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CURVES IN BANACH SPACES WHICH ALLOW A CHBV
PARAMETRIZATION OR A PARAMETRIZATION WITH FINITE
CONVEXITY

JAKUB DuDA, New York, LUDEK ZAJICEK, Praha
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Abstract. We give a complete characterization of those f: [0,1] — X (where X is a Ba-
nach space) which allow an equivalent C1'BY parametrization (i.e., a C! parametrization
whose derivative has bounded variation) or a parametrization with bounded convexity. Our
results are new also for X = R™. We present examples which show applicability of our char-
acterizations. For example, we show that the CHBV and ¢? parametrization problems are
equivalent for X = R but are not equivalent for X = R2.
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1. INTRODUCTION

Let X be a (real) Banach space, and let a continuous curve f: [a,b] — X be given.
More than sixty years ago several authors (i.e. Ward, Zahorski, Choquet, Tolstov)
investigated (in the case X = R™) conditions under which f allows an equivalent
parametrization which is “smooth of the first order” (i.e., it is differentiable, or C).
For more information and generalizations of these results to the case of an arbitrary X
see [7]; the characterization in the C! case is recalled below (Theorem 6.3).

The problem of C™ (n € N) parametrizations (and other types of “higher order
smooth” parametrizations) in the case X = R was settled in [14], [15]; see Section 4
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below. (The problem of n-times differentiable parametrizations in the case X = R
was solved in [6].)

The problem of “higher order smooth” parametrizations in the vector case (even
for X = R?) is essentially more difficult than in the case X = R and the problem of
vector C™ parametrization for n > 3 is still open.

However, the case of vector C? parametrizations (for X having a Fréchet smooth
norm) was settled in [10], the case of a C1'* (0 < o < 1) parametrizations in [9], and
the case of twice differentiable parametrizations in [5].

In the present article, we will characterize those f: [a,b] — X which allow
parametrizations with bounded convexity (see Theorem 5.4) as well as functions
that allow CHBV parametrizations (see Theorem 6.5). (Our exposition is essentially
an improved version of a part of the unpublished preprint [8], where the bounded
convexity parametrization problem was considered together with the C? problem.)

Here a function f: [a,b] — X is called a C*BV function if f is C! and f’ has
bounded variation on [a,b]. The notion of real functions with bounded convexity
goes back to de la Vallée Poussin (1908) and Riesz (1911) (see [18, p. 28]) and its
natural generalization to Banach-valued case was studied in detail in [21]. Note that
a continuous f: [a,b] — X has bounded convexity if and only if f| has bounded
variation on [a,b) (see Lemma 2.5 below), and thus f is C1'BV if and only if f is C!
and has bounded convexity.

If X = R, we show (see Theorem 4.1 below) that f allows a C*BV parametrization
if and only if f allows a parametrization with bounded convexity, if and only if f
allows a C? parametrization. However, if X = R2, these parametrization problems
are pairwise non-equivalent (see Example 6.1, 6.7 and 7.4).

Our characterizations are based on the notion of a turn of a curve and on a special
type of 1/2-variation with a constraint (see Definition 3.5). The notion of a turn
is a generalization of the classical notion of integral curvature (see Remark 2.8 for
further information).

The structure of the present article is as follows. In Section 2, we introduce
basic definitions and recall or prove the needed (essentially well-known) properties
of curves with bounded convexity and curves with finite turn. In Section 3, we prove
special lemmas needed in our main arguments. In short Section 4, we solve our
parametrization problems in the easy case of real-valued functions. Section 5 contains
the characterization of curves that allow parametrizations with finite convexity and
Section 6 deals with curves allowing a parametrization in CBV. Finally, Section 7
contains examples that show applicability of our results.
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2. PRELIMINARIES

By A we will denote the Lebesgue measure on R. Throughout the whole article,
X will always be a (real) Banach space. By H! we will denote the 1-dimensional
Hausdorff measure.

A mapping is L-Lipschitz provided it is Lipschitz with some constant L (not
necessarily the minimal one). If M € A C R and f: A — X are given, then we
define the variation of f on M as

V(s M) = s { Y1) - Fainl .

where the supremum is taken over all (x;)"_, C M such that 2o < z1 < ... < Zp.
(We set V(f, M) :=0, if M is empty or a singleton.) We say that f: [a,b] — X is
BV (or has bounded variation), provided V (f,[a,b]) < oc.

For basic well-known properties of variation, see, i.e., [11] and [3]. In particular,
we will need the additivity of variation (see [3, (P3) on p. 263]):

(2.1) V(f,M)=V(f,MnN(—o0,t]) + V(f,MN[t,o0)), whenevert e M.

If f: [a,b] — X is BV, then we define vy(z) := V(f,[a,z]), = € [a,b]. If f is also
continuous, then vy is continuous as well ([11], [3]). Moreover, clearly vy is (strictly)
increasing, if and only if f is not constant on any subinterval of [a,b]. We say that
f: [a,b] — X is parametrized by the arc-length, if V(f,[u,v]) = v — u for every
a < u < v < b. Obviously, each such f is 1-Lipschitz ([3, p. 267]).

Definition 2.1.

(a) Let f: [a,b] — X be a continuous mapping. We say that f*: [¢,d] — X is
a parametrization of f if there exists an increasing homeomorphism h: [c,d] —
[a, b] such that f* = foh. If f* is moreover parametrized by the arc-length, we
say that f* is an arc-length parametrization of f.

(b) If f: [a,b] — X is nonconstant, continuous and BV, then there exists (see [11,
§2.5.16] or [3, Theorem 3.1]) a unique F': [0,!] — X (where [ := vs(b)) such
that f = F ovy. We will denote this associated mapping F' by Ay.

Several times, we will apply the following easy lemma. For a proof, see [9,
Lemma 2.2].
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Lemma 2.2. Let f: [a,b] — X be continuous. Then the following assertions
hold.

(i) The function f has an arc-length parametrization if and only if f is BV and f is
not constant on any [u,v] C [a,b]. In this case, Ay is an arc-length parametriza-
tion of f, Ay = f o (vs)~', and a general arc-length parametrization of f is of
the form F*(z) = Af(x — s), « € [s,s + 1], where | :== vy(b) and s € R.

(ii) If f is BV on [a,b], and it is not constant on any subinterval of an interval
[, B] C [a, b], then Ag|(y,(a)v;(8)) = fo(vf|[a75])_1 is an arc-length parametriza-
tion of f|[a,ﬁ]~

Let f: [a,b] — X. The derivative f" and the one-sided derivatives f/ are defined
in the usual way; at the endpoints we take f'(a) := f/ (a), and f'(b) := f’ (b). We say
that f: [a,b] — X is C! provided f'(x) exists for all z € [a,b] and f’ is continuous
on [a,b]. We say that f: [a,b] — X is C? provided f’ is C'. We say that f is C1BV
provided f is C!, and f’ is BV on [a,b]. Clearly, if f is C?, then f is C1BV.

It is well known (see i.e. [21, p. 2], or use [12, Theorem 7] together with [11,
Theorem 2.10.13]) that if f: [a,b] — X is Lipschitz and f'(z) exists for almost all
x € [a,b], then

b
(2.2) vmwww=/nfum¢u

For a proof of the following well-known version of Sard’s Theorem, see e.g. [12,
Theorem 7).

Lemma 2.3. Let f: [0,1] — X be arbitrary. Let C := {x € [0,1]: f'(z) = 0}.
Then H'(f(C)) = 0.

Let I = [a,b] and let a continuous f: I — X be given. The right and left unit
tangent vector of f at x € I and the unit tangent vector of f at x € I are defined,
respectively, as the limits

e S @) ) - f@)
(RS L T ey s A A R 7 ey oy o
7(f,x) = lim sgn(t) - flw+t) = fo)
= i o e s

and f is said to be tangentially smooth if the function 7(f,x) is defined and contin-
uous on I.
Clearly 7(f, z) exists if and only if 74 (f, z) = 7—(f, x).
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If f/(z) or f, (x) exists and is not equal to 0, then clearly 7(f,z) = f'(x)/|| f' ()| or
T (f,z) = fi(x)/| f1(2)]], respectively. So, if f: I — X is C* and f'(z) #0, z € I,
then f is tangentially smooth.

