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Abstract. We discuss the convergence of approximate identities in Musielak-Orlicz spaces
extending the results given by Cruz-Uribe and Fiorenza (2007) and the authors F.-Y. Maeda,
Y. Mizuta and T. Ohno (2010). As in these papers, we treat the case where the approximate
identity is of potential type and the case where the approximate identity is defined by
a function of compact support. We also give a Young type inequality for convolution with
respect to the norm in Musielak-Orlicz spaces.
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1. INTRODUCTION

Let x be an integrable function on RY. For each ¢ > 0, define the function x; by
ki(z) = t™Nk(z/t). Note that by a change of variables, ||r¢||p1ryy = ||l L1 (RN
We say that the family {x;}+>0 is an approzimate identity if fRN k(z)dx = 1. Define
the radial majorant of k to be the function

R(z) = sup [k(y)|.
ly|>|x|

If % is integrable, we say that the family {x:}+~0 is of potential-type.

It is well known (see, e.g., [9]) that if {k;}:~0 is a potential-type approximate
identity, then ; * f — f in LP(R™) as t — 0 for every f € LP(RN) (p > 1).

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to dis-
cuss nonlinear partial differential equations with non-standard growth conditions
(see [3]). Cruz-Uribe and Fiorenza [1] gave sufficient conditions for the convergence

933



of approximate identities in variable exponent Lebesgue spaces LP()(RY) when p(-)
is a variable exponent satisfying the log-Holder conditions on R, locally and at oo,
as an extension of [2], [9], etc. In fact they proved the following:

Theorem A. Let {k:}+~0 be an approximate identity. Suppose that either
(1) {kt}e>0 Is of potential-type, or

(2) k € L® ) (RN) and has compact support, where p~ := irka p(z) (= 1) and
TE
Up~+1/(p7) =1
Then

up ke % fll oo @y < Cllfll oo @y

and
lim [lre % f = fllLeor @y =0
for all f € LPO(RY).

Recently, Theorem A was extended to the two variable exponents spaces
L) (log L)) (RY) in [4]. These spaces are special cases of the so-called Musielak-
Orlicz spaces ([8]).

Our aim in this paper is to extend these results to the Musielak-Orlicz spaces

L?(RYN) (see Section 2 for the definition of ®). As a related topic, we also give
a Young type inequality for convolution with respect to the norm in L®(RY).

2. PRELIMINARIES
We consider a function
(z,t) = tp(z,t): RY x [0,00) — [0, 00)

satisfying the following conditions (®1)—(P4):

(®1) (-, t) is measurable on RY for each ¢t > 0 and ¢(x,-) is continuous on [0, c0)
for each z € RY;
(®2) there exists a constant A; > 1 such that

A1_1 <p(z,1) <Ay forallz e RY;

(®3) @(z,-) is uniformly almost increasing, namely there exists a constant As > 1
such that

o(x,t) < Asp(x,s) for all x € RY whenever 0 <t < s;
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(®4) there exists a constant Az > 1 such that

o(x,2t) < Azp(x,t) for all z € RY and t > 0.
Note that (©2), (®3) and (®4) imply

0 < inf p(z,t) < sup p(z,t) < 00
zeRN zERN
for each t > 0.
If ®(z,-) is convex for each z € RY, then (®3) holds with A; = 1; namely ¢(x, )
is non-decreasing for each x € RY.

Example 2.1. Let pi(-), p2(+), ¢i(-) and ¢2(-) be measurable functions on R
such that

(P1) 1<p; = inf p;(z) < sup p;(v) =pl <00, j=1,2,
RN zeRN J
and
(Q1) —00 < ¢; = inf gj(z) < sup gj(z) =1qf <oo, j=1,2.
zERN TERN !
Then

(e, 1) = (1+ P @1+ 1/6) 7@ (log(e + 1))@ (log(e + 1/6) =)

satisfies (®1), (#2) and (®4). It satisfies (®3) if p; > 1,j=1,2,0orq; 20,7 =1,2.
As a matter of fact, it satisfies (®3) if and only if p;(-),¢;(-) satisfy the following
conditions:

