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ESTIMATES FOR THE COMMUTATOR OF

BILINEAR FOURIER MULTIPLIER
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Abstract. Let b1, b2 ∈ BMO(Rn) and Tσ be a bilinear Fourier multiplier operator with
associated multiplier σ satisfying the Sobolev regularity that sup

κ∈Z

‖σκ‖W s1,s2(R2n) < ∞ for

some s1, s2 ∈ (n/2, n]. In this paper, the behavior on Lp1(Rn)×Lp2(Rn) (p1, p2 ∈ (1,∞)),
on H1(Rn) × Lp2(Rn) (p2 ∈ [2,∞)), and on H1(Rn) × H1(Rn), is considered for the
commutator T

σ,~b
defined by

T
σ,~b
(f1, f2)(x) = b1(x)Tσ(f1, f2)(x)− Tσ(b1f1, f2)(x)

+ b2(x)Tσ(f1, f2)(x)− Tσ(f1, b2f2)(x).

By kernel estimates of the bilinear Fourier multiplier operators and employing some tech-
niques in the theory of bilinear singular integral operators, it is proved that these mapping
properties are very similar to those of the bilinear Fourier multiplier operator which were
established by Miyachi and Tomita.
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MSC 2010 : 42B15

1. Introduction

In their seminal works [3], [4], Coifman and Meyer considered the mapping proper-

ties of the bilinear Fourier multiplier operator. Let σ ∈ L∞(R2n). Define the bilinear

Fourier multiplier operator Tσ by

(1.1) Tσ(f1, f2)(x) =

∫

R2n

exp (2πix(ξ1 + ξ2))σ(ξ1, ξ2)f̂1(ξ1)f̂2(ξ2) d~ξ,

The research has been supported by National Natural Science Foundation of China under
Grant #10971228 and #11371370.
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initially for f1, f2 ∈ S (Rn), where f̂ denotes the Fourier transform of f and d~ξ =

dξ1 dξ2. Coifman and Meyer [4] proved that if σ ∈ Cs(R2n \ {0}) satisfies that

(1.2) |∂α1

ξ1
∂α2

ξ2
σ(ξ1, ξ2)| 6 Cα1,α2(|ξ1| + |ξ2|)−(|α1|+|α2|)

for all multiindices α1, α2 such that |α1| + |α2| 6 s with s > 4n + 1, then Tσ

is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) for all 1 < p1, p2, p < ∞ with

1/p = 1/p1 +1/p2. Using the theory of the multilinear Calderón-Zygmund operator,

Grafakos and Torres [9], Kenig and Stein [11] improved the results of Coifman and

Meyer, proving that if σ satisfies (1.2) for all |α1|+|α2| 6 s with s > 2n+1, then Tσ is

bounded from Lp1(Rn)×Lp2(Rn) to Lp,∞(Rn) when p1, p2 ∈ [1,∞] and p ∈ [1/2,∞)

with 1/p = 1/p1 + 1/p2, and is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) when

p1, p2 ∈ (1,∞] and p ∈ (1/2,∞). In recent years, considerable attention has been

paid to the mapping properties of Tσ when σ satisfies some conditions of Hörmander-

Mihlin type. Let Ψ ∈ S (R2n) be such that supp Ψ ⊂ {(ξ1, ξ2) : 1/2 6 |ξ1|+ |ξ2| 6 2}
and

∑

κ∈Z

Ψ(2−κξ1, 2
−κξ2) = 1 for all (ξ1, ξ2) ∈ R

2n \ {0}. Set

(1.3) σκ(ξ1, ξ2) = Ψ(ξ1, ξ2)σ(2κξ1, 2
κξ2).

Tomita [17] proved that if sup
κ∈Z

‖σκ‖W s(R2n) < ∞ for some s > n, then Tσ is bounded

from Lp1(Rn) × Lp2(Rn) to Lp(Rn) for p1, p2, p ∈ (1,∞) and 1/p = 1/p1 + 1/p2.

Grafakos and Si [8] considered the mapping properties from Lp1(Rn) × Lp2(Rn) to

Lp(Rn) for Tσ when p 6 1. Fairly recently, Miyachi and Tomita [15] considered the

problem to find the minimal smoothness conditions for the boundedness of Tσ. For

s1, s2 ∈ (0,∞), define

W s1,s2(R2n) := {f ∈ L2(R2n) : ‖f‖W s1,s2 (R2n) < ∞},

with

‖f‖2
W s1,s2(R2n) =

∫

R2n

〈ξ1〉2s1〈ξ2〉2s2 |f̂(ξ1, ξ2)|2 d~ξ,

where 〈ξk〉 = (1 + |ξk|2)1/2. Miyachi and Tomita [15] proved the following result.

Theorem 1.1. Let σ ∈ L∞(R2n) and let Tσ be the operator defined by (1.1). If

σ satisfies that

(1.4) sup
κ∈Z

‖σκ‖W s1,s2(R2n) < ∞

for s1, s2 ∈ (n/2, n], then for p1, p2 ∈ (1,∞], p ∈ [2/3,∞) with 1/p = 1/p1 + 1/p2,

Tσ is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn). Moreover,
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(i) if p1 ∈ (0, 1] and p2 ∈ [2,∞), σ satisfies (1.4) for some s1 ∈ (n/p1,∞) and

s2 ∈ (n/2, n], then Tσ is bounded from Hp1(Rn) × Lp2(Rn) to Lp(Rn);

(ii) if p1, p2 ∈ (0, 1], σ satisfies (1.4) for some s1 ∈ (n/p1 − n/2,∞), s2 ∈ (n/p2 −
n/2,∞) and s1 + s2 > n/p1 + n/p2 −n/2, then Tσ is bounded from Hp1(Rn)×
Hp2(Rn) to Lp(Rn).

Now let us consider the commutator of Tσ. For a function b ∈ BMO(Rn), set

[b, Tσ]1(f1, f2)(x) = b(x)Tσ(f1, f2)(x) − Tσ(bf1, f2)(x),

and

[b, Tσ]2(f1, f2)(x) = b(x)Tσ(f1, f2)(x) − Tσ(f1, bf2)(x),

initially for f1, f2 ∈ S (Rn). Let b1, b2 ∈ BMO(Rn) and ~b = (b1, b2). Define the

commutator generated by ~b and Tσ by

(1.5) Tσ,~b(f1, f2)(x) =

2
∑

k=1

[bk, Tσ]k(f1, f2)(x).

By the result of Lernel et al. [13], we know that if σ satisfies (1.2) for all |α1|+|α2| 6 s

with s > 2n+1, then Tσ,~b is bounded from Lp1(Rn)×Lp2(Rn) to Lp(Rn) provided that

p1, p2 ∈ (1,∞] and p ∈ (1/2,∞) with 1/p = 1/p1 + 1/p2, and enjoys an endpoint

estimate of L log L × L logL type. Anh and Duong [1] considered the weighted

estimates with multiple weights for Tσ,~b when σ satisfies (1.2) for n < s 6 2n.

