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TANGENT LIFTS OF HIGHER ORDER
OF MULTIPLICATIVE DIRAC STRUCTURES

P. M. KouoTCHOP WAMBA AND A. NTYAM

ABSTRACT. The tangent lifts of higher order of Dirac structures and some
properties have been defined in [9] and studied in [II]. By the same way,
the tangent lifts of higher order of Poisson structures have been studied
in [10] and some applications are given. In particular, the authors have
studied the nature of the Lie algebroids and singular foliations induced
by these lifting. In this paper, we study the tangent lifts of higher order of
multiplicative Poisson structures, multiplicative Dirac structures and we
describe the Lie bialgebroid structures and the algebroid-Dirac structures
induced by these prolongations.

INTRODUCTION

We denote by LG and LA the categories of Lie groupoids and Lie algebroids,
respectively. There is a natural functor A: LG — LA, which maps each object
G € LG to the object AG € LA, and every morphism of Lie groupoids
¢: G1 — G is mapped to the Lie algebroid morphism A¢: AG; — AGs. It
is called the Lie functor and preserves the product bundles. Let G be a Lie
groupoid over a manifold M, we denote by G ) the set of composable groupoid
pairs and we recall that, a Poisson groupoid is a pair (G;Ilg) where Ilg is a
Poisson structure on G which is multiplicative in the sense that the graph of
the multiplication map

A={(g, h, gh),(g,h) € Gy}

is a coisotropic submanifold of G x G x G , where G means that G is equipped
with the opposite Poisson structure. We say that the bivector Il is a multipli-
cative bivector. On the other hand, it is well known that Lie bialgebroid is a
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pair of Lie algebroids in duality (E, E*) satisfying
dg= ([u,v]) = [dg- (u) ,v] + [u, dp- (v)]

for any u,v € T'(F). Here dp-: F(/\k E) — F(/\’H_1 E) denotes the Lie
algebroid differential induced by E* and [, ] is the Schouten bracket on multi-
sections of E. A classical example of a Lie bialgebroid is a Lie bialgebra. As
a Lie bialgebras arise as the infinitesimal counterpart of Poisson-Lie groups,
K. Mackenzie and P. Xu have shown that, the Lie bialgebroids are the infini-
tesimal version of Poisson groupoids (see [I2]). More precisely, if (G;11s) is a
Poisson groupoid, then (AG, A*G) is a Lie bialgebroid.

Let G be a Lie groupoid over a manifold M, with Lie algebroid AG. The
tangent bundle of order » T"G has a natural Lie groupoid structure over T" M.
This structure is obtained by applying the tangent functor of order r to each
of the structure maps defining G (source, target, multiplication, inversion and
identity section). In the particular case where r = 1, we obtain the tangent
Lie groupoid.

Consider now the cotangent bundle T*G over G, we know that T*G is a
Lie groupoid over A*G. The source and target maps are defined by:

5" (%) () =79 (TLg (u =Tt (u))) and " (dy) (v) = d¢(TRy(v))

where 75 € TG, u € Ay)G and o, € TG, v € Ay(,)G. The multiplication
on T*G is defined by:

(ﬂg ) (Xg - Xp) = By (Xg) + v (Xn)

for (X4, Xn) € T(4,1)G(2)- In [13], the author defines the cotangent Lie alge-
broid and proves that: There is a natural isomorphism of Lie algebroids

jo: A(T*G) — T* (AG)

such that the following diagram commutes

A(T*G) —2= T*(AG)

iA(T*G)\L TT*MG

TG TG

el

where i4g: AG — TG is the natural injection and eg: TT*G — T*TG is the
natural isomorphism of Tulczyjew. By this isomorphism, we identify A (T*G)
with T (AG). Let (E,M, ) be a vector bundle, we denote by (z%,47) an
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adapted coordinates system of FE, it induces the local coordinates system

(.’Iii7ﬂ'j) in E*

(mi,yj,pi,(j) in T*F
and
(xi,wj,pi,ﬁj) in T*E*
In [13], [12] is defined the natural submersion rg: T*E — E* such that locally
e (29, pi ) = (27,¢5) -
There exists a Legendre type map
Rg: T"E* - T*E

which is an anti-symplectomorphism with respect to the canonical symplectic
structures on T* E* and T™*E respectively, and is locally defined by:

RE (.’El,’f('j,p“é-'l) - (33171/],_10“@)

y =¢

T =G
In this paper, we study the tangent lifts of higher order of multiplicative Poisson
structures, multiplicative Dirac structures and we study some properties. In
particular, we describe the structures of Dirac-algebroids induced by the
tangent lifts of higher order of multiplicative Dirac structures. Thus, the main
results are Propositions Theorems [I] and
For the prolongations of functions, vector fields and differential forms, we adopt
the same notations of [14]. More precisely, for any X € X(M) and w € QF(M)
we denote by X(® and w(® the a-prolongations of X and w respectively. All
geometric objects and maps are assumed to be infinitely differentiable. r will
be a natural integer (r > 1).

with

1. PRELIMINARIES

1.1. Some canonical transformations.
For each 0 € {0, ...,7}, we denote by 75 the canonical linear form on Jj (R, R)
defined by:

1 d° oo
75(Jog) = E : dTg(Q(t))h:m where g€ C™(R,R).
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For each manifold M, there is a canonical diffeomorphism (see [5], [8])
Ky T"TM — TT"M
which is an isomorphism of vector bundles from
T (rp): T"TM —T™M  to wpepr: TT"M — T7M .

It is called the canonical isomorphism of flow associated to the bundle functor
T". Let (x!,...,2™) be a local coordinates system of M, we introduce a

coordinates (xl,wl) in TM, (xl,xl,xlﬁ,x%) in T"TM and (mi,x%,ﬁci,x%) in
TT"M. The local expression of &', is given by:

m&(mi,ii,x%,j@f@) = (xi,xf@,ﬂ'ci,x%) with x% = x/’@
By the same way, there is a canonical diffeomorphism (see [I])
ahy: T*T"M — T"T* M
which is an isomorphism of vector bundles
Tpepg: TXT"M — T" M and T (wy): T"T*M — T"M

dual of K, with respect to pairings (-, )rpy = 7 0 T7({-,-)ar) and (-, Y,
i.e. for any (u,u*) € T"TM @ T*T"M,

(1.1) (kg (W), u)rnr = (u, oy (W) ey -
Let (z',...,2™) be a local coordinates system of M, we introduce the co-

ordinates (z*,p;) in T*M, (a:i,pj,z%,p?) in T"T*M and (xi,xiﬁ,ﬂj,wf) in
T*T"M. We have:

ayy (miﬂrj, l’,ig77'rf) = (ﬂciwigapjypf)

o
p— =
P =T

By €%, we denote the map (af,) 1.

with

Remark 1. In the particular case where r = 1, the canonical isomorphism
al;: T*TM — TT*M coincides with the canonical isomorphism of Tulczyjew.
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1.2. Tangent lifts of higher order of Poisson manifolds.
We recall that in [I0], it is defined for each integer ¢ > 1, the natural transfor-
mations

(1.2) KM T o (NIT) — NIT o T7
such that, for each manifold M of dimension m, we have locally:
(1.3) K9zl TTE i) = (mfx’ﬁil,al...iq,aq)

with

(1.4) iverioos = N e g

Y+ g +B=r

Let II be a multivector field of degree ¢ on M. We put

(1.5) ) = kYo T T"M — N'TT"M .
11(¢) is a multivector field of degree ¢ on T" M. Therefore, if locally
.0 0
II= mata — Ao A ——
, Z , Ozh Oxta
1<ip < <ig<m
then, we have
6 mO= 3 (e 3 A2
ajttagtp=r 6567"—0(1 ax'r'q—aq
. 0 0
In the particular case where ¢ = 2, and II = IIY — A — we have:
ozt O0xJ
(1.7) mne = (Hij)<a+B—T>i R
axfx 8;1;%

For a simple k-vector field of Il = X; A -+ A X, with X1,..., X € X(M), we
have
(1.8) m© — Z Xl('r*ﬁl) A /\X]i(rf[}k).