(1) gj(x) > 0 at points & where p;(z) =1, j =1,2;

2 S}zp)>1{min(qj($)70) log(pj(z) —1)} < oo, j=12.

Let ¢(z,t) = sup ¢(z,s) and
0<s<t

¢
D(z,t) z/ @(x,r)dr
0
for z € RY and ¢t > 0. Then ®(x,-) is convex and
1 _
(2.1) —D(z,t) < D(z,t) < AP (x,t)
245
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for all z € RY and ¢ > 0. In fact, the first inequality is seen as follows:

(,t/2) > ——B(x,1).

t
Bat) > [ pardrs o

/2

DO |

Corresponding to (®2) and (®4), we have by (2.1)
(2.2) (241 A43)7 P < ®(2,1) < A1 Ay and  ®(x,2t) < 243D(x,t)

for all z € RY and ¢t > 0.

Given ®(z,t) as above, the associated Musielak-Orlicz space

3Ny _ 1 (pN)y. 50
LR = {7 € Lh(®)s [ oIy < oo

is a Banach space with respect to the norm

Iy =int {20 [ Bnlswlnay <1}
(cf. [8]).

By (2.2), we have the following lemma (see [7]).

Lemma 2.2.

23) Iy <2( [ B lr@l as)

RN
with o = 10g2/ 10g(2A3), if HfHLCP([RN) < 1.
We shall also consider the following conditions:

(®5) or every v > 0, there exists a constant B, > 1 such that

90(377 t) S B’Ysp(yv t)

whenever |z — y| <yt~ /N and t > 1;
(®6) there exist a function g € L*(RY) and a constant B, > 1 such that 0 < g(z) < 1
for all z € RY and

B '®(z,t) < ®(2',t) < Boo®(x, 1)

whenever |2/| > |z| and g(z) < t < 1.

If ®(x,t) satisfies (®5) (resp. (96)), then so does ®(z,t) with B, = 245438, in
place of B, (resp. Boo = 2A3A3B, in place of By).
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Example 2.3. Let ®(x,t) be as in Example 2.1. It satisfies (®5) if
(P2) pi(-) is log-Holder continuous, namely

Cp
log(1/|z —yl)

N | =

Ip1(z) = p1(y)| < for |z —y| <
with a constant C), > 0,
and

(Q2) q1(-) is log-log-Holder continuous, namely

&
a1(2) = ()] < log(log(1/]z — yl))

for |z —y| < e ™2

with a constant Cj; > 0.
®(x,t) satisfies (®6) with g(x) = 1/(1 + |z|)VF1 if

(P3) p2(-) is log-Holder continuous at oo, namely

Cpoo

——P2% ___ whenever |2']| > |z
log(e + |x|) [ = 2

Ip2(z) — p2(a”)] <

with a constant C), > 0,
and

(Q3) ¢2() is log-log-Holder continuous at oo, namely

Cao00
e +log(e + [z]))

lg2(x) — ga(2)] < Tog( whenever |z/| > ||

with a constant Cy o > 0.
In fact, if 1/(1 + |z))V*! < t < 1, then (1 + t)lm@-mEIl < owi-1 (1 4
1/t)|p2(x)—p2(x/)| < eWH)0poo, (log(e + t))lql(x)—ql(:c’)l < (log(e + 1))q1+—qf and
(log(e 4 1/t))l2@) -G < O(N, C, o) for || > |z|.

3. THE CASE OF POTENTIAL TYPE
Throughout this paper, let C' denote various positive constants independent of the

variables in question.

First, we recall the following classical result (see, e.g., Stein [9]).
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Lemma 3.1. Let 1 < p < oo and {ki}+>0 be a potential-type approximate
identity. Then, r; * f converges to f in LP(RY) for every f € LP(R™).

We denote by B(z,r) the open ball centered at z € R and with radius r > 0.
For a measurable set E, we denote by |E| the Lebesgue measure of E.
For a nonnegative f € LL _(RV), x € RN and r > 0, let

loc

1

I(f: B —
o) =BG Jaem

fly)dy

and

1 _
i) = oy /B B Sy

in this section.
The following lemmas are due to [5], [6].