Our first purpose of this paper is to consider the behavior on the product of

Lebesgue spaces for the commutator Tσ,~b. We will show that the behavior of Tσ,~b on

Lp1(Rn) × Lp2(Rn) is similar to that of Tσ. More precisely, we have

Theorem 1.2. Let σ ∈ L∞(R2n) and let Tσ be the operator defined by (1.1). If

(i) σ satisfies (1.4) for s1, s2 ∈ (n/2, n], p1, p2 ∈ (1,∞), p ∈ [2/3,∞) with 1/p =

1/p1 + 1/p2,

or

(ii) σ satisfies (1.4) for s1, s2 ∈ (n/2, n] and s1 + s2 > (3/2)n, p1, p2 ∈ (1,∞) and

p ∈ (1/2,∞) with 1/p = 1/p1 + 1/p2,

then Tσ,~b is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn).

Remark 1.1. By Theorem 1.2 and the argument used in [15], it follows that

if p1, p2 ∈ (1,∞), p ∈ (1/2, 2/3) with 1/p = 1/p1 + 1/p2, and σ satisfies (1.4) for

s1, s2 ∈ (n/2, n] such that s1 + s2 > n/p1 + n/p2 − n/2, then Tσ,~b is bounded from

Lp1(Rn) × Lp2(Rn) to Lp(Rn).

We will also consider the endpoint estimates for Tσ,~b.
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Theorem 1.3. Let σ ∈ L∞(R2n) and let Tσ be the operator defined by (1.1).

(a) If p2 ∈ [2,∞) and σ satisfies (1.4) for s1, s2 ∈ (n/2, n], then Tσ,~b is bounded

from H1(Rn) × Lp2(Rn) to Lp,∞(Rn) with 1/p = 1 + 1/p2;

(b) if σ satisfies (1.4) for s1, s2 ∈ (n/2, n] with s1 + s2 > 3n/2, then Tσ,~b is bounded

from H1(Rn) × H1(Rn) to L1/2,∞(Rn).

Remark 1.2. Our proof of Theorem 1.2, which will be given in Section 2, also

applies to the iterated commutator of Tσ defined by

T ∗
σ,~b

(f1, f2)(x) = [b1, [b2, Tσ]2]1(f1, f2)(x).

However, we do not know if Theorem 1.3 is true for T ∗
σ,~b
.

We make some conventions. In what follows, C always denotes a positive constant

that is independent of the main parameters involved but whose value may differ from

line to line. We use the symbol A . B to denote that there exists a positive constant

C such that A 6 CB. For x ∈ R
n and r > 0, B(x, r) denotes the ball centered at x

and has radius r. For any set E ⊂ R
n, χE denotes its characteristic function. For

a ball B in R
n and λ ∈ (0,∞), we use λB to denote the ball with the same center

as B whose radius is λ times that of B. For any p ∈ [1,∞), we use p′ to denote the

dual exponent of p, namely, p′ = p/(p−1). LetM be the Hardy-Littlewood maximal

operator. For r ∈ (0,∞) and b ∈ BMO(Rn), the maximal operators Mr and Mb,r

are defined as

Mrf(x) = (M(|f |r)(x))1/r ,

Mb,rf(x) = sup
B∋x

(

1

|B|

∫

B

|(b(x) − b(y))f(y)|r dy

)1/r

respectively. It is well known that for t ∈ (r,∞),

(1.6) ‖Mb,rf‖Lt(Rn) 6 C‖b‖BMO‖f‖Lt(Rn),

see [6]. For a locally integrable function f , M ♯f denotes the Fefferman-Stein sharp

maximal function of f , that is,

M ♯f(x) = sup
B∋x

1

|B|

∫

B

|f(x) − mB(f)| dx,

where the supremum is taken over all balls containing x, and mB(f) denotes the

mean value of f on B. For r ∈ (0,∞), let M ♯
r be the maximal operator defined by

M ♯
rf(x) = {M ♯(|f |r)(x)}1/r.

1116



2. Proof of Theorem 1.2

Let Ψ ∈ S (R2n) and let σκ be the same as in (1.3). Define σ̃κ by

σ̃κ(ξ1, ξ2) = σκ(2−κξ1, 2
−κξ2).

It is obvious that

F−1σ̃κ(ξ1, ξ2) = 22κnF−1σκ(2κξ1, 2
κξ2),

where F−1 denotes the inverse Fourier transform. For x, y1, y2, y
′
1, y

′
2, x

′ ∈ R
n, let

W0,κ(x, y1, y2; x
′) = F−1σ̃κ(x − y1, x − y2) −F−1σ̃κ(x′ − y1, x

′ − y2),

W1,κ(x, y1, y2; y
′
1) = F−1σ̃κ(x − y1, x − y2) −F−1σ̃κ(x − y′

1, x − y2),

W2,κ(x, y1, y2; y
′
2) = F−1σ̃κ(x − y1, x − y2) −F−1σ̃κ(x − y1, x − y′

2).

Lemma 2.1. Let σk be defined by (1.3), q1, q2 ∈ [2,∞) and s1, s2 > 0. Then

(
∫

Rn

(
∫

Rn

|σ̂κ(ξ1, ξ2)|q2〈ξ2〉s2 dξ2

)q1/q2

〈ξ1〉s1 dξ1

)1/q1

. ‖σκ‖W s1/q1,s2/q2(R2n).

For the proof of Lemma 2.1, see [5].

Lemma 2.2. Let σ be a bilinear multiplier which satisfies (1.4) for some s1, s2 ∈
(n/2, n], u1, u2 ∈ (1, 2], B be a ball with radius R and x, x′ ∈ (1/4)B.

(i) For nonnegative integers j1, j2 and an integer κ with 2κR < 1,

(
∫

Sj1 (B)

(
∫

Sj2 (B)

|W0,κ(x, y1, y2; x
′)|u′

2 dy2

)u′

1/u′

2

dy1

)1/u′

1

. 2κR
2−κ(s1+s2−n/u1−n/u2)

∏2
k=1(2

jkR)sk

,

where and in the sequel S0(B) = B and for positive integer j, Sj(B) = 2jB \
2j−1B;

(ii) for positive integers j1, j2 and an integer κ,

(
∫

Sj1 (B)

(
∫

Sj2(B)

|F−1σ̃κ(x − y1, x − y2)|u
′

2 dy2

)u′

1/u′

2

dy1

)1/u′

1

.
2−κ(s1+s2−n/u1−n/u2)

∏2
k=1(2

jkR)sk

;
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(iii) if u2 > n/s2, then for any µ ∈ (1,∞), integer κ with 2κR > 1, positive integer

j and b ∈ BMO(Rn),

(2.1)

∫

Sj(B)

∫

B

|F−1σ̃κ(x − y1, x − y2)| |f2(y2)| dy2|f1(y1)| dy1

. 2−κ(s1−n/u1)(2jR)−s1Mu2f2(x)

(
∫

Sj(B)

|f1(y1)|u1 dy1

)1/u1

and

(2.2)

∫

Sj(B)

∫

B

|F−1σ̃κ(x − y1, x − y2)| |b(y2) − mB(b)| |f2(y2)| dy2|f1(y1)| dy1

. ‖b‖BMO(Rn)
log(2κR)

2κ(s1−n/u1)(2jR)s1
Mµu2f2(x)

(
∫

Sj(B)

|f1(y1)|u1 dy1

)1/u1

.

