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Abstract. In this paper, a class of damped vibration problems with impulsive effects is
considered. An existence result is obtained by using the variational method and the critical
point theorem due to Brezis and Nirenberg. The obtained result is also valid and new
for the corresponding second-order impulsive Hamiltonian system. Finally, an example is
presented to illustrate the feasibility and effectiveness of the result.
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1. INTRODUCTION

This paper is devoted to proving the existence of nonzero solutions to the following
damped vibration problem:

(1.1) i(t) + g(t)a(t) = VE(t,u(t)) ae. te[0,T),
(1.2) w(0) — u(T) = a(0) — a(T) = 0,

with the impulsive conditions

(1.3) AW (t) = Li;(u'(t;), i=1,2,...,N, j=1,2,...,p,

Project supported by TianYuan Special Funds of the National Natural Science Founda-
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Youth Foundation of Taiyuan University of Technology (No. 2013T062), Talent Founda-
tion of Taiyuan University of Technology (No. tyut-rc201212a), National Natural Science
Foundation of China (No. 11271371).
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where u(t) = (ul(t),u2(t),...,uN( ), T>0,t0=0<t <ta<...<tp, <tpy1 =
T, g€ L'Y0,T;R) fo t)dt = 0, A(i'(t;)) = @'(t]) — @'(t; ), where @*(t]) and
u'(t;) denote the right and left limits of 4'(t) at ¢t = t;, respectively, impulsive
functions I;;: R - R (i = 1,2,...,N, j = 1,2,...,p) are continuous, VF(t,z) is
the gradient of F': [0,7] x RV — R with respect to x and F satisfies the following

assumption:

(A) F(t,z) is measurable in ¢ for every z € RY and continuously differentiable in
for a.e. t € [0,7], and there exist a € C(R*,R*), b € L(0,T;R*) such that

[F(t,2)] < a(lz)b(t), [VF(t )| < a(|z])b(t)

for all # € RY and a.e. t € [0, 7.

We refer to the impulsive problem (1.1)—(1.3) as (IP).

Impulsive effects exist in many evolution processes in which their states are
changed abruptly at certain moments of time. Applications of impulsive problems
occur in control theory, biology, population dynamics, chemotherapeutic treatment
in medicine and so on (see e.g. [9], [16], [15], [5], [6], [8], [12]). The theory of impulsive
problems has been developed by numerous mathematicians (see e.g. [14], [20], [26],
[1], [18], [19], [27], [2], [3], [28], [17], [7]). In particular, Zhou and Li [28] obtained
some sufficient conditions for the existence of at least one solution for the following
second-order impulsive Hamiltonian systems:

(1.4) u
:IZ.] uz(t.]))’ Z:]"Q?"'?N?j:]"z?"'?p
By using some critical points theorems of B. Ricceri, Sun et al. [17] got some criteria

for guaranteeing the existence of at least three solutions for the following impulsive
Hamiltonian systems with a perturbed term:

—i+ A(t)u = AVF(t,u) + uVG(t,u) a.e. t€[0,T],
At (j)) I (u ()), i=1,2,....N, 7=1,2,...,1,
u(0) = w(T) = u(0) — &(T) = 0.

In [7], Han and Zhang studied the periodic and homoclinic solutions generated by
impulses for the asymptotically linear and sublinear Hamiltonian system

{ii(t) = f(t,q(t)) fort € (sg-1,sk),
Aq(sk) = gr(q(sk)).
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Recently, Nieto [13] introduced the concept of a weak solution for a damped lin-
ear equation with Dirichlet boundary conditions and impulses. And the existence
and uniqueness of weak solutions is obtained by using the classical Lax-Milgram
Theorem. Soon after, Xiao and Nieto [25] used the critical point theory and vari-
ational methods to investigate the solutions of a Dirichlet boundary value problem
for damped nonlinear impulsive differential equations.

Moreover, by using the variational method, Wu et al. [22], [24], [21], [23], [10]
obtained the existence and multiplicity of solutions for some damped vibration prob-
lems, such as damped vibration problems with obstacles, damped vibration prob-
lems with super-quadratic potentials and forced vibration problems with obstacles.
However, the study of solutions for impulsive damped vibration problems using the
variational method has received considerably less attention.

