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Abstract. We study stability and integrability of linear non-autonomous evolutionary
Cauchy-problem

Jr

(P){u(t) A(t)u(t) = f(t) t-a.e. on [0,7],
u(0) =0,

where A: [0,7] — Z(X,D) is a bounded and strongly measurable function and X, D
are Banach spaces such that D 7 X. Our main concern is to characterize LP-maximal

regularity and to give an explicit approximation of the problem (P).

Keywords: maximal regularity; on-autonomous evolution equation; stability for linear
evolution equation; integrability for linear evolution equation
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1. INTRODUCTION

We study LP-maximal regularity for non-autonomous evolutionary linear Cauchy-
problems.

Let (X, | - ||) and (D,] - ||p) be two Banach spaces such that D is continuously
and densely embedded in X. Let A: [0,7] — Z(X, D) be a bounded and strongly
measurable function. Let p € (1,00). We say that A has LP-mazimal regularity on
the bounded real interval [0, 7] (and we write A € .#%,(0, 7)) if for all subintervals
[a,b] of [0, 7] and for every f € LP(a,b; X) there exists a unique u € MRy(a,b) :=

This work was financially supported by the Deutscher Akademischer Austauschdienst
(DAAD).
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LP(a,b; D) N WP(a,b; X) such that

CP(a,b) { E

In particular & and Au have the same regularity as the inhomogeneity f. This
property is the reason for the name maximal regularity. Recall that W1 (a,b; X) C
C(Ja, b]; X), so the condition u(a) = 0 above makes sense.

For the autonomous case, that is if A(-) = A is independent of ¢t € [0, 7],
LP-maximal regularity is independent of the bounded interval [a,b] and if A €
MREp(0,7) for some p € (1,00) then A € A %,(0,7) for all p € (1,00) [22], [8].
Thus we denote by .# % the set of all operators A € £ (D, X) having LP-maximal
regularity. It is also well known that if A has LP-maximal regularity then A is closed
as unbounded operator on X [6] and —A generates a holomorphic Cyp-semigroup on
X [12] and [17]. De Simon [10] showed that the converse is true if X is a Hilbert
space. However, the restriction to Hilbert spaces is essential by a result of Kalton
and Lancien [16].

Maximal regularity has been studied by many authors in recent years. The reader
may consults [1], [2], [4], [5], [6], [11], [14], [15], [19], [20] and the references therein
for different sufficient conditions for LP-maximal regularity in the non-autonomous
case and for applications.

It is known [7, Lemma 1.2] that if A € .# % then there exists a constant M (A) > 0
such that

(L.1) (0 + +%)_1||$(Lp(a,b;X),MRp(a,b)) < M(A) and
_ M(A)
o+ B) N pirianx)) <
H(Q+ + ) HJ(L (a,b;X)) 1+ 0

for all intervals [a,b] C [0,7] and all ¢ > 0, where % is the distributional deriva-
tive with domain D(%) = {u € W'P(a,b; X),u(a) = 0} and & the multiplication
operator with domain LP(a,b; D) defined by (& f)(s) = Af(s) a.e.

In the case where A is not constant, we obtain a comparable result. Indeed, if
Ae MRy 0,7), then we show in Proposition 2.2 below that o+ A € #%,(0,7) for
all o € C and there exists M (A) > 0 such that

0?0+ A + B) | 2(Lr(apx)) < M(A) and
[0+ o + B) | 2(Lr(ap;X), L0 (ab:D)) < M(A)

for all intervals [a,b] C [0, 7] and all p > 0.
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In Lemma 4.1 we will see that the constant M(A(¢)) in (1.1) corresponding to
each A(t) € # % does not depend on t provided that A is relatively continuous.

The notion of relative continuity was introduced recently in [7] by Arendt, Chill,
Fornaro and Poupaud, who proved in [7, Theorem 2.7] LP-maximal regularity as-
suming only that A is bounded, strongly measurable and relatively continuous, and
that A(t) € M4 X for every t € [0, 7].

Theorem 2.7 in [7] establishes existence and uniqueness of a solution of the problem
CP(0, 7). But at least from a theoretical point of view, it is very important to exhibit
an explicit approximation of this solution. Our goal is to characterize LP-maximal
regularity of CP(0,7). In particular, our approach gives an explicit approximation
of the problem CP(0, 7), which may have some interest.

Let A = Ay < A1,...,< Apy1 = 7 be a subdivision of [0,7] and Ax: [0,7] —
Z(D, X) be given by

Ay for A <t < Agga,
A, fort=r,

t— AA(t) = {

where

1 Ak41
Aka:::i/ A(r)zdr (ze D, k=0,1,...,n).
Ak+1 — Ak S,

The function A is said to be relatively p-approzimable if for all ¢ > 0 there exist
d > 0,7 > 0 such that for all f € LP(0,7; D) and all subdivisions A of [0,7] of
modulus [A| = max (Aj+1 — Aj) < 6 we have

7=0,1,....n

| Znf — < fllLeo,7:0) < el fllLeco,~) + 1l fllLr0,7:x)-

Assume that A is relatively p-approximable. We show (see Proposition 3.4) that
it A e #%,0,7) then there exists dgp > 0 such that Ay € #%,(0,7) for all
subdivisions A of [0, 7] such that |A| < dp. This implies in particular that the means
Ay arein A4 X, k =0,1,...,n. Moreover, if for each [a, b] C [0, 7] the unique solution
up € MRy(a,b) (see Section 3) of

Pa(a.b) up(t) + Ap(t)ua(t) = f(t) t-a.e. on [a,b],
M wa0) =0

converges in M R,(a,b) as |[A| — 0 then A € .#%,(0,7). In this case u := \1{i|m0 up

is the unique solution of CP(a,b) belonging to M R,(a,b) (see Theorem 3.5). Our
main result shows that this convergence holds if A is relatively continuous. This
gives an alternative proof of Theorem 2.7 in [7]. We prove this result in Theorem 4.5
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by a more general approach based on the stability of the problem CP(0,7). An
application to a non-autonomous diffusion equation is given in Section 5.