P r o o f. The conclusion (i) is just Lemma 3.5 in [10], and the conclusion (ii)

can be proved by an argument similar to the proof of Lemma 3.3 in [10]. For the

conclusion (iii), we only consider the estimate (2.2), since the inequality (2.1) can

be proved in the same way. A straightforward computation involving the Hölder

inequality gives us that

∫

Sj(B)

∫

B

|F−1σ̃κ(x − y1, x − y2)| |b(y2) − mB(b)| |f2(y2)| dy2|f1(y1)| dy1

. 22κn

(
∫

Sj(B)

(
∫

B

|F−1σκ(2κ(x − y1), 2
κ(x − y2))|u

′

2〈2κ(x − y2)〉u
′

2s2 dy2

)u′

1/u′

2

× 〈2κ(x − y1)〉u
′

1s1 dy1

)1/u′

1
(

∫

B

|b(y2) − mB(b)|u2µ′

〈2κ(x − y)〉u2s2
dy2

)1/(u2µ′)

× (2κ2jR)−s1

(
∫

B

|f2(y)|u2µ

〈2κ(x − y)〉u2s2
dy

)1/(u2µ)( ∫

Sj(B)

|f1(y1)|u1 dy1

)1/u1

.

Let N be the positive integer such that 2N−1 < 2κR 6 2N ; it follows from the

John-Nirenberg inequality that

∫

B

|b(y) − mB(b)|u2µ′

〈2κ(x − y)〉u2s2
dy

=

∫

|x−y|62−κ

|b(y) − mB(b)|u2µ′

dy +

N
∑

j=1

∫

2j2−κ<|x−y|62j+12−κ

|b(y) − mB(b)|u2µ′

|2κ(x − y)|u2s2
dy
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. 2−κn(1 + |mB(b) − mB(x,2−κ)(b)|u2µ′

) + 2−κn
N

∑

j=1

|mB(b) − mB(x,2j2−κ)(b)|u2µ′

2j(s2u2−n)

. 2−κn logu2µ′

(2κR)‖b‖µ′u2

BMO.

Note that

(
∫

B

|f2(y2)|u2µ

〈2κ(x − y2)〉u2s2
dy2

)1/(u2µ)

. 2−κn/µu2Mu2µf2(x).

The estimate (2.2) now follows from Lemma 2.1 and the estimates above. �

Lemma 2.3. Let σ be a multiplier which satisfies (1.4) for some s1, s2 ∈ (n/2, n]

and u1, u2 ∈ (1, 2], let B be a ball with radius R and yl, y
′
l ∈ 1

4B with l = 1, 2.

(i) For nonnegative integers j0, j1, j2 and an integer κ with 2κR < 1,

(
∫

Sj0 (B)

(
∫

ER
j2

(x)

|W1,κ(x, y1, y2; y
′
1)|u

′

2 dy2

)u′

1/u′

2

dx

)1/u′

1

. 2κR
2−κ(s1+s2−n/u1−n/u2)

(2j0R)s1(2j2R)s2
,

and

(
∫

Sj0 (B)

(
∫

ER
j1

(x)

|W2,κ(x, y1, y2; y
′
2)|u

′

1 dy1

)u′

2/u′

1

dx

)1/u′

2

. 2κR
2−κ(s1+s2−n/u1−n/u2)

(2j0R)s2(2j1R)s1
,

where and in the sequel, ER
0 (x) = B(x, R) and for any positive integer j,

ER
j (x) = 2jB(x, R) \ 2j−1B(x, R);

(ii) for each k = 1, 2 and each integer κ, there exists a function Hk,κ,B such that for

functions f1, f2 with supp f1, supp f2 ⊂ B,

∫

R2n

|Wk,κ(x, y1, y2; y
′
k)|

2
∏

l=1

fl(yl) d~y

.

∫

Rn

|fk(yk)|Hk,κ,B(x, yk, y′
k) dyk

∏

16l62,l 6=k

Mrl
fl(x),

and for any integer j > 3,

(
∫

Sj(B)

|Hk,κ,B(x, yk, y′
k)|u′

k dx

)1/u′

k

.
R(sk−n/uk)

|2jB|1/sk
;
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(iii) if u2 > n/s2, then for any integer κ and positive integer j, and b ∈ BMO(Rn),

∫

Sj(B)

∫

B

|F−1σ̃κ(x − y1, x − y2)| |b(x) − b(y2)| |f2(y2)| dy2|f1(y1)| dy1

. 2−κ(s1−n/u1)(2jR)−s1Mb,u2f2(x)

(
∫

Sj(B)

|f1(y1)|u1 dy1

)1/u1

.

For the conclusions (i) and (ii) of Lemma 2.3, see [10]. The conclusion (iii) can be

proved by repeating the proof of (iii) in Lemma 2.2.

Lemma 2.4. Let θ ∈ (0, 1), 0 < pj, pj,k 6 ∞ and sj,k > n/2 where j = 1, 2

and k = 1, 2. Set 1/p = 1/p1 + 1/p2, 1/pk = (1 − θ)/p1,k + θ/p2,k, and sk =

(1 − θ)s1,k + θs2,k. Suppose that the commutator Tσ,~b satisfies

‖Tσ,~b‖Lp1,1(Rn)×Lp1,2(Rn)→Lp1(Rn) . sup
κ∈Z

‖σκ‖W (s1,1,s1,2)(R2n),

and

‖Tσ,~b‖Lp2,1(Rn)×Lp2,2(Rn)→Lp2(Rn) . sup
κ∈Z

‖σκ‖W (s2,1,s2,2)(R2n).

Then

‖Tσ,~b‖Lp1(Rn)×Lp2(Rn)→Lp(Rn) . sup
κ∈Z

‖σκ‖W (s1,s2)(R2n).

This lemma can be proved by repeating the argument used in the proof of Theo-

rem 6.1 in [7]. We omit the details for brevity.

For κ ∈ Z, let Tσ̃κ be the operator defined by

(2.3) Tσ̃κ(f1, f2)(x) =

∫

R2n

σ̃κ(x − y1, x − y2)f1(y1)f2(y2) d~y,

and set

(2.4) T N
σ (f1, f2)(x) =

∑

|κ|<N

Tσ̃κ(f1, f2)(x).