The notion of “convexity” goes back to de la Vallée Poussin (1908) and F. Riesz
(1911); see [18, p. 28].

Definition 2.4. Let X be a Banach space and let f: [a,b] — X be given. For
every partition D = {a =29 < 21 < ... < x, = b} of [a, b] we put

Z Hf wip1) — (@) f(wi) _f(mi_l)H'

Ti41 — T4 Ty — Tj—1

The convezity of f on [a,b] we define as K (f, [a,b]) = sup K(f, D), where the supre-
mum is taken over all partitions D of [a b] with #D > 3. We say that f has a bounded
(or finite) convezity, if K(f,[a,b]) <

Banach space-valued functions of bounded convexity were considered in [19], [20]
and [4]; their properties are studied in detail in [21].

The following basic fact immediately follows from [21, Theorem 3.1, Proposi-
tion 3.3, and Proposition 3.4 (iv)].

Lemma 2.5. Let X be a Banach space and let f: [a,b] — X be continuous.
Then the following conditions are equivalent.
(i) Kif < oo.
(ii) f)(x) exists for each = € [a,b) and V(f!,[a,b)) <
(ili) f(x) exists for each x € (a,b) and V(f',(a,b)) <
)

(iv) The mapping g(x) := fi(x), = € [a,b), g(b) = f’( ) is well defined and
Vg < o0.

Moreover,

(2.3) Kof = V(£ [a,b)) = V(f}, (a,0) = V(g, a, b)),

if one of the numbers is finite.

By Lemma 2.5,
(2.4) a function f is CYBY iff f is C* and has bounded convexity.
If f is C? on [a,b], then (see [21, Theorem 3.8])
b
(25) K(fla) = [ 1@ d.
a
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Remark 2.6. Note also (see [4, Lemma 5.5] or [21, Remark 3.2]) that f is of
bounded convexity if and only if f is a restriction of a mapping g: (a—1,b0+1) — X
that is delta-convex in the sense of [20], which holds if and only if f is d.c. with
a Lipschitz control function (see [21, Theorem 3.1]). However, we will not use these
facts.

We will need the following facts (see [21, Proposition A and Proposition 3.4]).

Lemma 2.7. Let f: [a,b] — X have bounded convexity. Then f is Lipschitz and
(i) fi(xz) and f’ (x) exist at each point of [a,b) and (a,b], respectively;
(ii) tlir;l+ fi(t) = fi(x) for x € [a,b), and tli?,?, fi@) = fL(x) for x € (a,b);
(iii) the set A := {z € (a,b): fi(x) # f' (x)} is countable and ) ||f\ (z) —
TEA
JL@)] < oo
(iv) if [¢,d] C [a,b), then V(f1,[c,d]) = K(f,[c,d]) + [[f}(d) — f_(d)]

Our characterization of curves which allow a C1'BY parametrization or a parame-
trization with bounded convexity is based on the notion of the turn of a curve,
which generalizes the classical notion of total (integral) curvature (see (2.10)) to

non-smooth curves.

Remark 2.8. The “angular” turn of general curves was investigated and used, i.e.,
in [17] and [1] for curves in R™. We use the definition of turn which does not use the
notion of an angle between vectors and so is defined in a general Banach space. Our
(“nonangular”) turn T does not equal the “angular” turn even in R™. However, the
results from [4] imply that in case X is a Hilbert space, the “angular” turn T, and the
turn T which we use are equivalent in the sense that T'(f, I) < T,(f,I) < (n/2)T(f,I)
(see [4, Remark 1.1]). Thus, it is easy to see that, if X is a Hilbert space, we could
also work with the “angular” turn. Indeed, our main results clearly hold also if
the variation W(f,G) and the notion of an (f, 8, K)-partition are defined using the
“angular” turn.

Definition 2.9. Let f: [a,b] — X be continuous, and suppose that g(z) :=
T+ (f, z) exists for all z € [a,b), and that g(b) := 7_(f, b) also exists. Then we define
the (tangential) turn T(f, [a,b]) of f on [a,b] as V (g, [a,b]). We say that f has finite
turn on [a,b] provided T(f,[a,b]) < co. If f: G — X, where G C R is open, then
we say that f has locally finite turn on G provided T'(f,[c,d]) < oo for each interval
[e,d] C G.

We will need the following fact.
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Lemma 2.10. Let f: [a,b] — X be continuous, let 74 (f,x) exist for each x €
(a,b), and V(r1(f,-), (a,b)) < co. Then f has finite turn on [a,b] and

(26) T(fv [a‘v b]) = V(TJr(fa ')a (av b)) = V(TJr (fv ')7 [av b))

Proof. The definition of variation and completeness of X easily imply (see [21,
Lemma 2.6 and Remark 2.7]) that 1im+ T7+(f,z) = w and liril T(f,x) = z ex-
r—a r—0_

ist. By [4, Theorem 3.5], we obtain 74 (f,a) = w and 7_(b) = z. Let g be as in
Definition 2.9, and choose ¢ € (a,b). Using [21, Lemma 2.6 and Remark 2.7]) and
additivity of variation (2.1), we obtain

T(fa [aa b]) = V(97 [a7 C]) + V(97 [67 b]) = V(97 (aa C]) + V(97 [Cv b)) = V(T+(f7 ')7 (a’ b))

By an obvious modification of the argument, also the second equality of (2.6) follows.
O

Using Lemma 2.10, we easily obtain that if T'(f, [a,b]) < oo for an f: [a,b] — X,
then

(2.7) T(f,[c,d]) <T(f,]a,b]) whenever [c,d] C [a,b].
Suppose that f: [a,b] — X is continuous and h is an increasing homeomorphism

of [e,d] onto [a,b]. Since clearly 74 (f o h,t) = 74 (f, h(t)) (whenever t € [a,b) and
one of the vectors is defined), (2.6) implies

(2.8) T(foh,le,d]) =T(f,[a,b]),

if one side of this equality is defined. So, the notion of turn is a “geometrical one”
unlike the notion of convexity. However, these notions are very closely connected:

Lemma 2.11 ([4, Proposition 5.7]). Let X be a Banach space and let F': [a,b] —
X be parametrized by the arc-length. Then F' has finite turn if and only if F' has
bounded convexity. Moreover,

(2.9) T(F,a,b)) = K(F,[a,b]) if one of the numbers is finite.

By (2.8), Lemma 2.11 and (2.5) we immediately obtain the following fact which
shows that the turn is a generalization of the classical total (integral) curvature.
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Lemma 2.12. Let f: [a,b] — X be continuous and let F': [c,d] — X be an
arc-length parametrization of f. If F is C? smooth on [c,d), then

(2.10) T(f, [a.b]) = / | ()] d.

We will need also the following two easy lemmas on curves with finite turn.

Lemma 2.13. Let f: [a,b] — X be a continuous function with finite turn on
[a,b]. Then f is BV and is not constant on any interval. Let f1: [c,d] — X be an
arc-length parametrization of f, and let n: [c,d] — |a,b] be the increasing homeo-
morphism for which f; = f on. Then:

(i) (f1)! (x) and (f1)" (x) exist for all x € [c,d) and = € (c,d], respectively, and

(f1)(x) = 74(f,n(x)) and (f1)_(x) = 7—(f,n(x)) (and so ||(f1)(z)|]| =1 and
I(f1)_(x)|| = 1) at all such points.

(it) K(f1;[e,d]) =T(f[a,b]) < o0

(iii) 7(f,-) is continuous from the right at all z € [a,b).

(iv) If a <& <b, then T(f,[a,b]) = T(f,]a,&]) + T(f, [, 0]) + 7+ (f, ) = 7 (£, OI|-
(v) If 7(f,x) exists for all x € [a,b], then f is tangentially smooth on [a, b].

