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Abstract. This work is concerned with the inverse problem of determining initial value
of the Cauchy problem for a nonlinear diffusion process with an additional condition on
free boundary. Considering the flow of water through a homogeneous isotropic rigid porous
medium, we have such desire: for every given positive constants K and Ty, to decide the

initial value ug such that the solution u(z,t) satisfies sup |z| > K, where Hy(Tp) =
x€H, (To)

{z € RN : w(z,Tp) > 0}. In this paper, we first establish a priori estimate u; > C(t)u and
a more precise Poincaré type inequality HgoH%z(BQ) < Q||V¢||2LQ(BQ), and then, we give a
positive constant Cpp and assert the main results are true if only |luo||z2(rvy = Co.

Keywords: inverse problem; parabolic equation; absorption

MSC 2010: 35K10, 35K65

1. INTRODUCTION

Consider the flow of water through a homogeneous isotropic rigid porous medium.
If we assume the density of water to be constant, the volumetric moisture con-
tent u and the seepage velocity v of water are governed by the continuity equation
u; + Vv = 0. Employing Darcy’s law, we can obtain the well-known porous media
equation (see [6])

w (1= -

u(z,0) = uo(x) on RV,

where m >p>1, k>0, Q7 = RY x (0,T) and
(1.2) 0<uy <L, / uodx >0
RN
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for L > 0. The term —rxu® in the equation of (1.1) means that the system admits
absorption when x > 0.

The equation (1.1) is the simplest model of degenerate parabolic equation and
many well-known qualitative properties have been shown in last decades. For exam-
ple, some authors (see [12]) discussed the large-time behavior of the solution to the
Cauchy problem (1.1) and got an estimate |lu]|2 < Ct~® for @ > 0. This inequality
shows that the total mass of the system will be extinguished by the absorption —xu?
as t — oo, but it does not tell us how far away the diffusing substance will reach at
a given time Ty. That is to say, from such estimates we cannot know where the free
boundary of the solution is.

It is well-known that the study of free boundary has a long history. Certainly,
if we consider a uniform parabolic equation without absorption, for example, the
linear heat equation u; = Au, we see that u(z,t) > 0 everywhere in @ if only its
initial value ug satisfies (1.2), thus, the speed of propagation of w is infinite in this
case. However, this fact is not true for degenerate parabolic equations. For example,
L. A. Peletier and B. H. Gilding (see [5], [11]) discussed the free boundary problems
of degenerate parabolic equations

ou  9%p(u)
ot a2
and
ou  *u™  Ou”
o~ 0 " ow
respectively. They proved that the speeds of propagation of the solutions are fi-
nite. But they got no explicit formulas. For the case of the dimension N > 1, the

Barenblatt function (see [2])

|2 91/ (m=1)
ﬁ—u}

(1.3) B(z,t,C) =t [c —0
.

gives a source-type solution to the Cauchy problem

Bt = A(Bm) in Q,
B(z,0) = M§(z) on RY,

where m > 1, [h]4 = max{h, 0},

B N A Am-1)
(14) A N2 TN 7T Tamn

and C is a positive constant such that fRN Bdx = M. For every t > 0 denote
(1.5) H,(t) = {z € RY: u(z,t) > 0}.
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H,(t) is the positivity set of the solution. Then (1.3) implies Hp(t) = {z € RY:
|z] < v/C/k t“}, and therefore, we get the exact expanding behavior of free bound-
ary:

(1.6) |z| = \/gt“, v € OHp(t).

This fact tells us that the solution B(x,t) may retain its positivity at any given point
when ¢ increases. To extend the result of [2], J. L. Vazquez (see [12]), employing the
Barenblatt function and comparison theorem, proved that the solution to the Cauchy
problem of the equation

{ up = Au™ in Q,

u(z,0) = ug(z) on RY
also has a bounded positivity set H,(t):
(1.7) ath <zl < cot”, =€ 0H,(2),

where ug(x) satisfies (1.2) and is supported in a bounded set of RY. Here we see
that the speed of propagation of H,(t) is similar to the one of Hp(t). Moreover,
if the initial value uo subjects to some restrictions (see [6]), so that the solution
u(zx,t) is continuous, then (1.7) shows that every point of the space is eventually

reached by the diffusing substance. However, for a general parabolic equation u; =
N N
> (0/0x5)a; ; OufOxi+ 3 b; Ou/Ox;+ cu, whether the property will be retained or
i,j=1 i=1
not, there are yet no other explicit results to the knowledge of the author. Although

the equation (1.1) has an absorption —ku?, we can easily see (in Section 2 of the
present work) that the solution of (1.1) will not extinguish for ¢ € (0, 00). Thus, we
guess that the positivity set H,(t) does not always become smaller as t increases.
So we have such a desire: for every positive constant K and Ty to decide the initial
value ug such that the solution u(x,t,ug) satisfies