Inspired by the above facts, the aim of this paper is to study the existence of
at least two nonzero solutions for the impulsive damped vibration problem (IP) via
Brezis and Nirenberg’s linking theorem. It is worth stressing that the result of this
paper is also valid and new even if (IP) is reduced to the second-order impulsive
Hamiltonian system (1.4).

For the sake of convenience, in the sequel, we define
2n
.A::{LQ,...,N}, B::{l,Z,...,p}, (,u::T7

= (%JFT)U2 and M := /OT|g(t)|dt.

The organization of the paper is as follows. Some fundamental facts are given
in the next section. In Section 3, the main result of the paper is presented and an
example is given to illustrate it.

2. PRELIMINARIES
Let us recall some basic concepts.

Hy = {u: [0,T] — RY; u is absolutely continuous,
u(0) = u(T) and @ € L*(0,T; R™)}

is a Hilbert space with the inner product

(u,v) :/0 (a(t),o(t)) dt+/0 (u(t),v(t))dt for any u,v € Hp,
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where (-, -) denotes the inner product in R". The corresponding norm is

T T 1/2
uqz(/ m@ﬁ&+/imwﬁa) for any u € HJ.
0 0

For u € H} = {u e H}; fo t)dt = 0} we have Wirtinger’s inequality (see
Proposition 1.3 in [11])

(2.1) Amwmgéémwm.

Lemma 2.1. Ifu € H}, then

[ufloo < Cllufl,

where [[ufloo = max [u(?)],

Proof. For any i € A, it follows from the mean value theorem that

—/ 5)ds = ui(r)

for some 7 € (0,7T). Hence, for ¢t € [0,T], using the Holder inequality,

lu(t)| = ui(T)—i—/ u'(s)ds

< Jul (7)) —I—/O [u'(s)| ds

1 /T T
<7 [ el [ i)
T 0 0
1 T ) 1/2 T ) 1/2
g—T”(/|M@Fm) +TW</ W@Wda ,
T 0 0

which combined with the Cauchy-Schwarz inequality yields that

(2.2) m%w|<(%;+zj”2<lfhf@n2+hﬁ@n%u)”é

In view of (2.2), we have that, for ¢ € [0, T,

) = <i |ui<t>|2)1/2 (Z@( / ()2 + Jui (s )Fds))m — (llul,

which implies the conclusion. ([
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It follows from Lemma 2.1 that
(2.3) lu(t)] < ||ulloo < Cllul| for all uw € HY and t € [0,T].
In view of (2.3), we have
(2.4) lul(t)| < |u(t)] < ¢|lu|| for all u € H}, t € [0,T] and i € A.

Let

G(t):/o g(s)ds, te0,T).

Since g € L'(0,T;R), we have G'(t) = g(t) for a.e. t € [0,T], G(t) is absolutely
continuous, and

(2.5) |G(t)] < /Ot lg(s)|ds < M for all t € [0,T].

Following the ideas of [13], multiplying both sides of (1.1) by ), we have
(2.6) Wii(t) + e“Dg(t)u(t) = e“DVF(t,u(t)) ae. tec[0,T).

Taking into account that « is the classical derivative of u a.e. on [0, 7] (see Remarks
in [11, p. 7]), (2.6) implies that

(2.7) [eC@au(t)] = eCOVF(t,u(t)) ae. tel0,T].

Now multiplying (2.7) by v € Hf and integrating between 0 and T', we have

(2.8) /O ([eC@a)]),v(t)) dt — /0 SO (VF(t,u(t)),v(t))dt = 0.
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Taking into account that @ is the classical derivative of v a.e. on [0,T7], (1.2), (1.3),
and fOT g(t) dt = 0, the first term of (2.8) is

Jj=0""%
= (TO(r), v(e)[y + Y ie),v(0)] £

Va0, > [ Ot o) a
j=0"t

= “D(a(T), 0(T)) — O (a(0), 0(0))