2. PRELIMINARIES

Throughout this paper (D, | - ||p) and (X, || - ||) are two Banach spaces such that
D is continuously and densely embedded into X. We write D > X. Let A: [0,7] —
Z (D, X) be a bounded, strongly Bochner measurable function. Let p € (1,00) be
fixed throughout this section.

Definition 2.1. We say that A has LP-mazimal regularity on the bounded in-
terval [0, 7], and we write A € #%,(0, 1), if for all intervals [a,b] C [0, 7] and every
f € LP(a,b; X) there exists a unique function u belonging to the mazimal regularity
space MR,(a,b) := LP(a,b; D) N WP (a,b; X) such that

w(t) + A()u(t) = f(t) t-a.e. on [a,b],

u(a) = 0.

CP(a,b) {
The space M R,(a,b) is a Banach space for the norm

lullsr = ullLe(a,p0) + llullwrea,x)-

Let M Roy(a,b) be the closed subspace of M R,(a,b) consisting of all u satisfying
u(a) = 0.

It is useful to reformulate the property of LP-maximal regularity in terms of sum
methods, as initiated by Da Prato and Grisvard [9]. For this, consider for each
interval [a,b] C [0, 7] the unbounded linear operators &/ = 7, ;, and & = A, with
domains D(&/) = LP(a,b; D) and D(%) = {u € W'P(a,b; X),u(a) = 0} defined by

(A f)t)=A@)f(t) and (LBu)(t) =u(t) for almost every t € [a,b)].

In fact, if C':= sup ||A(t)[|#(p,x), it is easy to see that <7 f is Bochner measurable
te[0,7]
and

()OI < Cllf®)]p  t-ae. on [a,b],

for all f € L?(a,b; D). Tt follows that ||.7|| & (Lr(a,b;D),L7(ab;x)) < C-

Thus A has the property of LP-maximal regularity if and only if for all [a, b] C [0, 7]
the unbounded operator o7 + % with domain D(« + %) = M Ry(a, b) is invertible.
It follows that if A € .#%,(0,7) then for each subinterval [a,b] of [0,7] and f €
L?(a,b; X) the problem CP(a,b) has a unique solution v € M R,(a,b) and

(2.1) lullarr < el FllLe(apix)
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for some constant ¢ > 0 which is independent of f and of the interval [a,b]. We
do not need to assume here that the operators A(t) are closed. Observe that D is
a Banach space and A: [0,7] — Z(D, X) is bounded and strongly measurable. By
unique solvability of the problem CP(a,b), for every interval [a,b] C [0, 7] and every
f € LP(a,b; X), the operator (As, + Bap)~ ! can be seen as the restriction of the
operator (Ao + Bor)~' to the space of functions in L?(0,7; X) which vanish on
[0, a]. This shows, in particular, that the constant ¢ in (2.1) does not depend on the
interval [a, b] C [0, T].
The following proposition is used in the next sections.

Proposition 2.2. Assume that A € #%,(0,7). Then the following holds.

(i) Ae #%,0,7) if and only if o+ A € M X, (0, T) for some (or all) p € C.
(ii) There exists M(A) > 0 such that

0'Pllle+ o + B) N z(rranx) < M(A) and
[0+ o + B) | 2(Lr(ap;X),Lr(abiD)) < M(A)

for all intervals [a,b] C [0,7] and all ¢ > 0.

Proof. (i) Let f € LP(0,7;X), o € C and g(t) := e?* f(t). Let p* > 1 be such
that 1/p+ 1/p* = 1. Then u satisfies

(2.2) U+ Alt)u+ou=f, a.e. onl0,7], u(0)=0
if and only if v(t) := e u(t) satisfies
(2.3) v+ A(t)v =g, a.e.onl0,7], v(0)=0

which is assumed to have a unique solution in M R,(0,7). Thus (i) holds.

(ii) It suffices to prove the estimates in (ii) for [a,b] = [0, 7]. From the proof of (i)
we have that u(t) = e %v(t) = e ¢ fotv(r) dr, where u and v are the solution of
(2.2) and (2.3), respectively. Thus, for all p > 0

lu()ll < =720l ooy < e TP [vllarreo < e/ e gllLao,e x)-

Then

T pt
4l ) € 7 [ [ e D gy arde = e

7p/P"
po

e P10 0,7

cP

N

17120000,
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The first inequality follows. To prove the second inequality we integrate by parts.
Since ||Ju(t)||p = e~ ||v(t)||p, then

A A Gl PR
T T t
:e_m”/ lv(@®)|I% dt—l—gp/ e_m’t/ lo(r)||%, dr dt.
0 0 0

It follows that

T t
lal 0m.m) < (€ g1 0 x) + 0P / / e~ £(r) [P dr dt)

< Cp(l + QP/QP)||f||I£p(07T;X) = 20p”f||;zp(077;x)~

Setting M (A) := 2'/P¢(1 + 71/P"/p), the proof is complete. O
We may also consider the initial value problems

w(t) + A()u(t) = f(t) t-a.e. on [a,b],
u(a) =z € X.

