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Abstract. Using the cone theory and the lattice structure, we establish some methods of
computation of the topological degree for the nonlinear operators which are not assumed
to be cone mappings. As applications, existence results of nontrivial solutions for singular
Sturm-Liouville problems are given. The nonlinearity in the equations can take negative
values and may be unbounded from below.
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1. INTRODUCTION

Let E be a Banach space with a cone P. Then E becomes an ordered Banach
space under the partial ordering < which is induced by P. A cone P is said to be
normal if there exists a positive constant N such that § < « < y implies ||z|| < N||y||-
For the concepts and properties concerning the cone we refer to [1], [2].

We call E a lattice under the partial ordering < if sup{z,y} and inf{z,y} exist
for arbitrary z,y € E. For x € E, let

rT =sup{z,0}, 2 =sup{-z,0};

T and 2~ are called the positive part and the negative part of x respectively, and
obviously z = 2t — 7. Take |z| = 2" + 27, then |z| € P. One can refer to [4] for
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the definition and the properties of the lattice. For convenience, we use the notation:

vy =z, z_=-2"
and clearly
xy €P, xz_€(—P), z=x4+z_.

In an ordered Banach space, much research has been done on computation of
topological degree and the fixed point index for cone mappings by using the partial
ordered relation and the functional [7], [9], [3], [10], [8]. The use of the partial
ordered relation to compute topological degree and the fixed point index goes back
to a pioneering paper by M. A. Krasnoselskii [5], which has been so influential as to
motivate several authors to develop further the theory of topological degree and the
fixed point index. His work made a very significant contribution to the field. For
instance, in [8] Sun and Liu gave a computational method of topological degree by
applying the theory of cones to studying non-cone mappings, and in [9], [3], [10], the
authors established some theorems about computation of the topological degree for
nonlinear operators which are not cone mappings, using the partial ordering relation
and the lattice structure.

Motivated by [9], [10], we derive some new theorems about computation of the
topological degree by means of the partial ordering relation and the lattice structure.
As applications of our main results, existence of nontrivial solutions for the singular
Sturm-Liouville problem is considered where the nonlinear term f is a sign-changing
function and not necessarily bounded from below.

To conclude this section, we present a result which will be used in Section 2.

Lemma 1.1 ([1], [2]). Let Q2 be a bounded open set in a real Banach space E and
let A: Q — E be compact. If there exists a ug € E, ug # 0, such that

x— Az # puo  for all x € 02 and p > 0,
then the Leray-Schauder degree is

deg(I — A,9,6) = 0.

2. MAIN RESULTS

In this section, we always assume that F is a Banach space, P is a normal cone
in E and the partial ordering < in F is induced by P. We also suppose that E is a
lattice in the partial ordering <.
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Let B: E — E be a positive completely continuous linear operator; r(B) a spec-
tral radius of B; B* the conjugated operator of B; P* the conjugated cone of P.
According to the famous Krein-Rutman theorem (see [6]), we infer that if r(B) # 0,
then there exist ¢ € P\ {8} and h € P*\ {6} such that

(2.1) Bo =r(B)p, B*h=r(B)h, |¢ll=Inh]=1
Choose § > 0 and define
P(h,d) ={z € P; h(z) = d|z||}

Then P(h,d) is also a cone in E.

Definition 2.1 ([9]). Let D C E and let F': D — E be a nonlinear operator.
Then F is said to be quasi-additive on lattice if there exists y € E such that

(2.2) Fr=Fx, +Fx_+vy, VxeD,

where z; and z_ are defined by (1.1).

Remark 2.1. By Remark 3.1 in [3], we know that the condition (2.2) appears
naturally in the applications involving nonlinear differential equations and integral

equations.

Now we establish the main theorems:

Theorem 2.1. Let A: E — E be a completely continuous operator satisfying
A = BF, where I is quasi-additive on lattice with y = 6. Suppose:
(Hy) There exist ¢ € P\ {0} and h € P*\ {0} such that (2.1) holds and B(P) C
P(h,9).
(Hz) There exists M > 0 such that ||z||y < M||z|, where ||z||1 denotes the norm
of |z|.
(Hs) There exist n > 0 and r* > 0 such that

BFz >rYB)(1+n)Bx, =€ PN B,-,
where B~ = {z € E | ||z|| < r*}.
(H4) There exist 0 < a < min{§/(M(r(B) + 46| B|)),r *(B)(1 +n)} and r** > 0

such that

Fr+ar € PNBy+s, x€P; Fx—ax € P, z€(—P)N Bs.

