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Abstract. In the paper the existing results concerning a special kind of trajectories and
the theory of first return continuous functions connected with them are used to examine
some algebraic properties of classes of functions. To that end we define a new class of
functions (denoted Conn™) contained between the families (widely described in literature)
of Darboux Baire 1 functions (DB;) and connectivity functions (Conn). The solutions to
our problems are based, among other, on the suitable construction of the ring, which turned
out to be in some senses an “optimal construction”. These considerations concern mainly
real functions defined on [0, 1] but in the last chapter we also extend them to the case of
real valued iteratively H-connected functions defined on topological spaces.
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1. INTRODUCTION

Until recently one dimensional dynamical systems were analyzed almost exclu-
sively with respect to continuous functions and thinner classes of functions. How-
ever, some considerations provoked a necessity to examine discontinuous derivatives.
Therefore many papers regarding dynamic of discontinuous functions (e.g. [1], [6],
[14], [22], [23]) have appeared recently. The interesting fact about the quoted pa-
pers is that all of them are connected with Darboux like functions. Simultaneously,
many papers regarding “first return” notions based on a special kind of trajecto-
ries appeared at the end of 20. century and at the beginning of the current century
(e.g. [7], [8], [9], [10], [19], [21]). The connection of these trajectories with transitive
continuous functions has been described among others in [9].
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Although this paper does not refer to dynamical systems directly, we use tools
connected with some trajectories to consider problems of existence of “optimal con-
structions” of rings of functions. Several previous papers published by the second
author concern dynamical systems generated by Darboux like functions and conse-
quently our considerations are also connected with such transformations.

Algebraic structures play a special role among many problems currently being
examined with respect to various classes of functions. This is indicated by the fact
that in some cases some equivalents to these structures are created being, on the
one hand, the extensions of their concept and, on the other, distant from their
prototypes in abstract algebra. For example, a notion of pseudogroup was developed
by E. Cartan in the early 1900s, which, after some modification, is now used, among
other things, in research dealing with dynamical systems (e.g. in [2]).

The research related to algebraic operations and algebraic structures has been
carried on also with respect to Darboux-like functions. The results published till
now are the starting point of considerations presented in this paper.

In Section 3 we introduce a subfamily, Conn*, of the connectivity functions family,
and we present its primary properties. The direct motivation to distinguish this
class of functions were the results connected with the theory of dynamical systems
included in papers [6] and [23] and the desire to obtain a wide class of functions
with connected graph, for which there is a possibility to construct rings of functions
belonging to this class. The direction of the research was also connected with the
paper [21]. Further considerations presented in the following parts of the paper
address the class Conn*.

In Section 4 we examine the possibility of constructing rings (more precisely, com-
plete rings) of functions belonging to the family introduced in Section 3. In the
proof of Theorem 4.1 the construction of a complete ring containing a fixed function
f € Conn* and included in Conn*, is presented. Furthermore, this construction
gives an “optimal ring”. The consequence of “the optimality of the construction”
is Theorem 4.3 saying (under some additional assumptions) that if two functions
belong to a common additive group of Darboux functions, then they also belong to
a common ring which may be constructed by the method presented in the proof of
Theorem 4.1.

Section 5 contains results regarding rings of iteratively H-connected functions, i.e.
functions being of the form fog where g: [0,1] — R is an H-connected function and
f+ X —[0,1] is a continuous function defined on a topological space. The starting
point of the considerations in this part of the paper are the results presented in [15],
which concludes that there exist topological spaces such that there is no ring of
Darboux functions defined on them. This raises questions concerning assumptions
that would cause existence of the respective rings.
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The paper is closed with an open problem that is, in some senses, a continuation
of Theorem 5.3.

2. PRELIMINARIES

We will use mostly standard notation and definitions ([5], [10], [11], [15], [20],
[21]). In particular, by the letters R, @ and N we denote the sets of all real numbers,
rational numbers and positive integers, respectively.

The closure, interior and boundary of a set A are denoted by Cl(A4), Int(A) and
Fr(A), respectively.

The symbol C(f) (D(f)) stands for the set of all continuity (discontinuity) points
of a function f, and Z(f) = f~1(0). By I'(f) and f | A we denote the graph of
a function f and the restriction of a function f to a set A, respectively.

For a set H C [0,1] open in [0, 1], the symbol Cp(H) denotes the set of all com-
ponents of H.