Proof. The function f is BV by [4, Corollary 3.4 and Lemma 4.4 (ii)]. Clearly
(by the definition of the turn and the definition of 74 (f,z)), the function f is not
constant on any subinterval of [a,b]. Part (i) follows from [4, Lemma 4.5 (i)]. Since
T(f,[a,b]) = T(f1,][c,d]) by (2.8), part (ii) follows from (2.9). Part (iii) follows from
(1), (ii), and Lemma 2.7 (ii). For part (iv), by (ii), (2.3), and (2.1), we have

(211) T(fv [a‘v b]) = K(fla [Ca d]) = V((fl)/Jra [Ca d))
- V((fl),-i-a [Ca u]) + V((fl),-i-a [ua d))a

where u :=771(¢). By Lemma 2.7(iv), we obtain

(2.12) V() leyul) = K(f [e;ul) 4+ 1 (F1)'s (u) = (F)Z (W)l

Using (ii) (on suitable intervals), we have that K(fi,[c,u]) = T(f,[a,§]) and

V() [us d)) = K(fr, [u, d]) = T(f,[§,b]). Since (i) implies 7= (f,&) = (f1)%(w),
the conclusion follows by (2.11) and (2.12). Part (v) easily follows by (i), (ii) and
Lemma 2.7(ii). O
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Lemma 2.14. Suppose that f: [a,b] — X is a continuous function with locally
finite turn in (a,b). Let p € (a,b), g(z) = T(f,[p, x]) for x € (p,b) and h(z) :=
T(f,[x,n)) for x € (a, ). Then

(i) g is continuous from the left at each x € (u,b) and g(u+) = 0,
(i) |g(xz+) — g(z)| < 2 for each x € (u,b),
(iii) h is continuous from the right at each x € (a, p), h(u—) =0, and
(iv) |h(z—) — h(z)| < 2 for each x € (a, p).

Proof. All the statements easily follow from the corresponding assertions of [21,
Proposition 3.7] on indefinite convexity via Lemma 2.13 (i), (ii). For example, to
prove (ii), fix » € (u,b) and choose v € (x,b). Then f* := f|,,) has finite turn.
Let f1: [¢,d] — X be an arc-length parametrization of f*, and let n: [¢,d] — [u, V]
be the increasing homeomorphism for which f; = f* on. Denote y := n~!(z) and
p(t) := Kifi, t € (¢,d). We have p(t) = g(n(t)) by Lemma 2.13 (ii). So, since

Ip(y+) — p(W)| = [I(f1)}(y) — (f1)_(y)l| by [21, Proposition 3.7 (ii)], we obtain by
Lemma 2.13 (i)

lg(z+) — g(x)| = [p(y+) — )| = [1(f1)} () = (f)- W) < 2.

O

Let now f: [0,1] — X with bounded convexity and [a,b] C [0, 1] be given. Then,
only for the use in the present paper, we will define

(2.13) K*(f,[a,0]) := | f2(a) = fi(@)ll + K (£, [a, b]) + [ f2(0) = ()],

where we put f’ (0) := f}(0) and f/ (1) := f’ (1). Using (2.3), (2.1) and Lemma 2.7
(iii), it is easy to see that

(2.14) K (f) = sup{ SRS, I)} < oo,

Ies

where the supremum is taken over all finite systems S of closed pairwise non-
overlapping subintervals of [0, 1].
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3. LEMMAS

Lemma 3.1. Let f: [0,1] — X have bounded convexity. Let C' := {z € [0, 1]:
fi(z) =0 or f_(x) = 0}. Then H'(f(C)) =0.

Proof. Denote C* := {z € [0,1]: f'(x) = 0}. Lemma 2.3 implies H!(f(C*)) =
0. Since C'\ C* is countable by Lemma 2.7 (i), (iii), the assertion follows. O

The following lemma is proved in [10, Lemma 2.5].

Lemma 3.2. Let f: [a,b] — X be continuous. Let § # G C (a,b) be an open
set, H := [a,b]\ G and let (as,b;), t € T, be all (pairwise different) components of G.
Then:

(i) If H(f(H)) =0, then V(f,[a,b]) = 3 V(f, las, bi]).

teT
(i) If V(f,]a,b]) = > V(f,|at, bs]) < oo, then H (f(H)) = 0.
teT
(iii) If H'(f(H)) =0 and f is L-Lipschitz on each [ay,b:], then f is L-Lipschitz on

[a,b].
(iv) If fis BV and H*(f(H)) = 0, then \(vs(H)) = 0.

The following easy inequality is well known (see i.e. [16, Lemma 5.1]):

U v 2
(3.1) if u,v € X \ {0}, then H———H < —lu—v].
full {0l T [l

Lemma 3.3. Let I = [a,b] C [0,1] and let f: I — X have bounded convexity
on I. Define i := i?fb) Ilfi(x)|l, and S := sup | f’\(x)||. Then
x€E|a,

z€la,b)
() - i< K(1.1), )
(ii) V(f,I) < S-A({), and

(iii) if i > 0, theni-T(f, 1) <2 K(f.I).

Proof. Recall that f is Lipschitz by Lemma 2.7.

To prove (i), observe that for each € > 0 we can choose p, ¢ € I such that S —i <
|| f4(q) — f.(p)|| + €. Thus the conclusion follows by equality (2.3).

By (2.2) and Lemma 2.7 (iii) we obtain V' (f,I) = fab IfL @) dt <5 A(T).

Finally, for part (iii), consider arbitrary points zg < ... < &, in [a,b). Apply-
ing (3.1) to u = f(zj41) and v = f' (x;), we obtain ||74(f,zj11) — 74 (f,2;)|| <
20| (a551) — £} (@), s0 (2.6) and (2.3) imply (i) O

Our first basic lemma is the following (K*(f,I) is defined in (2.13)):

Lemma 3.4. Let f: [0,1] — X have bounded convexity and let I = [a,b] C [0, 1].

1066



(i) If inf{||f\(z)||: = € I\ {1}} = 0 or inf{|[f" (z)||: x € I\ {0}} = 0, then we
have /V(f,I) < K*(f,1)/2+ \I)/2.
(ii) If 0< 0 <T(f,I) < oo, then /V(f, 1) < (2+8)/(28)K*(f, 1)+ X(I)/2.
Proof. Denote K* := K*(f,I) and put f’(0) := f,(0) and f| (1) := f.(1).
For part (i), let ¢ > 0 and w € I be such that ||f}(w)| < € or ||f_(w)| < e.
Distinguishing the cases w = a, w = b and w € (a,b), by Lemma 2.7 (ii) we can
clearly find a point w* € [a, b) with || f (w*)|| < e+ f}(a)—f" (a)||+| f4(b)=f- (D).
Thus, also using (2.3), we obtain || f ()| < [|fL(z) — fi (w*)|| + || fL(w*)]| < K*+¢
for each x € [a,b). Thus by (2.2) we have

l\D

SV = /I|\f+ Il dz < /ANDE" T8 < S(K*(F,1) + & + A(I).

Now we complete the proof by sending ¢ — 0.

To prove part (ii), we can assume that inf{| f} (z)||: = € [a,b)} =:4 > 0 (oth-
erwise the conclusion follows by part (i)). Let S := sup{||f\(z)||: = € [a,b)}. By
Lemma 3.3 (iii), it follows that ¢ - § <i-T(f,I) <2 K(f,I), and by part (i) of the
same lemma that S — i < K(f,I). It follows that S < S —i+4¢ < (1+2/8)K(f,I).
By Lemma 3.3 (ii) we have V(f,I) < S - A(I). So, we obtain

V(f.1) < %(5+ @) < %<<1+ %)K(f,I)Jr)\(I))

and the assertion of (ii) follows. O

Now we define a special type of a “1/2-variation”, which is crucial in our solution
of the parametrization problems considered.

Definition 3.5. Let f: [0,1] — X be continuous and BV. Let () # G C (0,1)
be an open set and 0 < 6 < co. If f has locally finite turn in G, then we define

W“(f,G>=sup{k§: Yigean)

where the supremum is taken over all non-overlapping systems I, ..., I, of compact
intervals with int(I) C G such that T'(f, I;) > 0 whenever I}, C G.

Remark 3.6. Let f, G and § > 0 be as in Definition 3.5, and let w: [0,1] — [0, 1]
be an increasing homeomorphism. Then

WO (f,G) = W’(fow,w™(G)).
This equality easily follows if we use (2.8) and observe that vo, = vy o w.
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Remark 3.7. Let f, G and 6 > 0 be as in Definition 3.5, and let Z be the family
of all components of G. Then, using only Definition 3.5, we clearly obtain

> VVED SW(£,G).
IeT
Lemma 3.8. Let f: [0,1] — X have bounded convexity, let ) # G C (0,1) be
an open set, and let f have locally finite turn on G. Let f' (e) = 0 or f’ (e) = 0
whenever e € (0,1) is an endpoint of any component of G. Then W°(f,G) < oo for
each § > 0.