(1.8) sup |z| = K.
z€H,(To)

We see that the problem (1.1)—(1.2) with the additional condition (1.8) is an over-
determined problem. We know that there are many works devoted to different kinds
of such ill-posed problems on parabolic equations in the recent years (see [9], [7], [8],
[14]). But most of them discussed the solvability of these problems and few of them
are concerned with free boundary problems.
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We say that a nonnegative function u(z,t) € C([0,00): L*(RY)) is a solution of
the Cauchy problem (1.1) with the initial value (1.2) in @ if

(i) ue, ™, Au™ € Lj,o((0,00): LY(RY));
(ii) us = Au™ — OuP in the sense of distributions in Q;
(iii) wu(z,t) — uo(z) in LY(RN) as t — 0.

Our main result reads:
Theorem 1. The problem (1.1)—(1.2) has a unique global nonnegative weak
solution u(x,t) with the properties

k(m — p)LP~!
U't > ( — pz Lrp—1¢
m D)o <n-mE T 1)

u

in the sense of distributions in QQr, and

(1.9) / v dx > Lsflepr_l"t/ ug dx
RN RN

for s € (0,1] and t > 0.

Theorem 2. Suppose
suppug = B. = {x € RV : |z| < ¢}
with ¢ > 0. For every given K > 0 and Ty, there exists a positive constant Cy
depending on Ty and K, such that the solution to (1.1), (1.2) satisfies

sup |z| > K
x€H,(To)

when ||u0||L(RN) = C().

Remark. If there is no absorption in the system, that is to say, kK = 0 in the
equation (1.1), we will show that the positive constant Cj is defined more clearly.
This fact will be shown by a corollary in Section 4 of the present work, where we see

that sup |z| > ¢TI} for some ¢ > 0, which is just the left of (1.7).
x€Hy (To)

2. SOME ESTIMATES

We prove our Theorem 1 in this section. To do this, we need to establish some
lemmas firstly. Although the proof of the existence and uniqueness of the solution to
the problem (1.1)—(1.2) has been established by others (see [12], [10]) with a standard
procedure, we also want to show the main steps which will be used to prove our main

conclusion.
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Lemma 2.1 (The existence of a solution). For every given T' > 0, the Cauchy
problem (1.1)—(1.2) has a nonnegative solution u(z,t) in Q.

Proof. Forevery k> 2 and T > 0, set
Qk,T = Bk X (OaT)a Sk,T = 8Bk X (O7T)7

and
Uuo,n = /N uo(y)Jn(x, y) dya Uon,k = uO'r]Cka
R
where B = {x € RY: |z| < k} and
el/(‘x‘2_1), |x| < 1,
J(x) =

0, lz| > 1,

and Jy(z) = (1/ (™) I (o /n) with 7 = [,y /00 dg for 5 > 0, and {Ge}es
is a smooth cutoff sequence with the following properties: (x(z) € C5°(RY),

Ce(z) =1, x| < k—1,
0<(p(zx) <1, kE—-1<|z| <k,
Cr(x) =0, |z| > E.

Clearly, ugy, () — uo(z) in LY(RY) as n — 0 and k — oo. Moreover, it is not
difficult to see that the derivatives of the functions (i up to second order are bounded
with respect to z € RY uniformly. Specially, there is a positive constant + such that

gl v
V(| < Z and  |AG| < =k
We next consider the Dirichlet problem
up = A(u™) — Ou? in Qg,r,
(2.1) u(zx,t) =n* in S r,

u(z,0) = uoyk(x) +n in By,

where n* = (n'? + (p — 1)T)/(=P). A similar procedure (see Theorem 4
Ch. II in [12]) yields that the Dirichlet problem (2.1) has a unique solution
tnr € C®°(Qrr) N C(Qyyp). Letting k& — oo, n — 0 and employing a proce-
dure similar to the one used in Chapter III in [12], we see that there exists a
nonnegative function u(x,t), which is the solution of the Cauchy problem (1.1)—(1.2)
in @ and

0<u(z,t) <L inQr.