To denote a family of all Darboux functions f: [a,b] — R we use the symbol
DBz([a, b]) while the symbol DB ([a, b]) stands for the family of all Darboux Baire
1 functions f: [a,b] — R.

According to the commonly used definition, a real function f defined on a topo-
logical space X is called a Darboux function if the image f(C) is a connected set,
for each connected set C' C X.

We say that a function f: [0,1] — R does not intersect the axis OX if f(z) > 0
for x € [0,1] or f(z) < 0 for z € [0,1].

A function f: [0,1] — R belongs to the class Bi* if D(f) = 0 or f | D(f) is
continuous.

Let f, g be real functions defined on [0, 1]. By ¢ we denote the metric of uniform

ES

convergence defined as o(f,g) = min(1, sup |f(x)— g(z)|).
[0,1]

Let R be a ring of fuctions defined on a topological space X. Let us introduce the
following notation:

heR

A ring R of functions defined on a topological space X is called a D-ring if D(R) #
(). A D-ring R of functions defined on a topological space X is called a prime ring if
D(f) C Z(f) for each f € R.

We call the set H C [0, 1] the od-set if it is open and dense in [0, 1].

Let H be an arbitrary od-set. By an H-trajectory we mean any sequence ¢ =
{qn}nen of distinct points such that {g,: n =1,2,...} is a dense subset of H.
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Let § = {gn}nen be a fixed H-trajectory. For any interval (¢,d) C [0,1], by
rg((c,d)) we will denote the first element of the sequence ¢ belonging to (¢, d) (i.e.
rg((c,d)) = ¢n, if and only if ng = min{n: ¢, € (¢,d)}).

For z € (0, 1] the left first return path to = based on the H-trajectory ¢, Pi(z,q) =
{tr}ren, is defined recursively via the following formulas:

{ 1= r@((ovx))v

the1 = rg((te,x)), fork=1,2,....

For x € [0, 1) the right first return path to x based on the H-trajectory g, P, (z,q) =
{8k }ken, is defined recursively via the following formulas:

{81 = rq((z,1)),

Spt1 =1g((z, 1)), fork=1,2,....

We say that a function f: [0,1] — R is first return continuous from the left (right)
at a point = € (0,1] (z € [0,1)) with respect to the H-trajectory g, if

lim  f(5)=f() ( lm o f(0) = f()).

teP (x,q) tePr(z,q)

If f is first return continuous from the left and from the right at = € (0,1) with
respect to the H-trajectory ¢, then we say that it is first return continuous at x with
respect to g. Moreover, we will say that f is first return continuous at 0 (at 1) with
respect to ¢ if it is first return continuous from the right (from the left) at 0 (at 1)
with respect to g.

Let H be a fixed od-set and ¢ a fixed H-trajectory. We say that a function
f:10,1] — R is (H,)-first return continuous if it is first return continuous with
respect to ¢ at each point x € H and f is first return continuous from the left with
respect to ¢ at the right end of any component of H and f is first return continuous
from the right with respect to ¢ at the left end of any component of H. The set of
all (H, q)-first return continuous functions will be denoted by FRC(H, 7).

Two known facts concerning the classical notion of first return continuity will be
very useful in the next sections. Now we will formulate them in the terminology used
in this paper.

Lemma 2.1 ([9]). A function f: [0,1] — R is Darboux Baire 1 if and only if
there exists a [0, 1]-trajectory q such that f € FRC([0, 1], 7).
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Lemma 2.2 ([7]). Let D C [0,1] be countable and dense in [0,1]. If a function
f:10,1] — R is Darboux Baire 1 with I'(f | D) dense in I'(f), then there exists an
ordering d = {d,, }nen of D such that f € FRC(|0,1],d).

If H C[0,1] is an od-set, I € Cp(H), a and b are the left and the right endpoint
of I respectively, g is an H-trajectory and ¢: [0,1] — R is defined as follows: ¢(z) =
f(z) for z € (a,b); t(x) = f(a) for x € [0,a]; t(z) = f(b) for x € [b,1], then
t € FRC([0,1],q). By Lemma 2.1 we have:

Proposition 2.3. Let H C [0,1] be an od-set and § an H-trajectory. If f €
FRC(H,q), then for any component I € Cp(H), f | CI(I) is a Darboux Baire 1
function.