Proof. Let I,..., I, be a system of pairwise non-overlapping compact intervals
with int(I;) C G such that T'(f,I;) > ¢ whenever I, C G. Consider an I, with
I N {0,1} = (. Observing that if I}, \ G # 0, then f or f’ vanishes at an endpoint
of Iy, by Lemma 3.4 we obtain that /V(f,Ix) < (2+ 9)/(20)K*(f, Ir) + A(Ix)/2.
So (2.14) implies > /V(f,Ix) < (24+90)/(20)K*(f) + 1/2 +2/V(f,[0,1]) < oo,

k=1

and thus W°(f,G) < oo. O

Lemma 3.9. Let a; (i € I), bj, ¢; (j € J) be non-negative numbers, I countable,
and J finite. Then

(3.2) Zazéz\/a_z and Z\/bjng ij-z:cj.
el el jeJ jeJ jeJ

Proof. The first inequality is clear. The other is an immediate consequence of
the Cauchy-Schwartz inequality. O

Lemma 3.10. Let a continuous f: [0,1] — X have bounded variation and let
it also have locally bounded turn in an open set §) # G C (0,1). Suppose that S
is a family of pairwise non-overlapping compact intervals such that int(J) C G for
each J € § and

(3.3) D V(L) =V(£[0,1]), Y VV(T) <00, Y VV(f,I)-T(f,]) < .

Jes JeS Jes

Then W°(f,G) < oo for each § > 0.
(Note that (3.3) implies that f has finite turn on each J € S.)

Proof. Let § > 0 and consider a finite system X of non-overlapping compact
intervals with int(I) C G (I € K) such that T(f,I) > 6 whenever I € K and I C G.
For each J € S, let K; :={I € K: I C int(J)}. Set K1 := |JU{Ks: J € S} and
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Ko := K\ K1. For each J € S, we obtain by the second inequality of (3.2) and
Lemma 2.13 (iv) that

VoS {VVETD): 1K} <D AVTD-V(f,1): T€K,}

Therefore,

(3.4) SHUVVIED): Tk} <(A/V)Y AVT(f,1)-V(f,J): J€S}.

For each I € Ky, denote by Sy the set of all J € S such that J Nint(I) # 0. If
I =a,b] € Ko, put a* := min J,, if there exists J, € S with a € int(J,), and a* := q,
if such J, does not exist. Similarly, put b* := max Jp, if there exists J, € S with
b € int(Jp), and b* := b, if such J, does not exist. The equality of (3.3) easily implies
that V(f,[a*,b*]) = > {V(f,J): J € Sr}. (This can be proved either directly, or
using first Lemma 3.2 (ii) and then Lemma 3.2 (i).) Thus the first inequality of (3.2)

implies \/V (f,[a*,0*]) < Y {VV(f,J): J € S;}. Observing that, for each J € S,

the set {I € Ko: J € Sr} contains at most two intervals, we obtain

(3.5) SHVVED): TeKa} <2) {VVI(f,J): JeS)

Now (3.3), (3.4) and (3.5) imply W°(f, G) < oc. O
Another important technical notion is the following.

Definition 3.11.
(i) We say that Z C Z is a Z-interval, if Z = (I,m)NZ, where |,m € ZU{—o00,c0}.
(ii) We will say that a family P of compact intervals is a generalized partition of
a bounded interval (a,b), if there exists a system (x;);ez such that Z is an Z-
interval, the function i — x;, ¢ € Z, is strictly increasing, zlgg r; =a,supxr; =b

ieT
and P = {[zk, xp+1]: k,k+1 €T}

(iii) We will say that a family P of compact intervals is a generalized partition of
a bounded open set § # G C R, if [J{int(/): I € P} C G, and for each
component (a,b) of G, the family {I € P: int(I) C (a,b)} is a generalized
partition of (a,b).

(iv) Suppose that f: [0,1] — X has locally finite turn in an open set § = G C (0, 1),
P is a generalized partition of G, 0 < § < K < 00, and § € R. Then we say that
P is an (f,, K)-partition of G, if T(f,I) < oo, T(f,I) < K for each I € P,
and T(f,I) > ¢ for each I € P with I C G.
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Remark 3.12. Notice that in part (iv) of Definition 3.11, if I = [¢,d] € P but
¢ ¢ G ord¢ G, then we do not require that T'(f,I) > 6.

The following lemma immediately follows from definitions.

Lemma 3.13. Let f: [0,1] — X be continuous and BV, let ) # G C (0,1) be
open, and let f have locally finite turn in G. Let 0 < § < oo and let P be an

(f, 6, 00)-partition of G. Then Y. \/V(f,I) < W°(f,G).
IeP

Lemma 3.14. Let § # G C (0,1) be open, and let f: [0,1] — X be a continuous
BYV function. Let f have locally finite turn on G and 0 < § < oo.

Then there exists a generalized partition P of G which is an (f, d, 6 + 3)-partition
of G.

Proof. Without any loss of generality, we can assume that G = (a,b) C (0,1).
Let xg := (a + b)/2. We will construct points z; (i € Z) with

(36) ag...<$_2<$_1<$0<$1gﬂﬁggl‘gg...gb
such that T(f, [v;, xi41]) < I+ 3 if z; < 241, and, moreover, with
(3.7) T(f, [xi,xiy1]) 20 if @ <wip1, x; #a and x,41 #b.

First, we will construct points z,, (n € N) by induction. So suppose that n € N
and x,_, was constructed. If z, 1 = b, then put =z, := b. If z,_1 < b and
sup{T(f, [xn-1,2]): © € (Tn—1,b)} < J + 3, then also put z,, := b. Then clearly,
V(s (f, ), (tn-1,2,)) < § + 3 and thus T(f, [zn_1,2]) < 6 + 3 by Lemma 2.10. If
Tn—1 < b and sup{T(f, [xn—1,2]): © € (xp_1,b)} > d + 3, then set z,, := sup{z €
(n-1,b): T(f,[xn-1,2]) <0+ 3}. Using Lemma 2.14 (i) (applied to p = zp_1), we
obtain x,, > x,_1. Further, using (2.7), we easily obtain z,, < b.

Lemma 2.14 (i) implies T'(f, [tn—1,%n]) < 0 + 3. Moreover, T(f, [tn—1,%n]) = 0.
Indeed, otherwise Lemma 2.14 (ii) (with 4 = x,—1, * = z,,) yields a contradiction
with the definition of z,,.

We define the points z_,, (n € N) in a quite symmetrical way (using now Lem-
ma 2.14 (iii), (iv)). Since f has locally finite turn in G, Lemma 2.13 (iv) and

(3.7) easily imply that supa, = b and ian Tp, = a. So it is easy to check that
neN ne
P = {[xi, xit1]: @ € Z, x; < w41} is a generalized partition of (a,b) with the

desired properties. O
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Lemma 3.15. Let f: [0,1] — X be continuous and BV, and let § # G C (0,1) be
open. Suppose that f is nonconstant on each interval contained in G and F := Ay
(see Definition 2.1) is C? on v¢(G).

If WO(f,G) < oo for some 0 < § < 0o, then fvf(G) VIIF"] < oo.

Proof. By Lemma 2.12 we obtain, for each closed interval I C G,
(38) (0= [ F) <o,
vy (I)

Suppose that W(f,G) < co. Choose (by Lemma 3.14 (i)) an (f, 6, § +3)-partition
P of G. Lemma 3.13 implies > /V(f,I) < co. By the Cauchy-Schwartz inequality
iep

and (3.8) we obtain, for each closed interval I C G,

[ VI < A

vy (I)

=\VV(£D) - VT(f,I)<VV(f.I) - Vé+3.

Now it is easy to see that that the same inequalities hold for each I € P (also for
those with I\ G # 0).
Consequently, fvf(G) VIIE" < V6+3- 1%2 VVI(f, 1) < oo O

In the basic constructions in Sections 5 and 6, we will need the following lemmas.

Lemma 3.16. Let (I,)aca be a system of pairwise non-overlapping compact

subintervals of the interval [0,d]. Let . po < 0o, where pio > 0, « € A. Then
acA
there exists an interval [0,d'] and an increasing homeomorphism ¥: [0,d'] — [0,d]

such that A\(W~1(I,)) = pu, and ¥~ is absolutely continuous.