For b1, b2 ∈ BMO(Rn), we define T N
σ,~b
, the commutator of T N

σ , as in (1.5).
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Lemma 2.5. Let σ ∈ L∞(R2n) which satisfies (1.4) for some s1, s2 ∈ (n/2, n],

let T N
σ be the operator defined by (2.4), T N

σ,~b
the commutator of T N

σ . Let tk = n/sk

with k = 1, 2. Then for any pk ∈ (tk,∞) (k = 1, 2), 1/p = 1/p1 + 1/p2, and

b1, b2 ∈ BMO(Rn),

‖T N
σ,~b

(f1, f2)‖Lp(Rn) 6 C
2

∑

l=1

‖bl‖BMO

2
∏

k=1

‖fk‖Lpk(Rn),

with C independent of N .

P r o o f. Let b ∈ BMO(Rn). We first claim that for any rk ∈ (tk,∞) (k = 1, 2),

0 < δ < ε < min{r/r1, r/r2} with 1/r = 1/r1 + 1/r2,

(2.5) M ♯
δ ([b, T N

σ ]1(f1, f2))(x) 6 C‖b‖BMO

(

Mε(T
N
σ (f1, f2))(x) +

2
∏

k=1

Mrk
fk(x)

)

for bounded functions f1, f2 with compact supports.

The proof of (2.5) is fairly standard, see [13], [16]. Without loss of generality,

we may assume that ‖b‖BMO = 1. Let x ∈ R
n and let B be a ball containing x.

Decompose fk (k = 1, 2) as

fk(y) = fk(y)χ4B(y) + fk(y)χRn\4B(y) := f1
k (y) + f2

k (y).

Let Λ = {(i1, i2) : i1, i2 ∈ {1, 2}, (i1, i2) 6= (1, 1)}. For (i1, i2) ∈ Λ, set

Li1,i2(z, z0) = T N
σ ((b − m4B(b))f i1

1 , f i2
2 )(z) − T N

σ ((b − m4B(b))f i1
1 , f i2

2 )(z0).

Let fB
1 (y) = f1

1 (y)(b(y) − m4B(b)). Take s > 1 such that δs < ε. An application of

the Hölder inequality then gives that

(

1

|B|

∫

B

|(b(z) − m4B(b))T N
σ (f1, f2)(z)|δ dz

)1/δ

.

(

1

|B|

∫

B

|b(z) − m4B(b)|δs′

dz

)1/δs′
(

1

|B|

∫

B

|T N
σ (f1, f2)(z)|δs dz

)1/δs

. Mε(T
N
σ (f1, f2))(x).

Let uk ∈ (tk, rk) (k = 1, 2) such that 1 + n/u1 + n/u2 > s1 + s2. Since T N
σ is

bounded from Lu1(Rn)×Lu2(Rn) to Lu(Rn) with 1/u = 1/u1 +1/u2 and the bound
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is independent of N , see [5], it is easy to verify that

(

1

|B|

∫

B

|T N
σ (fB

1 , f1
2 )(z)|u dz

)1/u

.

(

1

|B|

∫

4B

|fB
1 (z)|u1 dz

)1/u1
(

1

|B|

∫

4B

|f1
2 (z)|u2 dz

)1/u2

.

m
∏

k=1

Mrk
fk(x).

Lemma 2.2, via a trivial computation, tells us that for each z ∈ B and z0 ∈ B

satisfying |Tσ((b − m4B(b))f1
1 , f2

2 )(z0)| < ∞,

|T N
σ ((b − m4B(b))f1

1 , f2
2 )(z) − T N

σ ((b − m4B(b))f1
1 , f2

2 )(z0)|

.
∑

{κ : 2κR61}

∞
∑

j2=1

∫

Sj2(4B)

∫

4B

|W0,κ(z, y1, y2; z0)| |fB
1 (y1)| dy1|f2(y2)| dy2

+
∑

{κ : 2κR>1}

∞
∑

j2=1

∫

Sj2 (4B)

∫

4B

|F−1σ̃κ(z − y1, z − y2)| |fB
1 (y1)| dy1|f2(y2)| dy2

+
∑

{κ : 2κR>1}

∞
∑

j2=1

∫

Sj2 (4B)

∫

4B

|F−1σ̃κ(z0 − y1, z0 − y2)| |fB
1 (y1)| dy1|f2(y2)| dy2

.
∑

{κ : 2κR61}

∞
∑

j2=1

R
2κ(1+n/u1+n/u2)

2κ(s1+s2)Rs1(2j2R)s2

(
∫

B

|fB
1 (y)|u1 dy

)1/u1

(2j2R)n/u2Mu2f2(z)

+
∑

{κ : 2κR>1}

∞
∑

j2=1

log(2κR)

2κ(s2−n/u2)(2j2R)s2
Mµu1f1(z)

(
∫

Sj2 (B)

|f2(y)|u2 dy

)1/u2

+
∑

{κ : 2κR>1}

∞
∑

j2=1

log(2κR)

2κ(s2−n/u2)(2j2R)s2
Mµu1f1(z0)

(
∫

Sj2(B)

|f2(y)|u2 dy

)1/u2

.

2
∏

k=1

(Mrk
fk(z) + Mrk

fk(z0)),

if we choose µ ∈ (1, r1/u1). Similarly, we have that for (i1, i2) = (2, 1) or (i1, i2) =

(2, 2), each z ∈ B and z0 ∈ B satisfying |T N
σ ((b − m4B(b))f i1

1 , f i2
2 )(z0)| < ∞,

|Li1,i2(z, z0)| .

2
∏

k=1

(Mrk
fk(z) + Mrk

fk(z0)).
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Therefore,

∑

(i1,i2)∈Λ

(

1

|B|2
∫

B

∫

B

|Li1,i2(z, z0)|δ dz dz0

)1/δ

.

(

1

|B|

∫

B

{ 2
∏

k=1

Mrk
fk(z)

}δ

dz

)1/δ

.

2
∏

k=1

Mrk
fk(x).

Note that

(

1

|B|

∫

B

|[b, T N
σ ]1(f1, f2)(z) − c|δ dz

)1/δ

.

(

1

|B|

∫

B

|T N
σ (fB

1 , f1
2 )(z)|δ dz

)1/δ

+

(

1

|B|

∫

B

|(b(z) − m4B(b))T N
σ (f1, f2)(z)|δ dz

)1/δ

+
∑

(i1,i2)∈Λ

(

1

|B|2
∫

B

∫

B

|Li1,i2(z, z0)|δ dz dz0

)1/δ

.

The desired estimate (2.5) then follows directly.