Lemma 3.2 ([5, Lemma 2.1], [6, Lemma 3.1]). Suppose ®(x,t) satisfies (®5).
Then there exists a constant C > 0 such that

O(z, I(f;2,7r) < CJ(f;z,7)

for all x € RN, r > 0 and for all nonnegative f € L. _(RY) such that f(y) > 1 or
f(y) =0 for each y € RN and || f||s@r~) < 1.

Lemma 3.3 ([5, Lemma 2.2], [6, Lemma 3.2]). Suppose ®(x,t) satisfies (P6).
Then there exists a constant C > 0 such that

(z, I(f;2,7)) < C{I(fs2,7) + g(x)}

for allz € RN, r > 0 and for all nonnegative f € LL (RY) such that g(y) < f(y) <1

loc

or f(y) =0 for each y € RY, where g is the function appearing in (®6).
By using Lemmas 3.2 and 3.3, we show the following theorem.
Theorem 3.4. Suppose ®(x,t) satisfies (P5) and (P6). If {k¢}i>o Is of potential-

type, then

15t % fllLe@yy < ClA[ L@y | fllpe @y
for allt > 0 and f € L*(RY).

Proof. Suppose ||i| 1~y =1and let f be a nonnegative measurable function
on RY such that || f|| e g~) < 1. Write

f=IXyerv: sz1y + MXqyern: gwy<fw<1y T FXyery: ry<owy = i+ 2+ fs,
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where x g denotes the characteristic function of a measurable set £ C RY and g is
the function appearing in (96).
Since £ is a radial function, we write #¢(r) for &;(z) when |z| = r. First note that

o (@ < [ falle = uDf)dn= [ 1Bl A=),

7=1,2,and
/u;eN |[B(z,r)[d(=F(r)) = [[Fell L1 @ry = 1,

so that Jensen’s inequality yields
P(w, |k * fi(2)]) </ @ (2, I(fj;2,7) | Ba, )| d(=F(r),
0

ji=12.
Hence, by Lemma 3.2

B (, |k * fi(2)]) < C/ J(frsz,r)|B(z,r)| d(=ke(r)) < C(ke x h)(z),
0
where h(y) = ®(y, f(y)). The usual Young inequality for convolution gives

/ D(z, |k * f1(x)]) de < C/ (ke * h)(x) dx
RN RN
< Cll&ellprwmy 1pl| prryy < C.
Similarly, noting that g € L'(R") and applying Lemma 3.3, we derive the same

result for fs.
Finally, noting that [s; * f3(z)| < [|f¢]|L1(rv) < 1, we obtain

/ D(z, |kt * f3(7)])dz < C’/ |k * f3(x)| dz
RN RN

< Cllrtlpsamlgllzsam < C.

Thus
[ Bl s @i <,
RN

which implies the required assertion. O
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Theorem 3.5. Suppose ®(z,t) satisfies (P5) and (P6). Let {k:}+>0 be a po-
tential-type approximate identity. Then r; * f converges to f in L®(RY):

lim ke * f— fllze@myy =0

for every f € L®(RY).

Proof. Given e > 0, we find a bounded function h in L®(RY) with compact
support such that ||f — h|[ e@~) < &. By Theorem 3.4 we have

¢ (f = R)llpe@ny + [|ke x b — Bl pe@~y + [ f — hllLe@n)
(Cll&llpr @y + 1)e + ||6e % h — hl|pe @y

[k f — f”L‘I’([RN)

NN

Since |t * h| < ||h]| Lo (rN), We have

/ D (2, |k * h(z) — h(z)|de < C'/ |kt * h(x) — h(z)|de — 0
RN RN

ast — 0 by Lemma 3.1. (Here C’ depends on ||h[| pee(rn).) Hence [|rixh—h|Lo@y) —
0 as t — 0 by Lemma 2.2, so that

1irtns(1)1p H"% * f — fHL<1>(RN) < (CH/%HLl(RN) + 1)5,

which completes the proof. O

4. THE CASE OF COMPACT SUPPORT

We know the following result due to Zo [10]; see also [1, Theorem 2.2].