Let H be a fixed od-set and § = {gn}nen a fixed H-trajectory. We say that
a function f: [0,1] — R has a D(H,q) property at a point x € [0, 1] if for any € > 0
there exists 6 € (0,e) such that for any component I of the set H the following
condition is fulfilled:

(IN(z -8,z +3) #0)
= (fgn: n=1,2,.. 301N (x—68,2+0)N(f(z) —e, f(z) + &) £ 0).

One can easily observe:

Proposition 2.4. Let H be a fixed od-set and § a fixed H-trajectory. If f €
FRC(H,q), then f has a D(H,q) property at each point of H.

We say that a function f: [0,1] — R is H-connected with respect to H-trajectory
g if f € FRC(H,q) and f has a D(H, q) property at each point € [0,1] \ H.

3. THE rFaMILY Conn*

Let us introduce the following notation:

The symbol Conn* will denote the family of all functions f: [0, 1] — R such that
there exist an od-set Hy and an Hy-trajectory ¢ such that f is Hy-connected with
respect to q.

Functions with connected graph play a special role in generalizations of consider-
ations dealing with dynamical systems in the case of discontinuous functions (e.g.
[6], [23]). Using the term “H-connected function” suggests that functions with con-
nected graph are the subject of our considerations. The next theorem will show that
each function belonging to the class Conn* has indeed a connected graph. In the
proof of this theorem we will use the following lemma.
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Lemma 3.1 ([24]). Let K be a closed and nowhere dense subset of the interval

[0,1] such that K = [0,1] \ U (ai,b;), where all the intervals (a;,b;) are pairwise
disjoint. Let Ko = [0,1]\ U Z[Sj, b;] and assume that a function f: [0,1] — R fulfils
the following conditions: <

(i) f has a connected graph on each interval [a;, b;];

(i) for every point x € Ky and subsequence {ap, }nen converging to x there exists

a sequence {xy, }nen such that x,, € [ap,,bp, ] (forn € N) and lim (z,, f(z,)) =

(z, f(x)).

Then the function f has a connected graph.

Theorem 3.2. Let H C [0,1] be an od-set and f: [0,1] — R an H-connected
function with respect to an H-trajectory § = {qn}nen. Then the function f has
a connected graph.

Proof. If the set H consists of a finite number of components, then (using
Lemma 2.1) it is easy to show that f € DB;([0,1]), so f has a connected graph.

o)
Let us assume now that H has an infinite number of components. Then H = J I,
i=1
where I; are open subintervals of (0,1) or they are either of the form [0, ¢) or (d, 1]
for some ¢, d € (0,1). For i € N let us denote by a; the left endpoint of the interval I;
and by b; the right endpoint of I;. Put K = [0,1]\ U (ai, b;). Of course K is a closed
ieN
and nowhere dense subset of [0,1]. Let Ko = [0,1]\ U [ai,b;]. Since f € FRC(H, q),
ieN
so by Proposition 2.3, for each i € N, f | [a;,b;] € DB1([a;, b;]), so it has a connected

graph. Thus the condition (i) of Lemma 3.1 is fulfilled.

Now we will show that the condition (ii) of this lemma is also fulfilled.

Let zg € Ko and let {ap, }nen be a subsequence of {ay }nen such that nhj& ap, =
Xo.

Fix a decreasing and converging to zero sequence of positive numbers {e;}ien.
For simplicity of notation, let us assume that e; < % when xg = 0 or zg = 1 and,
g1 < %min(xo, 1 —xp) when z¢ # 0 and x¢ # 1.

For each ¢ € N choose 6; € (0, ¢;) such that for each j € N, if I; N (xo —d;, o +0;) #
(), then

(3.1) f({ge: k=1,2,.. 3NN (zg — 0,0+ 6;)) N (f(xo) — €34, f(zo) + €i) # 0.
For each I € N| fix n; € N such that

(3.2) (ap, by, ) N (xo — &, x0+6;) #0, forn > ny.

We may require the sequence {n;},en to be increasing.
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We shall define a sequence {z,}nen such that z, € [ap,,bp.], for n € N and
nh—{%o(xn’ f(an)) = (wo, f(w0))

Let n € N. One of the following cases is possible:

(1) n < ny. Then put z, = ay,.