691



Then there exists 0 < r < min{r*,7**} such that the topological degree is

deg(I — A, B,,0) =0.

Remark 2.2. We point out that the condition (Hz) of Theorem 2.1 appears
naturally in the applications involving nonlinear differential equations and integral
equations.

Let E = C[0,1] = {=(t) | #: [0,1] — R! is continuous} and P = {z € C[0,1] |

x(t) > 0}, then C[0,1] is a lattice under the partial ordering induced by P. For any
x € C[0,1], it is evident that

x(t), ifx(t) =0,
z4.(t) = .
0, if z(t) <0,
x(t), ifz(t) <0,
sy {0
0, ifa(t) >0,
and hence |z|(t) = |z(t)], ||z]l1 = ||z|| and so the condition (Hs) of Theorem 2.1 is a

natural condition.

Proof. It follows from the normality of the cone P and from (Hz) that there
exists 19 > 0 such that ||z| < ro(< min{r*,7**}) implies that |z | < min{r*,r**}
and ||z_| < min{r*,r**}.

We now claim that there exists 0 < r < rg such that
(2.3) x—Ax # 19, Vx € 0B, and 7 > 0,

where ¢ is the positive eigenfunction of B corresponding to its eigenvalue r(B). If
otherwise, then for all 0 < r < rg there exist x € 9B, and 7 > 0 such that

(2.4) x = Az + 1.
Then, from (2.1), (Hs) and (Hy4), we have

(Az) > h(BFz4 + BFz_) > h(r ' (B)(1 +n)Bzy) + h(aBz_)
(r='(B)(1 +n)Bz) =1~ (B)(1 +n)(B"h)(z) = (1 +n)h(z).

VoV
> S

Thus h(z) < 0. This, together with (2.1) and (Hz), implies that
(2.5) h(z +aB(|z[)) = h(z) + ar(B)h(|z|) < ar(B)h(|z]) < ar(B)M||z|.
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Since 7r(B)y = 7By by virtue of (2.1), we have from conditions (H;) and (Hy)
z+aB(|z|) = Az + 1 +aB(|z|) = B(Fry +axy) + B(Fr— —ax_) + 71 € P(h,0).
So, from the definition of P(h,d) we obtain
(2.6) hw + aB(|a])) > iz + aB(|al)| > 8llz]l — 8aM||B| ]
Thus, by (2.5) and (2.6), we have

(0 —aM(r(B) + 6| B|)[l=]| < 0.

Since a < min{d/(M(r(B) +6||B|))),r*(B)(1 +n)}, (2.4) cannot hold. Therefore,
there exists 0 < r < ro such that (2.3) holds. Note that the operator A is compact.
The conclusion now readily follows from Lemma 1.1, and this completes the proof of
the theorem. d

Theorem 2.2. Let A: E — E be a completely continuous operator satisfying
A = BF, where F is quasi-additive on lattice and B is a positive bounded linear
operator satisfying the conditions (Hy) and (Hs) of Theorem 2.1. Suppose in addition
that

(Hs) there exist 0 < n <1 and ug € P such that

Fx
Fx

rH(B)(1 +n)x —ug, u € P,
rH(B)(1 —n)x —ug, x € (—P).

VoV

Then there exists Ry > 0 such that for R > Ry, the topological degree is

deg(l — A, Bg,0) = 0.

Proof. Setting D = {z € E; v — Az = 79, 7 > 0}, we claim that D is
bounded. Then for x € D there exists 7 > 0 such that

(2.7) x=Ax + 1.
Then, from (2.2) and (Hs), we have

(2.8) r=Ax+T1p > Azy + Ax_ 4+ By
>r Y(B)(1+n)Bzy +r Y(B)(1 —n)Bx_ — 2Bug + By_
>r~Y(B)(1 —n)Bxz_ — 2Buy + By_.
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Since r~}(B)(1 — n)Bx_ — 2Bug + By_ < 6, it follows from (2.8) that
r_ >r YB)1 —-n)Br_ —2Bug + By_,

and thus
(I —rY(B)(1 —n)B)r_ > —2Buy + By_.