Bit-t Br=r

Using the equation (1.8]), we prove in [I0] the following equality, for any
® € XP(M) and ¥ € X9(M), we have:

(1.9) [@(0)7\1;@)} o, 9]

Thus, if (M,II,,) is a Poisson manifold then, the pair (T"M, HS\?) is also a
Poisson manifold. This structure is called the tangent lift of order r of Poisson
structure.
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Proposition 1. Let (M,II5;) be a Poisson manifold. We denote by f,, the
anchor map induced by ;. We have the following formula

(1.10) ﬁnﬁ\? = Ky o T" (B, ) © Ay -

Proof. See [10]. O

For some properties of the Poisson manifold (77 M, Hg\f])) see [10]. however,

these fundamental properties come from the formula:

(C)W(T_a) = (iHMw)(a)
M

where w € QY (M) and « € {0,1,...,7}.

s

1.3. Tangent lifts of higher order of Lie algebroids.
For any vector bundle (E, M, ), we consider the natural vector bundle mor-
phism
X T E - T'E
defined for each jj¢ € T"E by:
x5 (G5e) = d(t°0).
Let u € T(E), we define the section u(®) of (T"E,T"M,T" ) by:
u(o‘):xg;)oTru, 0<a<lr.

u(®) is called a-prolongation of the section u (see [5] or [16]).

We suppose that E is a Lie algebroid over M of anchor map p. In [I0], we have
shown that: it exists one and only one Lie algebroid structure on T" F, of anchor
map p(") = k%, o T"p such that: for any u, v € T'(F) and «, 8 € {0,...,r} we
have:

(1.11) [, 0P = [u, v](@FA)

This Lie algebroid structure is called tangent lift of order r of Lie algebroid
(E,[-,"], p). For some properties of the Lie algebroid (T7E, [-,-], p{"), see [10].

In particular for r = 1, we obtain the tangent lift of Lie algebroid (E, [, ], p)
defined in [4].

For s € {1,...,r}, we consider the natural projection n;°: T"E — T°FE
defined by:

w5 (Joe) = Joe -
For any u € I'(E) and natural number o < r, we have:
@) if a<s
1.12 (@) = 3" =7
( ) £ (™) {0 if a>s

In this case, we have the following result:
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Proposition 2. The vector bundle projection 72”: T"E — T*E is a morphism
of Lie algebroids over wy/: T"M — T°M.

Proof. The property of compatibility of Lie bracket between I'(T"E) and
I'(T*FE) is obtained by the formula (1.12)). Since, for any v € I'(E) and
ae{0,...,r}

T () o p (') = T(myy7) o [p(w)]
— () o (hy 0 X0y 0 T [p(w)])
= w3y o (G0 (2 [p(w)]))
— p(s) o Wgs(u(a))

we deduce that, the projection 73°: T"E — T*E is a morphism of Lie alge-

broids over myy . O
Remark 2. In the particular case where s = 1, the bundle projection

ﬂgll T"E — TF is a morphism of Lie algebroids over 71';}[1: T°"M — TM.
In [I2], it is shown that, the bundle map (tangent projection) 75: TE — E is
a morphism of Lie algebroids over 7a;: TM — M, therefore we have:

Corollary 1. The vector bundle projection 7y, : T"E — E is a morphism of
Lie algebroids over Ty, : T"M — M.

Let (E, M, m) be a vector bundle. Consider the canonical pairing E* X s
FE — R. Applying the tangent functor of order r and projecting onto the
(r + 1)-component, we get a non degenerate pairing T"E* x1rp T"E — R.
We use this pairing to define an isomorphism of vector bundles

(1.13) I;: T"E* — (T"E)*.

Theorem 1. Let (E,[,-],p) be a Lie algebroid. The natural vector bundle
ap: T*"T"E - T'T*E

is an isomorphism of Lie algebroids over the canonical isomorphism Iy,.

Proof. As FE is a Lie algebroid, it follows that E* has a Poisson structure.

Therefore, the vector bundle morphism o'y, : T*T"E* — T"T*E* is an iso-

morphism of Lie algebroids (see [10]). The rest of the proof comes from the
commutative diagram

r
'

T"T"E* —T"T*E*

ﬁTrEl lTTRE

T*T"E ——T"T*FE
Ap
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Where Rg: T*E* — T*E is the Legendre map and ]?’,TrE = RyrpoT*((I5)71).
O

Let (G =2 M) be a Lie groupoid. The vector bundle morphism sf,: T"TG —
TT"G is an isomorphism of Lie groupoids. So, it induces the isomorphism of
vector bundles

(1.14) jh: TT(AG) — A(T"G)

such that, the following diagram commutes

Tr(AG) —5> A(T"G)

TTiAG\L \LiA(TTG)

TG TG

T

ka

In [7], it is defined the natural isomorphism (1.14) by the replacement of
tangent functor of order r, by any Weil functor.