Proof. We can define ¥ := w™!, where w(z) = [ ¢ (z € [0,d]), and ©(t)
to/AIy) for t € int(I,) and p(t) =1 for ¢t € [0,d'] \ U{int(1,): o € A}.

Ol

Lemma 3.17. Let P be a generalized partition of an open set §) # G C (0,d).

Let g: [0,d] — X be such that V := > V(g,I N G) < o0, g(x) = 0 for each
I€P
x € F:=10,d]\ G, and let g be continuous at all points of F'. Then V (g,[0,d]) < cc.

Proof. Let J be the family of all components of G. Using the continuity of g,
it is easy to show that, for each J € J,

V(g,J)=> {V(g,I): IeP,ICT}=>» {V(g.ING): I€P,ICJ}
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Now consider arbitrary points 0 = zg < 21 < ... < x,,, = d. It is easy to see that we
can choose points 0 = yp < y1 < ... < y,, = d such that {zo,...,zm} C {yo,-.-,Yn}
and, for each 0 < k < n, either {yx, yxt+1} C F or (Yr,Yr+1) C G. Then clearly

S o) — gl < 3 o) — o) < S V(. T): Je T} =V,
1=0 k=0

O

Lemma 3.18. Let G1, G2 be bounded open subsets of R and let p: Gy — Gy
be an increasing differentiable homeomorphism. Let Z C G2 be an interval (of
an arbitrary type) such that ¢'(z) € R exists for each z € Z and V(¢', Z) < 0o. Let
h: G1 — X be such that b/, (x) exists for each x € ¢(Z) and V(h!,,¢(Z)) < oo.
Then

(3:9)  V((heo),,2) <suple' ()] - V(y,0(2)) + sup [[W ()] V(¥ 2).
tezZ x€p(Z)

Proof. Let t9 < ¢t; < ... < t, be arbitrary points in Z. Observe that
(how) (t) = ¢ (t) b (p(t)) for each t € Z, and thus

[(ho @) (tit1) = (o), (i)
@' (tira )Ry (p(tira)) — @ (E)Ry ((tira )| + [l (8:) B (tin)) — @' (t:) By (o (t:)
sup ||By ()] - [ (tig1) — so’(tz)|+sup|s0()|~|\hﬁr(s0( i+1)) = P (o (t))]l-

zEP(Z)

NN

Now the assertion of the lemma follows easily. O

4. THE CASE OF REAL VALUED FUNCTIONS

As mentioned in Introduction, functions f: [0,1] — R which alow a C? parametri-
zation were completely characterized in [14] and [15]. We will show that the same
characterization holds if it is required that the parametrization has bounded con-
vexity or a continuous BV derivative. We prove this result easily by using results
from [14] and [15]; however, we could obtain this result also from our theorems on
vector functions which we prove without using results of [14] and [15].

Lebedev showed that for a continuous f: [0, 1] — R there exists a homeomorphism
h of [0, 1] onto itself such that f o h is a C™ function (n € N) if and only if

(4.1) Af(Mp))=0 and > (W)™ < o0,
a€cA
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where I, (o € A) are all maximal open intervals in [0, 1] on which f is constant or

strictly monotone, My := [0,1]\ |J I is the set of points “of varying monotonicity”
a€cA
of f, and w/ is the oscillation of f on I,.

Laczkovich and Preiss showed that the same (for a continuous f) holds if and only
if

(42) Vl/n(vaf) < o0,

Vign(fty) = sup { 3170 = e .

the supremum being taken over all systems [¢;,d;], i = 1,...,m, of pairwise non-
overlapping subintervals of [0, 1] with ¢;,d; € M. Note that M/ is called Ky in [14].

Theorem 4.1. Let f: [0,1] — R be continuous. Then the following conditions
are equivalent.
(i) There exists a homeomorphism h of [0, 1] onto itself such that foh has bounded
convexity.
(ii) There exists a homeomorphism h of [0, 1] onto itself such that f o h is 1BV,
(iii) There exists a homeomorphism h of [0, 1] onto itself such that f o h is C2.
(iv) Lebedev condition (4.1) holds for n = 2.

(v) Laczkovich-Preiss condition (4.2) holds for n = 2.

Proof. By results of [14] and [15] which were mentioned at the beginning of this
section, the conditions (iii), (iv) and (v) are equivalent. Since (iii) implies (ii) and
(ii) implies (i) (see (2.4)), it is sufficient to prove that (i) implies (v). Thus suppose
that h as in (i) is given and denote g := f o h. Let ¢;,d; be as in the definition
of Vi/2(g, My). We claim that, for each 2 € M, N [0,1), we have

(4.3) either ¢’ (2) <0< g/ (z) or ¢\ (z) <0< g (z) (whereg (0):=0).

Indeed, otherwise min(g’, (x),¢" (x)) > 0 or max(g’ (x),¢’ (x)) < 0. Provided
min(g, (x), g’ (x)) > 0, then by Lemma 2.7 (ii) there exists 6 > 0 such that ¢/, (y) > 0
for all y € (x — 0, + §). Since g is Lipschitz by Lemma 2.7, we have g(t) — g(s) =
fstgﬁr(f)dﬁ >0 forall z -8 < s <t < x+ 6, which contradicts z € M,. If
max (g, (z), g’ (x)) < 0, then we obtain a contradiction in an analogous way.

For each y € (¢;,d;), (4.3) easily implies

19} ()| < |g' (i) = g ()| + V (g, [ei, di)) =: Si.
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Therefore, we subsequently obtain

S; + (d; —¢;
l9(di) = g(c)| < Sildi = eil, |g(ds) — g(e)[V/* < V/Sildi —ei] < %7
m 1 m
> lg(d) = glea)['V2 < 5D (Si+ (di — i) < C,
=1 i=1

where C is a constant depending only on g (see (2.14) and (2.3)). Consequently
Vi2(g, M) < o0, and so also Vyo(f, My) < oo, since clearly My = h™'(Mj). O

5. PARAMETRIZATIONS WITH BOUNDED CONVEXITY

The problem of a parametrization with bounded convexity and non-zero unilateral
derivatives has a very simple solution.

Proposition 5.1. Let X be a Banach space, and let f: [0,1] — X be continuous.
Then the following conditions are equivalent:

(i) There exists a homeomorphism h of [0, 1] onto itself such that foh has bounded
convexity, (f o h)! (z) # 0 for z € [0,1), and (f o h)" (x) # 0 for z € (0,1].
(ii) f has finite turn.

Proof. Suppose that (i) holds. Then [4, Proposition 5.11] and (2.8) easily imply
that f has finite turn. (Alternatively, we can apply Lemma 3.3 (iii) to f o h, since
Lemma 2.7 (ii) easily implies that iﬂ)fl) [|(foh) (z)]>0.)

zc|0,

Suppose that (ii) holds. Then Lemma 2.13 (ii), (i) imply that F' = f o v;l has
bounded convexity and F'(x) = 7+(F,z) # 0, respectively, for all x € [0,) or
x € (0,1], where | = vs(1). Thus we can put h(t) := v;l(l -t) for t € [0, 1]. O

Lemma 5.2. Suppose that a continuous f: [0,1] — X has bounded variation,
) # G C (0,1) is an open set and f has locally finite turn in G. Suppose that

P is an (f,0, K)-partition of G for some 0 < K < oo such that >, /V(f,I) <
1P

oo and H'(f(H)) = 0, where H := [0,1] \ G. Then there exists an increasing
homeomorphism h: [0,1] — [0, 1] such that:
(i) f o h has bounded convexity and (f o h)’ (x) # 0, (f o h)’_(x) # 0 for each
z € h YG);
(ii) if f is tangentially smooth on G, then f o h is C';
(iii) if f is nonconstant on any interval, then A(h~'(H)) = 0.
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Proof. Let U be the maximal open set on which f is locally constant. Set
v*(z) = ve(z) + A([0,2] NU), = € [0,1]. It is clear that v* is continuous and
increasing. Put d; := v*(1) and £ := (v*)~1; clearly £: [0,d1] — [0,1] is an increasing
homeomorphism. Denote f; := fo¢&, Gy := ¢ 1(G) and Py = {¢7Y(I): I € P}.
Clearly S {\/A(J): J€Pi} = 3 /V(f,I) < co. By (2.8) we have that T'(f1,J) <
K for each J € P;. er

If the interval (7,d) is a component of G, then fi|f, s is clearly an arc-length
parametrization of f|¢(y).¢(s5)- So Lemma 2.13 (i) implies that

(5.1) 1) (@) = [I(f1)_(z) =1 whenever x € Gy, and
(5.2) f1is C' on Gy if f is tangentially smooth on G.