This implies that
(2.9) r_ > —-r"YB)Q-nB)"(~2Bug + By_) :=w, z€D.
It follows from (2.7) and (2.9) that

>rx=Ax+71p > BFzy + BFr_ + By_
> YB)(1 4 n)Bxy + 7 Y(B)(1 —n)Bx_ — 2Bug + By_
> YB)(1+n)Bxy +r Y(B)(1 —n)Bw — 2Bug + By_.

T+

This, together with (2.1) and (Hy), implies that
has) > v~ (B)(1 + mh(Bay) +r~ (B)(1 — n)h(Buw) — 2h(Bug) + h(By-)
= (14 mh(as) + (1 — n)h(w) — 2r(B)h(uo) + r(B)h(y-).
Thus
(2.10) has) <0 @r(B)h(uo) - r(B)h(y-) — (1 mh(w)) == Ca.
On account of (2.2), (2.9), and (Hs), we arrive at

x> Az, + Az_ + By > r Y(B)(1 +n)Bzy — Bug
+ 7 YB)(1 —n)Bx_ — Bug + By_
r~Y(B)(1+n)Bx, +r 1 (B)(1 —n)Bw — 2Buy + By_
=r"Y(B)(1 +7n)Bzy +w.
This implies
Axr > w, z€D.

Set v = 7~ 1(B)(1 — n)w — 2ug + y. By (2.2), (2.9), and (Hs), we have

Fx>Fry+Fo_+y>r Y (B)A+n)vy —ug+r Y (B)1—n)z_ —ug+y

>
=>r (B)(l—n)w—2u0+y:v, x € D.
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So, from the definition of P(h,d), we get
(2.11) B(Fz —v) € P(h,9).
(2.1) gives Tp = 7/(r(B))B(p) and this, together with (2.7) and (2.11), yields

x — Bv = B(Fzx —v)+T1p € P(h,0).

Therefore,
h(x — Bv) = d||lz — Bvl|| = d||z|| — d||Bv||.
Hence,
Il < 3811 Boll + h(z) — B(Bv)) < 5((1+8)|Boll + hars).
Then for 2 € D, by (2.10), we have

2] < (1 + ) [|B]| + Ca),

SO

which shows that D is bounded.
Let Ry = sup ||z||. For R > Ry we obtain
€D

(2.12) x— Az #T1p, V€ dBgr, T>=0.

Using Lemma 1.1, we infer by (2.12) that the conclusion is true. O

Remark 2.3. In Theorem 2.2, we do not assume that the cone P is necessarily
solid. Hence Theorem 2.2 improves the result of Theorem 3.2 in [10] and has a wider
range of applications.

By Theorem 2.1 and Theorem 3.3 in [9] we obtain

Theorem 2.3. Suppose that the conditions in Theorem 2.1 hold. If there exist a
positive bounded linear operator By with r(B1) < 1 and vy € P such that

(2.13) |Az| < Bilz| +vy Vz € E,

then A has at least one nonzero fixed point.
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3. APPLICATIONS

Consider the singular Sturm-Liouville boundary value problem

{ —(Lu)(t) = a(®)f(t,u(t), 0<t<1,

(3.1)
Ri(u) = apu(0) + Bou/(0) = 0, Ra(u) = aqu(l) + f1u/(1) =0,

where (Lu)(t) = (p(t)u/'(¢)) + q(t)u(t), a(t) is allowed to be singular at both ¢ = 0
and ¢t = 1. Through this section, we always suppose that
peC'0,1], p(t) >0, ¢eC[0,1], q(t)<0;
>0, fo<0, @120, G120, af+55#0, af +f7 #0;

and the homogeneous equation with respect to (3.1)

(3.2) {—(LU)(t)—O, 0<t<1,

Ri(u) = Ra(u) =0

has only the trivial solution.
Let k(t,s) be Green’s function with respect to (3.2). According to the Sturm-
Liouville theory of ordinary differential equations (see [12]), we have

Lemma 3.1. Green’s function k(t, s) possesses the following form:

[ etuo(t)vo(s), 0
(3.3) k(t, s) = { .

t<s

t

NN
NN
NN

L,
1

e tug(s)vo(t), s

3

where c is a positive constant, and ug, vy € C?[0,1] satisfy the following conditions:
(i) k(t,s) = k(s,t) = 0 and k(t,t) = uo(t)vo(t)/c for t,s € [0,1];

(ii) wo is increasing on [0, 1] with uo(t) > 0 for t € (0,1];

(iil) wo is decreasing on [0, 1] with vo(t) > 0 for t € [0,1);

(iv) (Luo)(t) =0, uo(0) = —Bo, u,(0) = ap;

(v) (Lwo)(t) =0, vo(1) = f1, v4(1) = —ay.