To prove the uniqueness, we need to give the L'-contraction principle first.
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Lemma 2.2 (L!-contraction principle). Suppose u and @ to be two solutions to
the problem (1.1)—(1.2) corresponding to the initial data uy and tg. Then

(2.2) / [u? — @P| dx < <pr1/ |ug — o] dx) N}
RN RN

Proof. Take a function h(z) € C*°(R!) such that

0, z <0,
h(z) = < exp _—Qexp_i1 , 0<z<1,
x (x —1)2
1, rz>1

Clearly, 0 < h(z) < 1 and h/(x) > 0. Denote ho(x) = h(z/e) for € > 0 and set
w=u"—a".
We have

/R i) dr= [ Awhew)dr 6 [ (@~ @)ho(w)dr

RN RN

< -6 (u? —a@P)h(w)dx t> 0.
RN

Since w > 0 iff u > @, Lemma 3.1 of [3] yields
_ d _
(u—)pe(w)de — — [u—u]ydx, ase—0,
RN dt RN
where [u — 4]+ = max(u — @,0). Thus,

d

— [u—d]+da:<—9/ [uP —aP]ydx, t>0.
at Jaw

RN
This yields

¢
(2.3) / [u—ﬂ]+dx</ [uo—ﬂ0]+dx—9// [uP —@P]y dzdr ¢ > 0.
RN RN RN

0

Clearly, [u? — @P]; < pLP~[u — @], thanks to 0 < u,% < L and p > 1. Using this
inequality in (2.3) yields

¢
/ [uP — @P]; dz < pLP~1 / [ug — o]y da — OpLP~? // [uP? — @P]y dedr.
RN RN 0 JRN
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Finally, the Gronwall inequality gives

. / W =@y dz < (pril/ [uo — ol + dx) eIPE
RN [RN
Similarly,
RN RN
Combining (2.4) and (2.5) gives (2.2). 0

Lemma 2.2 implies the following result:

Corollary 1 (The uniqueness). The solution u(z,t) obtained in Lemma 2.1 is
unique.

Lemma 2.3. Let u(z,t) be a nonnegative solution of the problem (1.1) with (1.2)

in Qr. Then
k(m — p)LP~1
ut 2 (m —1)(e—r(m—p)LP=it _ 1)u

in the sense of distributions in Qr and,

(2.6) / usda:}LS*le*Lp_l"t/ ug dz
RN

RN
for s € (0,1] and t € (0,T).

Proof. For every given T' > 0, suppose that u,.j is the solution of the Dirichlet
problem (2.1) in Q. We first prove

9 K(m —p)(L+n)"! :
L% Z oy 1) (e-rtm—p) (L1 — 1) Uk 1 Q-

2.7)

To do this, we set
Vi
V= (upk)™ and g¢= Vt
Thereby,
(2.8) q(z,t) =0 on Skr.

For every given ¢t > 0, set

Qf ={z € Q: g(z,t) >0},
O ={z € Q: q(z,t) <0},
Q) ={x e Q: q(x,t) =0}.
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Thereby,
Qr = (Q, UQ)) x (0,T)UQ, x (0,T).

Owing to m > p > 1, the right hand side of (2.7) is negative, so (2.7) is true for
(z,t) € (4 UQY) x (0,T). Therefore, we next prove (2.7) for (z,t) € Q; x (0,7)
only. It follows from V; = V/(AV — ku} ;) that ¢ = (V'/V)[AV — k(u; ;)]. Thus,

V' V" (ug i)V =V -V

¢ = 7 [AV: = ri(u up )t + 72 [AV — k(uy )]
\% [AV - H(U’Z,k)? " "2 v’

Since AV; = A(qV) =V Aq+2VV - Vg + qAV,

1% %
(2.9) ¢ =V'Aq+2—=VV -Vqg+ —

AV
v yasr T

V/
_"JPV nk(um )t
! !/

v
= V'Aq+2-VV Vg +q o+ /@V(un,k)ﬂ

VV" () = (V')?] = kpgul !

q2

MVOE

1% Vv ' 1
:V’Aq+27vvvc;+q e +’“][V(un,k)p PUy &
!

Vv 1
—V’Aq+2—VV Vq+—q + K(m — p)u nkq

Recalling ¢ < 0 in this case, u, < L+ n and m > p > 1, we have (m — p)u? ok Yg>
(m — p)(L +n)P~tq. Thus,

1 _
¢+ K(m —p)(L+n)P'q.

l —
(2.10) 4> o' Ag+ Z%VV vg+ 2

Moreover,
g=0 ondQ, x(0,7).