Lemma 4.1. Let 1 < p < o0, 1/p+ 1/p’ = 1 and {k}+>0 be an approximate
identity. Suppose that k € L”/([RN) and has compact support. Then for every
f € LP(RN), k¢ x f converges to f pointwise almost everywhere as t — 0.

In this section, we take py > 1 as follows. Let P be the set of all p > 1 such that
t — tP®(x,t) is uniformly almost increasing, and set p = sup P. Note that 1 € P
by (®3),sothat p>1if p¢& P. Let po=pif p € P and 1 < pg < p otherwise.

Example 4.2. For ®(z,¢) in Example 2.3, p = min{p;,p; }, so that pp = 1 if
p; =1lorp, =1;and 1 < pg < min{p7,p; } ifp; >1,7=1,2 (cf. [4]).
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Since t PO ®(z, t) is uniformly almost increasing in ¢, there exists a constant A, > 1
such that

t7POd(x,t) < Ahs Pod(z,5) for all 2 € RY whenever 0 < t < s.

Set
Do (z,t) = Oz, t)' /70,

Then ®¢(z,t) also satisfies all the conditions (®j5), j = 1,2,...,6. In fact, it trivially
satisfies (®j) for j = 1,2,4,5,6 with the same g for ($6). Since

®o(z,t) = tpo(x,t)  with  po(z,t) = [tP0B(z,1)]Y/P0,
®y(x,t) satisfies (®3) with Ay replaced by A4 = (A4)1/Po.

Lemma 4.3. Suppose ®(x,t) satisfies (#5). Let x have compact support con-
tained in B(0, R) and let ||&||;woy gvy < 1. Then there exists a constant C' > 0,
which depends on R, such that

ol f@) < C [l =)ol 1)y

for all z € RN, 0 < t < 1 and for all nonnegative f € Li (R™) such that f(y) > 1
or f(y) =0 for each y € RN and || f|| Lo rvy < 1.

Proof. Given f as in the statement of the lemma, x € RY and 0 < t < 1, set

F =l f@)] and G = [ o= )@0(y. £) do

Note that || f|| #®~) < 1 implies

1/po
G < il [ S @y) € 0N 20 < (2t

by Holder’s inequality and (2.1).
By (®2), ®o(y, f(y)) > (A1A4)"" f(y), since f(y) > 1 or f(y) = 0. Hence F <
A1 A4G. Thus, if G < 1, then
Do(z, F) < (A1AsG) As(A1Ag) 7P /Pog(z, Ay Ag)'/P0 < CG.
Next, let G > 1. Since ®¢(x,t) — oo as t — oo, there exists K > 1 such that

(I)o(il,', K) = (I)o({E, ].)G
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Then K < A4G, since ®g(z, K) > Ay ' K®g(z,1). With this K, we have

©o(y, f(y)) dy

F< K/RN |5e(z — )l dy + As /RN Ire(@ =)l ) vo(y, K)

Since
1 < K < AyG < Ay(243)YPot=N < C(tR)N,
there is § > 0, independent of f, z, ¢, such that
500(337K) <6300(y7K) for allyeB(a:,tR)
by (®5). Thus, we have
Ayf
SOO(J:) K)

G
151l 1 rvy 4ﬂ¢0(x7K)

Ayp )
900(‘%’1)
< K (6]l vy + AP A48) < CK.

F < Kl + [l =l il 1)y

= K (Il 1o +

Therefore by (®3), (P4), the choice of K and ($2),
(I)o({E, F) < C(I)o(il,', K) < CG
with constants C' > 0 independent of f, z, ¢, as required. O

Lemma 4.4. Suppose ®(z,t) satisfies ($6). Let M > 1 and assume that
%]l 1 (rry < M. Then there exists a constant C' > 0, depending on M, such that

Blou o 10 < ] [ male— ) B0 F) i + o) |

for all z € RN, t > 0 and for all nonnegative f € L _(RY) such that g(y) < f(y) <1

loc

or f(y) =0 for each y € RY, where g is the function appearing in (®6).

