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Abstract. A subset of the plane is called a two point set if it intersects any line in exactly
two points. We give constructions of two point sets possessing some additional properties.
Among these properties we consider: being a Hamel base, belonging to some o-ideal, being
(completely) nonmeasurable with respect to different o-ideals, being a s-covering. We
also give examples of properties that are not satisfied by any two point set: being Luzin,
Sierpiriski and Bernstein set. We also consider natural generalizations of two point sets,
namely: partial two point sets and n point sets for n = 3,4, ..., Rg, X;. We obtain consistent
results connecting partial two point sets and some combinatorial properties (e.g. being an
m.a.d. family).
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1. INTRODUCTION

At the beginning of the 20th century Mazurkiewicz in [11] constructed a set in
the plane which meets any line in exactly two points. Any such set is called a two
point set.

Any two point set must be somehow complex, namely Larman in [9] showed that
it cannot be F,. It is a long standing open problem whether there is a Borel two
point set (see [10]). The best known approximation to that problem is due to Miller
who, assuming V' = L, proved that there is a coanalytic two point set [12].

Szymon Glab has been supported by the Polish Ministry of Science and Higher Education
Grant No IP2011 014671 (2012-2014). The work of R. Ralowski and Sz. Zeberski has been
partially financed by NCN means granted by decision DEC-2011/01/B/ST1,/014309.
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The aim of this paper is to construct two point sets which possess some addi-
tional properties. First, we focus on their being Hamel base and being completely
[-nonmeasurable. (A is completely [-nonmeasurable if the intersection A N B does
not belong to [ for any Borel set B ¢ [; see e.g. [3], [14], [15], [18].) We also construct
a two point set which does not belong to the o-algebra s (of Marczewski measurable
sets). In contrast, we prove that there exists a two point set which belongs to the
o-ideal s (of Marczewski null sets). In particular, we generalize a result from [13].
Recently Schmerl proved in [16] that there is a two point set which can be covered
by countably many circles. In particular, there is a two point set which is meager
and null.

We affirmatively answer the question whether every n point set (for n =2,3,...)
can be represented as a union of n bijections. We also show that no two point set
contains an additive function. We construct a two point set which does not contain
any measurable function.

We observe that a two point set cannot be any of the following: a Luzin set,
a Sierpinski set, or a Bernstein set. However, under CH, we construct a partial two
point set which is a strong Luzin set (or a strong Sierpinski set).

We also compare the notion of the k point set with the notion of the x-covering
and k-I-covering. (A is a k-covering if for every subset X of size k there exists
a translation h of R? such that h[X] C A; A is a s-I-covering if for every subset X
of size k there exists an isomorphism h of R? such that h[X] C A; see [7].)

We give some consistent examples of partial two point sets which are, in a sense,
m.a.d. families, maximal families of eventually different functions.

2. COMPLETELY [-NONMEASURABLE HAMEL BASE

We say that | is a o-ideal of subsets of R? if [ is closed under taking subsets and
closed under taking countable unions.

Let [ be a o-ideal of subsets of R? containing all singletons and having a Borel
base (i.e. for every I € [ there is a Borel set B € [ such that I C B). We recall
the notion of completely l-nonmeasurability which was studied e.g. in [3], [7], [14],
[15], [18]. This notion is also known as the [-Bernstein set.

Definition 2.1. We say that a set A C R? is completely 1-nonmeasurable if it
intersects all [-positive Borel sets (i.e. sets which are in Borel\ [) but does not contain
any of them.

When [ = [R?]S“ then the notion of a completely l-nonmeasurable set coincides
with the notion of a Bernstein set.
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We will assume that [ is a o-ideal of subsets of R? with the property that for every
[-positive Borel set there are ¢ many pairwise disjoint lines each of which intersects
it in a set of cardinality c.

Let us observe that the o-ideal of null sets N and the o-ideal of meager sets M
on the real plane (by Fubini Theorem and by Kuratowski-Ulam Theorem) fulfil this
condition.

We say that H C R? is a Hamel base if H is a base of R? treated as a linear space
over Q.

Theorem 2.2. There exists a two point set A C R? that is a completely [-
nonmeasurable Hamel base.