2. TANGENT LIFTS OF HIGHER ORDER OF LIE BIALGEBROIDS
AND SOME PROPERTIES

2.1. Lifting of Lie bialgebroids.

Proposition 3. Let (A, A*) be a Lie bialgebroid. The pair (T A, (T"A)*) has
a canonical structure of Lie bialgebroid.

Proof. Tt is well-know that, if (A, A*) is a pair of Lie algebroids and 114 be a
linear Poisson bivector on A defined by the Lie algebroid A*, then (A, A*) is a
Lie bialgebroids if and only if

Tmwofn, =pa-ora.

Since A and A* are the Lie algebroids, it follows that T"A and T" A* are also
Lie algebroids. The structure of Lie algebroid of (7" A)* is such that the map
I'n: T"A* — (T"A)* is an isomorphism of Lie algebroids. In this case, we have
two structures of Poisson manifolds Hi‘c) and II7r4 on T A. By calculation
in local coordinates, we deduce that H(AC) = IIpra. In fact, let (u;)i=1...n be
a basis of sections of A* the local expression of Lie bracket of sections and
anchor map are given by:
9]
oxt’

[wi,u;] = cfup  and  pa-(uj) = p}
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So, the Poisson bivector on A induced by a Lie algebroid A* is such that:

S I )
AT Yk dy; Oy Pigs dy;
The structure of tangent lift of higher order of Lie algebroid on T"A* is given
by:

[u(a) u(ﬁ)] _ (Ck )(V) u](f+ﬁ+“/)

i g i

We put u(f‘) = Ig(ugr_a)). It follows that the Lie bracket of sections of (T"A)*
is given by:

[l ul] = (e Ou o,
The Poisson structure on 7" A is such that:

1 0] 0 , 0 0
pr g = = (cF)@tB=1=myy = A = 4 (piyleth-r) _Z_ A =
TrA 2( Z]) kayzq 8:1/5 (p]) ax& 8:1/5
Lok, ya+s—r) 9 9 i\(atpr) 0 0
o) g N g T aa "
=1l

Thus, 74 = H(:). By the following commutative diagram

T ra
T"T*A——=T"A*

aZT J(I;ﬁ

T*Tr A —— (T"A)*

TTT A
we deduce that, the diagram

ﬁnch)
T*T"A——TT"A

TTT‘AJ/ \LTTTW

(TTA)* ——=TT™M

P(TT AY*

commutes. Where p(rr 4y« = pxzo(lﬁl)_l. We deduce that the pair (T" A, (T" A)*)
is a Lie bialgebroid (see the theorem of Mackenzie and Xu in [12]). O

Remark 3. (i) The Lie algebroids (7" A)* and T" A* are naturally equi-
valent by the isomorphism of vector bundles (17)~*.

(ii) When (g, g*) is a Lie bialgebra then, (T"g, (T"g)*) is a Lie bialgebra.
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Let (A, A*) be a Lie bialgebroid, the composition pa~ o p¥: T*"M — TM
defines a Poisson structure on M of bivector I14 _a~. Therefore, we have 1, ,. =
pA* © Pl
Corollary 2. Let (A, A*) be a Lie bialgebroid. The Poisson bivector on T™M

induced by the Lie bialgebroid (T" A, (T"A)*) is the complete lift of order r of
the Poisson bivector 114 a«. For further details, we have:

e a rraye =105, .

Proof. The anchor maps of T"A and (T"A)* are given by: ,054) =ry ol pa

and p(rray- = Ky 0 T"pa- o (I3) 1. By the formulas
(I3) Yo (T7pa)* =T (p) o (Ipag) "
(Iar) ™ o (3)" =

we have:

Higeacrray: = by © T"pax o (I4) ™ o (Khy 0 T"pa)*

= w0 T pa- o (Ih) 1o (T pa)*o (Ky)*
=Ky 0T (pax 0 pia) oy

=Ky 0T (B, 4. ) 0y

)

A A*

2.2. Tangent lifts of higher order of multiplicative

Poisson manifolds.