We now conclude the proof of Lemma 2.5. It suffices to prove that the commutator

[b, T N
σ ]1 is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) with bound C‖b‖BMO and

C independent of N . Let pk ∈ (tk,∞) (k = 1, 2). By Theorem 6.1 in [5], we know

that T N
σ is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) with bound independent

of N . So, for b ∈ L∞(Rn) and bounded functions f1, f2 with compact supports,

[b, T N
σ ]1(f1, f2) ∈ Lp(Rn). This, together with (2.5) for rk ∈ (tk, pk) (k = 1, 2),

implies that

‖[b, T N
σ ]1(f1, f2)‖Lp(Rn) . ‖b‖BMO

(

‖Mε(T
N
σ (f1, f2))‖Lp(Rn) +

2
∏

k=1

‖Mrk
fk‖Lpk(Rn)

)

. ‖b‖BMO

2
∏

k=1

‖fk‖Lpk (Rn),

provided that b ∈ L∞(Rn) and f1, f2 are bounded functions with compact supports.

A standard argument shows that [b, T N
σ ]1 can be extended to a bounded operator

from Lp1(Rn)× Lp2(Rn) to Lp(Rn) with bound C‖b‖BMO and C independent of N .

�
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Lemma 2.6. Let σ ∈ L∞(R2n) which satisfies (1.4) for some s1, s2 ∈ (n/2, n],

T N
σ be the operator defined by (1.1) and let T N

σ,~b
be its commutator. Let tk = n/sk,

k = 1, 2. Then for p1 ∈ (1,∞), p2 ∈ (t2,∞) and 1/p = 1/p1 + 1/p2, T
N
σ,~b
is bounded

from Lp1(Rn)×Lp2(Rn) to Lp(Rn) with bound C
2
∑

k=1

‖bk‖BMO, and C is independent

of N .

P r o o f. Our aim is to prove that for each fixed λ > 0,

(2.6) |{x ∈ R
n : |T N

σ,~b
(f1, f2)(x)| > λ}| .

2
∑

k=1

‖bk‖p
BMOλ−p‖f1‖p

Lp1(Rn)‖f2‖p
Lp2(Rn).

Without loss of generality, we may assume that ‖b1‖BMO = ‖b2‖BMO = ‖f1‖Lp1(Rn) =

‖f2‖Lp2(Rn) = 1. For each fixed λ > 0, we apply the Calderón-Zygmund decomposi-

tion to |f1|p1 at level λp, and obtain pairwise disjoint cubes {Qj
1}j satisfying

λp <
1

|Qj
1|

∫

Qj
1

|f1(x)|p1 dx 6 2nλp, |f1(x)| 6 Cλp/p1 a.e. x ∈ R
n \

⋃

j

Qj
1.

Let

g1(x) = f1(x)χ
Rn\

⋃

j

Qj
1
(x) +

∑

j

mQj
1
(f1)χQj

1
(x),

and

h1(x) = f1(x) − g1(x) =
∑

j

hj
1(x), with hj

1(x) = (f1(x) − mQj
1
(f1))χQj

1
(x).

Observe that ‖g1‖L∞(Rn) 6 Cλp/p1 . Let γ ∈ (max{p1, t1},∞) and 1/q = 1/γ +1/p2.

Lemma 2.5 now tells us that

|{x ∈ R
n : |T N

σ,~b
(g1, f2)(x)| > λ/4}| . λ−q‖g1‖q

Lγ(Rn)‖f2‖q
Lp2(Rn) . λ−p.

Let Bj
1 be the smallest ball which contains Qj

1, and Ω =
⋃

j

4Bj
1. It is obvious that

|Ω| . λ−p. The proof of (2.6) is then reduced to proving that

(2.7) |{x ∈ R
n \ Ω: |T N

σ,~b
(h1, f2)(x)| > 3

4λ}| . λ−p.

We now prove (2.7). Let u1 ∈ (t1, 2], u2 ∈ (t2, min{2, p2}) such that u1 + u2 <

s1/n+s2/n+1. For fixed j, let Rj
1 and yj

1 be the radius and center ofQ
j
1, respectively.
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Let

L1(x) =

∣

∣

∣

∣

T N
σ

(

∑

j

(b1(y1) − mBj
1
(b1))h

j
1, f2

)

(x)

∣

∣

∣

∣

,

L2(x) =
∑

j

∑

|κ|<N

|b1(x) − mBj
1
(b1)|

∫

R2n

|W1,κ(x, y1, y2; y
j
1)| |hj

1(y1)f2(y2)| d~y,

and

L3(x) =
∑

j

∑

|κ|<N

∫

R2n

|W1,κ(x, y1, y2; y
j
1)| |b2(x) − b2(y2)| |hj

1(y1)f2(y2)| d~y.

For x ∈ R
n \ Ω, it follows from the vanishing moment of hj

1 that

|T N
σ,~b

(h1, f2)(x)| .

3
∑

k=1

Lk(x).

The estimate for L1 is easy. In fact, for p̃1 ∈ (1, p1) we deduce by the Hölder

inequality and the John-Nirenberg inequality that

∫

Rn

∣

∣

∣

∣

∑

j

(b1(x) − mBj
1
(b1))h

j
1(x)

∣

∣

∣

∣

p̃1

dx . λpp̃1/p1−p,

which in turn gives us that

|{x ∈ R
n \ Ω: L1(x) > λ/4}| . λ−p̃

∥

∥

∥

∥

∑

j

(b1 − mBj
1
(b1))h

j
1

∥

∥

∥

∥

p̃

Lp̃1(Rn)

. λ−p,

where 1/p̃ = 1/p̃1 + 1/p2. As for L2, we have by Lemma 2.3 that

L2(x) . Mu2f2(x)
∑

j

|b1(x) − mBj
1
(b1)|

∑

{κ : 2κRj
161}

∞
∑

l=0

|2lBj
1|1/u2

×
∫

Rn

(
∫

E
R

j
1

l (x)

|W1,κ(x, y1, y2; y
j
1)|u

′

2 dy2

)1/u′

2

|hj
1(y1)| dy1

+ Mu2f2(x)
∑

j

|b1(x) − mBj
1
(b1)|

×
∑

{κ : 2κRj
1>1}

∫

Rn

|H1,κBj
1
(x, y1, y

j
1)| |hj

1(y1)| dy1

:= Mu2f2(x)L∗
2(x).
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By (i) and (ii) of Lemma 2.3, a straightforward computation leads to

‖L∗
2‖L1(Rn\Ω) .

∑

j

∑

{κ : 2κRj
161}

∞
∑

l=3

∞
∑

l=0

|2lBj
1|1/u2

(
∫

Sl(B
j
1)

|b1(x) − mBj
1
(b1)|u1 dx

)1/u1

×
∫

Rn

(
∫

Sl(B
j
1)

(
∫

E
R

j
1

l (x)

|W1,κ(x, y, z; yj
1)|u

′

2dz

)u′

1/u′

2

dx

)1/u′

1

|hj
1(y)| dy

+
∑

j

∑

{κ : 2κRj
1>1}

∞
∑

l=3

∫

Rn

∫

Sl(B
j
1)

|b1(x) − mBj
1
(b1)|

× |H1,κ,Bj
1
(x, y1, y

j
1)| dx|hj

1(y1)| dy1

.
∑

j

‖hj
1‖L1(Rn).