Proof. Let {l¢: £ < ¢} be an enumeration of all straight lines in the plane R?,
let {B¢: € < ¢} be an enumeration of all [-positive Borel sets in the plane R? and let
{he: & < ¢} be a Hamel base of R2. We will define, by induction on £ < ¢, a sequence
{A¢: € < c} of subsets of R? such that for every £ < ¢

(1) [A¢| <w,
(2) U A¢ does not have three collinear points,
(<€
(3) <L<J£ A¢ contains precisely two points of g,
(4) Ben U Ac #0,
(<€
(5) U Ac is linearly independent over Q,

¢<E
(6) he¢ € spang ( U AC)'
¢<E
To make an inductive construction assume that for some £ < ¢ we have already
defined the sequence {A¢: ¢ < &} which fulfils (1)—(6). Let Ace = |J A¢. Clearly
¢<¢

|Ace| < ¢ Let £ be the family of all lines which meet A.¢ in exactly two points.
Then |£] < |AZ,| < ¢. Moreover, |spang(A<¢)| < ¢. We will define A¢ in three
steps. In each step we will focus on one of the desired properties of Ag.

Step I (two point set). Note that (2) implies that [ N A<¢ has at most two points.

If |l N Acg| = 2, then set AL = 0.

Let us focus on |l N Acg| < 2. Then |l¢ NI < 1 for any | € L. Therefore
lle \ U L] = ¢. Choose

ONY A Ini
T G&\Spgn( <5UZLEJ£(05)),

y M el \ spgn (A<E U{zMu U (n lg)).
leL

Set Aél) = {2W, yW}if AceNle = 0 and set Aél) = {zW} if Ac¢Nlg is a singleton.
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Step II (complete [-nonmeasurability). Let £’ be the family of all lines which meet
Ace UAS) in exactly two points. Then |£’| < c and £ C L'. Since B is an [-positive
Borel set, we can find a line ! such that [ N (A<c U Aél)) =0 and [INBe| =c.

Choose

2 € (1N Be) \ span (A<E U Agl) U U (n lf)).
= lec

Set A?) = {z(@},

Step III (Hamel base). Let us focus on the condition (6). If he € spang(A<¢ U
Aél) UA?)), then set Aég) = (). Assume now that h¢ ¢ spang(A<¢ UAél) UA?)). Let
L be the family of all lines which meet A¢ UAél) UA?) in exactly two points. Then
|£"] < cand £L C L C L”. Choose a line [ parallel to h¢, with lﬂ(A<5UAél)UA22)) =
(). Choose

=® el span (A<5 AL UAP U U | (i 15)).
leLl(

Set 33 =2 4+ he. Then

y® €1\ span (A<5 AL uAP U (N 15)).
@ ZECII

3
Set Aé ) = {x®) yG),
Finally, set Ac = A{ U AP U AP,
Clearly conditions (1)—(6) are satisfied. So, the inductive construction is com-
pleted.

The set A = |J A¢ will have the desired properties. Evidently, conditions (2) and
£<c
(3) imply that the set A is a two point set. Since every [-positive Borel set must have

an uncountable section, the set A does not contain any set from {B¢: ¢ < ¢} and
(4) makes sure it intersects all of them, so the set A is completely [-nonmeasurable.
Moreover, conditions (5) and (6) imply that A is a Hamel base of R2. O

Considering | = N, we get the following corollary.
Corollary 2.3. There exists a two point set A C R? that is a Hamel base such

that A.(A) = M\ (R%\ A) = 0, where ). denotes the inner Lebesgue measure on the
plane.
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3. MARCZEWSKI NULL AND MARCZEWSKI NONMEASURABLE SET

In this section we will consider the o-ideal so and the o-algebra s of subsets of R?
that were introduced by Marczewski (see e.g. [17], [6]).

Definition 3.1. We say that aset A CR
(1) belongs to sg if for every perfect set P there exists a perfect set @@ C P such
that QN A = 0.
(2) is s-measurable if for every perfect set P there exists a perfect set @ C P such
that QNA=0orQC A
(3) is s-nonmeasurable if A is not s-measurable.

Definition 3.2. We say that a subset A C R? is a Bernstein set if for every
perfect set P C R?

ANPAONANP #0.

Let us recall that every Bernstein set is s-nonmeasurable.

Let us start with the result connected with the o-ideal sg of Marczewski null sets.

Theorem 3.3. There exists a two point set A C R? that belongs to sg.

Proof. Let {l¢: £ < ¢} be an enumeration of all straight lines in the plane R2.
Let {Q¢: € < ¢} be an enumeration of all perfect sets in R? such that every perfect
set occurs ¢ many times.

