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ON METRIZABILITY OF LOCALLY HOMOGENEOUS AFFINE
2-DIMENSIONAL MANIFOLDS

ALENA VANZUROVA

ABSTRACT. In [I9] we proved a theorem which shows how to find, under
particular assumptions guaranteeing metrizability (among others, recurrency
of the curvature is necessary), all (at least local) pseudo-Riemannian metrics
compatible with a given torsion-less linear connection without flat points on a
two-dimensional affine manifold. The result has the form of an implication
only; if there are flat points, or if curvature is not recurrent, we have no good
answer in general, which can be also demonstrated by examples. Note that in
higher dimension, the problem is not easy to solve.

Here we try to apply this apparatus to the two main types (A and B
from [9], [1]) of torsion-less locally homogeneous connections defined in open
domains of 2-manifolds. We prove that in dimension two a symmetric linear
connection with constant Christoffels is metrizable if and only if it is locally
flat. On the other hand, in the class of connections of type B there are even
non-flat metrizable connections.

1. INTRODUCTION

To answer the question, under what conditions on initial data, a given linear
connection on an n-dimensional manifold coincides with the Levi-Civita connection
of some pseudo-Riemannian metric, is a difficult problem in general. Only the case
n = 2 is easy.

For the Riemannian manifold, probably the most effective method was offered by
O. Kowalski in [5], [6], see also [I7], [16], [18]. In [19] we developed a method which
might be helpful in deciding whether a given linear connection on a 2-dimensional
manifold arises as a Riemannian connection of some pseudo-Riemannian metric. In
the simplest case, for nowhere flat affine two-manifolds, we formulated necessary
and sufficient conditions for local metrizability in [19], and in favourable case all
compatible metrics were described in terms of the Ricci tensor. Our aim is to
show here application for the class of locally homogeneous connections in affine
2-manifolds, [14], [9], [1].
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348 A. VANZUROVA

We apply simple methods suggested in [19] in the case of the two main classes
of locally homogeneous linear connections, called Type A and Type B in [9], [1],
[14]. Such connections play the key role in the Classification Theorem for locally
homogeneous symmetric linear connections on two-dimensional manifolds. Let us
consider the case n = 2 in what follows.

1.1. Affine two-manifolds. First recall some notation. Let (M, V) be an affine
manifold with a linear connection V, and let R denote the corresponding curvature
tensor, R(X,Y)Z = [Vx,Vy]Z — Vix y)Z for X,Y, Z from X(M).

As well known, in dimension two the curvature tensor R of type (1,3) can be
completely recovered from the Ricci tensor, R(X,Y)Z = Ric (Y, Z)X —Ric (X, 2)Y
for X,Y,Z € X(M). In local coordinates, as far as R} ;; = 0 and R},;; = R;y, for
j # i, we have explicit formulas

_ 2 _ p2 _ 1 _ pl
Rll - _R112 - RlZla R21 - _R121 - R1127

— 2 _ p2 _ 1 _ pl
Rip = —Rj15 = Rjy, Ras = —Rjy, = Rayp -

(1)

Since VR = w ® R is equivalent with V Ric = w ® Ric provided n = 2 we get:

Lemma 1. The curvature tensor R of (M, V) is recurrent if and only if the Ricci
tensor is recurrent, and R = 0 if and only if Ric = 0.

The induced map Z — R(X,Y)Z, R(X,Y): T,M — T, M (for X,Y,Z from
T, M) is linear and skew-symmetric. The Ricci tensor Ric of type (0,2) is a
trace of the endomorphism, Ric (Y,Z) = Tr{X — R(X,Y)Z}, X,Y,Z € X(M)
(hence it carries less information than R in general) and the formula Tr R(Y, Z) =
Ric(Z,Y) — Ric (Y, Z) holds, [I1}, p. 14].

1.2. The Ricci tensor of a pseudo-Riemannian manifold. For a pseudo-Rie-
mannian manifold (M, g) consider the curvature tensor of type (0,4) introduced
(up to sign) by R(X,Y,Z, W) = g(R(X,Y)Z, W); the relations R(X,Y,Z, W) =
R(Z,W,X,Y) = —R(Y,X,Z,W) = —R(X,Y,W, Z) hold. In local coordinates
components Rp;jj of R and Rfjk of R satisfy Rpijx = Rjkhi = —Rinjk = —Rhikj,
Ryijr = gthfjk, and glthijk = Rfjk. We introduce also the Ricci tensor of
type (1,1) with components R; = gLRs;. The scalar curvature p is its trace,
o= TrRic = RS = g R;.