By Lemma 3.1, it is easy to conclude that

ck(t, t)k(s, s)

(3.4) wo(1)00(0) < k(t,s) < k(t,t) (or k(s,s)), 0<t,s<1,
and

_cktt) 7,8 7,8
(3.5) k(t,9) > k() Vhms € 0.1]
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In this section, we always suppose that

(G1) a: (0,1) — [0,400) is continuous, a(t) # 0 and
1

0< / a(t)dt < +oo;
0

(G2) f(t,u): [0,1] x R* — R! is continuous and f(¢,0) = 0 for ¢ € [0, 1].
Let E = C0,1]. Then E is an ordered Banach space with the sup norm |ju| =
sup |u(t)] and
0<t<1
P={ueC[0,1]|u(t) 20, t €0,1]}

is a cone of E. It is obvious that P is a normal solid cone, and E becomes a lattice
under the natural ordering <.

Let us introduce the operators

(3.6) (Ap)(t) = / Kt s)a(s) f (s, (s)) ds, 1 € [0,1];
(3.7) (Bo)(t) = / Kt s)a(s)p(s)ds, 1€ [0, 1;
(3.8) (Fo)(t) = f(t.o()), 1€ 0,1,

We have

Lemma 3.2. Suppose that (Hy) is satisfied. Then for the operator B defined by
(3.7),
(i) B: E — E is a completely continuous linear operator and B(P) C Py, where
Py ={ue P; u(t) > ck(t,t)/(uo(1)vo(0))||ul|} is a cone of E;
(ii) the spectral radius r(B) # 0 and B has a positive normalized eigenfunction
¢ € P corresponding to its first eigenvalue \; = (r(B))™;
(iii) there exists 01 > 0 such that ¢(s) > d1k(s,s) = dik(t,s) for t,s € [0, 1].

Proof. It follows from (3.4), (3.5) and (G1) that the operator B satisfies (i)
and (ii). Since ¢ € P is positive eigenfunction of B, it follows from (3.4) that ¢(s) >
cAk(s,8)/(uo(1)vo(0)) fol k(t, t)a(t)p(t) dt and ¢(s) < A1 fol k(t, t)a(t)p(t) dt, there-
fore fol k(t, t)a(t)e(t) dt > 0. Set

o= M /1 k(t, t)a(t)p(t) dt,
(0) Jo

UO(l)UO

then we have
o(s) = 01k(s, s) = 01k(t,s), Vt,s€[0,1].
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Theorem 3.1. Let § = c/uo(1) fo t)dt fol k(t,t)a(t)p(t)dt, and let (G1)
and (Gz) hold. Suppose in add1t10n that there exist n > 0, r > 0and 0 < a <
min{d/(M(r(B) + &||B||)),r 1 (B)(1 + n)} such that

(3.9) ft,u) —au >0, for (t,u)€[0,1] x [-r,0];
(3.10) lim inf min ftw) > A1;

u—0+ te[0,1] U
(3.11) lim sup max ftw) < A1

u——too t€[0,1] U

Then the singular Sturm-Liouville boundary value problem (3.1) has at least one
nontrivial solution.

Proof. Let E = CJ0,1]; A, B, F be defined by (3.6), (3.7) and (3.8) respectively.
Clearly, F': E — F is continuous and quasi-additive on lattice with y = 0. Since B:
E— FEis completely continuous we know that A: E — FE is completely continuous.

Let h*(z fo x(t)dt and h = h*/||h*||. For x € P, by k(t,s) = k(s,t)
and Lemma 3.2 (ii) we have

1
(3.12)  (B*h)(z) = h(Bz) = Hh*Hh (Bx):”h—l*H / a(t)o(t) (Ba)(t) dt

Hh*H dS/ k(t,s)a(t)p(t)dt

— th*H a(s)x(s)ds /1]€(s,t)a(t)<p(t) dt

1 1
Hh*H ©)(s)ds = W/o a(s)x(s)p(s)ds

h(x)

>\1

and thus B*h = r(B)h. For x € P, Lemma 3.2 shows Bx € P. In addition, by
virtue of Lemma 3.2 (iii) and (3.12), we get

o !
h(Bzx) > W/ k(t,s)a(s)x(s)ds

Alfo dt/'”s z(s)ds = 6(Ba)(t), te€[0,1],
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which means that B(P) C P(h,d). This shows that the condition (H;) in Theo-
rem 2.3 is satisfied.