Proof. Let f be as in the statement of the lemma, z € RY and ¢t > 0. By
(®4), there is a constant cps > 1 such that ®(x, Mt) < cpr®(w,t) for all z € RY and
t > 0. By Jensen’s inequality, we have

Bo i+ £ < (o, [ (e =9l )
< (cuan) |

- [ke(z — )| (x, f(y)) dy.
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If |z| > |y|, then ®(x, f(y)) < Boo®(y, f(y)) by (26).
If [z] < |y| and g(z) < f(y), then ®(z, f(y)) < Boo®(y, f(y)) by (26) again
If [z < |y[ and g(z) > f(y), then

by (2.2).
Hence,
®(x, f(y) < C{®(y, f(y) +g(=)}
in any case. Therefore, we obtain the required inequality. O

Theorem 4.5. Suppose ®(z,t) satisfies (®5) and (P6). Suppose that k €
L®o) (RN) and has compact support in B(0, R). Then

ke fllLe®yy < CEl L woy @yl f L@y

forall 0 <t < 1 and f € L*(RY), where C > 0 depends on R.

Proof. Let f be a nonnegative measurable function on RY such that
[fllLe@yy < 1 and assume that [|&[|,mey gy = 1. Note that |[kfLiwy) <
|B(0, R)|'/P° by Holder’s inequality.

Write

f=Fwery: pwz>1y + FXyery: g@)<sw<1y + fXqery: foy<ony = i+ f2+ fs
where g is the function appearing in ($6). We have by (2.1) and Lemma 4.3,
(, |ke * f1(2)]) < A2®o(z, [y * fr(@))P0 < C(|we| * h())P°,

where h(y) = ®(y, f(y))*/Po. Since ||h||Lp0 ®N) S < 2As3, the usual Young’s inequality
for convolution gives

/ D(z, |ke * f1(2)]) do < C/ (|ke]  h(z))Pe da
RN RN
<C (”Ht”Ll(RN)HhHLPo([RN))pO < C.

Similarly, applying Lemma 4.4 with M = |B(0,R)|'/?° and noting that g €
LY (RY), we derive the same result for fo.

Finally, since [r¢ * f3(z)] < [|f¢]| 1 (rvy < M, we obtain
/ 5($,|f£t*f3(a:)|)dx<6'/ |k * f3(x)| dz
RN RN

< Clleellpr@mllgllzrwyy < C.
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Thus, we have shown that

[ Bl s s@has <,
RN
which implies the required result. O

Theorem 4.6. Suppose ®(x,t) satisfies (P5) and (®6). Let {xi}+>0 be an ap-
proximate identity such that k € L(pO)I(RN) and has compact support. Then k; * f
converges to f in L®(RN):

%i_f}(l) ke % f = flle@ny =0

for every f € L*(RY).

Proof. Let f € L*(RY). Given ¢ > 0, choose a bounded function h with
compact support such that [|f — hl|pe@y) < €. As in the proof of Theorem 3.5,
using Theorem 4.5 this time, we have

ke % f = fllLe@yy < (CllEll pwor (ray + 1)e + [|6¢ * b — h| Lo ra).
Obviously, h € LPo(RY). Hence by Lemma 4.1, k;*h — h almost everywhere in RV,

and hence
®(z, |kt * h(z) — h(z)]) — 0

almost everywhere in RY. Since {s; * h — h} is uniformly bounded and there is
a compact set S containing all the supports of x; * h, {®(x, |k * h(x) — h(z)])} is
uniformly bounded and S contains all the supports of ®(z, |#¢ * h(z) — h(z)|). Hence
the Lebesgue convergence theorem implies

/ Tz, 51+ h(z) — h(2)]) dz — 0

RN

ast — 0. Then, by Lemma 2.2, we see that |x;*h—h||pe@y) — 0 ast — 0, so that
s s £ = Sl ) < (Clll ey + D

which completes the proof. ([
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5. YOUNG TYPE INEQUALITY