If n = 2 the formula Rp;jx = K (gn;9ik — gnigjx) holds ([3, p. 137]) and szk =
8% Rgn — 03, Rjp, is satisfied ([10], [15]). We then check easily R}, = K(6},9n; —0%gnr),
and further Ric = %Q g = Kg (the Ricci tensor of a 2-dimensional pseudo-Rieman-
nian manifold is proportional to the metric tensor ([I0, p. 263], [I5, p. 101])
which shows that an affine 2-manifold is an Einstein space, and its Ricci tensor is
necessarily symmetric.

Obviously for a nowhere flat (Ma, g), the Ricci tensor is non-degenerate. Moreover,
any nowhere flat pseudo-Riemannian 2-manifold has a recurrent curvature tensor
provided the sectional curvature does not vanish ([4, I, p. 280]):
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Lemma 2. The Ricci tensor of a nowhere flat 2-dimensional pseudo-Riemannian
manifold is recurrent, and the corresponding 1-form is exact (gradient).

Proof. R # 0 is equivalent with K(z) # 0 on M (from continuity, K is either
positive, or negative); g = a(z) - Ric with a(z) = ﬁ # 0, and Vg = 0. Obviously
a(x) - Ric is parallel, and V Ric = d(—In |a|) ® Ric holds, [19]. O

Since in the case R = 0, the tensor Ric is in fact also recurrent (w = 0),
recurrency is one of necessary conditions for metrizability of a two-manifold.

1.3. Metrizability of affine 2-manifolds. We obtained two necessary conditions
for local metrizability of a symmetric linear connection on a pseudo-Riemannian
2-manifold: the Ricci tensor must be symmetric, and must be also recurrent for
some closed 1-form (proof of Lemma . Moreover, Ric may be degenerate only if
R = 0 holds, and if this is the case then Ric = 0. For the sake of global metrizability,
the corresponding 1-form must be even exact. As well known, a flat connection is
always globally metrizable; we can even prescribe a signature.

Now suppose that the Ricci tensor (or equivalently, the curvature) is non-vanishing
in one fixed point zy € M, and due to continuity, in some neighborhood of zy (note
that the subset of non-flat points is open).

Theorem 1. Let (Ma, V) be a 2-manifold with a symmetric linear connection such
that the Ricci tensor is symmetric, recurrent, i.e. V Ric = w® Ric for some 1-form
w, and reqular (|R;;| # 0). Then at least locally, there is a metric compatible with
the connection.

Proof. Let zp € M. Since |R;;| # 0 there is a pair (4, j) such that R;; # 0 about
xp. Due to the recurrency and regularity, dw = 0. Hence in some neighborhood
of g, there is a function f such that w = df. It can be checked that e~/ - Ric is
parallel about xq. Therefore g = e~/ - Ric is a local metric compatible with V in a
neighborhood of . O

Theorem 2 ([19]). Let (M2, V) be a two-dimensional manifold with a symmetric
linear connection and the curvature R non-zero everywhere. If the Ricci tensor of
V is regular, symmetric and satisfies V Ric = w ® Ric where w = df is an exact
1-form (f being some function) then g = e~/ - Ric is a global metric tensor such

that Vg = 0.

Hence a now-here flat symmetric linear connection on My is metrizable if and
only if its Ricci tensor is symmetric, regular and recurrent with the corresponding
1-form being exact. If this is the case and V Ric = df ® Ric holds for some
smooth function f then all global metrics corresponding to the connection V form
a l-parameter family of homothetic metrics

(2) gp = exp(—f +b) - Ric , beR,

(i.e. they differ from each other up to a scalar multiple, and each arises from the
Ricei tensor as a multiple by a smooth function).
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2. LOCALLY HOMOGENEOUS AFFINE 2-MANIFOLDS

As well known, a connection V in a domain U of M5 is given uniquely by a
family of components (Christoffel symbols) which are functions A(u,v),. .., F(u,v)
in two variables u,v where (u,v) are local coordinates in U,

Vo,00 = ADy + By,  Vo,0, = CO, + DO, ,

3 ~ .
®) Va,0u = C0O, + DO, Vo, 00 = EO, + FO,;

to simplify the usual notation we denoted 9, = a%, similarly for v, I'l; = A,
r2, =B, I, =0,1%, =D, T4 =C, T3 =D, T, = E, T3, = F. An
affine manifold (M, V) is called (affine) locally homogeneous if for any points
p, q in M there are neighborhoods U > p, V 3 ¢ and an affine transformation
[+ (U, Vi) — (V,V)y) sending p into g, [13].

