
(iv) a/b <p 1.

Proof. Similar to that of 3.3. O

4.5 Lemma. I[fa,f € Pand a <p 3, then a +y <p B+ 7y for every y € P.

Proof. We have a = u/v,8 = z/w,uw < zv, and y = a/b. Then uwb® < zvb?,
(ub + av)wb = ubwb + avwb < zbvb + awvb = (zb + aw)vb, and hence u/v + a/b =
= (ub + av)/vb <p (zb + aw)/wb = z/w + a/b. O

In view of 4.5, P becomes a linearly ordered parasemifield.

4.6 Lemma. If Q is additively cancellative, then P is such.

Proof. Leta/b+c/d =a/b+e/f. Thenadf+cbf = adf +ebd, and so cbf = ebd,
cf=edandc/d =e/f. O

4.7 Lemma. Assume that Q is additively cancellative (see 4.6) and denote by S
the difference ring of the parasemifield P. Then aff # Os for all o3 € S\{0s} if and
only if Q satisfies the condition 3.8(ii).

Proof. Clearly, S is a domain if and only if 1 + @8 # a + S for all @, € P\{1}.
Now, if @« = a/b and 8 = c¢/d, then bd(1 + af8) = bd + ac and bd(a + ) = ad + bc.
The rest is clear. O

4.8 Lemma. Assume that Q is additively cancellative. Then P satisfies the equiv-
alent conditions of 3.6 if and only if Q satisfies them.

Proof. Assume that Q satisfies 3.6(iv). If a/b < c¢/d and e/f < g/h, then
ad < bc,eh < gf, and so adgf + bceh < adeh + bcgf. From this, ag/bh + ce/df <
<ae/bf +cg/dh. O

4.9 Lemma. If Q is semisubtractive then P is such.

Proof. Assume that Q is semisubtractive. If a/b,c/d € P are such that a/b #
# c/d, then ad # bc and there is e € Q such that ad + e = bc (bc + e = ad, resp.).
Consequently, a/b + e/bd = c/d (c¢/d + e/bd = a/b, resp.). m]

4.10 Lemma. Let Qs # 0 (Qpe # 0, resp.). Then xy < x + xy (x + xy < xy, resp.)
forall x,y € Q.

Proof. Leta € Q,,;. We have ya < a + ya for every y € Q. Then xya < xa + xya
and xy < x + xy by 4.1. The other case is symmetric. m|

4.11 Lemma. Assume that Q is additively cancellative. Then Op ¢ Q and a+b # a
foralla,b e Q.
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Proof. 1f0p € Qthen0-0 = (0+0)0 = 0-0+0-0, and s0 0-0 = 0. Now, a0 = a0-0
for every a € Q, and hence a = a0 and Oy = 1. From this, ab = (a+0)b = ab+0b =
=ab+ band b = 0 for every b € Q. Thus Q is trivial, a contradiction. O

4.12 Lemma. If Q is additively cancellative then either Q,s = Q and Qn, = 0 or
Ong =0 and Ops = 0.

Proof. Combine 2.3(iii), 4.11 and 4.10. m]

4.13 Lemma. Assume that 09 = 19 € Q. Then Q is additively idempotent and
ab=ab+b foralla,b € Q.

Proof. We have ab = ab + b (see the proof of 4.11), and therefore b = 1pb =
=lgb+b=b+b. m]

4.14 Lemma. Assume that Q,5 # 0 # Qpg. Then
(1) xy=x+xyforall x,y € Q.
(ii) If1g € Q then 1o = 0.
Proof. (i) Use 4.10().
(i) By @), y=1ly=1+1y=1+y. O

5. Additively cancellative parasemifields

In this section, let Q = P be a parasemifield (i.e., P(-) is a group).
5.1 Lemma. Op ¢ P.

Proof. If Op € P then x + 0 = x implies xy + Oy = xy for all x,y € P. Since P is
a parasemifield, it follows that Oy = 0, and hence 1, = 07! -0 =0""-0y = 1y = y.
Thus P is trivial, a contradiction. O

5.2 Lemma. The following conditions are equivalent:
(i) 1p € Pps (1p € Py, resp.).

(ii) Pps # O (Pyg # 0, resp.).