Let G be a Lie groupoid over M, AG denote the Lie algebroid of Lie groupoid
G and A*(G) his dual. In [I2], it is known that a bivector Il € T(A*TG) is
a multiplicative bivector if and only if

TG TG
A (G)pA* @) ™

is a morphism of Lie groupoids over the vector bundle map p4-(q).
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Theorem 2. Let (G,Ilg) be a multiplicative Poisson manifold on a Lie

groupoid G over M. The pair (TG, H(é)) is a multiplicative Poisson manifold
on the Lie groupoid T"G over T" M.

Proof. We put v = (Iﬁ(c))_l o (j&)*, we have the following commutative
diagram

Rlel

TG T°1*G

ﬂ ﬂ

AN(T7G) ——=T7(A*(G))

Yaa

we deduce that the diagram

L)

TG ——=TT"G

ﬂ ﬂ

A (T"G) ———TT"™M

PA*(TT Q)
commutes, where pa«(rrgy = (IQ(G))_1 o (j&)* o p(AT’?(G)' We deduce that
(TG, Hg)) is a multiplicative Poisson manifold on the Lie groupoid T"G over

TM. U

Corollary 3. Let (G,Ilg) be a multiplicative Poisson manifold. There is a
natural isomorphism of Lie bialgebroids between the Lie bialgebroid (A(T"G),
A*(T"Q)) of the Poisson groupoid (T"G, Hg)) and the Lie bialgebroid (T (AG),
(T"(AG))").

Proof. In [12], it is shown that the diagram

Aflng)
A(T*G) ——— A(TG)
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commutes. By the equalities
T"((j&) ") o T Alfng) = T (f1146) © T" (jc)
kg o T (fnag) = lingc(); ocha
T(j&) © o, = triyerrey © T7((G6) )
j,lax(TrG) O fMyrrey = A(ﬁng)) ojgt-

It follows that the diagram

At o)
A(T*TTG) > A(TT"G)

| ﬂ

A(T'G) ——TT"™M

PA*(TTG)
commutes. So, the Lie bialgebroid (T7(AG), (T"(AG))*) is the Lie bialgebroid
induced by the Poisson groupoid (T"G, H(G?)). O

Remark 4. If (G, 1) is a Poisson-Lie group then, (T’“G, H(GC)) is a Poisson-Lie

group. The Lie bialgebra defined by (TTG,H(C?)), is the Lie bialgebra (T"g,
(Tg)*), where (g, g*) is the Lie bialgebra of (G,Ilg).

3. MULTIPLICATIVE DIRAC STRUCTURES OF HIGHER ORDER

3.1. Tangent lifts of higher order of Dirac structures.
Let (M, Lps) be an almost Dirac structure. We set
(3.1) Lyepyr = (kyy @y )(T"Ly) CTT"M @ T*T"M

Lorps is an almost Dirac structure on 7" M.
By the formula (3.1]), we deduce that: for any S = X @ w € I'(Lys) and

Bef{o,....r},
(3.2) (Kh @ er)(SP) = XB) g (7=H)
is a section of vector bundle Lz+jy.

The integrability of an almost Dirac structure (M, Lys) is measured by the
Courant 3-tensor 17,,, defined by:

TLM : F(LM) X F(L]\/[) X F(LM) — COO(M)
(51752, Sg) — <[51,SQ],S3>+
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where [, -] is the Courant bracket defined on X(M)@® Q! (M). In fact, an almost
Dirac structure Ly; C TM @ T* M defines a Dirac structure if and only if the
Courant tensor 717,,, vanishes.

Proposition 4. TLM(C) is a complete lift of 3-tensor Tr,, from Las to T Ly
(see [2]). We have:

3
(3.3) Tow = Trpey o (K5 @ <hp)

Proof. See [11]. O

By this result, we deduce that an almost Dirac structure (M, Lys) is inte-
grable if and only if (T" M, Lyrp) is integrable.

Let f: M — N be a smooth map. The elements X ®w € X(M) @ QY(M)
and Y & w € X(N) & QY(N) are f-related if Y = T'f(X) and T* f(w) = w.

