Czechoslovak Mathematical Journal

Sebastian Burciu
Subgroups of odd depth—a necessary condition
Czechoslovak Mathematical Journal, Vol. 63 (2013), No. 4, 1039-1048

Persistent URL: http://dml.cz/dmlcz/143615

Terms of use:

© Institute of Mathematics AS CR, 2013

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143615
http://dml.cz

Czechoslovak Mathematical Journal, 63 (138) (2013), 1039-1048
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(Received August 23, 2012)

Abstract. This paper gives necessary and sufficient conditions for subgroups with trivial
core to be of odd depth. We show that a subgroup with trivial core is an odd depth
subgroup if and only if certain induced modules from it are faithful. Algebraically this
gives a combinatorial condition that has to be satisfied by the subgroups with trivial core
in order to be subgroups of a given odd depth. The condition can be expressed as a certain
matrix with {0, 1}-entries to have maximal rank. The entries of the matrix correspond to
the sizes of the intersections of the subgroup with any of its conjugate.
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1. INTRODUCTION

In a recent paper [5] a characterization of odd depth extensions of semisimple
algebras in terms of Bratelli’s diagram was given by the authors. If B C A is an
extension of semisimple algebras then Theorem 3.6 from [5] shows that B is a depth
2m+ 1 subalgebra of A if and only if the distance between any two simple B-modules
is at most m, inside the Bratelli diagram associated to the inclusion B C A. For
a description of the Bratelli diagram associated to an extension of semisimple algebras
one can consult [7].

However, translating this odd depth characterization in terms of the algebra struc-
tures of B and A is in general a difficult task. For instance, even in the case of group
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algebra extensions these conditions cannot be translated in only group theoretical
terms. Although the depth two subgroups are precisely the normal subgroups [8],
a similar description is not yet known for any higher depth. For example, in [4]
a sufficient condition for depth three was given but it is not yet known if that con-
dition is necessary. More precisely if H C G is an extension of finite groups, it was
shown that H is a depth three subgroup of G provided that there is x € G such
that H* N H = 1. Here H* = 2~ 'Hx. This result was then generalized to higher
odd depth in Theorem 6.9 of [5]. It was shown in Theorem 6.9 of [5] that H is
a depth 2m + 1 subgroup of G provided that H intersects trivially m of its conjugate
subgroups.

This paper establishes a converse relation for subgroups with trivial core. This
converse is given in terms of all the intersections of H and any of its m-conjugate
subgroups. It is proven that if H is a subgroup of depth 2m + 1 then the collection of
all these intersections has a special property called property (P) in this paper. This
property (P) is reformulated as a matrix with {0, 1}-entries to be of maximal rank.
The condition is written only in terms of group theoretical concepts.

Describing all the maximal rank {0, 1}-matrices is an old well known and compli-
cated linear algebra problem. Along the years, study of these matrices can be found
for instance in [9] and [6] and more recently in [11], [3] and their references. Our
paper establishes a relation between odd depth subgroups and {0, 1}-matrices. It
would be interesting to investigate what is the exact class of {0, 1}-matrices yielded
from the odd depth subgroups of a finite group. To answer this problem a more
detailed study of the sets C}; from the last section has to be done.

Suppose now that H is any subgroup of G and N := coreq(H) is its core. Propo-
sition 6.8 of [5] implies that the depth of H/N inside G/N is less or equal than the
depth of H inside G. Since H/N has trivial core inside G/N it follows that our
results can also be applied to any subgroup H of G not necessarily with a trivial
core. However in this situation the statement of our results become more elaborated.
See for example Remark 3.6 for depth three subgroups.

We also should mention that there is not yet known any example of a subgroup
of even depth strictly greater than 4. For depth 4 see Example 2.4 from page 137 of
[5] namely, Dg C Sy under the standard inclusion.

The paper is organized as follows. In the first section we recall the algebraic notion
of depth for extensions of semisimple algebras from [1]. It extends the depth notion
introduced in [5]. Its connections with the equivalence relations introduced by Rieffel
in [10] are also recalled here. The next section studies the depth three subgroup
situation and proves the main result, stated as Corollary 3.5 in this section. The last
section generalizes the previous results to higher odd depth subgroups.
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2. PRELIMINARIES

Throughout this paper we work over an algebraically closed ground field k. Sup-
pose that B C A is an inclusion of k-algebras. Set T7(B,A) := A which can be
regarded as an (A, A)-bimodule via left and right multiplication with elements in A.
Define inductively other (A, A)-bimodules T, (B, A) by

Tpi1(B,A) == AR T.(B, A),
B

for all n > 1.