(iii) Pps = Pand P,y =0 (P,g = P and P,; = 0, resp.).

Proof. (1) implies (ii) and (iii) implies (i) trivially.

(ii) implies (iii). If a € P, then x < x+ @ and a”'x < a”'x + 1 for every x € P.
Consequently, 1 € P,,,y < 1+yand by < b+ byforall b,y € P. Thus b € P, and
P, = P. Finally, since Op ¢ P by 5.1, we have P,, = 0. m]

5.3 Lemma. Assume that P is additively cancellative. Then either P,; = P and
Py =0o0rP,, =Pand P,; = 0.

Proof. See 4.12. O
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5.4 Lemma. Assume that P is additively cancellative (see 5.3).
(1) The equivalent conditions of 3.6 are satisfied if and only if u +v < 1 + uv for
all u,v € Psuchthatl <uand1 < v.
(ii) The equivalent conditions of 3.8 are satisfied if and only if u +v # 1 + uv for
all u,v € Psuchthat 1 <uand1 < v.

Proof. It is easy. m|

5.5 Remark. Assume that P,; = P, put P = P U {0} and 0 < x for every x € P.
Then Py becomes a linearly ordered semifield.

6. Semifields

In this section, let Q = F be a semifield (i.e., O € F and F\{Of} is a subgroup
of F(-)).

6.1 Remark. Denote by e the unit element of the multiplicative group F\{0}.
If e0 = O then e = 1p is the multiplicatively neutral element of the semifield F.
Henceforth, assume that e0 = f # 0. Then a = e(a + 0) = ea + €0 = a + f for every
a € F\{0}. Consequently, ab = ab + fb for all a,b € F\{0} and it follows easily that
fb=fandb = f'fb=f'f=e Thus|F| =2, F = {0,e},e+e =e = e0 and
either 0-0 =0or0-0 = e. Further, if 0 - 0 = 0 then 0 = 1 and we have either 0 < ¢
or e < 0. Finally, if 0 - 0 = e then 1 ¢ F and, again, either 0 < e or e < 0.

6.2 Remark. Assume that ¢ = 0 (see 6.1). Thene = lpand0=1-0=a"!-a0
for every a € F\{0} and it follows that a0 = 0. Now, if 0-0 = b # Othen 1 = b~'b =
=b7'0-0=0-0=h,0-0=1andc=1c=0-0c=0-0=1forevery c € F\{0}.
Thus |F|=2,F ={0,1}and1+1=0-0+0-0=0(0+0) =0-0 = 1. Moreover,
0=0-1=000+1)=0-0+0-1=1+0 =1, acontradiction. We have shown that
F -0 = {0} anyway.

In the remaining part of this section, assume that 1 € F and F - 0 = {0} (see 6.1
and 6.2).

6.3 Lemma. F = {0} (see 1.8).

Proof. Assume, on the contrary, that a + b = 0 for some a,b € F\{0}. Then
1 + ¢ = 0, where ¢ = a~'b, and hence x + xc = 0 for every x € F. Thus F is a ring
and, in fact, F is a field, a contradiction. m|

6.4 Lemma. Either F,; = F and F,, = {0} or F\,y = F and F 5 = {0}.

Proof. If a < 0 < b for some a,b € F\{0}, then 1 = aa”! < 0 < bb™' =1,
a contradiction. O

43



6.5 Remark. Put P = F\{0O}. Then P is a subsemiring of F and either |P| = 1
and |F| = 2 or P is a (non-trivial) linearly ordered parasemifield. Moreover, either

P,s=Pand P,; =Qor P,, = Pand P,; = () (cf. 5.5).