CP(a,b,x) {

Assume that A € #%,(0,7). Then for all 0 < a < b < 7 the problem CP(a,b,x)
has a unique solution in M R,(a,b) for all f € LP(a,b; X) and for all z in the trace
space

Tr ={u(a), u € MRy(a,b)}.

The trace space T'r is a Banach space with the norm ||z|r, := inf{||u|lmr:
u(a) = z}. Note that the trace space does not depend on the interval [a,b] and
does not depend on the choice of the point where the functions u € M R,(a,b) are
evaluated. This means that for every 7/ > 0 and t € [0, 7']

Tr={u(t): we MR(0,7)}.

Note that 7' is isomorphic to the real interpolation space (X, D)1 /p. p,, where 1/px+-
1/p =1 (see [18], Chapter 1 for more details). Moreover,

MR,(0,7) ~ C([o, 7]; Tr).

The two following lemmas will be used in the sequel.
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Lemma 2.3. Let A,: [0,7] — Z(D,X) be a sequence of strongly measurable
and bounded functions such that || A, (t)z| < c||z||p for alln € N, x € D and t-a.e.
for some constant ¢ > 0. Assume that for all ¥ € D we have A,(t)r — A(t)zx
t-a.e. on [0,7] as n — oo. Then Ay (-)wn(-) — A()w(-) in LP(0,7; X) as n — oo if
wy, € LP(0,7; D) are such that w, — w in LP(0, ;D).

Proof. Let A4,: [0,7] —» ZX(D,X) (n = 0,1,2,...) be strongly measurable
and bounded with [|A,(t)z|| < ¢|lz|lp (z € D,n € N). Let x € D and let Q
be a measurable subset of [0,7]. We set w = =z ® 1lg. Then |Fw — Fw|b =
Jo lAn(t)x — A(t)z||Pdt — 0 as n — oo by Lebesgue’s Theorem. It follows that
|“Zw — &/wl|, as n — oo for all w € LP(0,7; D). Let now (wy)nen C LP(0,7; D) be
such that w, — w in LP(0,7; D). Then

| nwn — Fwllp < cllwn —wllp + | Znw — Fw,
and the statement follows. O

Lemma 2.4. Let A: [0,7] — Z(D,X) be a bounded and strongly Bochner
measurable function. Assume that there exists a sequence Ay : [0,7] — £(D,X),
n € N, of strongly measurable functions such that

(i) Ap € A X,(0,7) for alln € N,
(ii) for each x € D one has ||A,(t)x — A(t)z] — 0 asn — oo a.e.,

(iii) sup ||An(t)z| < c||z||p a-.e. on [0, 7] for some constant ¢ > 0 and all x € D.
n
Assume that for each [a,b] C [0, 7] and for each f € LP(a,b; X) the unique solution
Up In MRy(a,b) of
Un(t) + Ap(t)un(t) = f(t) t-a.e. on [a,b], wun(a)=0

converges in MRy,(a,b) as n — oo. Then A € #Z%,(0,7). Moreover, for each
[a,b] C [0, 7] the limit w := lim w, is the unique solution of the problem CP(a,b).

n—oo
Proof. Let [a,b] C[0,7] and f € LP(a,b; X).
Existence: Let u, be the unique solution in M Ry(a,b) of

Un(t) + Ap(t)un(t) = f(t) t-a.e. on [a,b], uy(a)=0.

Let w € M R,(a,b) such that u, — v in MR,(a,b) as n — oco. Hence 1w, — @ and
by Lemma 2.3, A,u, — Au in L?(a,b; X) as n — oo. It follows that

(2.4) u(t) + A(t)u(t) = f(t) t-a.e. on [a,b], u(a) =0.
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Uniqueness: Since (, + %)~ f = u, converges in M R,(a,b) as n — oo to
some solution u of (2.4), it follows from the principle of uniform boundedness that

M= sup|l(h + B) | 2(Lr (i X) MRy (ab)) < OO

Let v € MRy(a,b) be such that
0(t) + A(t)v(t) =0 t-a.e. on [a,b], v(a) =0.

Since v = (&, + B) " (A, + B)v, then |[v||pr < M||(n + B)V| Lo (ap:x)- Letting
n — oo and using Lemma 2.3 we obtain v = 0. O

3. INTEGRABILITY

Let A: [0,7] — £Z(D,X) be strongly Bochner measurable. We want to charac-
terize LP-maximal regularity under some additional regularity assumptions on A.

If Ae #%,(0,7) is independent of ¢, the problem CP(a,b) being an autonomous
Cauchy problem, then —A seen as an unbounded operator on X with domain D
generates an analytic Cy-semigroup (T'(s))s>o on X [6]. Hence A € A4 %,(0,7) if
and only if for every f € LP(0,7; X) the function

u(t) ::/()T(t—r)f(r)dr, 0t

belongs to M R, (0, 7) and is the unique solution of the problem CP(0, 7).