We will define, by induction on £ < ¢, sequences {A¢: & < ¢} of subsets of R? and
{P¢: & < ¢} of perfect or empty sets such that

(x)  for every perfect set @ there is & < ¢ such that Pg, # () and P, C Q;

and for every £ < ¢,
(1) [A¢| <w,

2) U A¢ does not contain three collinear points,
(<€
\J A¢ contains precisely two points of I,

)
3)
¢<g
)
)

4 Png&
(€33 (<€
(6) ‘ln\ U P(‘ = ¢ for every n > &.
(<€

Assume that for some £ < ¢ the sequences {A¢: ¢ < &} and {FPr: ¢ < &} are

already constructed. Set A = |J Ac.
¢<¢

(
(
(
(
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Assume first that for every line [ in a plane, |Q¢ N < ¢. Then |Q¢ N{| < w.
Since |[A<¢| < ¢ we can choose a perfect set Py C Q¢ such that P: N Ac¢ = () and
|P: N1 < w for every line [. Since the intersection of Py with any line is at most
countable hence ‘ln \ U Pg‘ =c¢ foreveryn>&and |y PN Y Ac =0.

¢<E ($53

¢<¢
Assume now that there exists a line ! such that |{ N Q¢| = ¢. If | = [, for some

a =&, then put P: = (. If | = 1, for some o < &, then |IN A-¢| = 2 and since [N Q¢
is closed with |l N Q¢| = ¢ one can choose a perfect set Pr C Q¢ N! disjoint with A.
Then |I,\ U PC‘ =cforeveryn>¢and |J P.N Y A¢ =0.
(g (g ¢<g
As in Theorem 2.3 we can choose a set A¢ satisfying (1)—(3) outside the set |J P

(633
and so complete the inductive construction.

Finally, there exist sequences {A¢: & < ¢} and {P:: £ < ¢}, satisfying (1)—(6) and
by the construction they fulfil the condition ().

Then the set A = |J A¢ will have the desired property. O
£<c

Let us note here that the unit circle intersects any line in at most two points but
cannot be extended to a two point set. In [5] and [4] the authors investigated how
small should be a subset of the unit circle to be extendable to a two point set. It
turns out that sets of inner positive measure on the unit circle cannot be extended
to two point sets. We will show that there is a subset of the unit circle of full outer
measure which can be extended to a two point set.

Theorem 3.4. There exists a two point set A C R? that is s-nonmeasurable.
Moreover, A contains a subset of the unit circle of full outer measure.

Proof. Let us observe that if B is a Bernstein set in some uncountable closed
set C' then B is s-nonmeasurable. Moreover, if a set D is such that D N C = B then
D is also s-nonmeasurable.

We construct a two point set A such that its intersection with the unit circle is
a Bernstein subset of the unit circle. Let {l¢: & < ¢} be an enumeration of all straight
lines in R%. Let {Pe: £ < ¢} be an enumeration of all perfect subsets of the unit
circle.

We will define inductively a sequence {A¢: & < ¢} of subsets of R? and a sequence
{ye: &€ < ¢} of points from the unit circle such that for every £ < c:

1) |Ael < w,

2) U A¢ does not contain three collinear points,

)
(2)
(<€
(3) <L<J£ A¢ contains precisely two points of g,
(4) Pen U Ac #0,
¢<E
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(5) Ye € PE7
(6) Aen{yc: (<& =0.

The existence of the sequence {A¢: § < ¢} follows in a way similar to that in
Theorem 2.3. Here, the key observation is that for each perfect set P: of the unit
circle there exist ¢ many straight lines passing through P: and the origin.

Setting A = |J A¢ we obtain a two point s-nonmeasurable set. Clearly, A is of

£<c
full outer measure on the unit circle. O

Using the method from the previous section we can strengthen the results in the

following way.

Theorem 3.5. Let | be a o-ideal of subsets of R? with the property that for
every l-positive Borel set there are ¢ many pairwise disjoint lines which intersect it
on a set of cardinality c.

(1) There exists a two point set A C R? that is a completely |-nonmeasurable, sg
Hamel base.

(2) There exists a two point set B C R? that is a completely |-nonmeasurable,
s-nonmeasurable Hamel base.

To prove it one should combine the ideas of Theorems 2.3, 3.3 and 3.4.
The first part of the above theorem generalizes the result from [13].

4. A UNION OF GRAPHS OF FUNCTIONS

In this section we will focus on the question of whether a two point set can be
decomposed into a union of two functions having some additional properties.
Let us start with a simple observation.

Proposition 4.1. Every two point set is a union of two functions.

Proof. Let A be a two point set. In particular, it intersects every vertical line
in exactly two points. For z € R let us denote A = AN ({z} x R). Clearly A®
has two elements, so A* = {(z,y1),(x,y2)}. Define functions fi, fo: R — R by
fi(x) = y1, f2(x) = y2. Then we get that A = f1 U fo. This completes the proof. O

Let us introduce a notion which generalizes in a natural way the notion of a two
point set.