Lemma 5.1. Suppose ®(z,t) satisfies (96). Let k € L'(RY) N L>®(RY) with
£l z1ray < 1. For f e LL (RYN), set

I(fi2) = / (@ — 4)f ()| dy
RN\B(0,|z|/2)

Hfi) = [ =)o ) dy
Then there exists a constant C' > 0 (depending on ||| ®~)) such that
B(x, I(f;2)) < C{J(f32) + g(x/2)}

for all x € RY and f € L*(RY) with |/ f|z#®~) < 1, where g is the function
appearing in (96).

and

Proof. Let k> 0. Since t — ®(x,t)/t is nondecreasing,

lk(z — y)|®y, |f W)])
<k )| d k =7 dy.
/ l T RN\B(0,|z|/2) ‘b(y,k) Y

If g(z/2) < k < 1, then ®(z, k) < C®(y, k) for |y| > |z|/2 by (®6). Hence

CJ(fsw)
(5.1) (i) < k(14 00

Since J(f;x) < ||kl Lo (rny, there exists K, € [0, 1] such that

) whenever g(x/2) <k < 1.

5 _ _Jhir)
Oz, K,) = |‘ﬁ|‘Lx(RN)<I>(x, 1).

If K, > g(x/2), then taking k = K, in (5.1), we have
C||’£||LW(RN)
so that

@(z,I(f;2)) < CO(x, K,) < CJ(f;2).
If K, < g(z/2), then
O(z, K,)
P(x,1)
Hence, taking k = g(x/2) in (5.1), we have I(f;x) < Cg(x/2), so that
P(z, I(f;2)) < CO(x, 9(x/2)) < Cg(x/2).

Hence, we have the assertion of the lemma. ([

J(fi2) = [|6]| Lo @m) < C®(z,9(x/2)).
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Here, we recall the following result on the boundedness of the maximal operator
M on L®(RYN) (see [6, Corollary 4.4]):

Lemma 5.2. Suppose ®(z,t) satisfies (P5), (P6) and the other condition
(®3*) t+— t—%0p(x,t) is uniformly almost increasing on (0, 00) for some £y > 0.
Then the maximal operator M is bounded from L®(RY) into itself, namely

[MfllLe@y) < CllfllLe@n)

for all f € L*(RYN).

Theorem 5.3. Suppose ®(x,t) satisfies (P5), (P6) and (P3*). Let pg = 1 + &9
(> 1) and R > 0. Assume that x € L'(RN) N LP)'(B(0, R)) and |k(z)| < cxlz|™N
for |x| > R. Then there is a constant C' > 0 such that

|5 fllLe@ny < C(||6] Ly + ||f€||L<po>’(B(o,R)))HfHL@(RN)

for all f € L*(RY).

Proof. Let f e L*(RY) and f > 0. Assume that || f|| @~y <1 and
Kl ey + ||H||L(P0)’(B(07R)) <L

Let ko = kKX B(0,r) and Koo = KXRN\B(0,R)-
By Theorem 4.5,
k0 * fllLe@ny < C.

Hence it is enough to show that

(5.2) / D(z, |Foo| * f(x))dx < C.
RN
Write
ool # £(2) = / ooz — )| £ () dy + / kool — 9)|F () dy
B(0,|x|/2) RN\B(0,|z|/2)

=I(z) + L(z).

Since [oc (2 — )| < cxlz -y and |z — y| > [2]/2 for |y] < |2/2,

L) < 2V eule ™ /B F(y)dy < 2V cla| N /B F(y)dy < CM f ().

(0,]z]/2) (z,3]z]/2)
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Hence,

/ B, I1(z)) dz < C
[RN

by Lemma 5.2.

On the other hand, by Lemma 5.1,

O(z, I(z)) < C{[kool * h(z) + 9(x/2)},

where h(y) = ®(y, f(y)). Since

Kool * hllLr@yy < l[KoolllLr @™ IAllLrmyy <1

and g € L*(RY), it follows that

/ B(a, I(z)) dz < C.
RN

Hence we obtain (5.2), and the proof is complete. O
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