On account of Remark 2.2, we see that the condition (Hs) in Theorem 2.3 is
satisfied.

By virtue of (3.9) and (3.10) there exist n > 0 and r* > 0 such that

ft,u) —au >0 for (t,u) €[0,1] x [—7,0],

f(t7u)>)\1(1+77)u7 te [071]7 u e [O7T*]a
which clearly implies that

Fr>zMQAQ+n)zx, x€ PN DB,
Fr—ax € P, x€PNBps, ¢ =min{r,r*}.

Hence, (Hs) and (H4) in Theorem 2.3 are satisfied.
By (3.11) there exist € > 0 and a sufficiently large number L; > 0 such that

(3.13) [ft,u)] < ML —e)ul, te€][0,1], u> L.
Combining (3.13) with (H;), we have that there exists by > 0 such that
lft,w)] < M1 —e)ul+b, tel0,1], ueR,
and so
(3.14) |[Fz| < \M(1—¢)lx|+b VxeFE.
Since B is a positive linear operator and 7(B) = 1/A1, from (3.14) we have
|Az| < A\ (1 —¢)Blz| + B(b1) Vz € E.

So condition (2.13) in Theorem 2.3 is satisfied with B; = A\1(1 —¢)B.
Thus, all conditions in Theorem 2.3 are satisfied. So Theorem 2.3 guarantees that
our conclusion holds. (]

Remark 3.1. From (3.9) we know that f(¢,u) may take negative values for
(t,u) € [0,1] x [—r, 0], which makes it impossible to apply the methods in [11] to the
present paper. So the method is new and the results obtained in this paper improve
and extend those in [11].
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At the end of this section, we give a rough estimate for a. Since ¢ is the positive
normalized eigenfunction of B corresponding to its first eigenvalue \; = r~*(B) and
B(P) C P; (see Lemma 3.2), we have

3.15 5= c k(t, D)a(t)o(t) dt
o uo(1)vo(0) [, a(t) dt/ (1)

C ( )
uo(1)vo(0) fiy alt) dt/ktt 1)v ()HSOHdt

0

\\/

_ c? 2 —
_ o o / K2(t,t)a(t) dt == do.

On the other hand, it is easy to see that §; > d2 > 0 implies that P(h,d1) C P(h,d2)
and 7(B) < ||B||. As a result, by Theorem 3.1, if

(3.16) a€ [O,min{m,r_l(B)}),

then the singular Sturm-Liouville boundary value problem (3.1) has at least one

nontrivial solution.

4. AN EXAMPLE

In this section, we construct an example to demonstrate the application of our
result obtained in Section 3.

Let h(t) =1/4/t(1 —t) and

Vu, w0,

n .

Zaiul, —l<u<0,
i=1

n

> (Ve — 1+ Inful, u< -1,

i=1

(4.1) Fltw) =

where a; € (—24/131xn,4+00). Consider the second-order singular Dirichlet two-point
boundary value problem

(4.2) {“N(t) +h(t)f(tu)=0, 0<t<1,

Green’s function of the relevant homogeneous equation is

t1—s), 0<t<s<l,
(I—-t)s, 0<s<t<l.

k(t,s) =
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Let (Bu)(t) fo h(s)u(s)ds, t € [0,1]; (Byu)( fo s)ds, t €
[0,1]; ( Bgu t) fo V'S 1 —s)u(s)ds, t € [0,1]. It is easy to show that

Biu < Bu< Bou, ue P={ueC[0,1]]u(t) >0, tel0,1]}.

Thus by [12] and fol Vs(1 —s)ds = /8, 7(B1) = 1/72, we have 7(B) > r(B1) > 0
and 7(B) < ||B|| < ||B2]] < n/8. This together with

6_f01t%(1—t)%dt_ 3
T 128
fo t(1—t) dt

implies

) 1 24
{0 ig)s 2L
mm{MHBH(l " B2 i
It is easy to prove that all the conditions in Theorem 3.1 are satisfied. As a result,
BVP (4.1) with the h(t) and f(¢, u) given by (4.1) has at least one nontrivial solution.

Acknowledgment. The authors sincerely thank the referees for their valu-
able suggestions and useful comments that have led to the present improved version
of the original paper.
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