— p eG(t)’[l, v t;r — ' eG(t)’[l, )
> a0 | o). ote
= = MO, v(t)) — e ), o) - / eSO (a(t), o(t)) dt
]; N ‘ T
= =3 S S i) — O )i (1)l (1)) — / eSO (a(t), o(t)) dt
j=11i=1 0
p N ‘
= 3 CIAG ()0 (1) - / eSO (a(t), o(1)) dt
J; z; | |
= =3I (1) (1) / eSO (a(t), o(t)) dt,
which combined with (2.8) yields that
TeG(t) U ) TeG(t) U v
(2.9) / (alt), 5(8)) dt + / (VE(t,u(t)), oft)) dt
p N
= =30 O I (i (1) (1),
j=1i=1

Considering the above equality, we introduce the following concept of the weak so-
lution for (IP).

Definition 2.2. A function u € H} is a weak solution of (IP) if (2.9) holds for
any v € Hr.
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Definition 2.3. Suppose F is a real Banach space. For I € C1(E,R), we say
I satisfies the Palais-Smale condition (denoted by PS condition for short) if any
sequence {u,} C FE for which I(uy) is bounded and I'(u,) — 0 as n — oo possesses
a convergent subsequence.

Consider the functional ®: H} — R defined by

Q(u) = p1(u) + pa2(u),

where
1 (T T
v1(u) = 3 / @ a(t)> dt + / COR(t, u(t)) dt

0 0
and

p N u'(t5)

=y [ nyan

j=11i=1
Let L(t,z,y) = e“®y|?/2 + D F(t,z) for all z,y € RY and t € [0,7T]. Tt fol-
lows from Theorem 1.4 in [11], assumption (A) and (2.5) that ¢ is continuously
differentiable on H}. and

(210) (@ (u),0) = /0 SO0 (a8, o(t)) dt + /0 CO(VE(E, ult)), v(t)) dt

for any u,v € H}. Moreover, it follows from the continuity of all I;; that ¢o €
C'(H},R) and

p N
(2.11) {phu),v) = > T L (ul (85))0' (1))

j=1i=1

for any u,v € H:. Thus ® € C1(HL,R) and it follows from (2.10) and (2.11) that
the weak solutions of (IP) correspond to the critical points of ®.

For the reader’s convenience, we now recall the critical point theorem, which is
due to Brezis and Nirenberg. It will be our main tool.

Lemma 2.4 [4, Theorem 4]. Let X be a Banach space with a direct sum decom-
position X = X @ X» with k := dim Xy < co. Let ® be a C! function on X with
®(0) = 0, satisfying the PS condition. Assume that, for some g > 0,

O(u) 20 forue Xy, |ul| <
O(u) <0 forue Xy, ||ull <o
Assume also that ® is bounded below and i%f ® < 0. Then ® has at least two nonzero

critical points.
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3. MAIN RESULT

In this section, the main result of this paper is presented. To this end, we first
introduce the following assumptions:

(h1) There exists a constant o > 0 such that

> « uniformly for a.e. t € [0,T].

(h2) For any i € A, j € B, there exist constants a;; > 0, b;; > 0 and ~,;; € [0,1]
(assume that v;; = 1 for (4,5) € D € Ax B and v; € [0,1) for (i,5) €
(A x B)/D) such that

1i;(s)

s

Li;(s)

Yij

lim sup
S§—>—00

<ay and liminf
s——+oo |5

> —bij.

(h3) There exist constants o1 > 0, 8 > 0 and an integer k > 1 such that
L _om 2, 2012 L oonpr2, 20,02
(3.1) —5e (k+1)*w|z|* < F(t,z) < -3¢ Bk*“w?|z|

for all |z] < o1 and a.e. ¢t € [0, 7.
(h4) There exist constants o2 > 0 and A > 0 such that

1 1
(3.2) —ie*QMw2|x|2 < F(t,z) < —5)\e2Mw2|x|2

for all |z| < o2 and a.e. t € [0,T].
(h5) For any i € A, j € B, there exist constants o3 > 0 and p;; > 0 such that

(3.3) pijw?s < Ii;(s) <0 forall —o3<s<0
and

(3.4) 0<I;(s) < ,uijw2s for all 0 < s < o3.