This in turn implies

|{x ∈ R
n \ Ω: L2(x) > λ/4}| . λ−p‖Mu2f2‖p2

Lp2(Rn) + λ−p/p1‖L∗
2‖L1(Rn\Ω) . λ−p.

To consider L3, we write

L3(x) .
∑

j

∑

{κ : 2κRj
161}

∞
∑

l=0

∫

Rn

(
∫

E
R

j
1

l (x)

|W1,κ(x, y1, y2; y
j
1)|u

′

2 dy2

)1/u′

2

× |hj
1(y1)| dy1Mb2,u2f2(x)

+
∑

j

∑

{κ : 2κRj
1>1}

∫

Rn

|H1,κ,Bj
1
(x, y1, y

j
1)| |hj

1(y1)| dy1Mb2,u2f2(x)

:= Mb2,u2f2(x)L∗
3(x).

As in the estimate for L2, it follows from (iii) of Lemma 2.3 that

‖L∗
3‖L1(Rn\Ω) .

∑

j

∑

{κ : 2κRj
161}

(2κR)n/u1+n/u2−s1−s2+1

×
∞
∑

l=3

2l(n/u2−s2)
∞
∑

l=0

2l(n/u1−s1)‖hj
1‖L1(Rn)

+
∑

j

∑

{κ : 2κRj
1>1}

(2κR)n/u1+n/u2−s1−s2

∞
∑

l=3

2l(n/u2−s2)‖hj
1‖L1(Rn)

.
∑

j

‖hj
1‖L1(Rn).

1126



This, along with (1.6), leads to

|{x ∈ R
n \ Ω: L3(x) > λ/4}| . λ−p,

and this yields (2.7). �

P r o o f of Theorem 1.2. We first consider the conclusion (i). Let s1, s2 ∈ (n/2, n].

Lemma 2.6 tells us that if p1 ∈ (1,∞) and p2 ∈ (t2,∞), then T N
σ,~b
is bounded from

Lp1(Rn) × Lp2(Rn) to Lp,∞(Rn). Similarly, we can verify that if p1 ∈ (t1,∞) and

p2 ∈ (1,∞), then T N
σ,~b
is bounded from Lp1(Rn) × Lp2(Rn) to Lp,∞(Rn). An appli-

cation of the complex interpolation theorem then tells us that, when p1, p2 ∈ (1,∞),

p ∈ (β,∞) such that 1/p = 1/p1 + 1/p2, T
N
σ,~b
is bounded from Lp1(Rn)×Lp2(Rn) to

Lp,∞(Rn), where β = max{t1/(t1+1), t2/(t2+1)}. Note that for fixed p1, p2 ∈ (1,∞),

p ∈ [2/3,∞) with 1/p = 1/p1 + 1/p2, we can choose points A1 = (1/p1
1, 1/p1

2; 1/p1),

A2 = (1/p2
1, 1/p2

2; 1/p2), A3 = (1/p3
1, 1/p3

2; 1/p3) such that for i = 1, 2, 3, pi
1, p

i
2 ∈

(1,∞), pi ∈ (β,∞), 1/pi = 1/pi
1 + 1/pi

2, and (1/p1, 1/p2; 1/p) is in the open convex

hull ofA1, A2 and A3. Thus, by the multilinear Marcinkiewicz interpolation theorem,

we see that T N
σ,~b
is bounded from Lp1(Rn)×Lp2(Rn) to Lp(Rn) with bound indepen-

dent of N . As it was pointed out in [12], for f1, f2 ∈ S (Rn) and b1, b2 ∈ L∞(Rn),

‖Tσ,~b(f1, f2) − T N
σ,~b

(f1, f2)‖L∞(Rn) . ‖(σ −
∑

|κ|<N

σ̃κ)f̂1f̂2‖L1(Rn) → 0, N → ∞.

Thus, for f1, f2 ∈ S (Rn) and b1, b2 ∈ L∞(Rn), p1, p2 ∈ (1,∞), p ∈ [2/3,∞) with

1/p = 1/p1 + 1/p2,

‖Tσ,~b(f1, f2)‖Lp(Rn) .

2
∑

k=1

‖bk‖BMO

2
∏

l=1

‖fl‖Lpl(Rn).

This, via a standard argument, gives our conclusion (i).

We turn our attention to the conclusion (ii). By Lemma 2.6 and the argument

involving the complex interpolation theorem and the multilinear Marcinkiewicz in-

terpolation theorem, we know that for any p1, p2 ∈ (1,∞), p ∈ (1/2,∞) with

1/p = 1/p1 + 1/p2, T N
σ,~b
is bounded from Lp1(Rn) × Lp2(Rn) to Lp,∞(Rn) with

bound C
2
∑

k=1

‖bk‖BMO and C is independent of N , provided that s1 > n/2, s2 = n,

or that s1 = n, s2 > n/2, and so is Tσ,~b. This, via Lemma 2.4, implies that

when s1, s2 ∈ (n/2, n] and s1 + s2 > (3/2)n, p1, p2 ∈ (1,∞) p ∈ (1/2,∞) with

1/p = 1/p1 + 1/p2, then

‖Tσ,~b(f1, f2)‖Lp(Rn) .

2
∑

k=1

‖bk‖BMO

2
∏

k=1

‖fk‖Lpk(Rn).

This completes the proof of Theorem 1.2. �
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3. Proof of Theorem 1.3

We begin with the atomic decomposition of H1(Rn).

Definition 3.1. A function a(x) is called a (1,∞, 0)-atom if

(i) a(x) is supported in a cube Q and satisfies that ‖a‖L∞(Rn) 6 |Q|−1;

(ii)
∫

Rn a(x) dx = 0.

Let H1,∞,0
fin (Rn) be the set of all finite linear combinations of (1,∞, 0)-atoms. For

f ∈ H1,∞,0
fin (Rn), define

‖f‖H1,∞,0
fin (Rn) ≡ inf

{ k
∑

i=1

|λi| : f =

k
∑

i=1

λiai, k ∈ N, {ai}k
i=1 are (1,∞, 0)-atoms

}

.

Denote by C(Rn) the set of all continuous functions. Meda, Sjögren and Vallarino

[14] proved that a bounded linear operator on H1,∞,0
fin (Rn) ∩ C(Rn) can be extended

to a bounded operator on H1(Rn).