Definition 4.2. Let k be a cardinal number, x > 2. We say that a subset of the
plane is a k point set if it meets any line in exactly « points.
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Proposition 4.3. Let n > 2 be a natural number. For any n point set A there is
no additive function f C A.

Proof. Let A be an n point set and suppose that there is an additive function
f € A. Notice that f(2) = f(1+1) = f(1) + f(1) = 2f(1) and, more generally
for k > 1, f(k) = kf(1). So points (1, f(1)), (2,2f(1)),...,(n+1,(n+1)f(1)) are
members of A which lie on the same line. This is a contradiction. O

Now, let us focus on the class of bijections.
We will use the following theorem (see e.g. [1]).

Theorem 4.4 ([Hall]). Assume that X, Y are infinite sets. Let R C X XY be
a relation such that for every x € X there are at most finitely many y € Y with
(z,y) € R possessing the following property:

(vk € N)(¥X' C X) (IX'| = k = |RIX']| > k),

where R[X'] = {y: (3x € X')((x,y) € R)}. Then there exists an injectionh: X —Y
such that h C R.

We will also use the following theorem (see e.g. [6]).

Theorem 4.5 ([Cantor, Bernstein]). Let X, Y be any sets. Assume that f: X —
Y and g: Y — X are injections. Then there exist A C X and B C Y such that
fl1A: A=Y\ Bandg| B: B— X\ A are bijections.

Theorem 4.6. Fix a natural number n. Let A C R? be such that its intersection
with every horizontal and vertical line has exactly n elements. Then there exist n
bijections Fy,...,F,_1: R — R such that A= FyU...UF,_1.

Proof. Let us notice that A C R x R fulfils the assumptions of Theorem 4.4. So
there exists an injection f: R — R such that f C A.

A set A7 = {(z,y): (y,x) € A} also fulfils the assumptions of Theorem 4.4. So
there exists an injection g: R — R such that ¢ C A1,

By Theorem 4.5 we can construct a bijection Fy: R — R of the form Fy =
(FTA)U(g" [ (R\ A)). So, Fy C A.

Let us notice that A\ Fy is such that its intersection with every horizontal and
vertical line has exactly n — 1 elements. So, the proof can be completed by a simple
induction. (]

We get the immediate corollary:
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Corollary 4.7. Let n > 2 be a natural number. Any n point set can be decom-
posed into n bijections.

One can ask whether any two point set can be decomposed into two measurable
(with Baire property) functions. We will prove that this is not the case. Moreover,
there is a two point set which does not admit a measurable (with Baire property)
uniformization.

We will use the following, probably well-known, lemma. We give a short proof of
it for the reader’s convenience.

Lemma 4.8. There exists an unbounded F, set C C R, of measure zero such
that its intersection with any interval in R is of cardinality c. (In particular, C is
meager.)

Proof. Let C denote the standard ternary Cantor set. Let Q4 denote the set of
positive rationals. Set

C=C+0Q4={z+y: 2€CAyecQy}.
This completes the proof. ([

Theorem 4.9. For any Bernstein set B C R there exists a two point set A C R2
which is null and meager such that for any function f C A, f~1((0,1)) is B.

Proof. Let B C R be a Bernstein set and let {l¢: £ < ¢} be an enumeration
of all straight lines in the plane R2. Let C* = {r-e'': ¢t € [0,27],r € C} where C
is the set from Lemma 4.8. Notice that C* is an Fj,-set. By Fubini’s Theorem and
Ulam’s Theorem the set C* is meager and of measure zero in the plane R2. Notice
that [l N C*| = ¢ for any £ < ¢. We will define, by induction on £ < ¢, a sequence
{A¢: £ < ¢} of subsets of C* such that for every § < ¢,

(1) [Ae| < w;

(2) U Ac¢ does not have three collinear points;

(3) i@i A¢ contains precisely two points of l¢;

(4) if I¢ is a vertical line with z-coordinate z¢ € B then chJE AcNle C{xe} x (0,1);
(5) if l¢ is a horizontal line with y-coordinate ye € (0, 1) then ng AcNle € Bx{yel;

(6) if neither (4) nor (5) then ((95 Acn 15) N (B x (0,1)) = 0.

Assume that for some £ < ¢ the\sequence {A¢: ¢ < &} is already defined. Set

Ace = |J Ac. Let £ be the family of all lines which meet A<, in exactly two points.
(<€
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Then |£| < |A2<E| < ¢. Note that l¢ N A<¢ has at most two elements. Consider three
cases.