The following theorem is the main result of this paper.
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Theorem 3.1. Suppose that assumption (A) holds. Assume that one of the
following two conditions holds:

(H1) (h1) and (h2) hold with o > 1/2 and (% Y ¢ < 1;

(i,5)€D
(H2) (hl) and (h2) hold with (2 > ¢;;/2 < a<1/2,
(i,5)€D
where ¢;; = max{a;;,b;;} for alli € A, j € B,and >, ¢; =0if D =0. Assume
(1,7)€D

also that one of the following two conditions holds:

(H3) (h3) and (h5) hold with B > 1+ puw?¢? + puc?;
(H4) (h4) and (h5) hold with A > up/T,

where p = ie&l%}éls{uij}' Then (IP) has at least two nonzero weak solutions in H.

Proof. We complete the proof in three steps.
Step 1. (H1) or (H2) implies that

(3.5) lim ®(u) =o0

[|u]|—o0

and ®(u) is bounded below on H1.
In fact, for any 0 < € < «, (h1) implies that there exists § > 0 such that

(3.6) F(t,z) > (a —¢)|z|* for all z € RN with |z| > 6 and a.e. t € [0, T].

Let a5 = lmlzgga(|x|); assumption (A) implies that
T|x

(3.7) F(t,z) = —a(|z))b(t) = —asb(t) = —asb(t) + (a — &)|z|* — (a — )52

for all z € RY with |z| < § and a.e. t € [0,7]. Then it follows from (3.6) and (3.7)
that
F(t,z) > (a —e)|z|* — (o — €)0? — ash(2)

for all z € RY and a.e. t € [0,7]. Thus

1 T T
(3.8) o) > 5 / CO ()2 dt + (a — ¢) / Ot dt
0 0
T T
— (v —¢€)d? / e“® dt — a5 / eCWp(t) dt
0 0

for all u € Ht.
It follows from (h2) that there exist 4 > 0 and v» > 0 such that

(3.9) L (s) < aijls|" < ¢j(—s)?  forall s < —uq
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and
(3.10) I;;(s) > —bij|s|" > —c;5877  for all s > 1.

Taking into account that I;;(s) — ¢;;(—s)"% and I;;(s) +¢;;s7% are continuous, there
exists d;; > 0 such that

(3.11) I;j(s) — cij(—s)" < d;; forall —uv; <s<0
and
(3.12) I;i;(s) + ¢ijs77 > —d;; for all 0 < s < 1.

Thus in view of (3.9) and (3.11) we have that
I (s) < ¢ij(—s)" 4+ d;; for all s <O0.

Thus, for all z < 0 we have

0 il
C,.(_l)’)’mz'}’a,;"l‘ Cii y

(3.13) /z Lij(s)ds < _”'yT gz = %jz—jk Tl digz].
It follows from (3.10) and (3.12) that

I;;(s) 2 —ci587 —d;; for all s > 0.
Then, for all z > 0 we have

: Cij 1 Cij +1

3.14 Li(s)ds > —— _zvistl g o= - |zt — g2,
) [ nass -t o= il
In view of (3.13) and (3.14), for any z € R we have

z Cis

/ Lij(s)ds > ———|2[" ! —dyl2,
0 Yij +1

which combined with (2.4) yields that

p N - ‘
(B15) o) > DD (i ()

A1 T dylu (1))
i

p N
>3 :eG(tj)(_MHu 7ig+1 —di'CHuH)
— Yij +1 !

for all u € HE.
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Thus it follows from (3.8) and (3.15) that

1

T T
D (u) > 5/ eG(t)|u(t)|2dt+(a—s)/ @y (t)? dt
0 0

T T
— (a0 —¢)8? / W At — as / CWp(t) dt
0 0

p N
Gty (_ s Yiitl _ ..
#3000 (< e — ),

j=11i=1

which combined with (2.5) yields that
S 1 oM )2 -M )2
(3.16) ®(u) 5 )] dt + (a—e)e (t)|=dt