7.Norms on semirings

Throughout this section, let S = S(+, -) a non-trivial commutative and associative
semiring. Let @ : § — Q be a mapping such that a(xy) = a(x)a(y) for all x,y € §
(i.e., @ is a homomorphism of the multiplicative semigroups). Now, consider the
following conditions:

(A) a(x+y) <a(x)+a(y) forall x,y e S;
B) alx) +a(y) <a(x+y)forall x,y e S;
©) alx+y)=a(x)+a(y) forall x,y € §;
(D) a(x+y) < max{a(x), a(y)} forall x,y € §;
(E) max{a(x),a(y)} < a(x +y) forall x,y € §;
(F) a(x+y) = max{a(x), a(y)} forall x,y € §;
(G) a(x+y) < min{fa(x), a(y)} forall x,y € §;
(H) min{a(x),a(y)} < a(x+y)forall x,y € §;
(K) a(x +y) = min{a(x), a(y)} forall x,y € S.

7.1 Lemma. (i) (C) & (A) and (B).
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(i) (F) & (D) and (E).
(i) (K) & (G) and (H).
(iv) (G) = (D).
(V) (E) = (H).

Proof. 1t is obvious.

7.2 Lemma. (i) If O, = Q then (D) = (A) and (B) = (E).

(ii) If Qug = Q then (H) = (B) and (A) = (G).

Proof. It is easy.

7.3 Lemma. (i) (A) = a(x; + -+ x,) < alxy)) + -+ a(x,) foralln > 1 and
X1,...,X, €S.

(1) (B) = a(x))+ -+ a(x,) <alx; +---+x,) foralln > 1 and xy, ..
(i) (C)= a(x; +---+x,) = a(x))+ -+ a(x,) foralln > 1 and xy, ..

Proof. Easy (by induction on n).

X, €8
L X, €S.
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7.4 Lemma. (i) (A) = a(nx) < na(x) forall x € S andn > 1.
(i1) (B) = na(x) < a(nx) forall x € S andn > 1.
(iii) (C) = a(nx) < na(x) forall x € S andn > 1.

Proof. An easy consequence of 7.3. m|
7.5 Lemma. (i) (D) = a(x; + -+ + x,) < max{a(x)),...,a(x,)} foralln > 1 and
X{y..., X, €8.

(1) (E) = max{a(x)),...,a(x,)} < a(x;+:--+x,) foralln > 1 and xy,...,x, € S.
(i) (F)= a(x;+- - +x,) = max{a(xy),...,a(x,)} foralln > 1 and x1, ..., x, € S.
1v) (G) = a(xy+: - -+x,) < minf{a(x)),...,a(x,)} foralln > 1 and xy,...,x, € S.
(v) (H) = min{a(xy),...,a(x,)} < a(xi+:-+x,) foralln > 1 and x1,...,x, €S.
vi) (K) = a(x1+- - +x,) = min{a(xy),...,a(x,)} foralln > 1 and xy,...,x, € S.
Proof. Easy (by induction on n). O

7.6 Lemma. (i) (D) = a(nx) < a(x) forallx € S andn > 1.
(1) (E) = a(x) < a(nx) forall x € S andn > 1.

(iii) (F) = a(nx) = a(x) forall x € S andn > 1.

@iv) (G) = a(nx) < a(x) forall x € S andn > 1.

(v) (H) = a(x) < a(nx) forall x € S andn > 1.

(vi) (K) = a(nx) = a(x) forall x € S andn > 1.

Proof. An easy consequence of 7.5. O

7.7 Lemma. Assume that (A) is true and a(nx) < a(x) forall x € S andn > 1. Let
u,v € S,a = max{a(u),a(v)}. Then:
1) a((u+v)Y™) < (m+ D)a™ for every m > 1.
(ii) If 19 € Q and a' € Q then a((u+v)Y")a™ = (a(u +v)a—)" < (m + Dlp.

Proof. (i) We have (u + v)" = u™ + ("f)u’"‘lv ot (m’f 1)uv’"‘1 +1", and hence
a((u+v)™) < a(™)+a@" ')+ -+ a(u™ ") + a(»™) (use 7.3 and the assumption).
Furthemore, a(u”) < a”,a(™ ') < d”,...a(w™ ") < " and a(V") < a™. Thus
a((u+v)™) < (m+ 1)a™.