Case 1 (l¢ is a vertical line with x-coordinate x¢ € B). If |l¢ N Ac¢| = 2 then
put Ae = 0. If |l N Ac¢| < 2, then |l¢ NI < 1 for any [ € £. Choose two numbers

Y¢vg € (0,1) such that (z¢,y}), (z¢,92) € (C* Nle) \ (lULl N lf). This is possible
€

since |C* Nl¢| = ¢ and ‘ U Inie| <c Set Ag = {(w¢, y2), (ve,y2)} if le N Acg = 0 or
el

Ag = {(ze,y8)} if lle N Ace| = 1.

Case 2 (l¢ is a horizontal line with y-coordinate ye € (0,1)). Since [ N C* is
uncountable F,,, it contains a perfect set and |mi [l NC*|NB| =c¢. If [le N Ace| =2
then put A¢ = 0. If |l¢ N Ace| < 2, then [l N1| < 1 for any | € £ and choose

arbitrary two points ¢, 27 € B such that (zf,ye), (22, y¢) € (C*Nlg) \ (zg[:lm lg).
Set A = {(xé,yf), (x?,yf)} ifleNAcg=0o0r Ae = {(xg,y%)} if |le NAce] =1.
Case 3 (otherwise). If |l N Ac¢| = 2 then set Ae = 0. If |l N Ac¢| < 2 then
lleNl| < 1for any ! € £ and choose arbitrary (x%, ygl), (xg, yg) € (C*ﬁlf)\( U lﬂlg)
leL

with 2,27 ¢ B and y¢,yZ ¢ (0,1). Tt is possible since [m[le NC*]N (R \ B)| = c. Set
Ae = {(mé,yé), (mg,yg)} ifleMAce =0 or Ae = {(xé,yé)} if leNAce] =1
Finally, set A= |J A¢. Since A C C*, it is meager and null. By (4)-(6) if f C A
£<c
then f71((0,1)) = B.
(I

5. LUZIN AND SIERPINSKI SETS

We start this section with the definitions of special subsets of the real plane R2.

Definition 5.1. We say that a subset A C R2 is a Luzin set if the intersection
of the set A with every meager set is countable.

Moreover, a set A C R? is a strongly Luzin set if A is a Luzin set and the inter-
section of A with every Borel nonmeager set has cardinality c.

Definition 5.2. We say that a subset A C R? is a Sierpiriski set if the intersec-
tion of the set A with every null set is countable.

Moreover, a set A C R? is a strongly Sierpiniiski set if A is a Sierpinski set and the
intersection of A with every Borel set of positive Lebesgue measure has cardinality c.

The following remark holds.

Remark 5.3. Assume A C R? is a two point set. Then
(1) A is not Bernstein,
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(2) A is not Luzin,
(3) A is not Sierpinski.

Proof. (1) Each line [ is a perfect set such that |[ANI| = 2, so A cannot be
a Bernstein set.

(2) and (3) Let N be a perfect null subset of R. Then N is a nowhere dense set
and then N x R is null and meager set with

(N x R)N A = 2|N| = c.

So, A cannot be a Luzin set and a Sierpinski set. ([
Let us give the following definition.

Definition 5.4. A set A C R? is a partial two point set if A intersects every line
in at most two points.

Theorem 5.5 ([CH]).
(1) There exists a partial two point set A that is a strong Luzin set.

(2) There exists a partial two point set B that is a strong Sierpirski set.

Proof. Let us focus on the Luzin set. The case of the Sierpinski set is similar.

Fix a base {B,: a < w1} of the ideal of meager sets and let {Dy: o < w1} be
the enumeration of Borel nonmeager sets such that each set appears w; many times.
We will construct a sequence {z,: a < w;} having the following properties:

(1) Aq = {z¢: & < a} does not contain three collinear points,
(2) zo € Do\ U Be.
(<a
We will show that at any « step we can pick x, such that (1) and (2) are fulfilled.

Since Ag is countable so is |J A¢. Therefore the set
(<a

Leo= {Z: [ is a line and ‘lugLJOtAg‘ = 2}

is countable. Hence, both L., and |J B¢ are meager. Consequently, one can
E<a
pick a point x, from D, that meets neither L., nor |J Be. So, the inductive
(<
construction is done.

Finally, set A = {z,: a <wi}. It is a required partial two point set that is strong
Luzin. ([
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Let us remark that Luzin sets and Sierpinski sets are sq. Moreover, A is strongly
null and B is strongly meager. For the definitions of strongly meager and strongly
null we refer the reader to [2].