The case when A is a step function is also easy to understand. Let A = Ay < A1 <
... < An41 be a subdivision of [0, 7]. Consider Ay, € Z(D,X) for k=0,1,...,n and
let A be given by A(t) = Ax(t) := Ay for A\ <t < Apy1 and A(7) = Ap(7) := A,
Choosing f with support in [Ag, Ag+1), we obtain that LP-maximal regularity of each
Ay is a necessary condition on A to have LP-maximal regularity. This condition is
also sufficient. In fact, assume that each Ay € A# % and let (T(s))s>o0 denote the
Co-semigroup on X generated by — Ay, (with domain D) for k = 0,1,...,n. For each
interval [a,b] C [0, 7] such that \p,—1 < a < Ay, < ... < Nj—1 < b < A, we define the
operators Py (a,b) € Z(X) by

(3.1) Pa(a,b) =Ty(b— N—1)Ti—1(M—1 — Ni—2) . - Tonp1 A1 — An) Tn (A — @),
and for \j_1 <a<b< )\ by
(3.2) Pa(a,b) = Ty(b— a).
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It is easy to see that (a,b) — Pa(a,b) is strongly continuous on X for 0 < a < b < 7.
Moreover, for every f € LP(a,b; X) the function

t
(3.3) up(t) := / Pa(r,t)f(r)dr
belongs to M R,(a,b) and is the unique solution of problem

CPA(a.b) { 0(t) + Aa(t)v(t) = f(t) t-a.e. on [a,b),

Note also that, for all x € Tr and f € LP(a,b, X) the function v (t) = Pa(a,t)z +
fat Py (r,t) f(r)dr belongs to M Ry(a,b) and is the unique solution of the initial value
problem

0(t) + Aa(t)v(t) = f(t) t-a.e. on [a,b],

v(a) = .

CPa(a,b,x) {

The product given by (3.1)—(3.2), and also the existence of a limit of this product
as |A| converges to 0 uniformly on [a,b] C [0, 7], was studied in our work [13]. This
leads to a theory of integral product, comparable to that of the classical Riemann
integral. The notion of product integral has been introduced by Vito Volterra at the
end of the 19th century. We refer to Antonin Slavik [21] and the reference therein for
a discussion of the work of V. Volterra and for more details on product integration
theory.

Consider now the general case where A: [0, 7] — Z(D, X) is bounded and strongly
measurable. We want to approximate A by step functions as follows:

Let A := XA < A1 < ... < Apy1 be a subdivision of [0,7] and Ax: [0,7] —
Z(D, X) be defined by Ap(t) := Ag for A\ <t < A1 and Apx(7) := A,,, where Ay
is given by

1 Ak41
(3.4) Agx = 7/ A(r)zdr (re€ D, k=0,1,...,n).
Akl — Ak S,
The following lemma says that A converges strongly and almost everywhere to A
as |[A| — 0.
Lemma 3.1. Let A: [0,7] — £(D,X) be bounded and strongly measurable.
Then for all x € D we have Ax(t)x — A(t)x in X as |A| — 0 t-a.e.

Proof. Let C > 0 be such that ||A(t)z|x < C|«|p for all € D and for
almost every ¢ € [0,7]. Let A be any subdivision of [0,7] and A be given by (3.4)
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for k=0,1,...n. We have |Arz||x < C|jz||p for all x € D. Let t be any Lebesgue
point of A(-)x. Let k € {0,1,...,n} be such that t € [Ay, Ag+1). Then

Akl
Atz — At)z = ﬁ A (A(r)e — A()z) dr

1 t 1 Ak+1
= m [\k (A(T)CL' - A(t)x) dr + m/t (A(?“){E — A(t);[;) dr

_ e / " (AW — A)) dr
Akl — Akt — Mg A

A1 —t 1

Akt
+ A(r)z — A(t)z) dr.
/\k+1—)\k/\k+1_t/t (A(r) (t)x)

Using [3, Proposition 1.2.2, page 16] we obtain that Ax(t)z — A(t)zr — 0 as |A] — 0.
The result follows since almost all points of [0, 7] are Lebesgue points of A(-)z. O

In order to prove results on the convergence of the solutions up of CPA(0,7) we
need more regularity on A.

Recall that the function A is relatively continuous (in the sense of [7, Defini-
tion 2.5]) if for each ¢t € [0,7] and all € > 0 there exist ¢ > 0, > 0 such that for all
s €1[0,T], |t — s| < 0 implies that

[A(t)z — A(s)z| < ellzl[p +nllz|| forz e D.

The relative continuity on the compact interval [0, 7] is equivalent to uniform relative
continuity, that is, for every € > 0 there exist § > 0 and 1 > 0 such that for all x € D
and for all t,s € [0, 7] one has

[A()z — A(s)z| < ellzl[p + nll]

whenever |t — s| < §. If A is relatively continuous then A is bounded (see [7,
Remark 2.6]).

Next we give some sufficient and necessary conditions for LP-maximal regularity.
This is based on the following definition.

Definition 3.2. A function A: [0,7] — Z(D, X) is called relatively p-approxi-
mable if for all € > 0 there exist 6 > 0, n > 0 such that for all f € L?(0,7; D) and
for all subdivisions A of [0, 7], |A| < 0 implies that

(35) ||%Af - 'Q{f”LT’(O,T;D) < EHfHLP(O,T;D) + n”f”LT’(O,T;X)'

The relative p-approximability is weaker than relative continuity. Indeed each
relatively continuous function A is relatively p-approximable. The converse is not
true, a counterexample is given by step functions.
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Proposition 3.3. Assume that A: [0,7] — £ (D, X) is relatively continuous.
Then A is relatively p-approximable.