—(a— 5)52€MT — ageM / b(t)dt

p N
ciy(rt
£ S0 (< et~ dgcll)

j=11i=1
p N
> min{%,a _ 6}67MHUH2 _ M ZZ |:Cz]<’y Hu ’YLJ+1:|
j=1i=1 Vij + 1
r N T
— M S S dygclull - (o — )82%M T — ageM /0 b(#) dt
j=1i=1

If D=0, then ) ¢;=0and~;€c[0,1)foralliec A jeB. Thenin view of
4,j)€D
(3.16), for any « (>j()), choosing 0 < & < «a, we have (3.5) holds. Thus (H1) or (H2)
implies (3.5) when D = ().
If D # (), the following two cases may occur:
Case 1: o> 1/2. Choosing € = (o —1/2)/2, we have a —e > 1/2. Thus it follows
from (3.16) that

UEE O S [

(4,5)€D
M CHCW] 1 M p N
—e {Luv’ij*]—e d;ijC|lu
Z %j+1|\ ZZ 36l
(1,5)€(AXB)/D j=11i=1

1 N2 m [T
2(a+ 2)5 e T — ase /0 b(t) dt
which combined with (H1) yields that (3.5) holds.
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Case 2: < 1/2. Let € = (a — M2 cij/2)/2. It follows from (H2) that
(4,5)€D

1 1 1
a—5—§<a+§e2MC2 Z cij> > 562M<2 Z cij >0
(i,5)eD (i,4)eD
and € > 0. Then o —e < 1/2 — ¢ < 1/2. Thus it follows from (3.16) that

_ 1
8 > 3 (00 = 3¢ 3 e ) Jul?

(i,5)€D

p N
ot M 35 dydul

j=1i=1

Ci ,C'Yi]“l’l
_ eM Z [ ]“ — HU'
(ij)e(AxB)/D T

1 L onr o 2 .M u 1
_5(044—58 ¢ Z cij)ée T — ase ; b(t) dt,

(i,5)€D

which combined with (H2) yields that (3.5) holds.

Therefore, for any D C A x B, (H1) or (H2) implies (3.5). Thus ®(u) is bounded
below on H..

Step 2. (H1) or (H2) implies that ®(u) satisfies the PS condition.

Suppose that {u,} is a sequence in H} such that ®(u,,) is bounded and ®'(u,,) — 0
asn — 0o. Then {u,} is bounded on H1. In fact, if {u,} is an unbounded sequence,
without loss of generality we assume that ||u,| — oo as n — oco. By Step 1, we
know that (H1) or (H2) implies (3.5). Thus ®(u,) — oo, which contradicts the
boundedness of ®(u,,).

Since H# is a reflexive Banach space, there exists u € Hi and a subsequence
of {u,} (denoted again by {u,} for simplicity) such that u, converges weakly to u
on HY:. By Proposition 1.2 in [11], we know that wu,, converges uniformly to u on
[0,7]. Then

T
(3.17) / lun(t) — u(®)2dt — 0 asn — oo,
0
and for any i € A, j € B, we have that u,(t;) — u(t;) as n — oco. In fact,

[ul () — u' ()| < Jun(t;) —u(t;)| for any i€ A, j € B.

Thus it follows from the continuity of all ;; that

(818) 3037 €GN (I, (ul (t))) — Iy (ul(4))) (u (t) — w' (1)) = 0 s n — ox.

j=1i=1
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Taking into account that u,, converges uniformly to u on [0, 7] and assumption (A),

we have

(3.19) /OT CO(VF(t, un(t)) — VF(t, u(t)), un(t) — u(t))dt = 0 as n — oco.

Since u,, converges weakly to u on Hx and ®’(u,) — 0, we have
(3.20) (@ (up) — @' (u), up —u) — 0 asn — oco.
Moveover, it follows from (2.10) and (2.11) that
T
(3.21) (D' (up) — B (u), up —u) = / O, (t) — a(t) dt
0

+ /T CO(VE(t, un(t)) — VF(t, u(t)), un(t) — u(t)) dt

p N
Y 0N e (I (i (7)) — Tig (u'(£))) (i (85) — v (£5)).

j=11i=1

Thus in view of (3.18)—(3.21) and (2.5), we have that
T T
0< e—M/ Jin (1) — a(t))? dt < / e“Ola, (t) —a(t)>dt =0 asn — oo,
0 0

which combined with (3.17) yields that

1/2

[t — ul| = (/OT |un(t)—u(t)|2dt+/0T |un(t)—u(t)|2dt> =0

as n — oo. That is, {u,} strongly converges to u on H#}, which means that ®(u)
satisfies the PS condition.