A seemingly easy problem, to classify all locally homogeneous torsion-less linear
connections in plain domains, was solved only recently, namely by a direct method
n [I4], by a group-theoretical method in [9], and in a more general setting, for
connections with arbitrary torsion, in [I]; the proofs are based on the theory of Lie
algebras of vector fields, [I2]. Recall the result of B. Opozda from [14] which was a
motivation for our contribution.

Theorem 3. Let My be an affine locally homogeneous 2-manifold with a symmetric
connection. Then for any point p € M there is a neighborhood U, such that
either the restriction of the given connection is the Riemannian connection of a
pseudo-Riemannian manifold of constant curvature, or there is a system (u,v) of
local coordinates in U, such that the restriction is V with component expression
(B) where A, ..., F are constants (called connection of the Type A, with constant
Christoffels), or the restriction is one of the symmetric connections v given by the
formulas

TYPE B: Vo, 0y = u~t (Ad, + B8,) ,
(4) Vo, 0y = u~t (CO, + DV,) ,
Vo, 0y = u~! (B8, + Fd,)

(called connections of the Type B) where A, ..., F are real constants, not all of
them are zero.

Formulation of the Theorem [3] might avoke an incorrect impression that it
somehow separates metric connections from connections of Type A and Type B. A
more general and more precisely formulated version can be found in [I, Theorem 2
(Classification Theorem), pp. 2,3] for connections of arbitrary torsion. Since our aim
is to examine metric connections let us consider now only torsion-free (symmetric,
C = C, D = D) connections in what follows. Components of the Ricci tensor of a
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symmetric connection read:

Ry = Ric (84,0,) = B(F — C) + D(A— D) + B, — D, ,

(5)

where the lower index means partial derivative according to the corresponding
variable; Ric need not be symmetric, even for a symmetric connection.

2.1. Type A connections, with constant Christoffels. Let us examine metri-
zability of symmetric connections with constant Christoffels in open domains of
2-manifolds. We prove that a complete answer can be given as follows: In dimension
two, a symmetric linear connection with constant Christoffels is metrizable if and
only if it is locally flat. Though the metrizability problem means to solve a system
of differential equations in general [2], in our case it is sufficient to solve a system
of algebraic equations.

In the case of a connection with constant Christoffels defined in U C R?[u,v],
the curvature tensor R as well as the Ricci tensor are constant, the components
being

Ry = B(F —C) + D(A— D),
(6) Ris = Ry1 =CD — BE
Ros = E(A— D)+ C(F - C).

Hence Ric is always symmetric, and the shape of R;5 suggests that vanishing or
non-vanishing of one of components B, C, D, E might have consequences. In what
follows we distinguish from technical reasons the cases D = 0 and D # 0 (e.g. to
be able to control our considerations by computations in Maple, though D is not
a preferable coefficient by nature, we could start in fact with something else, e.g.
with C or E).

Lemma 3. A symmetric linear connection ¥V in My = R?*[u,v] with constant
Christoffels is locally flat just in the following cases:

(a) D=B=0and A, C, E, F €R are related by AE — C? + CF = 0;

(b) D#0, C=BE/D, and A, B, E, F € R are related by
D?*A - EB? + DBF — D? = 0.

Proof. Suppose Ric = 0 holds. Let us distinguish the cases D = 0, D # 0. Let
D = 0. Then the condition Ri5 = 0 implies BE = 0. If E = 0 as well then we
get B(F —C) =0=C(F —C) from (6] and in the next step either B = C = 0,
we have the subcase B=C =D =FE =0, A, F € R, or FF = C, we obtain the
subcase D = E =0, FF=C, A, B, C € R; the condition from (a) obviously holds.
On the other hand if B = 0 then the equation C(F' — C) + AE = 0 is satisfied, and
we have the case (a) again.
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Assume D # 0. We get C = BE/D from Rjs = 0. The other two components
of the Ricci tensor vanish if and only if the following holds:

B(F — BE/D)+D(A—D)=0, (BE/D)(F—BE/D)+E(A—D)=0.

This system is equivalent to the unique third-order algebraic equation D?A — EB? +
DBF — D3 =0, hence (b) is checked. O

The class of linear connections with constant Christoffels contains a three-parame-
ter family of metrizable locally flat connections. To show that besides locally
flat connections, among symmetric connections with constant Christoffels on
2-manifolds there are no other metrizable connections we can use Theorem [Il
So let us examine recurrency of Ric as a necessary condition for metrizability.
Constant components of the covariant derivative V Ric are

—Ri1,1 = 2(AR11 + BRy2), —Ri1.2 =2(CR11 + DRy2),
—Ri21 =CR11 + (A+ D)Ria + BRys, —Rizo=FERi1+ (C+ F)Ri2+ DRy,
—Rg2.1 = 2(CR12 + DRas), —Ry2.0 =2(ERi2 + FRy)) .