Proof. Lete > 0. By the relative continuity there exist § > 0 and 1 > 0 such
that |t — ¢/| < § implies ||A(t)z — A )z|| < €|lzl|p + nl|z|lx (x € D). Let A be
a subdivision of [0, 7] with |A| < § and let ¢ € [Ag, Aky1). Since

AN £ (1) — A1) x = / A - AwFo)x —2

Ak Ak+1 — Ak

<elf@)lp +nllft)lx,
it follows that ||y f — & f| r(0,7;0) < €llfllLrco,7:0) + 0l fll 22 0,7 x)- O

Proposition 3.4. Let A: [0,7] — £ (D,X) be strongly measurable and rela-
tively p-approximable. Assume that A € 4 %,(0,7). Then there exists 6y > 0 such
that for each subdivision A of [0, 7] with |A| < §g we have Ay € A %,(0,7).

Proof. According to point (1) of Proposition 2.2, it suffices to prove the propo-
sition for ¢ + Ap for some g > 0. Let M(A) be the constant from Proposition 2.2.
For eg = 1/[2M(A)], since A(:) is relatively p-approximable, there exist 6y > 0 and

> 0 such that |A| < dp implies that

|Zpf — A fllLeo,;0) < €0l fllro,70) + 10l fll o0, 7:x)

for all f € LP(0,7; D). Let A be a subdivision of [0, 7] such that |A| < Jp and let
f € LP(0,7; X). Then

[(tn — )0+ A + B) " flliro.rx)
1
2M( )||(9+ﬂ+%) Yfllzeo,m5) + moll(e + o + B) 7l Lvo,rix)

WOM(A)

_HfHLPOTX)+ IfIle(0,7:x)-

Thus, for g > g0 := (4M(A)no)? we have ||(y — ) (0 + o + %)‘H\g(m(omx)) <
3/4. Therefore, (9 + @/ + %) is invertible whenever |A| < dp and o > go. O

The main result of this section is the following.
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Theorem 3.5. Let A: [0,7] — £(D, X) be strongly measurable and relatively
p-approximable. Then the following assertions are equivalent.
(i) Ae AZ%,0,T).
(ii) There exists 09 > 0 such that Ay € .#%,(0,7) for all subdivisions A of [0, 7]
such that |A| < éo and for each [a,b] C [0, 7] the solution upn of CPx(a,b), given
by (3.3), converges in M Ry(a,b) as |A| — 0.

Proof. (i)=(ii) Let dop > 0 and ¢ = g¢ be as in the proof of Proposition 3.4.

Let A and T" be two subdivisions of [0, 7] such that |A], |T'| < dop. Let [a,b] C [0, 7].
We have ||(y — o )(0+ o + B) | 2(Lr(ap:x)) < 3/4. Hence

(0+Fn+B) " =0+ +B)"> (dh— ) o+ +B) ")
k=0

The same is also true if we replace A by I'. Let now ¢ > 0 and f € L”(a,b; X). Let
ng € N be such that

> (o~ o+ +B) ) = ((h— o+ +B))
k=no+1 k=no+1 g(LP(avb?X))
9
S oAy

We set I p := ((p — ) (o+ o +B)" )k and I 1 := (o — ) (o + o + B) 1)k
for k=0,1,...,n9

By Lemma 3.1 we conclude that [y af — Lirf = (#y — or)(o+ o + B)~Lf
converges to 0 on LP(a,b; X) as |A[,|T'] — 0. It is not difficult to deduce that also
all I A f — I rf converge to 0 as |A[, [T'| — 0.

Then let ¢’ > 0 be such that

AL <6 = | Iiaf — T fll oo x) < e((no+1)M(A)) ™!

for every 0 < k < ny.

We deduce that ||us — ur||lmr < €/2||f]] + /2 whenever |A|, |T'] < min{dp, §'}.
The implication (ii)=>(i) is given by Lemma 2.4. d
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4. STABILITY AND MAXIMAL REGULARITY

In this section we give a stability result for the L,-maximal regularity.

Throughout this section we assume that A: [0,7] — Z(D, X) is strongly mea-
surable and relatively continuous and A(t) € .#Z for all t € [0,7]. We assume also
that there exists an approximation A, : [0,7] — Z(D, X) (strongly measurable) of
A with the following properties.

(Hy) There exists C' > 0 such that ||A,(t)[| ¢ p,x) < C forall t € [0,7] and n € N.

(Hz) For each x € D one has A, (t)x — A(t)x as n — oo in X t-a.e. on [0, 7].

(Hs) For every € > 0 there exist > 0, ng € N such that for all z € D,n > ng,t €
[0, 7] one has

[An(t)z — A(t)z|| < ellz] b + nllz]]

(Hy) A, € #Z%(0,7) for all n € N.

We have seen in Lemma 2.4 that if there exists a sequence A, satisfying the
assumptions (Hy)—(Hy) then A € #%,(0,7) provided that for each [a,b] C [0, 7]
and for every f € LP(a,b; X) the unique solution u, in M Ry(a,b) of

Un(t) + Ap(t)un(t) = f(t) t-ae. on [a,b], up(a) =0

converges in M Ry(a,b) as n — co. The main result is Theorem 4.5 which says, in
particular, that this convergence holds if A is relatively continuous. We also show
that Ap: [0,7] — Z(D,X) defined in the previous section satisfies (H;)—(H4) as
|A| — 0 provided that A is relatively continuous. This gives an alternative proof of
Theorem 2.7 in [7].