Step 3. (H3) or (H4) implies that (2.12) holds for some p > 0.

In fact, owing to (3.3) in (h5), we have that

0 0 0
/ pijw’s ds < / Lij(s)ds < / 0ds forall —o3 <2z<0,
which implies that
1 0
(3.22) —im‘jWQZQ < / I;;(s)ds <0 forall —o3 < z<0.
z
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It follows from (3.4) in (h5) that

/OZOds < /OZ I;;(s)ds < /OzuiijSds for all 0 € z < o3,
which combined with (3.22) yields that
(3.23) 0< /OZ I;(s)ds < %uiij,zQ for all |z| < o3.

By (2.4), ||u|| < 03/¢ implies that |u’(t)| < o3 for all t € [0,T] and i € A. Thus, it
follows from (3.23) that

1 A
(3.24) 0< palu) < 37 D7 e Zpguu (1) for all [ul| < %
j=1i=1
Owing to (2.5), we have
p N 1 )
(3.25) 33 S 1)
j=11i=1
L oy N 2 1 oy 2
< 3¢ HW ZZ [u'(t)]” = 5¢ W Z lu(t;)]=
j=11i=1 j=1
It follows from (3.24) and (3.25) that
L v, o - 2 93
(3.26) 0 < pa(u) < 5o > fu(ty))? for all [juf < <
j=1
which combined with (2.3) yields that
1
(3.27) 0 < pa(u) < §eMpuw2C2||u||2 for all |lu| < %.
Let
k
X, = {Z(al coslwt + by sinlwt); a;, b, € [RN}
1=0
and let X7 be the orthogonal complement of X» in H%, where a; = (a},a?,...,a})

and by = (b}, 07,...,bN).
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If (H3) holds, we will consider X5 with £ > 1. On the one hand, when u € X5, we

have

N , k 2
(3.28) / ) dt = / Z <Z(a} cos lwt + b} sin lwt)) dt
0 i=1 =0
Nk
=3 DD (@) + o))
i=1 1=0
and
TN , ok . . 2
(3.29) / (t)]?dt = / Z (Z(—a}lw sin lwt + bjlw cos lwt)) dt
0 0 =1 Vi=0
T k
_ 2 2 2, .2(11
=3 ;;z 24 Pw?(b))?).

In view of (2.5) and the right-hand side of (3.1) in (h3), for all |Ju|| < 01/¢ we have

1 T T
(3.30) o1 (u) < 5/0 @ a(t)?dt — 5 2M6k2 2/0 GO (t)|? dt
1 T 1 T
< EeM/ lu(t)|* dt — EeMﬂonﬂ/ lu(t)|* dt.
0 0

Let 91 = min{o1/¢,03/¢}. Owing to (3.30) and the right-hand side of (3.27), for all

lu|| < 01 we have
oM Ik Maz 2 [ 2 Lov, om0y o
O at — LM Br%? [ )] at + g ppc?
0

which combined with (3.28) and (3.29) yields that

'ﬂ

N k
®(u) < ew?y N [0 — Bk + puw 1+ puc?)((af)® + (0])%)]

4
i=1 1=0

for all u € Xy with |Jul| < 01. Since I < k and k > 1, we have that
— BE* + puw® 1P + pu¢® < K — B + puw® PR + puc?k.

Thus 3 > 1+ puw?¢? + pu¢? implies that ®(u) < 0 for all u € X5 with ||ul| < g1. On
the other hand, in view of (2.5), the left-hand side of (3.1) in (h3) and the left-hand
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side of (3.27) we have

17 1 T
@@)25/ G“muﬁa—§eWWk+n%ﬂ/ GO |u(t) 2 dt
0

1 T
/—yM/‘ Pa—EeMw+m%ﬂ/ u(t)2 dt > 0
0

for all u € Xy with ||ul| < 1. Thus (H3) implies that (2.12) holds for p;.