Via restriction T,,(B,A) may be viewed as (B, A)-bimodule and as (A, B)-
bimodule, respectively. Denote these restrictions by T (B, A) and T (B, A), re-
spectively. Furthermore, let T;,(B, A) viewed as (B, B)-bimodule, be denoted by
T/ (B, A). In addition, define Ty(B, A) to be the (B, B)-bimodule B. With this no-
tation, the ring extension itself B C A is said to have left and right depth 2s 4 1 for
some s > 0, if there is some m € N with T, (B, A); mT.(B, A), that is T, (B, A)
is isomorphic to a direct summand of a direct sum of m copies of T'(B, A).

Furthermore, the ring extension B C A is said to have left depth 2s (respectively
right depth 2s), for some s > 1 if T{, (B, A); mT} (B, A) (respectively T§+1(B, A);
mT!(B, A)) for some m € N.

If B C A has both left and right depth d it is said to have depth d. It is easy to
observe that if B C A has depth d then it also has depth d + 1. Let d(B, A) be the
minimal depth of the ring extension B C A. Thus d(B, A) is the smallest integer
d > 1 such that B C A has depth d provided that such an integer exists; otherwise,
let d(B, A) = 0.

It was shown recently in [1] that for any inclusion of finite groups H C G the
inclusion kH C kG is always of finite depth for any field k. It is also not difficult to
notice that any extension of semisimple Hopf algebras is of finite depth. It is however
still an open question if an arbitrary extension of finite dimensional Hopf algebras
has finite depth.

Through the rest of this paper we fix an algebraically closed field k of characteristic
zero. We say that a subgroup H is of depth d inside G if the ring extension kH C kG
has depth d.

2.1. On inclusions of semisimple algebras. In this subsection we recall the
characterization of odd depth extensions of semisimple algebras in terms of the
Bratelli diagrams from [5]. It will be needed in the next two sections of the pa-
per.
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For a semisimple algebra A let Irr (A) be the set of irreducible A-modules. This
set can also be identified with the set of all irreducible characters of A.

Suppose that B C A is an inclusion of semisimple algebras. Label the simple A-
modules by Vi,...,V; and the simple B-modules by M, ..., M,. Restrict the j-th
simple A-module V; to B and express the result in terms of simple B-modules:

(2.1) Vilg = é}mijMi
i=1
Then M = (m;;) is an r X s-matrix, and
(2.2) Mg =AQRQM,; = émuvj
B j=1
since Hom 4 (Ag M;, Vj) = Homp(M;,V;) for all 4, j. In other words, we have

(23) [Mi15, V3] = mis = [M;, V;1 5]
where [X,Y] := dimHom4 (X,Y) for any two finite-dimensional A-modules X,Y.

2.2. The equivalence relations. We define a relation on Irr(B) as follows. If
M and N are two irreducible B-modules we say M ~ N if M Tg and N Tg have
a common irreducible A-constituent. This relation ~ is reflexive and symmetric but
not transitive in general. Its transitive closure is an equivalence relation denoted
by ~ or da. Thus M ~ N if and only if there are My, ..., M,, € Irr(B) such that
M=My~M; ~...~My,=N.

Similarly define a relation on Irr(A) by W ~ V if W |% and V| have a common
irreducible constituent. This relation ~ is again reflexive and symmetric but not
transitive in general. Its transitive closure is an equivalence relation denoted by
~ or ujy. Thus W ~ V if and only if there are Vp,...,V, € Irr(A) such that
W=Vy~Vi~. . .~V =V.

These two equivalence relations were first considered in [10].

2.3. Distance between modules (characters). Let 4,5 € {1,...,7} be two
different indices. We say that the distance d(M;, M;) between M; and M; is m if m
is the smallest number such that there are m — 1 intermediate simple B-modules with
Mi = Mio ~ Mil ~ oL i — Mj. Thus d(M“MJ) =1 if and only if _]\4z ~ Mj.
We put d(M;, M;) = —oco if M; and M; are not d‘a-equivalent, and d(M;, M;) = 0
for all 1 < i < r. Note that the distance defined here is half of the graphical distance
between the black points corresponding to M; and M; in the Bratelli diagram [7].
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Theorem 3.6 from [5] shows that B is a depth 2m + 1 subalgebra of A if and only
if the distance between two any simple B-modules is at most m. In particular B is
a depth three subring of A if and only if the relation ~ on Irr(B) is transitive.

2.4. On characterizing sets C with property (P).
Definition 2.1. Let X = {1,2,...,n} be a finite set and

(2.4) C={Ar,..., A}

T

be a collection of nonempty subsets of X such that X = |J A;. Let z1,29,...,2,
i=1

be n variables. We say that C has property (P) if the homogeneous linear system in

{i}i=1,n given by the following r equations

(2.5) >oai=0, ) a=0,..., > z;=0

i€ A, i€Ay i€A,
has only the trivial solution 1 =22 = ... =2, =0 in k".