We begin with the following useful auxiliary result. For each ¢y € [a,b] C [0, 7]
we denote by <7 (tg) = & (to)q,» the unbounded operator on LP(a, b; X) with domain
LP?(a,b; D) defined by (< (to) f)(s) = A(to) f(s) s-a.e.

Lemma 4.1. Let A: [0,7] — Z(D, X) be strongly measurable and relatively
continuous. Assume that A(t) € MR for all t € [0,7]. Then there exist M > 0,
00 > 0 independent of t € [0, 7] such that

[0+ () + B) || 2(Lr(abx) MRy (b)) < M
M
1+

?

and ||(o+ o (t) + B) | 2(Lr(apx)) <

for all intervals [a,b] C [0,7] and all ¢ > go.
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Proof. a) Let [a,b] C [0,7]. For each ¢ € [a,b] there exist n; > 0, d; > 0 such
that for all s € [t — 0, t + &;] we have

[A()z — A(s)z <

< garcagylele +&lel (@ e D).

where M (A(t)) is the constant in (1.1) (see Section 1). By compactness we find
t; € [a,b] such that [a,b] C U [t; — O, , ti + dt,]. We may assume that this covering is

minimal. Thus ¢; # t; for ¢ 7$ 7. We arrange then ¢; in such way that a <ty <t} <
to < ...<t, <b. Thus

t; — 0, Stigr — Opy St +0s S<tigpr +0p,yy

Setting 70 = a, 7, = max{t;—1,t; — d;},i = 1,...,n — 1 and 7, = b we obtain that
To<T <...<Tp form a subd1v1s10n of [0, 7] w1th t; € [1i,Tig1] C [ti — O, ti + 04,
and for all t € [7;, Ti41]-

[A(t)z — At:)x| < [zl o + b,

M x| (xeD,i=0,1,...,n).

b) Let [a,b] € [0,7] and let f € LP(a,b; X). Let t € [a,b] and let ¢ be such that
t € [, Tit1]. It follows from step a) that

(e (t) — o (t:)) (o + o (t:) + B) ™" fll o)

[0+ (t:) + B) " fllLr(app) + (0 + Z (t:) + B) " fllLo(apx)

1
< —
T 2M(A(t:))
1o+ (t:) + B) " Fllar, ap) + nell(@+ 9 () + B) ' fllLr(apix)

1, M(A(t:))
)

1
S 2M(A()

1
< §||f||Lv(a7b;X) + L1l L (ab;x)

for all p > 0. Hence we find go > 0 such that for all p > o we have ||(&(t) —
A (t:)(e+ (i) + )| 2(Lr(apix)) < 3/4. Thus,

(0+ () +B) " =(o+ A (t;) + B+ (t) — ;)"
= (o4 A (t;) +B) I+ (A (t) — A (t:)) (0 + < (t;) + B)~H)7!
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Therefore,

(04« (t) + B) | 2(Lr(abx), MRy (a,b))
<o+ & (t) + B) | 2(Lr(apiX) MR, (a.h))
X ||(I 4 (& (t) — o (t:)) (0 +  (t:) + B) ")l 2(Lr(apix))
< sup M(A()) Y I/ () — o (t:)) (0 + o (t:) + B) " s (Lo (@)

j=1,....n

k=0
<M:=4 sup M(A(t;)).
j=1,....,n
This completes the proof. O

We now show that the problems CP(a,b) are well posed in LP(a,b; X) for all
subintervals [a, b] which are small enough, provided (H;)—(H,4) hold and A is relatively
continuous. For the proof we need the following Lemma.

Lemma 4.2. Assume that the family A,, n € N satisfies the condition (Hs). Then
there exist § > 0, o1 > 0 and ng € N such that for each [a,b] C [0,7], |b—a| <6
implies that

(e — () (0 + A (t) + B) " 2(Lr(absx)) < 3/4,

for allt € [a,b], n = ng and all o > p1.

Proof. Lete:=1/(4M), where M is the constant from Lemma 4.1. By the
assumption on A, there exist § > 0 and 7; > 0 such that for all s1,s2 € [0, 7],
|s2 — s1] < ¢ implies

1
[A(s1)a = Als2)z]| < 7llzllo +mllzll (2 € D).

By the assumption (Hj) there exist 7o > 0 and ng € N such that for all z € D,
n = ng and t € [0, 7] one has

1
|4n(t) = AWall < 1llello +mllzl (€ D).