In the following, it will be shown that (H4) implies that (2.12) holds for g =
min{o2/¢,03/C}. In fact, if (H4) holds, we will consider X, with k& = 0. Then
X5 = RY and the orthogonal complement of RY in H% is ﬁ% On the one hand, in
view of (2.5), the right-hand side of (3.2) in (h4) and the right-hand side of (3.26),
for all u € RY with |lu| < 02 we have

T P
1 1
D(u) < / —5)\eG(t)+2Mu}2|u|2 dt + §eMuw2 E |u|?
0 .
Jj=1

1 1
< - 5)\TeMw2|u|2 + ieMuw2p|u|2,

which combined with A > up/T yields that ®(u) < 0 for all u € RN with ||u|| < o2
On the other hand, owing to (2.1), (2.5), the left-hand side of (3.2) in (h4) and the
left-hand side of (3.26), we have that

1 T T
ym>—/‘&wmwﬁm+/‘&@F@mﬂmt

2 0 0

| TR T 1 guwyam 2 2
3 e“Mat)|* de + _56 wlu(t)]” dt
0

1 T
5 M/ ) dt — —Moﬂ/ lu(t)|*dt >0
0

for all u € I}% with ||ul| < 02

Moreover, it follows from (h3) or (h4) that F'(¢,0) = 0 for a.e. t € [0,T]. Thus
(h3) or (h4) implies ®(0) = 0.

Now if meI) > 0, by Step 3 we have that all u € X, with |Ju|| < ¢ are minima

=

of ¢, Whlch 1mphes that ® has infinitely many critical points. If lnf ® < 0, then it

follows from Lemma 2.4 that ® has at least two nonzero critical pomts Hence (IP)
has at least two nonzero weak solutions in H. d

Remark 3.2. It follows from k > 1 and 1 < 1 + puw?¢? + pu¢? < B that
1 1 1
__62M6k2w2|x|2 < __62M6w2|x|2 < —56_2M0J2|£L'|2.
Therefore, (H3) and (H4) do not contain each other.
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In view of Theorem 3.1, if (h2) holds with D = @, then >~ ¢;; = 0. Then (H1)
combines with (H2) to the following condition: (0.5)€D
> (hl) holds, and (h2) holds with D = §.

Thus by Theorem 3.1, we can get the following fact.

Corollary 3.3. Suppose that assumptions (A) and (hl) hold. Assume that (h2)
holds with D = (). Assume also that (H3) or (H4) holds. Then (IP) has at least two
nonzero weak solutions in H..

Example 3.4. Consider the following damped vibration problem with impulsive
effects:

() +g(t)u(t) = VF(t,u(t)) a.e. te]l0,2n],
(3.31) u(0) — u(2r) = 4(0) — w(2n) = 0,
A(@(ty)) = Lij (w'(ty)), i=1,2,3, j=1,

where 0 < t; < 27,

1
g(t) = @(t - )
and for any ¢ € {1, 2,3},
g | 109 <
s1/3, |s| > 1.

Direct computation shows that M = 1/8, w = 1 and (h2) holds with all v;; = 1/3.
Since for any i € {1,2, 3},
I;
lim La(s) - i7
s—0 S 17
choosing e = 1/272, there exists o3 > 0 such that

15 In(s) 1 .
273 S < = <o
0< 2972 s S 16 for allO<|s|\g3 andz€{1’273}’
which combined with the fact that all 7;;(0) = 0 yields that (h5) holds with all

pi1 = 1/16.

In the following, two cases are considered. Two criteria in Corollary 3.3 are em-
ployed respectively.