Lemma 3.1. Let t be a positive real number. For any finite collection of dyadic

cubes Q and associated positive scalars rQ, there exists a collection of pairwise

disjoint dyadic cubes S such that

∑

|S| 6 t−1
∑

rQ,

∥

∥

∥

∥

∑

Q6⊆ any S

rQ|Q|−1χQ

∥

∥

∥

∥

L∞(Rn)

6 t,

and for all S,
∑

Q⊂S

rQ 6 8t|S|.

For the proof of Lemma 3.1, see [2].

Lemma 3.2. Let σ satisfy (1.4) for s1, s2 ∈ (n/2, n], let T N
σ be the operator

defined by (2.4).

(i) For p2 ∈ [2,∞), T N
σ is bounded from L1(Rn) × Lp2(Rn) to Lp,∞(Rn) with

1/p = 1 + 1/p2, and the bound is independent of N ;

(ii) if s1, s2 ∈ (n/2, n] and s1 + s2 > (3/2)n, then T N
σ is bounded from L1(Rn) ×

H1(Rn) to L1/2,∞(Rn), and the bound is independent of N .

P r o o f. Since s1 ∈ (n/2, n], we can take p1 ∈ (0, 1) such that s1 > n/p1 − n/2.

By Theorem 1.1 in [15], we know that

‖T N
σ (f1, f2)‖Lp(Rn) . ‖f1‖Hp1 (Rn)‖f2‖Lp2(Rn), 1/p = 1/p1 + 1/p2
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and

‖T N
σ (f1, f2)‖Lp(Rn) . ‖f1‖L2(Rn)‖f2‖Lp2(Rn), 1/p = 1/2 + 1/p2.

Interpolating the last two inequalities leads to the conclusion (i). The conclusion (ii)

can be proved in the same way. �

Lemma 3.3. Let σ satisfy (1.4) for s1, s2 ∈ (n/2, n] with s2+s2 > (3/2)n, and let

T N
σ be the operator defined by (2.4). Let α1, α2 > 1/2 be such that α1 + α2 = 3/2,

and s1 > α1n, s2 > α2n. Define β1, β2 by βk/2 = 1 − αk (k = 1, 2). Then for

(1,∞, 0)-atoms a1 supported on cube Q1 and a2 supported on cube Q2, and any

x ∈ R
n \ 2

√
nQ1 ∪ 2

√
nQ2,

|Tσ̃κ(a1, a2)(x)| . 22κn〈2κ(x − c1)〉−s1 〈2κ(x − c2)〉−s2uκ,1(x)uκ,2(x),

where c1, c2 are the center of Q1 and Q2 respectively, uκ,1, uκ,2 satisfy that

‖uκ,1‖L2/β1 .

{

2−κnβ1/2(2κl(Q1))
β1 if 2κl(Q1) 6 1

2−κnβ1/2 if 2κl(Q1) > 1;
(3.1)

‖uκ,2‖L2/β2 .

{

2−κnβ2/2(2κl(Q2))
β2 if 2κl(Q2) 6 1

2−κnβ2/2 if 2κl(Q2) > 1,
(3.2)

where l(Q1) denotes the side length of Q1.

For the proof of Lemma 3.3, see [15].

P r o o f of Theorem 1.3. We first prove conclusion (a). Let p2 > 2, f1 ∈ H1(Rn)

and f2 ∈ Lp2(Rn) with ‖f1‖H1(Rn) = ‖f2‖Lp2(Rn) = 1, b1, b2 ∈ BMO(Rn) with

‖b1‖BMO = ‖b2‖BMO = 1. It suffices to prove that for each fixed λ > 0,

(3.3) |{x ∈ R
n : |T N

σ,~b
(f1, f2)(x)| > λ}| 6 Cλ−p,

with 1/p = 1 + 1/p2 and C independent of N . We assume that f1 =
N1
∑

j=1

rja
j
1, with

N1 a positive integer and each aj
1 a (1,∞, 0)-atom. As was pointed out in [2], we

shall always assume that each scalar rj
1 is positive and supp aj

1 ⊂ Qj
1 for some dyadic

cubes. Applying Lemma 3.1 to the collection of cubes {Qj
1}j and scalars {rj}j with

t = λp, we have cubes {Sj
1}j with disjoint interiors. Set

f1(x) = g1(x) + h1(x),

where

g1(x) =
∑

{k : Qk 6⊆ any Sj}

rkak
1(x) and h1(x) =

∑

j

∑

{k : Qk
1⊂Sj

1}

rkak
1(x).
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Observe that

‖g1‖L∞(Rn) 6

∥

∥

∥

∥

∑

{k : Qk
1 6⊆ any Sj}

rk|Qk
1 |−1χQk

1

∥

∥

∥

∥

L∞(Rn)

6 λp,

and

‖g1‖2
L2(Rn) . ‖g1‖L∞(Rn)‖g1‖L1(Rn) . λp.

The conclusion (i) of Theorem 1.2 tells us that

|{x ∈ R
n : |T N

σ,~b
(g1, f2)(x)| > λ/2}| . λ−q‖g1‖q

L2(Rn)‖f2‖q
Lp2(Rn) . λ−p,

where 1/q = 1/2 + 1/p2. Let Bj
1 be the smallest ball containing Sj

1 and Ω =
⋃

j

4Bj
1.

It is obvious that |Ω| . λ−p. Thus, the proof of (3.3) is reduced to proving that

(3.4) |{x ∈ R
n \ Ω: |T N

σ,~b
(h1, f2)(x)| > λ/2}| . λ−p.

For x ∈ R
n \ Ω, write

|T N
σ,~b

(h1, f2)(x)| 6

∣

∣

∣

∣

T N
σ

(

∑

j

∑

{k : Qk
1⊂Sj

1}

(b1 − mQk
1
(b1))rkak

1 , f2

)

(x)

∣

∣

∣

∣

+
∑

j

∑

{k : Qk
1⊂Sj

1}

|rk||b1(x) − mQk
1
(b1)| |T N

σ (ak
1 , f2)(x)|

+ |[b2, T
N
σ ]2(h1, f2)(x)| :=

3
∑

l=1

Ul(x).

It follows from Lemma 3.2 that

|{x ∈ R
n \ Ω: U1(x) > λ/6}| . λ−p

∥

∥

∥

∥

∑

j

∑

{k : Qk
1⊂Sj

1}

(b1 − mQk
1
(b1))rkak

1

∥

∥

∥

∥

p

L1(Rn)

. λ−p.

Similarly to the estimate for L2 in the proof of Lemma 2.6, we get that

|{x ∈ R
n \ Ω: U2(x) > λ/6}| . λ−p‖Mu2f2‖p2

Lp2(Rn)

+ λ−p
∑

j

∑

{k : Qk
1⊂Sj

1}

|rk| . λ−p
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with u2 ∈ (t2, 2]. Also, repeating the estimate for L3, we deduce that

|{x ∈ R
n \ Ω: U3(x) > λ/6}| . λ−p‖Mb2,u2f2‖p2

Lp2(Rn)

+ λ−p
∑

j

∑

{k : Qk
1⊂Sj

1}

|rk| . λ−p.