(i1) This follows easily from (i).
[m}

7.8 Remark. Consider the situation from 7.7(ii) and assume that a(u + v)a~' =
= 1¢p + b for some b € Q (i.e., a(u + v) = a + ab). Furthemore, let k > 3 be an odd
integer such that 1o < kb and 1y < ((k — 1)/2)b*. Put ¢ = kb + ((k — 1)/2)b* and
d= ()b + ()bt + -+ (5 )P + 05 Thenc+d + 19 = (1g + b)* = (a(u+v)a™ )
and we have ¢ +d + 1¢p < (k+ 1)1 by 7.7(i1). Moreover, (k + 1)1p = 1o + klp <
<kb+((k—1)/2)b*> =c. Thus c +d + lo<(k+1)1g <c,andhencec+d+1p <c.

If Q is additively cancellative and ¢ +d + 19 = ¢, thend + 1y = 0 € Q. Conse-
quently, ed + e = e0p = 0¢ (see 2.5(i)) for every e € Q and it follows that Q is a ring.
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By 1.8(ii), we have Q* = 0p, i.e., Q is a zero multiplication ring. Then, of course,
a(xy) = a(x)a(y) = Op for every x,y € S.

7.9 Lemma. Assume that 1g € S. Then:

(1) a(lg)a(x) = a(x) for every x € S.

(ii) If 1p € Q and a(y)™! € Q for at least oney € S, then a(ls) = lo.
(iii) If Q is multiplicatively cancellative then 1g € Q and a(lg) = 1p.

Proof. Easy to check. O

7.10 Lemma. IfOg € S and S - 0g = {Os} then a(x)a(0s) = a(0s) for every x € S.

Proof. Tt is obvious. O

7.11 Lemma. [f (A) is true and Os € S then a(x) < a(x) + a(0y) for every x € S.
Proof. It is obvious. O
7.12 Lemma. Assume that Og € Q. Let v € S be such that a(v) = Og.

(1) If Q- 0g = {0¢} then a(xv) = O¢ for every x € S.
(11) If (A) is true then a(x + v) < a(x) for every x € S.

Proof. 1t is obvious. O

7.13. Assume that Q is a parasemifield (see 5.1, ..., 5.5).

7.13.1 Lemma. Assume that 15 € S. Then:
(1) a(ls) = 1p.
(i) Ifx €S is such that x™' € S, then a(x™") = a(x)™\.

Proof. It is obvious. O

7.13.2 Lemma. Ifv € S is such that a(v) = 1, then a(vx) = a(x) for every x € S.

Proof. It is obvious. O

7.13.3 Lemma. Assume that Og € S and S - 0s = {Og}. Then:
(1) a(x) = 1p forevery x € S.
(1) a satisfies the conditions (D), ..., (K).
(iii) a satisfies (A) if and only if 19 < 2¢ (e.g., 1g € Qs see 5.2).
(iv) a satisfies (B) if and only if 29 < 1¢ (e.g., 19 € Qyqs see 5.2).
(v) If Q is additively cancellative then either a satisfies (A) or (B).

Proof. Ttis easy (use 7.10 and 5.3). O

7.13.4 Lemma. Assume that Q is additively cancellative, semisubtractive and that
Ops = Q (see 2.14, 5.3). Assume further that for every a € Q there is a positive
integer m such that 19 < ma. The following conditions are equivalent:
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(1) The condition (D) is satisfied.
(i1) (A) is satisfied and a(nx) < a(x) forall x € S and n > 1.

Moreover, if 1g € S then these conditions are equivalent to:
(iii) (A) is satisfied and a(nls) < 1¢ for every n > 1.

Proof. (i) implies (ii). Since Q,; = Q, we have a(x) < a(x) + a(y) and a(y) <
< a(x) + a(y). Thus a(x +y) < max{a(x),a(y)} < a(x) + a(y). The inequality
a(nx) < a(x) is clear (see 7.6(1)).