Let now [a,b] be a subinterval of [0, 7] such that |b —a| < §. Let f € LP(a,b; X)
and ¢ > go (with gp from Lemma 4.1). Using Lemma 4.1 we obtain that for each
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t € [a,b] and n = ng
(6o = @) e+ /0) + )l
b
~ ([ 1649 - 20) (e + 10+ 2 s 5 s

1/p

<([ [ltes @+ 27 N6l

» 1/p
#m+mle + /(0 + 2N as)

(0+ (1) + B)" fllioupy + (2 +m)ll(e + o (t) + B) " fll Lo(apix)

(m +n2) M
T”f”LP(a,b;X)-

1
< 5+l
2M
1
< §||f||Lp(a,b;X) +

Hence for all ¢ > g1 := max{0o,4(n2 + n1)M} we have ||(, () — & (t))(0 + S (t) +
B) | 2(Lr(apsx)) < 3/4. O

Theorem 4.3. Assume that the family A,,n € N satisfies the conditions (H;)—
(Hy). Then there exists n > 0 such that for all [a,b] C [0, 7] with |b— a| < n and all
f € LP(a,b; X) the unique solution u,, in M Ry(a,b) of

(4.1) Un(t) + Ap(t)un(t) = f(t) t-a.e. on [a,b], wun(a)=0
converges in MRy(a,b) as n — oo and u := lim w, is the unique solution of
CP(a,b).

Proof. We use the same idea as in the proof of Theorem 3.5. Let 6, 01 and ng be
the constants given by Lemma 4.2. According to Proposition 2.2 we can assume that
01 = 0. Let [a,b] C [0, 7] be such that |b —a| < 4. Let ¢y € [a,b] and f € LP(a,b; X)
be fixed. Let € > 0 and kg € N be such that

o k
_ -1 £
(42) > (a2 <o
k=ko+1 (Lp(a»wa))

where M is the constant in Lemma 4.1. We have the following equality
(43) un = (o +B)7 f = ((to) + B) 7 (I + (e — (o)) (< (to) + #) ")
For each k € {0,1,...,ko} and n € N we set

Iin = (o — o (t0))( (to) + B) )"

902



By the hypothesis (Hz) we have Iy ,f — I1 f = (e — @) (A (to) + B)"1 f, and
thus all I, x f — I i f converge to 0 on LP(a,b; X) as n,m — co. Let N > 0 be such
that

9

(4.4) n,m Ik f = I fll o (a,b:x) (ko + 1)M

for every 0 < k < ng.
From (4.2), (4.3) and (4.4) we deduce that (u,)nen is a Cauchy sequence on the
Banach space M R,(a,b). The last claim follows from Lemma 2.4. (]

We are now ready for the proof of our main results. Let § be the constant given
by Lemma 4.2 and [a,b] be a subinterval of [0, 7] such that |a — b] < §. Then we
have the following stability result.

Theorem 4.4. Assume that A is relatively continuous and A(t) € .# % for all
t € [0,7]. We also assume that the A,, satisfy the hypothese (Hy)—(Hy). Let ©,, € T
and f, € LP(a,b; X) be such that x,, — x in Tr and f,, — f in LP(a,b; X). Then
the solution u,, of

(4.5) Un(t) + Ap(t)un(t) = fu(t) a.e.ona,b], up(a)=x,
converges in M R,(a,b) and v := lim w,, is the unique solution of
(4.6) u(t) + A(t)u(t) = f(t) a.e. onla,b], wu(a)==w.

Proof. (a)Let f, € LP(a,b; X) be such that f, — f in LP(a,b; X). We have

Theorem 4.3 implies that the second term on the right-hand side of the above equality
converges in M R,(a,b) to (& + %)~ f. Using the Banach-Steinhaus Theorem we
obtain

Jim [+ B) " o — (o + B) fllur = 0.

(b) Now let x,, — x and f, — f, respectively, in Tr and in L?(a,b; X). There
exist wy,, w € MRy(a,b) such that wy,(a) = x,, w(a) = z and lim ||w, —w|mr =0.
n—oo
Let u, € MRy(a,b) be such that

Un(t) + Ap()un(t) = fu(t) a.e.onla,b], up(a)=xz,.
There exists a unique v,, € M Ry(a,b) such that
On(t) + Ap(H)vn(t) = —n(t) — Ap(H)wn(t) + fn(t) a.e.on [a,b], wv,(a)=0.
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By unique solvability we have u,, = v, + w,. The assumption (H3) implies that
Wy, + Apwy, + frn = W+ Aw+ f in LP(a,b; X). Thus from (a) it follows that v,, — v
in MRy(a,b) and v is the unique solution in M R (a,b) of

o(t) + A(t)v(t) = —w(t) — A@)w(t) + f(t) a.e.on [a,b], wv(a)=0.
Thus u,, — u:=v +w in MRy(a,b) and
a(t) + At)u(t) = f(t) a.e.on[a,b], u(a)==zx.

The uniqueness follows from (a). O

From Theorem 4.4 we deduce the following global stability result.

Theorem 4.5. Let A: [0,7] — Z(D, X) be strongly measurable and relatively
continuous. Assume that A(t) € M4 X for allt € [0,7] and A,, satisfy the hypothese
(Hy)—(Hy). Let &, € Tr and f,, € LP(0,7; X) be such that x,, — « in Tr and f, — f
in L?(0,7; X). Then the unique solution u,, of

(4.7) Un(t) + An(t)un(t) = fu(t) ae onl0,7], u,(0)=u2x,
converges in M R,(0,7) and v := lim w,, is the unique solution of
(4.8) u(t) + A(t)u(t) = f(t) a.e.on[0,7], u(0)==zx.

Proof. Let u, be the solution of (4.7). From Theorem 4.4, u,, converges in
MRy(a,b) for all [a,b] C [0, 7] such that |b —a| < J. We put

7 == max{0 < 7’ < 7, such that u,, — u in MR(0,7")}.