Consider the equation

! m—1
(2.11) G = ¢ A7+20VV Vg + G + v(m = p)(L+ )G,
It is easy to see that the function

_— mr(m — p)(L +n)P !
= T D)o T )
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satisfies the equation (2.11) in ;7 x (0,7") and

G (.13, 0) = — 00,
G«(x,t) <0 on 99Q, x (0,T).
Although the domain €, x (0,7) may not be a cylinder of RN x RT, the compar-

ison theorem (see Th. 16 in Ch. 2 of [4]) is also applicable in this situation. The
comparison theorem claims g > @,, and this fact means

Ou. k(m —p)(L + n)p—1
2 — — —1 Unp, k
ot (m — 1)(e=r(m=p)(L+mP=tt _ 1)

(2.12) in Q7 x (0,7).

Thus (2.7) holds in Q, x (0,7). Finally, letting n — 0 and k — oo in (2.7) gives the
first result of our Lemma 2.3.

To get the estimate (2.6), we first take a cutoff function (j defined in Lemma 2.1,
and integrate by parts as follows:

t
/ (u—ug)Cpde = // [A(u™) = kuP]( dedr
RN 0 JRN
t
= // [u™ A, — KuP (] dzdr
0 JRN
t
> // [u™ Al — kP ucy] d dr.
0 JRN
Since the definition of the solution tells us ™ € L' ([RN), we have fRN um Al dz — 0

as k — co. So, the above inequality yields [,y (u—ug) dz > —kLP~* fot Jan udzdt.
The Gronwall inequality implies

(2.13) / udz > e_Lpfl’“t/ updr t>0.
RN RN
For the case of 0 < s < 1, we see that

(2.14) / usdx2L3_1/ udzx
RN RN

p—1
>[5 le "‘t/ updz t>0.
[RN

Combining (2.13) and (2.14) gives (2.6). O

Combining the above conclusions, we know our Theorem 1 holds.
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3. THE EXPANDING BEHAVIOR OF H,(t)
In this section, we prove our Theorem 2. Supposing u(z,t) to be the solution of

(1.1), we can first get a rough description on the expanding behavior of H,(t). In
fact, for every [ > 1 and Q C RY, Lemma 2.3 implies

1d k(m — p)LP~1 / .
1 —— [ uldz > dz.
(3.1) 1 dt /Qu z (m — 1) (e "(m=—p)LP1t _ 1) Jo, wdr

Consequently,

! (fQ ul(xth) dx) - (en(mp)LP—lm _ 1)ﬁ
ut(z, - r(m=p)Lr~its _ .
"\ ul(e ) de en(m—p)L7 s _ |

This means
(3.2) /Qul(x,tg) da - (en(m—p)LT’”m _ 1)l/(m—1)

> / ul(a:,tl)da: . (eﬁ(m—p)Ll’*ltl _ 1)[/(m—1).
Q

In other words, if u(z,t) is the solution to (1.1) with (1.2), then (3.2) claims the
following fact:

(3.3) if / ul(x,to)dz > 0, then / ul(x,t)dz > 0 for all t > tg.
Q Q

Although the formula (3.3) tells us the solution u(z, t) will never vanish even if the
equation (1.1) has the absorption —kuP, thereby, the positive set H,(t) will never
be empty, we are interested in giving an explicit formula. To do this, we need to
establish a more precise Poincaré type inequality. It is well-known that there exists
a positive constant k such that /f”(p”%z(g) < HVngQLQ(Q) for ¢ € H (). Recently,
Wu (see p. 13 in [13]) proved that

(3.4) k<o?

if Q@ = {(z1,72,...,o5) € RY: a; < 7; < a; + o}. In order to prove Theorem 2 we
first show that the choice (3.4) is also right if () is a sphere in RY.
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Lemma 3.1. Assume B, = {x € RY: |z| < o}. If u € H}(B,). Then
(3-5) lullL2s,) < ellVullr2s,)-

Proof. We first suppose u € C§°(B,). For every x € B,, there is a . € 0B,,
such that the three points 0,z and x, lie on a radius oz,. Denote the vector from
T4 to x by r. We have

u(z) = u(x) — u(z,)
xr

= / % dr.

&y

Using the Holder inequality we get

€10u|?
2 < —‘ dr.
P <o [ |5 ar
This gives
2 O (2
/ |u(x)|2da:<g_)/ / ‘_u‘ drdz
B, B, J0 or
< 92/ |Vu|? dz.
BQ
The general case is done by approximation. O

Proof of Theorem 2. For a given Ty > 0, if H,(Tp) is unbounded, then the
proof is finished. Thereby, we next suppose H,,(Tp) to be bounded. Denote

o) = sup x|, t>0.
z€Hy(To)

For every A >0, set ¢ = A + g(py)). Clearly, u = 0 on 0B,. By Lemma 2.3,

k(m —p)LP~! 14+m
n = Dt T 1) fy

e

/B W AW™) — kuP] dz >

e

It follows from (3.5) that
(3.6)

J

By the Holder inverse inequality (see p. 24 in [1]), we have

(m+p)/(1+m)
(3.7 / u™ P dr > (/ umtt da:) |B,| (=P (1)
B B

e Qe

—1
2m 2 m+p 2 '%(m _p)Lp 14+m
Qu dz + o /i/BQu dz <o (m D)1 — P T |, u dz.