Using (5.1), Lemma 2.13 (ii) and Lemma 2.7 (iv), we easily get
(5.3) V((f1)',JNG1) < K+2 whenever J € Py.

If J = [a,B] € Py, set c(J) := /A(J). Further, if o ¢ G, let b(J) := 0, and
if @ € G, set b(J) := min(c(J),c(J;)), where J; € Py is the interval whose right
endpoint is a. Similarly, if 5 ¢ G, let d(J) := 0, and if 5 € G, set d(J) :=
min(c(J), ¢(Jy)), where J, € Py is the interval whose left endpoint is 3. Finally, set
p(J) = 6A(J)(b(J) + 4e(J) +d(J)) L.

Since u(J) < 24/A(J), we can use Lemma 3.16 and choose 0 < dy < oo and
an increasing homeomorphism W: [0, da] — [0,d;] such that ! is absolutely con-
tinuous and A(W~1(J)) = u(J) for each J € Py. Set Py := {U1(J): J € P1},
Gy = @71(G1) and Hy := [O,dg] \ Gs.

For each interval I = [p,q] € P, let J := ¥(I) and let gr be the continuous
function on I such that g;(p) = b(J), gr(q) = d(J), gr(x) = ¢(J) for each z €
[p+ (¢ —p)/3,p+ 2(q — p)/3], and gy is linear on the intervals [p,p + (¢ — p)/3],
[p+ 2(q — p)/3,q|]. Further put ¢;(z) := ¥(p) + fpx gr for x € I. We see that

v1(q) —¢1(p) = (¢ —p) - (0(J) + 4¢(J) + d(J))/6 = A(J).
Thus, setting p(x) := pr(x) if x € I € Py and p(x) := ¥(z) if z € [0,d2] \ |J P2, we
easily see that ¢: [0,ds] — [0,d1] is an increasing homeomorphism which is C'! with

¢ > 0on G2 and ¢'(z) < ¢(J) whenever x € I N Gy, where I € Py and J = ¢(I).
Put fs := fioe. Consider I € Py and J = p(I) € P;. Using (5.1), we obtain that

G4) IR @1 =R @) =1¢@)] =g @] <c(]) if 2€InG,.
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Using (5.3), (5.1), and the obvious inequality V (¢, ING2) = V (g1, ING2) < 2¢(J),
we apply Lemma 3.18 (with Z := I NG9 and h := f1) and obtain that

V((f2)', TN Ga) < (K +2)e(J) + 2¢(J),
and therefore

(5.5) > V() INGs) < 0.

I1€Py

Now we will show that (setting (f2)’, (d2) := 0)
(5.6) for each u € Hy, (f2)'(u) =0 and (f2), is continuous at u.

Let w € Hy and € > 0 be given. If u is a left endpoint of some I € Ps, observe
that gr(u) = 0 and gy is right continuous at u. Thus (5.4) and [2, Chap. I, par. 2,
Proposition 3] clearly imply that there exists v > wu such that fs is e-Lipschitz on
[w, v].

If u # dy and w is not a left endpoint of an I € Py, then observe that ¢(J) > ¢ for
finitely many J € P; and therefore we can by (5.4) find a v > u, v € Hy, such that
|(f2)" (z)]| < e for each 2 € G2 N [u,v]. So [2, Chap. I, par. 2, Proposition 3] implies
that f is e-Lipschitz on each component of G2 N (u,v). Since clearly H!(f2(Hsz)) =
HY(f(H)) = 0, Lemma 3.2 (iii) implies that fs is e-Lipschitz on [u, v].

Quite similarly we get for each 0 # v € Hy a v < u such that fy is e-Lipschitz
on [v,u]. Now it is easy to see that (5.6) holds. Using (5.5) and (5.6), we apply
Lemma 3.17 (with G := G2 and g := (f2),, g(d2) = 0) and obtain, also using (2.3),
that g has bounded convexity on [0, da].

By (5.4) and the definition of g; we have that (f2), (z) # 0 and (f2)"_(z) # 0 for
each x € G. Moreover, if f is tangentially smooth on G, then (5.2) implies that
fo is C' on Gs. Using (5.6), we obtain that fy is C* on [0, dg).

Thus, to complete the proof of (i) and (ii), it is sufficient to define h := € o
o, where m(x) = dox, € [0,1]. To prove (iii), suppose that f is nonconstant
on any interval. Then v* = vy = ¢!; so Lemma 3.2 (iv) implies A\((71(H)) =
0. Since ¥~! is absolutely continuous and ¢~}(¢71(H)) = U~1(¢71(H)), we have
AM(€op)"Y(H)) =0, and thus also A\(h~1(H)) = 0. O

Let f: [0,1] — X. We define the set T as the set of all points in [0, 1] such that
there is no open interval U containing = such that f has finite turn on U. Clearly,
Ty is closed, {0,1} C Ty, and f is not constant on any interval I C [0,1]\ T}.

Note that G := [0,1] \ T is the maximal open set in which f has locally finite
turn.
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Further, if h is a homeomorphism of [0, 1] onto itself, then (2.8) implies
(5.7) Tron = h™ 1 (T}).
We need the following simple lemma.

Lemma 5.3. Suppose that f: [0,1] — X has bounded convexity, and = € Ty.
Then we have that either x € {0,1} or f! (z) =0 or f’ (z) = 0.

Proof. Let x € (0,1) N7y with f! (z) # 0 and f’ (z) # 0. By Lemma 2.7 (ii)
there exist 6 > 0,7 > 0 such that ||f\ (z)|| > n for all y € [vt — J,2 + 6]. Thus
Lemma 3.3 (iii) implies that

T(f, [ — 6,2 + 6) < %K(f,[a:—é,x+6]) < o0,

and we have a contradiction with = € TY. O

The main result of the present section is the following theorem which solves the
bounded convexity parametrization problem. (Observe that condition (i) is clearly
equivalent to the existence of a parametrization of f with bounded convexity, and
implies that f is BV.)

Theorem 5.4. Let f: [0,1] — X be BV continuous nonconstant and G :=
[0,1)\ Ty. Then the following assertions are equivalent.

(i) There exists a homeomorphism h of [0, 1] onto itself such that foh has bounded
convexity.
(ii) There exists a homeomorphism ¢ of [0, 1] onto itself such that f oy has bounded
convexity, and (f o @)/ (z) # 0 for each x € p~1(G).
(iii) H(f(Ty)) = 0 and WO(f,G) < oo for each § > 0.
(iv) HY(f(Ty)) = 0 and WO (f,G) < oo for some § > 0.
(v) H(f(Ty)) = 0 and 3 \/V(f,I) < oo whenever P is an (f,J,00)-partition of

G with § > 0. fer
(vi) HY(f(T)) = 0 and > \/V(f,I) < oo for some (f,0, K*)-partition P* of G
with K* < oo. fepr

(vil) There exists a family S of pairwise non-overlapping compact intervals such that
int(J) C G for each J € S and

(5.8) D V(£,1)=V(£,0,1]), Y VV( ) <00, Y VV(f,1)-T(f,J) < .

JeS JES JeS

If f is nonconstant on any interval, then in (ii) we can also assert A\(p~1(G)) = 1.
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Proof. It is sufficient to prove the implications (ii) = (i) = (iii) = (iv) =
(vi) = (vil) = (iii), (vi) = (ii), and (iii) = (v) = (vi).

Note that (since f is nonconstant) both H!(f(Tf)) = 0 and the equality of (5.8)
imply G # 0 by Lemma 3.2 (i). The implications (ii) = (i) and (iii) = (iv)
are trivial; (v) = (vi) holds on account of Lemma 3.14. Lemma 3.13 implies the
obvious implication (iii) = (v), and (vii) = (iii) holds by Lemma 3.2 (ii) and
Lemma 3.10. If (vi) holds, then Lemma 5.2 gives (ii) (and also A\(¢~'(G)) = 1 if f
is nonconstant on any interval).