Combining the estimates for terms Uk (k = 1, 2, 3) leads to (3.4) and then completes

the proof of conclusion (a).

We now prove conclusion (b). Our aim is to prove that if f1, f2 ∈ H1(Rn) with

‖f1‖H1(Rn) = ‖f2‖H1(Rn) = 1 and b1, b2 ∈ BMO(Rn), then for each fixed λ > 0,

(3.5) |{x ∈ R
n : |T N

σ,~b
(f1, f2)(x)| > λ}| . C

2
∑

k=1

‖bk‖1/2
BMOλ−1/2.

Again we assume that ‖b1‖BMO = ‖b2‖BMO = 1 and

f1(x) =

N1
∑

j=1

rj
1a

j
1(x), f2(x) =

N2
∑

j=1

rj
2a

j
2(x),

where N1, N2 are positive integers and each aj
i (i = 1, 2) is a (1,∞, 0)-atom, each

scalar rj
i is positive and supp aj

i ⊂ Qj
i for some dyadic cube Qj

i (i = 1, 2). Invoking

Lemma 3.1 to each collection of cubes {Qj
i}j and scalars {rj

i }j with t = λ1/2, we

obtain two families of cubes {Sj
1}j , {Sj

2}j with disjoint interiors. Decompose fi as

fi(x) = gi(x) + hi(x),

where

gi(x) =
∑

k : Qk
i 6⊆ any Sj

i

rk
i ak

i (x) and hi(x) =
∑

j

∑

{k : Qk
i ⊂Sj

i }

rk
i ak

i (x).

It is obvious that ‖gi‖2
L2(Rn) . λ1/2. By conclusion (a) of Theorem 1.3, s1, s2 ∈

(n/2, n] implies that T N
σ,~b
is bounded from H1(Rn) × L2(Rn) to L2/3,∞(Rn). There-

fore,

|{x ∈ R
n : |T N

σ,~b
(f1, g2)(x)| > λ/3}| . λ−2/3‖f1‖2/3

H1(Rn)‖g2‖2/3
L2(Rn) . λ−1/2,

and

|{x ∈ R
n : |T N

σ,~b
(g1, h2)(x)| > λ/3}| . λ−2/3‖h2‖2/3

H1(Rn)‖g1‖2/3
L2(Rn) . λ−1/2.
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Let Bj
i be the smallest ball containing Sj

i , and Ω =
2
⋃

i=1

⋃

j

Bj
i , then it is easy to check

that

|Ω| .

2
∑

i=1

∑

j

|Sj
i | . λ−1/2.

The proof of (3.5) is now reduced to proving that

(3.6) |{x ∈ R
n \ Ω: |[b1, T

N
σ ]1(h1, h2)(x)| > λ/6}| . λ−1/2,

and

(3.7) |{x ∈ R
n \ Ω: |[b2, T

N
σ ]2(h1, h2)(x)| > λ/6}| . λ−1/2.

We only consider (3.6), since the argument equally works for (3.7). For x ∈ R
n\Ω,

write

|[b1, T
N
σ ]1(h1, h2)(x)| .

∑

i

|ri
1||b1(x) − mQi

1
(b1)|

∑

j

|rj
1| |T N

σ (ai
1, a

j
2)(x)|

+

∣

∣

∣

∣

T N
σ

(

∑

j

∑

{k : Qk
1⊂Sj

1}

(b1(y1) − mQi
1
(b1))r

k
1ak

1 , h2

)

(x)

∣

∣

∣

∣

:= D1(x) + D2(x).

Recall that
∥

∥

∥

∥

∑

j

∑

{k : Qk
1⊂Sj

1}

(b1(y1) − mQi
1
(b1))r

k
1ak

1

∥

∥

∥

∥

L1(Rn)

. 1.

It follows from (ii) of Lemma 3.2 that

(3.8)
∣

∣

∣

{

x ∈ R
n \ Ω: D2(x) >

λ

12

}
∣

∣

∣
. λ−1/2.

As for D1, we use Lemma 3.3 and get that for x ∈ R
n \ Ω,

D1(x) .
∑

|κ|<N

2κn
∑

i

|ri
1||b1(x) − mQi

1
(b1)|〈2κ(x − yi

1)〉−s1ui
κ,1(x)

×
∑

|κ|<N

2κn
∑

j

|rj
2|〈2κ(x − yj

2)〉−s2uj
κ,2(x)

:= D1
1(x)D2

1(x),

where yi
1, yj

2 are the centers of Qi
1 and Qj

2, ui
κ,1 and uj

κ,2 satisfy (3.1) and (3.2)

respectively. It was proved in [15] that

‖D2
1‖L1(Rn\Ω) . 1.
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Let α1, β1 be the same as in Lemma 3.3. A trivial computation involving the John-

Nirenberg inequality shows that if 2κl(Qi
1) > 1, then

∫

Rn\Bi
1

|b1(x) − mQi
1
(b1)|1/α1

〈2κ(x − ci
1)〉s1/α1

dx

.

∞
∑

j=1

|2κ2jl(Qi
1)|−s1/α1

∫

Sl(Bi
1)

|b1(x) − mQi
1
(b1)|1/α1 dx

.

∞
∑

j=1

j|2κ2jl(Qi
1)|−s1/α1 |2jQi

1| . 2−κn(2κl(Qi
1))

−s1/α1+n,

and when 2κl(Qi
1) 6 1, then

∫

Rn

|b1(x) − mQi
1
(b1)|1/α1

〈2κ(x − ci
1)〉s1/α1

dx .

∫

|x−ci
1|<2−κ

|b1(x) − mQi
1
(b1)|1/α1 dx

+

∞
∑

l=1

∫

2l62κ|x−ci
1|<2l+1

|b1(x) − mQi
1
(b1)|1/α1

|2κ(x − ci
1)|s1/α1

dx

. 2−κn log1/α1(2κl(Qi
1))

−1 +

∞
∑

l=1

(l − log(2κl(Qi
1)))

1/α12nl−s1/α12−κn

. −2−κn log1/α1(2κl(Qi
1)).

Therefore,

‖D1
1‖L1(Rn\Ω) . −

∑

i

|ri
1|

∑

{κ : 2κl(Qi
1)61}

2−κnα1 log(2κl(Qi
1))2

−κβ1n/2(2κl(Qi
1))

β1

+
∑

i

|ri
1|

∑

{κ : 2κl(Qi
1)>1}

2−κα1n(2κl(Qi
1))

−s1+nα12−κnβ1/2 . 1.

The estimates for D1
1 and D2

1 imply that

(3.9) ‖D1‖L1/2(Rn\Ω) . 1.

(3.6) now follows from (3.8) and (3.9). This completes the proof of Theorem 1.3. �
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