Remark 2.2. Clearly the property (P) is equivalent to a certain matrix with
{0, 1}-entries to have maximal rank. We will denote this matrix by M(C). The
structure of {0, 1}-matrices of maximal rank is not completely understood. However
asymptotic computations for the number of such matrices of a fixed (m x n)-size are
done, see for example [3] and the references therein.

For a set X let P(X) be its power algebra. Recall that this is the Boolean algebra
(P(X),U,N) with elements subsets of X and the union, intersection and complements
as structure operations.

Theorem 2.3. Let X = {1,2,...,n} and C = {4;,...,A,} be as in Defini-
tion 2.1. Consider the subalgebra (C) of (P(X),U,N) generated by the elements A;
of C. If C has property (P) then any minimal set (under inclusion) of the subalgebra
(C) has exactly one element.

Proof. Suppose that C has property (P) and let M € (C) be a minimal set.
Suppose moreover that M has at least two elements, let us say, ¢ and j with ¢ # j.
Then one can assign the values 1 and —1 to x; and x; respectively, and zero to all
the other variables x; with [ € X and [ # 4, 5. Note that since M is minimal (under
inclusion) in (C) any other set N containing one of the elements ¢ and j also contains
the other element. In this situation {zs}s=1. 5 is a non zero solution of the system
(2.2) and this contradicts the property (P) of C. O
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3. SET THEORETICAL CONDITION FOR DEPTH THREE SUBGROUPS
WITH TRIVIAL CORE

Consider now an inclusion of finite groups H C G. For A = kG and B = kH
denote the equivalence relations from (2.2) by u$ and d$%.

Let N := coreg(H) be the largest normal subgroup of G' contained in H. Recall
that N is the intersection of all conjugates of G. Thus coreq(H) = () gHg'. The

following is Corollary 6.6 from [5]. 9eC

Corollary 3.1. Let H be a subgroup of G and N := coreg(H). The equivalence
relation u$; is the same as the equivalence relation u§; coming from N < G. Thus
the equivalence classes of Trr(G) under u$} are in natural bijection with the G-orbits

on Irr(N).

Proposition 3.2. Suppose H C G with coreq(H) = 1. Then H is a depth
three subgroup of G if and only if kG @ M is a faithful kH-module for all simple
kH

H-modules M.

Proof. Since coreq(H) = 1 by Corollary 3.1 the equivalence relation d has
just one equivalence class. Proposition 3.1 of [5] implies that also ug has just one
equivalence class. Then Corollary 3.7 of the same paper implies that H is a depth
three subgroup if and only if T(M) := kG Q M is a faithful kH-module for all

kH

simple H-modules M. (I

3.1. Definition of the set Cy. Let H be a subgroup of a finite group G. Define
Cy to be the collection of all subsets H N xHy ! of H where the elements z and y
run through all the elements of G.

Let G = || g;H be a decomposition of G into right H-cosets. Note that any
i=1
element of Cy is of the form H Ng;Hg; ' for some indices i and j. Indeed, if v = g;h

and y = g;h/ then cHy = gngj’l. Also note that
H= |J (HngHg™).

i,j=1

Let H;; == H ﬂgngj’l and H; := H;;. It is clear that H;; = {h € H;
hg; € g:H}.
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Proposition 3.3. Let G = || g;H be a decomposition of G as right H-cosets.
i=1
Then
()H‘Hin'_HiijI'aHl 1,7 < S.
(2) If |H; ;| =1 then |H;| = |H;| = 1.
(3) For a fixed i it follows that H = |_| H; ;.
j=

(4) H;j = Hj,i.
(5) One has H; ; # 0 if and only if Hg; N g;H # 0.
(
(

6) Let h,l € H. Then HNhxHyl = h(H NzHy)l.
7) Suppose H; ; # 0 and let h € H; ;. Then H; ; = hH; = H;h.

Proof. (1) It is easy to check that H;H; ;H; = H; ;.

(
(

2) The second item follows from the first one.

3) Let G = || g;H. Then for a fixed index i one has: G = || ng_l and
j=1 j=1

T
G=gG=|] gng;I. Thus
j=1

T

T T
H:HﬂG:Hﬂ(Ugngj1> =| |HngHg ") =| |H
j=1

j=1

(5) Onme has to verify that H; ; # 0 if and only if Hg; N g;H # 0. Indeed if h =
gilgj_1 € H; ; with | € H then hg; = g;l € Hg; N g;H. Conversely if Hg; N g;H #
then there is h,l € H such that hg; = g;l and therefore h = gilg;1 € H; ;.

(6) Straightforward computation.

(7) Suppose that h € H; ;. One has h = gilgj_1 with [ € H. Thus g; = h™'g;l and

Hij=HnNgHg ' =HNgHMh 'gl)™' = HngHI g h
=HnNgHg; 'h=(HNgHg;")h = H;h.