To show that (iv) = (vi), let § > 0 be as in (iv), and put K* := § + 3.
Lemma 3.14 (i) implies that there exists an (f,d, K*)-partition P* of G and we

have that Y /V(f,I) < co by Lemma 3.13.

IepP~
To prove (vi) = (vii) suppose that (vi) holds and P* is given. Put S := P*.

Then the equality of (5.8) holds by Lemma 3.2 (i) (applied to G := |J int(J)). Since
Jes

T(f,J) < VK* for each J € S, also both inequalities of (5.8) hold.

To prove that (i) = (iii), let h be as in (i), put g := foh and G* := h™}(G) =
[0,1] \ T,. Using (5.7), Lemma 5.3 and Lemma 3.1, we easily obtain H*(f(T})) =
H'(g(T,)) = 0. By (5.7), Lemma 5.3, and Lemma 3.8 we obtain W?(g, G*) < oo; so
WO(f,G) < oo by Remark 3.6. O

Remark 5.5.

(i) Conditions (v) and (vi) give an “algorithmic” way how to decide whether (i)
holds:

Decide whether H!(f(T)) = 0. If it holds, then choose an (f, d, K )-partition
P of G := [0,1] \ Ty with § > 0 and K < oo (such a partition exists by

Lemma 3.14) and decide whether Y /V(f,I) < cc.
IeP
(ii) Condition (vii) is elegant and needs no auxiliary notions for its formulation. On

the other hand, it is not easily applicable in the case when (i) does not hold.
(iii) For a very simple necessary and sufficient condition in an interesting, very spe-
cial case see Proposition 6.10.

Remark 5.6. Let f: [0,1] — X be BV continuous and G := [0, 1]\ T¥. Then the
following assertions are equivalent.

(a) There exists a homeomorphism h of [0, 1] onto itself such that foh has bounded
convexity and (f o h)'(x) # 0 almost everywhere.
(b) f is nonconstant on any interval and any of conditions (iii)—(vii) holds.

It follows immediately from Theorem 5.4 and the simple observation that (a)
implies that f is nonconstant on any interval.
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Proposition 5.7. Let a nonconstant function f: [0,1] — X allow an equivalent
parametrization with bounded convexity. Set G := [0,1]\Ty. Suppose that F' := Ay
(see Definition 2.1) is C? on vs(G). Then fvf(G) |F"|| < oco.

Proof. For each § > 0, we have Wo(f,G) < oo by Theorem 5.4. Thus the
assertion follows from Lemma 3.15. O

Concerning natural questions about the strength of the condition from the pre-
ceding proposition, see Example 7.3, and Proposition 6.10.

6. C1BY_pPARAMETRIZATIONS

By Theorem 4.1, a real function f: [0,1] — R allows a C1BV-parametrization if
and only it allows a parametrization with bounded convexity. The following elemen-
tary example shows that it is not true for vector-valued functions.

Example 6.1. There exists a function f: [0,1] — R? with bounded convexity
which does not admit a C! parametrization.

Proof. Take {a,: n € N} to be a dense subset of (0,1), and g: [0,1] — R
a convex Lipschitz function with ¢/, (a,) # ¢’ (ay) for alln. Let f(z) = (z,g(x)), = €
[0,1]. Using Lemma 2.5, it is easy to show that f has bounded convexity. Suppose
that f admits a C'' parametrization. Then there exists an increasing homeomorphism
h of [0, 1] onto itself such that foh is C* on [0,1]. Then h is C* on [0, 1] (since it is
the first component of f o k) and thus there exists an open interval I C [0, 1] such
that A’ > 0 on I and thus h~! is differentiable on h(I). Choose j € N with a; € h([).
Since g = (g o h) o h™!, we obtain that g is differentiable at a;, a contradiction. [

Further, recall (see (2.4)) that C*BV functions coincide with C! functions with
bounded convexity. So, it is not surprising that the characterization in the case
of CVBV parametrizations is very similar to the characterization in the case of
parametrizations with bounded convexity (and the proofs of these characteriza-
tions are almost identical). On the other hand, it seems that the results on C1BV
parametrizations cannnot be easily deduced from the results on parametrizations
with bounded convexity (see Example 6.7).

C«l,BV

Now we show that the problem of a parametrization with non-zero derivative

has a very simple solution.
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Proposition 6.2. Let X be a Banach space, and let f: [0,1] — X be continuous.
Then the following conditions are equivalent:
(i) There exists a homeomorphism h of [0,1] onto itself such that f o h is C*BV
and (f oh)'(z) #0 for all z € [0,1].
(ii) f has finite turn and 7(f,x) exists for all € [0, 1].

(iii) f has finite turn and is tangentially smooth.

Proof. Suppose that (i) holds. By Proposition 5.1, f has finite turn. Since
(f o h)'(z) # 0, we have that 7(f o h,z) exists for each z € [0,1], and thus 7(f,y)
exists for each y € [0,1]. So (ii) holds.

Now suppose that (ii) holds. Then Lemma 2.13 (ii) implies that F':= fo vJIl has
bounded convexity, and Lemma 2.13 (i) implies that F’(x) = 7(F, z) # 0 at all points
x € [0,1] (where I = vs(1)); F is C* by Lemma 2.7 (ii). So, setting h(t) := v;l(l 1),
t € [0,1], we obtain (i).

Since (ii) is equivalent to (iii) by Lemma 2.13 (v), the proof is complete. O

For f: [0,1] — X we define Sy as the set of all points « € [0,1] such that there
is no neighbourhood U of = such that f is either constant or tangentially smooth on
U. Clearly Sy is closed and {0,1} C Sy. Further, if & is a homeomorphism of [0, 1]
onto itself, then clearly

(6.1) Ston = h_l(Sf).
The following theorem was proved in [7].

Theorem 6.3 ([7]). Let X be a Banach space, and let f: [0,1] — X. Then there
is a homeomorphism h of [0,1] onto itself such that f o h is C' if and only if f is
continuous, BV, and H'(f(Sy)) = 0.

Lemma 6.4. Let g: [0,1] — X be C! and let x € S,. Then either ¢'(z) = 0 or
x €{0,1}.

Proof. For a contradiction, suppose that x € (0,1) and ¢'(z) # 0. Since g is
C1, there exist 7,0 > 0 such that ||¢’(y)| > n for all y € [x — &,z + J§]. But then
7(9,y) = ¢'(v)/]l¢'(y)| is continuous on [z — &,z + §], and we have a contradiction
with z € 5. d

The main result of the present section is the following.
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Theorem 6.5. Let f: [0,1] — X be BV continuous nonconstant and G :=
[0,1])\ (Ty U Sf). Then the following conditions are equivalent.

(i) There exists a homeomorphism h of [0, 1] onto itself such that f o h is a C1BV

function.

(ii) There exists a homeomorphism ¢ of [0, 1] onto itself such that f o ¢ is C1BY,
and (f o p)'(x) # 0 for each x € p~1(G).

(iii) H(f(TyUSy)) =0 and W(f,G) < oo for each § > 0.

(iv) HY(f(Ty U Sy)) =0 and W (f,G) < oo for some § > 0.

(v) HY(f(Ty U Sf)) =0 and Y. \/V(f,I) < o for each P which is an (f,§,00)-

partition of G with § > O‘IeP

(vi) HY(f(TFUSy)) =0 and Y \/V(f,I) < oo for some (f,0, K*)-partition P*
of G with K* < oo. fepr

(vii) There exists a family S of pairwise non-overlapping compact intervals such that
int(J) C G for each J € S and

(62) > V(D) =V(£0,1]), Y VV(f,T) <00, > VV(f,])-T(f,7) < oo.

JeS JES JeS

—_ — —

If f is nonconstant on any interval, then in (ii) we can also assert A\(p~1(G)) = 1.

Proof. The proof is literally the same as the proof of Theorem 5.4, except for
the implication (i) = (iii).