Thus 71 > §. We show that 7, = 7. Indeed, we assume by contradiction that 7 < 7
and choose 7{ < 71 such that 71 — 7{ < 6/2. Then u, — v in MR(0,7{). On the
other hand, w,, coincides on the interval 71, (71 + ) A 7] with the solution of

W(t) + Ap(Hu(t) = fo(t) ae.on [, (1] +0)AT], u(r)=un(r]) €Tr

which converges by Theorem 4.4 on M R(ry, (71 + ) A 7). Then u,, — u on M R(0,
(r{ +9) A 7). Thus (7] + ) A7 < 71, which is a contradiction to the definition
of T1- O
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We now consider the approximation Aj: [0,7] — Z(D, X) introduced in Sec-
tion 2. 'We have proved in Lemma 3.1 and Proposition 3.3 that A, satisfies (Hs)
and (Hgz). Moreover, since A: [0,7] — Z(D, X) is relatively continuous, there exists
0 > 0 such that the coefficients A which are defined for all k =0,1,...,n by

1 Akl
Apx = 7/ A(r)zdr (z € D),
Akl — Ak

belong to .# % provided |A| < §. Indeed, for ¢t € [Ag, Ajt1]
0+ e+ B=(Id+ (e — )0+ F(t) +B) o+ I (t) + B).
By an analogous argument as in the proof of Lemma 4.2, we obtain that

(e — () (0 + o (t) + B) " | 2(Lr(0.7:x)) < 3/4

for all p > go and |A| < ¢ for some gg > Oand 6 > 0. Thus A, € # %, k=0,1,...,n
This is equivalent as proved in Section 3 to the fact that Ay € #%,(0,7). Thus
Ap: [0,7] — Z(D, X) as defined above satisfies the hypothese (H;)—(Ha) for all
subdivisions A of [0, 7] such that |A| < §. We have thus proved the following.

Corollary 4.6. Assume that A: [0,7] — £(D, X) is strongly measurable and
relatively continuous and A(t) € M X for allt € [0,7]. Then A € .#%#(0,T), and for
each [a,b] C [0, 7] the unique solution u in M R,(a,b) of CP(a,b) satisfies

lim Hu— UAHMR = 0
[A]l—

where uy is given by (3.3).

5. AN EXAMPLE

Let  C R™ be an open set such that 9 is bounded and of class C?. As example
we consider the non-autonomous diffusion equation which is described in [7]
Opu(t,z) — A (t,x, D)u(t,z) = f(t,x) a.e.on (0,7) x Q,
(5.1) u(t)(x) =0 on (0,7) x 99,
u(0,x) = uo(x) a.e. on §
where o7 (t,x, D) is the partial differential operator defined by

n

(5.2) (t,z, D)u(z) = > ai;(t,x)0;05u(x Z b;(t, ©)0ju(z) + bo(t, z)u(z),

4,j=1 i,j=1
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such that a;; € C([0,7] x Q) for i,j = 1,...,n is uniformly continuous, bounded and

uniformly elliptic, i.e.
n

Z t z ngj ﬁ|€|2

for some 8 > 0 and all £ € R",z € Q,t € [0,7], and b; € L>®((0,7) x Q) for
j=0,1,...,n

Recall that if X and D are two Banach spaces and Y an intermediate space such
that D—Y <X then we say that Y is close to X compared with D if for each € > 0
there exists 7 > 0 such that ||z||y < ¢||lz|lp +nl|z||x, * € D (see [7] for more details
and several examples).

Let p,q € (1,00). Let D := W2P(Q) N WyP(Q). The space W'?(Q) is close to
LP(Q) compared with W2?(Q)). We deduce from [7, Theorem 2.10, Theorem 1.3
that A: [0,7] — (D, LP(Q)) given by

A(t)u::—Za”txﬁau Zb 0w —bo(t, )u (u€ D)
i,j=1 ,j=1

is relatively continuous and A(t) € # % for all ¢t € [0,7]. Thus the problem (5.1) is
stable in the sense of Theorem 4.5 for all initial data ug € B,z,éq N Bl/q (Q) (see [24]
for the Besov spaces Bpéq ). Moreover, the unique solution

we C([0,7]; B2 0 BYT(Q) N W0, 75 LP(Q)) N L0, 753 WP N Wy P ()

of (5.1) can be explicitly approximated as follows:
Let A := (Ao, A\1,--.,Am) be a subdivision of [0, 7] and define

X 1 Ak41
i) = —— a;;i(r,-)dr,
0=y L o)

. 1 Ak41
bi() i = ——mm — bi(r,-)dr, and
i) /\k+1—/\k/k ()

bk ! AHlb d
0(-) = m/Ak o(r,-)dr

fori,j =0,1,...,nand k = 0,1,...,m. The coefficients Ay, introduced in Section 3,
are then given in the situation of (5.2) as follows

n

Agu=—>" dl ()88udr—2b ()05u —bE(Ju  (u € D).

2,7=1 7j=1
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Let ua be the unique solution in W14(0, 7; LP(Q)) N L(0, 7; W2 N WP () of the
approximated problem

Opu(t,x) — da(t,z, D)u(t,x) = f(t,x) a.e.on (0,7) x Q,
u(t)(x) =0 on (0,7) x 09,

w(0,2) = ug(x) a.e. on Q.

Then wuy is given explicitly by (3.3) where

AA(t) =

A for Ay <t < Agy1, K=0,1,...,m,
A, fort=r,

and by Corollary 4.6
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