Hence a symmetric connection with constant Christoffels on Ms is recurrent if and
only if there exist constants 1, s such that the following system holds:

(o1 +2A)R11 +2BR12 =0, CRy1+ (p1+ A+ D)Ria+ BRax =0,
(7)  2CRiz+ (1 +2D)Ros =0, (p2+2C)R11 +2DR12 =0,

ERy1+ (p2+C+ F)Ris+ DRoy =0, 2ER1s+ (o2 +2F)Ro =0.
Lemma 4. If the Ricci tensor of a symmetric linear connection on Mo is recurrent,

has constant Christoffels and satisfies R1o = 0 then either Ric wvanishes or is
degenerate.

Proof. Under our assumptions, the system @ guaranteeing recurrency reduces
to the system of algebraic equations

®) (o1 +2A)Ry; =0, (p24+2C)R11 =0,

(o1 +2D)Roy = 0, (p2 +2F)Ry2 = 0.

Suppose that Ry1 - Rog # 0. Then necessarily A = D and C' = F, and by @
Ri1 = Ry =0, a contradiction.

Lemma 5. If the Ricci tensor of a symmetric linear connection with constant
Christoffels on My is recurrent, non-vanishing and non-degenerate then the compo-
nents must satisfy Ry1 - Ros # 0.

Proof. If R;; = 0 then by , BRis = DRys = 0, hence either R = 0 or
B = D = 0 which gives R12 = 0 again, hence the matrix is singular and Ric
degenerates. Similarly for Rgy = 0. ]

Corollary 1. If a symmetric connection with constant Christoffels on My and
non-vanishing Ricci tensor should have Ric recurrent and non-degenerate then
necessarily Ryi1 - Ryo - Rog # 0.
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Theorem 4. If (M, V) is an affine 2-manifold with constant Christoffels such that
the Ricci tensor is recurrent and all its components are non-vanishing on M then
Ric is degenerate.

Proof. Since Ry; # 0 we get from

R12 R12
— 924 -2B~12 = 20 —2p2
#1 R11 ’ v2 Rll
RisR
-QARm—QB—%¥¥+QCRm+2DRm=0,
11
RisR
—2CRos — QD% +2ER12+2FRyy = 0.
11
‘We obtain
RisR RisR
B=2"22 _ CRiy+ (D — A)Ryy, D—222 —ERy+ (F—C)Ry =0.

Ry Ry
First suppose that BD # 0 and show that Ric is degenerate. Indeed, we get

(= D(D = A)+ B(F — C))Ryy — (CD — BE)Ry5 = 0.

Let us plug for R;; from the expressions: 0 = Ry - Roo — R%, = det(R;;).

Now suppose B = 0. Then

Ri1=D(D - A), R =0CD, Ros =C(F —-C)+ E(A-D)

and necessarily D # 0, C # 0 (otherwise R;j2 = 0, and the Ricci tensor would
vanish by Lemma . From the first of the above equations, (24 + ¢1)R1; = 0
and due to R1; # 0, ¢1 = —2A. Hence plugging into the second equation we get
CD(D — A+ C) = 0 which is equivalent to C' = A— D, due to CD # 0. This yields
R11 = Ras. Now plugging into the third equation we have (A — D)(R12 — Raa) = 0.
Since A — D # 0 (otherwise CD = 0, a contradiction) we obtain Rj2 = Ros = Ri3.
It follows det(R;;) = 0.

Finally, if D = 0 then

R11:B(F*C), R12:7BE, RQQZC(F70)+AE
and necessarily BE # 0, F' # C. We get oo = —2C,

FE
(F—C)Ra2 + ER12 =0, Rao = —mR12 ;
F-C
(F—C)Ri2+ ER11 =0, Ry = _TRH .
It follows Ry - Ros = R2,, hence det(R;;) = 0 again. O

Corollary 2. In the above notation, exactly the following choices of constants give
rise to a metrizable connection V on Ms:

B=C=D=E=0, A FcR;
D=E=0,F=0C, A B,CeR;
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B=D=0, A, C, E, F €R satisfying AE — C?> + CF = 0;
D+#0,C=BE/D, A, B, E, F €R satisfying D>A— EB*> + DBF — D3 = (.