Theorem 5.5 can be strengthen. If we assume that add(M) = cof (M) = k then
we can construct a partial two point set A such that |A| = k and for every Borel set
B, |IBNA| < & if and only if B € M.

An analogous observation is true in the case of null sets A.

6. K-COVERING

At the beginning of this section we will recall the notion of a x-covering and
a k-I-covering (see [7]).

Definition 6.1. Let k be a cardinal number. A set A C R2 is called a -
covering if
(VX € [R")(FyeRY) y+ X C A

where y + X stands for {y +z: z € X}.
Let Iso(R?) be the group of all isometries of the real plane R2.

Definition 6.2. Let k be a cardinal number. A set A C R2 is called a x-I-
covering if
(VX € [R?]%)(3g € Iso(R?)) g[X] C A.

Obviously, if A is a k-covering then A is a k-I-covering and if A < k, then A is
a k-covering (k-I-covering) implies that A is a A-covering (A-I-covering).
Let us start with the following result.

Theorem 6.3. There exists an Ry point set which is not a 2-I-covering.

Proof. Let us enumerate the set of all lines Lines = {l¢: & < ¢} in R%. We
construct a transfinite sequence (A¢: € < ¢) of countable subsets of R? such that for
every £ < ¢

(1) INnAg =0 for every | € L¢,

(2) if le ¢ ‘C<f then |l£ N AE| = Ny,

(3) d(a,b) #1 for every a,be |J Ac
¢<g

where Lo¢ = {l € Lines: ‘l Ny Al = No} and d: R? x R? — R, denotes the
(<€
standard metric on R2.
Let us notice that L.¢ C {l € Lines: ‘l ny AC‘ > 2}. So, |L<¢| < ¢ and the
(<€
inductive construction can be done.
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Now, setting A = |J A¢, we obtain the requested set. Indeed, (1) and (2) imply
£<c
that A is an Ny point set and (3) guarantees that A is not a 2-I-covering. O

Theorem 6.4. There exists an Ny point set which is an Rg-covering.

Proof. Let us enumerate the set of all lines Lines = {l¢: £ < ¢} and the family
of all countable subsets of the real plane [R%*]“ = {X¢: & < ¢}. We construct
a transfinite sequence ((Ag,ye) € [R?] x R?: ¢ < ¢) with the following properties:
(1) INnA¢ =0 for every | € L¢,
(2) if I¢ §é L ¢ then |l§ N A§| = Ng,
(3) e+ Xe C A¢

where L. = {l € Lines: ‘l nuy AC‘ = No}.
(<€
Let us notice that

{viy+xenUlee #0} ={y: 3ze XeJieLegyracti= |J | 1-=

€L xEXe

This set, as a union of < ¢ many lines, does not cover the whole R%. Set y, in such

away that ye ¢ |J U [!—a. The rest of the inductive construction is similar to
l€ELce xE€EX,
that in Theorem 6.7.

The resulting set A = |J A¢ is an Xy point set by (1) and (2). So, y¢’s constructed
£<c
in (3) witness that A is an Ry-covering. O

Theorem 6.5. If there is a family F C [c]*? of size ¢ such that for every X € [c]“
there exists Y € F with X C Y, then there exists an N1 point set in the plane which
is an Ni-covering.

Proof. Let us consider V, a model of ZFC such that V £ ¢ = 2% = 8,. Such
a model can be obtained by adding ws Cohen reals to the constructible universe L.
The rest of the proof goes in way similar to the proof of Theorem 6.4. O

Moreover, we can state the following theorem provided by referee.
Theorem 6.6. Suppose the continuum c¢ is singular of cofinality w1, e.g. ¢ = R,
then there is no Wy point set in the plane which is an ¥;-I-covering.

Proof. Suppose X C R x R were such set. Let Y, € [R x {0}]“ for a < ¢ list all
subsets of the x-axis isometric to [N X for some line [. Let k, for a < wy be strictly
increasing with sup ¢. For each o < w; choose

Pa € Rx{0}\ |J Y

B<kKa
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Then X fails to contain an isometric copy of {ps: a < w1}, contradicting that it is
an Np-I-covering. O

We can obtain the following result.

Theorem 6.7. Fix an integer n > 2.
> There exists an n point set which is not a 2-I-covering.
> There exists an n point set which is a n-covering.

Proof. The proof of this theorem is similar to the proofs of Theorem 6.3 and
Theorem 6.4. (]

Let us recall that A is a 2-covering iff A — A = R2. This gives the following result.