(i) implies (i). Let u,v € S and a = max{a(u),a(v)}. If a(u + v)a™' < 1o
then a(u + v) < a. Consequently, assume that 19 < a(u + v)a~'. Then it follows
from 2.14 that a(u + v)a™' = 1o + b for some b € Q. Furthermore, according to
our assumption, there is a positive integer r with 19 < rb and a positive integer s
such that 15 < sb2. Choosing an odd integer k such that max{3,r,2s + 1} < k,
we get 1p < kb and 19 < ((k — 1)/2)b*. Put ¢ = kb + ((k — 1)/2)b* and d =
= (’;)b3 + (ﬁ)b4 +o 4 (kfl)bk‘l + b, Then ¢ +d + 1o < c (see 7.8). On the other
hand, since Qs = O, wehavec < c+d+1p. Thusc=c+d+1gandd + 1y = 0,
a contradiction with 5.1.

Finally, assume that 1g € S. We have a(lg) = 1o by 7.13.1, and so (ii) implies
(iii). Conversely, if (iii) is true then a(nx) = a(nlg - x) = a(nlg)a(x) < lpa(x) =
= a(x).

O

7.14. Assume that Q is a semifield (see 6.1, ..., 6.5) and put P = Q\{0p}; P(-) is
a subgroup of the multiplicative semigroup Q(-) and we denote by e the unit element
of P.

7.14.1 Lemma. Assume that 1g € S and that a(x) # Og for at least one x € S.
Then a(lg) = e.

Proof. Tt is obvious (see 7.9(1)). ]
7.14.2 Lemma. Ifv € S is such that a(v) = e, then a(vx) = a(x) for every x € §
such that a(x) # Og.

Proof. 1t is obvious. O
7.14.3 Lemma. Assume that Og € S, S - 0s = {Og} and a(0s) # O¢g. Then:

(1) a(x)e = e forevery x € S.

(ii) If v € S is such that a(v) # Op then a(v) = e.
>iil) a(0g) = e.

(iv) If a(x) # Og for every x € S, then a(x) = {e} (and e < 2e).
(v) If a(u) = Og for at least one u € S then Oge = e and |Q| = 2 (and O < e).

Proof. Itis easy (use 7.10 and 6.1). m]
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7.14.4 Lemma. Assume that Os € S,S - 0g = {Os} and a(0s) = O¢g. Then:
(1) a(x)0g = O¢ for every x € §.
(ii) IfeOg # O¢ (see 6.1) then |Q| = 2 and a(S) = {Og }.

Proof. 1tis easy (use 7.10 and 6.1). O

In the remaining part of this section, assume that 1p € Q and Q - 0g = {0p} (see
6.1 and 6.2).

7.14.5 Lemma. (i) If 15 € S then either a(S) = {0p} or a(ls) = 1.
(ii)) If Os € S and S - Oy = {Og} then either a(S) = {lg} (and 19 < 2p) or
a(0g) = 0p.

Proof. 1tis easy (use 7.14.3 and 7.14.4). O

7.14.6 Lemma. Assume that Op < Q (see 6.4) and put T = {v € S|a(v) = Op}.
Then:
(1) Either T = 0 or T is an ideal of the semiring S.
(ii) If 1s € T then a(S) = {0p).

Proof. Easy (use 7.14.5(1)). m]

7.14.7 Lemma. Assume that Q is additively cancellative, semisubtractive and that
Ops = O (see 2.14 and 6.4). Assume further that for every a € Q\{0p} there is a
positive integer m such that 1g < ma. The following conditions are equivalent:

(1) The condition (D) is satisfied.
(1) (A) is satisfied and a(nx) < a(x) forall x € S andn > 1.
Moreover, if 1g € S then these conditions are equivalent to:
(iii) (A) is satisfied and a(nlg) < 1¢ for everyn > 1.

Proof. Using 6.3, 6.5 and 7.14.6, we can proceed similarly as in the proof of
7.13.4. O
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