Theorem 5. Locally flat connections are exactly the only metrizable connections
among all symmetric connections with constant Christoffels defined on open domains
of affine 2-manifolds.

Note that the above result corresponds to the results obtained in [IJ.
2.2. Connections of the Type B. Now let us pay attention to metrizability of
a symmetric linear connection V of the form defined in R?[u, v]\{(0,v);v € R}.
It appears that the situation is quite different: there exist classes of metrizable

non-flat connections which are of Type B.
Let us try the direct method based on Theorem [1| Let Ffj be components of

the connection V (i.e. T}, = A/u = A, I'}, = B/u = B etc.) and denote by R;;
components of the Ricci tensor Ric of V. We obtain

Ry =u’[B(F —C)+D(1+A-D)],
Riz =u ?[CD — BE + F],
Ry =u™?[CD — BE — (],

Roy =u ?[E(A—D—1)+C(F - C)].

Components of VRic are

—Rn 1= -1 (2A + 2 R11 + B(R12 + R21))
~Rigq =u ' (CRyy + (A+ D+ 2)Ryp + BRy) ,
—Ro1.4 = “H(CRp +(A+D+2)Ray + BRQQ)

(
(
(
—Roo = 1(0 Ris + Ro1) + (2D + 2)Ras)
—Ry1.20 = u ' (2CRy; + 2DRy2),

—Rig0 = 1(ER11 +(C+ F)Ri2 + DR22)
—Ro12 = 1(ER11 +(C+ F)Roy + DRQQ)
—Rgoo =u Y (2ERy3 + 2F Ryy) .

In what follows suppose that the connection V has symmetric Ricci tensor, equiva-
lently FF = —C.

Provided symmetry of Ricci is guaranteed, necessary and sufficient conditions
for recurrency of V read: the system of algebraic equations
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24 +2

<801+ )R11+%312:07

A+D+2)

C B
—Ry + (901 + Rig+ —Rop =0,
u u

2D +2

%Rqu (<p1+ )RQQ:O,

2C 2D
<802 + *)Ru + —Rip=0,
U U
E D
—Ri1 +@aRig + —Rap =0,
U U

2F 2C
—Rix + (802 - 7)R22 =0
u u

must be solvable for functions ¢ (u,v), @2 (u,v).

Lemma 6. Let the Ricci tensor Ric of a symmetric connection v of Type B
in My = R2[u,v]\{(0,v);v € R} be symmetric and recurrent. Let Ris = 0 on
My and Ri1 - Ros # 0 on My. Then Ric is non-degenerate, B = C = F = 0,
A=D#0,E #0, Ri1 =u" 24, Ryy = —u2E, and VRic = w®RAic, w =df
where w = —2u" (A + 1)du and f = —2(A+ 1)In|u?> +b, b € R. The connection
V is metrizable.

Proof. If Ri5 = 0 then the system is simplified:

2442 28 20 2D + 2
<S01+ >R11+7R12:07 7312+(901+ )RQ?ZO’
20 2D E D
(‘Pz + 7)R11 +—Ri2=0, —Rii+yaRi2+ —Ryp=0,
u u u u

A—|—D+2)

C B 2F 2C
—Ry1 + (<P1 + Rig+ —Ropp =0, —Ria+ (902 - *)Rm =0.
u u u u

If Ry1 - Ros # 0 we obtain o1 = —2u=*(A+1) = —2u~(D + 1), hence A = D,
moreover, o =0, C =0, B=0, Ri; : Ryo = —D : E. The rest follows. [l

From Theorem [Il we deduce

Theorem 6. Any choice of real constants B=C =F =0, A=D #0, E#0
defines in (a neighborhood U of) My = R?[u, v]\{(0,v);v € R} a non-flat (locally)
metrizable connection.

The choice A =D = -1, E=1, B=C = F = 0 gives a non-flat metrizable
connection @, with (symmetric, recurrent and non-degenerate) Ricci tensor Ric =
—u"2(du ® du + dv ® dv) (w = 0), compatible with the Riemannian metric g =
—Ric = v 2(du ® du + dv ® dv) of constant negative curvature K = —1. Hence
(locally) V is the Levi-Civita connection of the standard hyperbolic plane. On the
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other hand, the constants A = D = E =1, B = C = F = 0 define by the
Levi-Civita connection of the Lorentzian metric g = Ric = u™2(du ® du — dv ® dv)
of constant positive curvature K = 1. The result is in accordance with [I].

Remark 1. As concerns the 2-dimensional sphere, it is neither of Type A, nor of

Type B, see [1].
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