Corollary 6.8. There exists a two point set A such that A — A = R2.

7. COMBINATORIAL PROPERTIES

Let us recall that a family A of infinite subsets of w is an almost disjoint family
(ad) if any two distinct members of A have finite intersection. A is a mazimal almost
disjoint family (mad) if it is an ad family which is maximal with respect to inclusion.

Analogously, we say that B C w* is a family of eventually different functions if
every two distinct members z,y € B coincide only on a finite subset of w.

Let x be a cardinal number. We say that the family {A; € [w]¥: § < k} is a
tower if

> (VEn<k)<n= A, C" Ac and

> there is no B € [w]* (V€ < k) B C* A¢. Here, A C* B means that |[A\ B| < w.

Theorem 7.1 ([CH]). Let h: R — w* be a bijection. There exists a partial two
point set A C R? such that the family h[mi[A] U m2[A]] forms a maximal family of
eventually different functions. (m; denotes the projection on the i-th coordinate.)

Proof. Let w* = {fo: o < wi}. By transfinite induction we will construct a set
A ={a¢: £ <wi} C R? such that for every a < w;
(1) Ay ={ae: £ < a} is a partial two point set,
(2) Fy = hlm[As] Ums[AL]] is a family of eventually different functions,
(3) (3 < a)(3i € {0,1}) |fa N Almi(ac))] = No.
Assume now that we have already constructed the set A,.
Case 1. (fo is eventually different from every function of the form h(m;(a¢)) for
£ <aandie€{0,1}) Set 2o = h™1(f,). We can find y, € R such that
> (Za,Ya) does not belong to any line from L£(A4,),
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> h(yq) is eventually different from every function from F, U {f}, where £L(A,)
denotes the family of all lines intersecting A, in exactly two points. A point y,
can be found since A, is countable.

Case 2. (|fa Nh(mi(ae))| = No for some £ < a and i € {0,1}) Then we can find

ZTo, Yo € R such that

> (Za,Ya) does not belong to any line from L£L(A4,),

> Fo U{h(zq),h(ya)} is a family of eventually different functions. Again, the
construction is possible since A, is countable.

Set an = (o, Ya). The inductive step is proved.

Let us notice that the resulting set A = |J A, is a partial two point set by (1).

a<wi

hlm[A] U ma[A]] is a family of eventually different functions by (2). The maximality
of this family follows from (3). O

Remark 7.2. The same result is true if we replace a maximal family of eventually
different functions by a mad family. (In this case we consider a bijection h: R —

[w]<)

In the proof of the next theorem we adopt the method from Kunen’s theorem
about the existence of an indestructible mad family (see [8]).

Theorem 7.3. Let us fix a standard Borel bijection h: R — [w]“. It is consistent
with ZFC+ —CH that there exists a partial two point set A such that h[m [A]Ums[A]]
forms a mad family of size w.

Proof. Let us consider a model V' obtained from V F CH by adding x > w;
Cohen reals (i.e. using forcing Fn(k, 2)). It suffices to construct a partial two point
set A in V which remains maximal in the generic extension V'.

Let us notice that, since every subset of w has a name in Fn(Z, 2) for some countable
I C &, it is enough to consider names in Fn(w, 2).

In V, let us enumerate all possible pairs (pe, 7¢): w < & < wi (by CH), where
pe € Fn(w,2) and 7¢ is a nice name for an infinite subset of w. Take any countable
sequence (F: n € wAi € {0,1}) of pairwise disjoint countable subsets of w.

Now we define a transfinite sequence (Fg w< € <w Ad € {0,1}) satistying the
following conditions for every £ < wi:

(1) (FZ ¢ <&Mt €{0,1}) is an almost disjoint family,

(2) if (Vn < &)(Vi € 2)pe Ik |7eNF}| < w then pe IF |TEOF50| =worpg - |TEQF£1| =w,

(3) {ac = (W '"{F], h [{F}}): ¢ < &} forms a partial two point set.

To see that this recursion is possible let us assume that the construction at the step
£ < wy is done. Now let us enumerate {F;: n <& Ai €2} ={B,: n€w} by w. If
the assumption in condition (2) is not fulfilled then choose any F£1 almost disjoint
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with every Ff] for n < £ and ¢ € 2 what is possible since |£| = w. Now, let us assume
that the assumption of (2) is fulfilled. We show that

(%) (Vnew)(Vg<pe)Bm>n)Fr<qg)riFmer\(ByU...By).
Let us fix any n € w and g < pe. By assumption p¢ IF |7e N (Bo U ... By)| < w. So
pel-(3m>n)mer\(ByU...UBy,).

q is stronger than pe, so it forces the same sentence. Now, we can find a stronger
condition r < ¢ and a positive integer m > n such that

riFmer\ (BoU...By,).