Proposition 5. Let (M, Ly) and (N, Ly) the Dirac manifolds. If f : M — N
is a backward (resp. forward) Dirac map then,

T f: (T"M, Lyrp) — (T"N, L7r )
is a backward (resp. forward) Dirac map.

Proof. Werecall that, f is a backward Dirac map if and only if, the C*°(N)-mo-
dule I'(Ly) is the space of all f-related sections to sections of I'(Lys). The
remainder of proof comes from the fact that, if X @ w and ¥ & w are
f-related then, for any o = 0,--- , 7, X(® @ (=% and Y(® @ w("=*) are
T f-related and the spaces T (Lyrpr), T'(Lpry) are generated by the sets
{(X@guwr=) XoweTl (Ly)}and {YY ez YaoweT(Ly)}
respectively. When f is a forward Dirac map, we have the same proof. O

Remark 5. We denote by DM the category of Dirac manifolds and Dirac
maps. By the Proposition [} we have the natural functor which send an
object (M, Lps) to the tangent object of higher order (T"M, Lrrys), and
a Dirac morphism f : (M,Ly) — (N, Ly) to the tangent morphism of
higher order T" f : (T" M, Lyrp;) — (T"N, Lyrn). This functor is denoted by
7" : DM — DM.

3.2. Tangent lifts of higher order of multiplicative Dirac structures.

Definition 1. Let G be a Lie groupoid over the manifold M. A Dirac structure
L on G is said to be multiplicative if Lg C TG @& T*G is a sub groupoid over
some sub bundle E of TM & A* (G).
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Example 1. Let (G,IIg) be a Poisson groupoid. The multiplication of IIg
is equivalent to saying that i, : 7*G — T'G is a morphism of Lie groupoids.
Therefore, the sub bundle Ly, =graph (f1.) C TG @ T*G defines a multipli-
cative Dirac structure over the sub bundle £ C TM & A* (G), where E is the
graph of dual anchor map pa-gy: A*(G) — TM.

Proposition 6. Let Lg C TG & T*G be a multiplicative Dirac structure
on a Lie groupoid G. The tangent Dirac structure of higher order Lprg C
TT "G @ T*T"G is also a multiplicative Dirac structure on a Lie groupoid
(TG =3T"™M).

Proof. The map x¢;: T"TG — TT"G is an isomorphism of Lie groupoids over
Ky« T"T'M — TT" M. By the same way, the bundle e;;: T"T*G — T*T"G is
an isomorphism of Lie groupoids over ((j&)*) "' o Iy : T"(A*G) — A*(T"G).
Since L¢ is a Lie sub groupoid of TG @ T*G, then T" L is a Lie sub groupoid
of T"TG @ T"T*G over the sub bundle T"E. By the groupoid isomorphism
K @eg: T"TGOT™T*G — TT"G & T*T"G, we deduce that Lyrg = (k; ®
en)(T"Lg) is a Lie sub groupoid of TT"G & T*T"G over the sub bundle
T'E = (k4 ® (((G5)") " o Itg))(T"E) € TT™M & A*(T"G). Hence we
conclude that Lpr¢ is a multiplicative Dirac structure on (TG = T"M). O

Remark 6. In the particular case where G is a Lie group, the tangent Dirac
structure of higher order Lq is a Dirac structure on the Lie group T"G.

3.3. Tangent lifts of higher order of linear Dirac structures.
Let (E,M,7) be a vector bundle. We consider the double vector bundle
structures (TE, TM,E, M), (T*E,E*,E,M) and (TE®T*E, TM®&E*, E, M)

Definition 2. A Dirac structure Ly C TE @ T*FE is called linear if it defines
a double sub vector bundle (L, F, E, M) where F' is sub bundle of TM @& E*.

Example 2. Let I be a linear Poisson bivector on (E, M, ). Since fii; : T*E —
TE is a morphism of double vector bundles, it follows that Ly = graph (fir;) C
TE @®T*FE is a linear Dirac structure over the sub bundle F1; = graph (pg-)
where pg«:E* — TM is the anchor map of the Lie algebroid E*.