To prove that (i) = (iii), let 4 be as in (i), put g := foh and G* := h=1(G). Using
(5.7), (6.1), Lemma 5.3, Lemma 6.4, and Lemma 3.1, we easily obtain H'(f (T U
S¢)) = H'(9(T, U S,)) = 0. Note that G* = [0,1] \ (T, U S,) by (5.7) and (6.1).
Lemma 5.3 and Lemma 6.4 give that we can apply Lemma 3.8 (with G := G* and
[ := g) and obtain W°(g, G*) < oo for each § > 0. So W*(f,G) < oo for each § > 0
by Remark 3.6. O

Remark 6.6. Let f: [0,1] — X be BV continuous and G := [0,1] \ (T U Sy).
Then the following conditions are equivalent.

(a) There exists a homeomorphism h of [0,1] onto itself such that f o h is CLBY
and (f o h) (x) #0 for a.e. x €[0,1].

(b) f is nonconstant on any interval and any of conditions (iii)—(vii) holds.

This follows immediately from Theorem 6.5 and the simple observation that (a)
implies that f is nonconstant on any interval.

The following example suggests that Theorem 6.5 cannot be easily deduced from
Theorem 5.4.
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Example 6.7. There exists a function f: [0,1] — R? with bounded convexity,
such that f o h is a C! function for some homeomorphism h of [0, 1] onto itself, but
foisnot a CHBY function for any homeomorphism ¢ of [0, 1] onto itself.

Proof. Find 1 > ; > 2 > ... > 0 such that limz, = 0 and z; — z;11 =
cj=2 for some ¢ > 0. Choose a Lipschitz convex function g on [0, 1] for which
{z1,z2,...} is the set of all points € (0,1) at which ¢ is not differentiable. Let
f(z) = (x,9(x)), x € ]0,1]. Using Lemma 2.5, it is easy to show that f has bounded
convexity. It is easy to check that Sy = {0,1,x1,x2,...}. Since f has finite turn by
Lemma 3.3, we have Ty = {0,1}. Using Theorem 6.3, we obtain that there exists
a homeomorphism A of [0, 1] onto itself such that foh is a C! function. On the other

o0 o0
hand, since Y /V(f,[zj11,7;]) = Y. /cj=2 = o0, f o is not a CHBY function
j=1 j=1

for any homeomorphism ¢ of [0,1] onto itself. Indeed, otherwise condition (iii) of
Theorem 6.5 holds and so Remark 3.7 gives a contradiction. O

Remark 6.8. Example 6.7 shows that the problems of a parametrization with
bounded convexity and of a CBV parametrization are not necessarily equivalent
even when T = {0, 1} and Sy is countable with only one point of accumulation. The
following proposition shows that these two parametrization problems are equivalent
if Sy \ T is finite.

Proposition 6.9. Let f: [0,1] — X be continuous BV. Suppose that Sy \ Ty is
finite. Then f admits a C'BV parametrization if and only if f admits a parametriza-
tion with bounded convexity.

Proof. The “only if” implication is obvious. So, suppose that f admits

a parametrization with bounded convexity, and choose a family & from condi-

tion (vii) of Theorem 5.4. Dividing members of S by points of Sy \ Ty, we obtain

a nonoverlapping system S* of compact intervals (such that |J int(Z) C | int(J)
Jes

IeS*
and |J int(J)\ U int(Z1) = (S \T¢) N | int(J)). Since S* clearly witnesses
JeS Ies* Jes
that condition (vii) of Theorem 6.5 holds, f admits a C1'BV parametrization by
Theorem 6.5. U

The following proposition shows additional assumptions under which Proposi-
tion 5.7 can be reversed.

Proposition 6.10. Let X be a Banach space with a Fréchet smooth norm. As-
sume that f: [0,1] — X is continuous, BV and nonconstant on any interval. Let
F:=fo vJIl and | := vy(1). Suppose that F" is continuous on (0,1) and for some
d > 0 we have that || F"|| is monotone on (0,0) and on (I — 4,1).
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Then the following assertions are equivalent.

(i) Jy VTF7@ dt < oc.

(ii) f admits a C? parametrization.

(iii) f admits a C1'BV parametrization.

iv) f admits a parametrization with bounded convexity.
i dmit trizati ith bounded it

Proof. The implication (i) = (ii) is part of [10, Proposition 4.8]. The impli-
cations (ii) = (iii) and (iii) = (iv) follow from (2.5) and (2.4). The implication
(iv) = (i) follows from Proposition 5.7. O

Example 7.3 below shows that the implication (i) = (iv) does not hold without
the assumption on the monotonicity of || F”|.

7. EXAMPLES

Example 7.1. For s > 0, consider the spiral f: [0,1] — R? defined by f(0) = 0
and
F@) = (x(t),y(t)) = (t°cos(1/t),t*sin(1/t)), 0<t < 1.

By [10, Example 6.3], f is BV if and only if s > 1 and f allows a C? parametriza-
tion if and only if s > 2. Since it is shown in [10, Example 6.3] that (if s > 1) the
assumptions of Proposition 6.10 are satisfied, we obtain that f allows a parametriza-
tion with bounded convexity (a C1'BV parametrization) if and only if s > 2.

In the following two examples, we need the following well-known fact.

Lemma 7.2. Letk: (0,1) — R be positive and C*°. Then there is a continuous f :
[0,1] — R? parametrized by the arc-length, C*° on (0, 1), and such that || f"(x)| =
k(x) for x € (0,1).

Proof. By the Fundamental Theorem of the local theory of curves (see i.e. [13,
Theorem 2.15]), there exists g: (0,1) — R? parametrized by the arc-length, which
is C*°, and ||¢"(z)|| = k() for € (0,1). Since g is 1-Lipschitz, it has a continuous
extension f to [0, 1], which has all the desired properties. O

Example 7.3. There exists a continuous f: [0,1] — R? which is parametrized
by the arc-length, is C*° on (0, 1), does not allow a parametrization with bounded

convexity, but fol VI < oo

Proof. Let P = {I,: n € N} be a generalized partition of (0,1) such that
I, € (0,1) and A(I,) = ¢/n? for some ¢ > 0. Choose closed intervals .J,, C I,
with A(J,) = ¢/n*. We can clearly choose a positive C°° function k: (0,1) — R
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such that, for each n € N, we have max k(x) = n*, k(z) < 1 for z € I, \ J,,, and

xzeJy

fJn k > ¢/2. Choose f corresponding to k by Lemma 7.2. By Lemma 2.12 we see
that P is an (f, ¢/2, co)-partition of (0, 1), but > /A(I) = oo, and therefore f does
IeP

not allow a parametrization with bounded convexity (see Theorem 5.4 (v)). On the
other hand, fol 17 < 14 Y (e/n*)Vnt < co. O

Example 7.4. There exists a continuous f: [0,1] — R? parametrized by the
arc-length such that f is C* on (0, 1), f allows a OBV parametrization but f does

not allow a C'1'! parametrization (and the less so a C? parametrization).

Proof. Let P = {I,: n € N} be a generalized partition of (0,1) such that
I, C (0,1) and \(I,,) = ¢/n* for some ¢ > 0. Divide each interval I,, into closed

subintervals JJ (j = 1,...,7,) so that S24/A(J3) > 1 and put P* := {Ji: n € N,
J

1< j < jn}. We can clearly choose a positive C*° function k: (0,1) — R such that
mg}(k:(x) = 1/A(J) for each J € P* and [, k < 1 for each I € P. Choose f corre-

sponding to k by Lemma 7.2. By Lemma 2.12, P is an (f, 0, 1)-partition of (0, 1) with

> VA(I) < 0o, and thus f allows a C1'BY parametrization by Theorem 6.5 (vi).
IeP

Since the arc-length parametrization of f (which equals f) is C? on the interior of
its domain, [9, Proposition 6.5] implies that f allows a C''! parametrization if and
only if f allows a C? parametrization.

Now observe that P* is a generalized partition of (0, 1) such that

sup || f"()|| - V(f, J) = meajck(x) “AJ) =1 foreach J e P*
zeJ z

and
STVVIED =D V) = .
JeP* JeP*

Therefore condition (v) from [10, Theorem 4.5] does not hold (since f is parametri-
zed by the arc-length, we have shown that P* is an (f, 1, co)-partition of (0, 1) in the
sense of [10, Definition 3.8]), and so [10, Theorem 4.5] implies that f does not allow
a C? parametrization. O
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