This completes the proof of (x*). O

Now let us enumerate the set w x {¢ € Fn(w,2): ¢ < pe} = {(nj,¢;): j < w}.
Then for every j < w there exist m; € w and r; < ¢; such that n; < m; and

rilFmj e e\ (BoU...By,).

Let F} = {m;: j <w}. Then F;} N F{ is finite, so ye = h~'[{F{}] is a real different
from the other coordinates appearing in the previous step of the construction.

Now we will construct the first coordinate of the new point. To do this, set
Ace = {(hH(FY),h~(F})): n < &} C R*. Denote by L¢ the set of all lines [ € R?
in the real plane such that |l N A<¢| = 2. Let us observe that the set

Y={zeR: (A e€Le)(z,ye) €}

is countable. Let us enumerate Y = {z,: n < w}. Now, consider the sequence
Cy = h(zn), n € w.

To define the set FEO we will use a diagonal argument. Let us arrange elements of
each set C), = {cl': i € w} in an increasing sequence and let us define the increasing
sequence (dp)new of nonnegative integers by

d, = max{c}: i < n}.

Now, let us choose an increasing sequence (my,)nec. such that for every n € w we
have

> d, < m, and

> mnew\FElUBOU...UBn.
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Set FEO = {my: n € w}. It is easy to see that
(1) FEO #+ C,, for every n € w,
(2) [F2N By| < w for every n € w,
(3) [FYNFH <w.
The first property ensures that the set A U {(h’l(FEO), h~t (Fg))} does not contain
three collinear points. The second and third properties imply that the set {F,’,
n < NG € 2} forms an almost disjoint family.
Our construction of the sequences (Fgoz ¢ < w) and (Fg1 & < wq) is completed.
It remains to prove that

Fpn(,2) {F: € <wi}U{F{: € <wi}is a mad family.

If not then there exists a condition p € Fn(w,2) and a nice name 7 € VF*«:2) for an
element of P(w) such that

plF (V€ <wi)(V(i €2)) [T NF| <w.

There exists { < wy such that (p,7) = (pe, 7¢). So, the assumption in the condi-
tion (2) is fulfilled. We know that 7 witnesses that there exist ¢ < p and n € w such
that

ql-TNF Cn.

On the other hand, there exist r < ¢ and m > n such that r IFm € 7N Fg0 or there

exist v’ < ¢ and m’ > n such that v’ IFm’ € 7N Fg, a contradiction. O

Theorem 7.4. Let us fix a standard Borel bijection h: R — [w]¥. It is consistent
with ZFC+—CH that there exists a partial two point set A such that h[m [A]Uma[A]]

forms a tower of size w;.

We will omit the proof because it is very similar to the proof of Theorem 7.3.

Theorem 7.5. It is consistent with ZFC + —CH that there exists a partial two
point set C C R? of size wo such that C is a Luzin set and

(FA e N)(VD € [C]*') A+ D =R

Proof. Let us start with V E CH. Consider the generic extension Vicy: a < wo]
obtained by adding w, independent Cohen reals. We can assume that ¢, € R? for
every a < wa. Set C' = {co: a < ws}.
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C is a partial two point set. Indeed, take any line [ which intersects two different
points of C': ¢q, cg. Take any v € wa \ {«, 8}. Then ¢, is a Cohen real over Vic,, ¢g]
and [ is a meager set coded in Vc,, cg]. So, ¢y ¢ 1.

C' is a Luzin set. Take any Borel meager set M from Vic,: o < wg]. Then M is
coded in Ve, : « € I] for some countable I. So, M N{cy: o € wa\ I} = 0.

Now, let us fix the Marczewski decomposition: R? = AUB, where A € N, B € M
and AN B = (. Let us recall that A, B are coded in V. Take any D C C of size w;.
Take any = € R? (in V]ca: @ < ws]). Then z is in Ve, : o € J] for some countable
J. So, x — B is a meager set coded in Vicy: a € J]. Take ¢ € D\ {cq: o € J}.
Then ¢ ¢ x — B. So, x € A + c. This shows that R2 C A + D. O

In a similar way one can show the following result.

Theorem 7.6. It is consistent with ZFC + —CH that there exists a partial two
point set R C R? of size wy such that R is a Sierpinski set and

(3B € M)(VD € [R]*') B+ D = R®.
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