Case 1: F of (3.31) is

t+ 2N (|Jxft — |2)?), |z <1
F(t,x)—{(20 ssel/ ) (Jof* — [x]?), ||

(3.32)
(5t + 22Nz = |2l), || >1

for all ¢ € [0, 2n].
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In this case, we have that (A) holds with a(|z|) = max{|z[* + |2|?,2|z|* +
2lz|, 4|x|® + 2|z|,4|2z| + 2} and b(t) = t/20 + 24e'/*/25. Direct computation shows
that (h1) holds. Since

lim Fltz) 1 %el/‘L,
lz|—0  |x]? 200 25

choosing € = e1/4/200, there exists o7 > 0 such that

19

193 1
(3.33) —( Ty —e1/4)|x|2 < F(t,a) < —5ose/af?

10 ' 200
for all 0 < |z| < 01 and t € [0,2n]. It follows from (3.33) and F'(¢,0) = 0 that (h3)
holds with 8 =1.9 and £ = 1. Thus

(i+2n) ~18<19=p.

1
L pu®C 4 ppc? = 1+ 2 (-

8
Thus (H3) holds. Therefore, when F is (3.32), we have that (3.31) has at least two
nonzero weak solutions in H7. by Corollary 3.3.

Case 2: F of (3.31) is

(3.34) F(t,z) = { QLO(t_‘_ 1)(|m|4 - |37|2)7 lz] <1,
| DIV B+ D~ lal), el > 1

for all ¢ € [0, 27].

In this case, we have that (A) holds with a(|z|) = max{|z|* + |z|?,2|z|* +
2|z, 4|x|> + 2|z, 4|x| + 2} and b(t) = (t+1)/20. Direct computation shows that (h1)
holds. Since

F(t,z) 1

=——(t+1
lz|—0  |z|? 20( +1),

choosing € = 1/50, there exists oo > 0 such that

2n4+1 1y, o, 3,
- )z < F(t,z) < ——
(S + 55 ) el < Fit2) < —5lal

(8:35) 20 ' 50

for all 0 < |z| < 02 and ¢t € [0,2n]. It follows from (3.35) and F'(¢,0) = 0 that (h4)
holds with A = 0.04. Then

up/T =~ 0.0099 < 0.04 = .

Thus (H4) holds. Therefore, when F is (3.34), we have that (3.31) has at least two
nonzero weak solutions in HZ. by Corollary 3.3.
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In the following, criteria for guaranteeing the existence of nonzero solutions for
the second-order impulsive Hamiltonian systems (1.4) will be presented. To the best
of our knowledge, the result is new.

When ¢(t) = 0, (IP) is reduced to (1.4), and M = fOT lg(t)|dt = 0. Impulsive
Hamiltonian systems (1.4) have been considered in [28] by using some critical point
theorems. In view of Definition 2.2, the concept of a weak solution for (1.4) is a
function u € H}. such that (2.9) holds with g(t) = 0 for any v € H}. It is worth
stressing that the concept of a weak solution for (1.4) is the same as that in [28].
Moreover, we introduce the following assumptions:

(h3") There exist constants o7 > 0, 3 > 0 and an integer k > 1 such that

1 1
—5(k+ 1)%w?|z|* < F(t,z) < —§Bk2w2|x|2

for all |z] < o1 and a.e. t € [0, T7;
(h4”) There exist constants o3 > 0 and A > 0 such that

1 1
—§w2|x|2 < F(t,z) < —5/\w2|m|2

for all |z| < o2 and a.e. t € [0,T].

In view of Theorem 3.1, we immediately obtain the following result.

Corollary 3.5. Suppose that assumption (A) holds. Assume that one of the
following two conditions holds:

(H1") (hl) and (h2) hold with o > 1/2 and (* Y. ¢ <1;

(i,5)€D
(H2') (hl) and (h2) hold with ¢* Y ¢;/2<a<1/2,
(i,)€D
where ¢;; = max{a;;,b;;} for alli € A, j € B,and Y, ¢;; =01if D =0. Assume
(i,9)€D

also that one of the following two conditions holds:

(H3") (h3') and (h5) hold with 3 > 1+ puw?¢? + puc?;
(H4') (h4’) and (h5) hold with X\ > up/T,

where p = ier,ratla})és{ wijt- Then the second-order impulsive Hamiltonian system (1.4)

has at least two nonzero weak solutions in H.
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