Proposition 7. Let Ly C TE®T*E be a linear Dirac structure over the sub
bundle FF C TM @& E*. The Dirac structure Ly~ CTT"E & T*T"E is linear
over the sub bundle T"F = (k}; @ I;)(T"F) CTT"M & (T"E)*.

Proof. It comes from the fact that, kp: T"TE — TT"E and €', : T"T*E —
T*TTE are the isomorphism of double vector bundles. O

Let (E, [, -], p) be a Lie algebroid over M, we consider the cotangent Lie
algebroid rg: T*E — E* and the Lie algebroid TE & T*E over TM @ E*.
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There is a class of linear Dirac structures Lg over E, which also define a Lie
subalgebroid of TE @ T*E — TM @ E* over some bundle ' C TM @ E*. It
is called algebroid-Dirac structure.

Proposition 8. Let Ly CTE®T*E be an algebroid-Dirac structure over the
sub bundle F' C TM & E*. The linear Dirac structure Lyrg CTT"EST*T"E
is an algebroid-Dirac structure over the sub bundle T"F = (k' ®Iy) (T"F) C
TT"M & (IT"E)*.

Proof. Let u € T'(E), for any 0 < a < r and § € {0,1} we have:
HTE((u(ﬁ))(a)) — (u(a))(ﬁ) and (p(r))(l) o KTy = (p(l))(r).

By the equalities above, we deduce that k' : T"T'E — TT" E is an isomorphism
of Lie algebroids over xj,;: T"T'M — TT"M. As €%, is an isomorphism of Lie
algebroids over Iy, : T"E* — (TTE)*, we deduce that Lyrp CTT"TE®T*T"E
is an algebroid-Dirac structure over the sub bundle 7"F = (s}, ® I)(T"F) C
TT"M & (T"E)*. O

Remark 7. We denote by (-,-), the non degenerate symmetric pairing on
TG®T*G. (-,-) is a morphism of Lie groupoids, where R is equipped with
the usual abelian group structure. We apply the Lie functor, we obtain a non
degenerate pairing

A((,)6): A(TG) @ A(T*G) x ac A(TG) ® A(T*G) — R.

By the same way, we denote by (-,-) 4¢ the non degenerate symmetric pairing
on T(AG) & T*(AG), by the canonical map,

G&) @ ja: A(TG) @ A(T*G) — T(AG) & T*(AG)

we deduce that:

(3.4) (o )ae = A )6) o (e @ d6') @ (16 @ igh)) -
Let L C TG & T*G be an almost multiplicative Dirac structure. We put:
(3.5) Lac = ((G5) ™" @ jo)(A(La)) € T(AG) & T*(AG).

Clearly, Lag is a linear almost Dirac structure on AG. In [I7], it is shown
that: L ¢ is integrable if and only if L is integrable.

Remark 8. We denote by Dirpyi(G) (resp. Dirag(E)) the space of all multi-
plicative Dirac structures on G (resp. algebroid-Dirac structures on E). We
have the natural map

Dirmult(G) - Diralg(AG)
LG [ LAG
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where Lac = ((j&)7' @ ja)(A(Lg)). We have the functor which send an
object (G, Lg) to the algebroid-Dirac object (AG, Lag), and a multiplica-
tive Dirac morphism f: (G, Lg) — (H, Lg) to the algebroid-Dirac structure
Af: (AG, Lac) — (AH, L ag). This functor is denoted by .A. Via the canonical
natural equivalence, this functor coincides with the Lie functor A.

Corollary 4. The natural vector bundle
TGE) @ TH((§5)™H): TTT(AG) @ T*T"(AG) — T(A(T"G)) ® T*(A(T"Q))

send the linear Dirac structure Lpragy in Larrg) and it is an isomorphism
of Dirac structures.

Proof. We know that,
T(j&) o Kag o T ((5e)™") = (ree) ™" 0 AlKg) © jra
T*((j&)~") o€l o T (ja) = jrra 0 A(€G) © g -

In this case, we have:

We conclude that, (T'(j5) & T*((jg)_l))(LTr(AG)) = Larrc)- O

These results generalize the tangent lifts of higher order of multiplica-
tive Poisson structures and multiplicative symplectic structures on the Lie
groupoids.

Remark 9. By the Corollary [d] we have the natural equivalence between the
functors Ao 7" and 7" o A.
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