667



and

2m/(1+m)
(3.8) / w?™dr > </ u™ ! da:> - |B,|tmm)/(+m)
B B

e e

Using (3.7) and (3.8) in (3.6) gives

12+m 7114—?

m 1—m m 1—p

</ fum+1 dx> . |BQ| 1I+m _|_ Q2H </ umJ"l dx> . |BQ| 1+m
B B

2 K(m —p)LP~! m+1
SO T —e st Ty f dz.

e

Owing to up > 0 on Be, (3.3) claims fBQ u™tldz > 0, hence

m—1 p—1
Ttm . 2L .
B B

2 Kk(m — p)LP~!
(m —1)(1 — e=r(m=p)Lr=1To)"

<0

On the other hand, using the Holder inverse inequality again yields

14+m

/ u™ M dr > (/ u® dx) . |Bg(az:*)|s_1s_m for0<s<1+m.
Be(z*) Bo(z*)

Thus,

m—1 p—1
s1 (s1—1—m)(m—1) | 1—-m 2 (sg—1—m)(p—1) 1—p
(/ ust da:) |BQ|751<1+'"> + 1w + 92,{(/ us? dx) |BQ|7SZ(1+7”) +1Fm
B, B,

2 k(m — p)LP~!
(m —1)(1 — e-r(m=p)Lr=it)

<o

for 0 < s1,82 < 1. Letting s =1 and s = N(p—1)/(N(m — 1) + 2) (and recalling
the fact |B,| = n™/2T'(1 + N/2)~1oV), we have

NN (p-1) N
{/ udxm_%I‘(l—i——ﬂ —|—/<{/ uNJ(V"L*I;+2 dx-n_%I‘(l—i——)]
RN 2 RN 2

24+ N (m—1) K(m —p)LP~!
(m —1)(1 — e=s(m=p)Lr=1To)"

N(m—1)+2
N

<0
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Using (2.13) and (2.14), we have

. N m—1
{e“ xTo / g dz - K—N/2F<1 n _)}
RN 2

+ I€|:eLp_1”TO/ ug da - L%TE*N/2F(1 + E)]
RN 2

N(m—1)+2
N

24+ N(m—1) K(m —p)LP~!
< e —k(m—p)LP— 1Ty "
(m —1)(1 — e—r(m=—p) 0)

Recalling the definition of u in (1.4), we get
(3.10) 03",
where

(m —1)(1 — e~r(m=p)L¥ "' To)

X= k(m — p)Lp~1
m—1 _ _ a—k(m—p)LP~1T,
—LP e, —x ( N) (m—-1(d—e )
X de-n 2014 —
[e /RN ugdzx - 1t + 5 + G
N N(7n;1)+2
_ N(p—m)—2
x [e—“’ Ty / uo dz - LWK—%P@ + —)]
R 2
Letting A — 0 in (3.10) gives
sup |x| > x*
x€H, (To)
Setting
X'=K
and
m—1
y = (/ UuQ dx> ,
RN
we get the following equation with respect to y:
(3.11) y+ Ly TN~ LK =0,
where
%
I = kL5 {eLp_l”TongI(l + g)] :
— 1-m
— K(m — p)L;D ! —LP7 KTy - N
2= (m —1)(1 — e=r(m=p)L7~Ty) ¢ e P(l + 3) '
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Since the function F(y) = y + Liy' T2/ m=1) _ [, K/1 increases with respect to
y > 0, we see that there exists only one positive constant C(;”*l, which satisfies the

equation (3.11). Therefore, we see that sup |z| > K if fRN ugdx = Cy. |
z€H, (Tp)

4. A SPECIAL CASE

Here we show a special case of k = 0 in the equation (1.1). From Lemma 2.3, we
may easily get u; > —u/((m — 1)t) in this case, which is the well-known estimate
for the equation u; = Au™ (see [12]). Thus, we can employ a procedure similar to
(3.10) and get

x N mt
X—(m—l)To[TETF(l—i—E) / uodx] .
RN

Hence, we have the following results:

Corollary 2. Let x = 0 in the equation (1.1). For every given K and Ty, if
Jan uoda = Co, where

1 SAT
CO:Km[(m_l)To]ﬁ[ﬂ_%r(l‘F?)} )

then sup |z| > K.
z€H,(To)
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