Here we have used the previous item of this proposition. On the other hand the
equality hg; = g;l implies g; = hg;l~* and

H;j=HnNgHg;' = HnNhgl 'Hg;' = hH;.

3.2. Depth three subgroups.

Theorem 3.4. Suppose H C G with coreq(H) = 1. Then kG Q k is a faithful
kH

kH-module if and only if Cy has property (P).
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Proof. Note that {gi K 1} form a basis for the induced module k1.
kH

i=1,s

Thus an element a = 3 ayh is in the annihilator of k1% % if and only if:

hEeH
a(gi ® 1) =0
kH

foralli=1,...,s.
Note that h(gi®1) = ¢; @1 where j is an index such that hg; € ¢;H, ie.
kH kH

hEHi,j.

Thus @ = > aph annihilates kG Q) k if and only if > aj = 0 for all ¢ and j.
heH kH heH,

This implies that Annggy (kG K k) =0 if and only if Cy has property (P). O
kH

Corollary 3.5. Suppose that H is a subgroup of G with trivial core. If H is
a depth 3 subgroup then Cy has property (P).

Proof. By Proposition 3.2 it follows that kTglg is a faithful H-module. By
Theorem 3.4 this is equivalent to the fact that the set Cy has property (P). O

In [5] it was shown that the subgroup H is depth three provided that one of the
subsets of Cyy is a one element subset. By Theorem 2.3 the previous corollary can be
regarded as a weaker converse of the statement from [5]. If H is depth three inside
G then the minimal sets (under inclusion) of Cy are one element sets.

Remark 3.6. Suppose that H is a depth three subgroup of G and let N :=
coreg(H). It follows from Proposition 6.8 of [5] that depth of H/N inside G/N is
less or equal than the depth of H inside G. Thus d(H/N,G/N) < 3. On the other
hand it is easy to see that H/N has trivial core inside G/N. Thus H/N is not normal
inside G/N. This implies that d(H/N,G/N) = 3 and therefore the previous theorem
can be applied for the inclusion H/N C G/N.

4. ODD HIGHER DEPTH FOR CORELESS SUBGROUPS

Let H C G be an inclusion of finite groups. In this section we generalize the
results from the previous section to higher odd depth subgroups with trivial core.
For any n > 1 a set C}; is constructed and it will be shown that depth 2n + 1 implies
that the set C}; has property (P).

4.1. The linear operator T. Let C(H) be the character ring of kH, i.e., the
space of class functions on H. Recall that the operator T: C(H) — C(H) from [5]
was given by T(a) = Res$ (Ind$ (). Thus one can also write T(a) = a15 5.

1046



Proposition 4.1. Suppose H C G with coreq(H) = 1. Then H is a depth
2n + 1 subgroup of G if and only if T™(M) is a faithful kH-module for all simple
H-modules M.

Proof. Since coreg(H) = 1 by Corollary 6.6 of [5] the equivalence relation
dfl has just one equivalence class. Proposition 3.1 of the same paper implies that
also ufl has just one equivalence class. Then Theorem 3.9 together with Lemma 5.4
from [5] implies that H is a depth 2n + 1 subgroup if and only if T7"(M) is a faithful
kH-module for all simple H-modules M. O

Let Cgf) be the collection of subsets of H given by

11,8250 . -1
Hitoizs ik = Hmhil mgm1Hm2,izgi1 n...

mi, mz7 M
—1
N Gy Gms - - - Gmi—s Hmy i (gi1gi2 - 'gik—l)

where myq,...,my and i1, ..., i run through all possible indices.
Proposition 4.2. Suppose H C G with coreg(H) = 1. Then T"(k) is a faithful
kH-module if and only if CI(L?) has property (P).

Proof. Note that T"(k) = kG @ kG ® .kG @ k has a basis as vector space
kH kH

9ia ®912®---9ik ®1
kH kH kH

given by

and

h(gh@gh@...gik@l) :gm1®gm2®...§gmk§1

if and only if h € HJ\:"2,- . Therefore an element a = Y aph is in the annihi-
heH
lator of T (k) if and only if > ap, = 0 for all indices i, and ms. It follows
heH 2k
that T™(k) is a faithful kH-module if and only if Cgl) has property (P). O

Put Hpy s, omy 1= H’”l””2""’mk Note that

miy,ma,..

Hiny ims,..omy, = H N gmng;i n gmlgvnzH(gmlgwu)_l n...

G Gms - - G ) H (G Gy -+ Gmy)

Lemma 4.3. With the above notations one has that
Hmhmm .m thw Hi17i27~~ ) H“ 2

m17m2: ’mk m1,m27 :mk'

Proof. This follows from the first item of Proposition 3.3. U
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Corollary 4.4. Suppose that H is a depth 2m + 1 subgroup of G with trivial

core. Then C}} has property (P).
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