(2) There exists jo € N such that n € [nj,,nj,+1). By (3.2), we have (ap,,bp,) N
(xo — 65y, 0 + Jj,) # 0. Using the implication (3.1), choose an element g, of
the H-trajectory ¢ such that qn, € (ap,,bp,.) N (xo — 55,20 + 0j,) and f(qw,) €
(f(z0) = €jos f(@0) + €jo)- Put zn = gy, -

It is easy to notice that lim (z,, f(z,)) = (zo, f(20)). Thus the condition (ii) of
Lemma 3.1 is fulfilled, andrfcﬁiosO completes the proof. O

It is easy to notice that the following inclusion is true:
DB;([0,1]) € Conn™.

What is more, it occurs that the set DB ([0,1]) is porous in the space Conn* with
the metric of uniform convergence. The proof of this fact will be preceded with some
construction and two technical lemmas.

Let H be an od-set, § = {qn }nen an H-trajectory and let H be an open and dense
subset of H. Then we can construct an H. -trajectory generated by the H-trajectory q.
To this end we will define (by induction) an increasing sequence {k, } nen of positive
integers in the following way. Let k; = min{k: ¢, € H}. Assume that the elements
ki,ks,..., k, of this sequence have been already defined, where n is some positive
integer. Then we put k,4+1 = min{k > k,: qx € ﬁ} Continuing this process we
obtain an infinite sequence ¢ = {qx, }nen. It is easy to notice that §* consists of
these and only these elements of ¢ which belong to H. Then the sequence ¢* is an
H -trajectory. We will call it an H -trajectory generated by the H-trajectory g.

Lemma 3.3. Let H C H be two od-sets in [0,1], § = {qn}nen an H-trajectory,
Ie Cp(ﬁ) and let ¢* = {qx, }nen be an H-trajectory generated by the H-trajectory
q. Then:

(i) for every x € [a,b) (where a, b denote the endpoints of the interval I) and
for each j € {0,1,2,...} we have Smyt; = Wio+;, where {sm}men = Pr(z,q),
{witien = Pr(x,q"), mo = min{m: sp, € (z,b)}, lo = min{l: w; € (z,b)};

(i) for every = € (a,b] and for each j € {0,1,2,...} we have z;,4; = Uy, where
{zi}tien = P(x,q), {ur}tren = P(x,q), io = min{i: z € (a,2)}, ro = min{r:
uy € (a,x)}.

Proof. We will prove (i). Let = € [a,b). It is easy to show
(3.3) rg«((z,¢)) = rg((x,c)) for any ¢ € (z,b].
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First we will show that s,,,, = wy,.

By the definition of Iy and by the form of the sequence {w;};en, we can conclude
that wy, = rg-((z,w,—1)) and b < wy,—1 (if lp = 1 we can put wy,—1 = 1 and then
rg«((x,b)) = rg=((x,1))). Since wy, € (x,b) C (v, w,—1), we have rg-((z,w,—1)) =
rg-((x,b)). Consequently,

(3.4) wi, = 14 ((2,)).
An exactly similar reasoning shows that
(3.5) Smo = T7((x, b)).

By (3.3)—(3.5), we have s,,, = r5((x,b)) = rg-((z, b)) = wy,.

Assume now that s,,,+; = wi,4; for some integer j > 0. We shall show that
Smo+j+1 = Wig+j+1-

By the inductive assumption we have (z, Smq+;) = (2, wiy+j) C (z,b). Thus and
by (3.3) we obtain

Smo+j+1 = Tq((xasmoﬂ‘)) = rﬁ((wiloJrj)) = Wig+j+1,

which completes the proof of (i).
The proof of (ii) is analogous. O

Lemma 3.4. Let f: [0,1] — R, H C [0,1] be an od-set, § an H-trajectory and
xo € [0,1]. Assume that for every € > 0 there exists § € (0,¢) such that for every
component I of H having nonempty intersection with the interval (o — d,z¢ + 9),
there exists a point x € C(f)NIN(xg—0,x0+3) with the property f(z) € (f(zg)—e,
f(zo) +¢€). Then the function f has a D(H,q) property at the point .

Proof. Lete > 0 andlet § € (0,¢) be the number chosen according to the
assumptions of the lemma. Let us consider a component I of the set H such that
IN(xog—0,m9+3d) # 0. Then there exists a point x1 € C(f)NIN(zo—d,z9+ ) such
that f(z1) € (f(zo)—¢, f(x0)+¢€). One can find o > 0 such that (1 —0,z1+0)NI C
(xo — 6,20 + )N I and

(3.6) f((@1 —o,z1+0)N1I) C (f(z0) — ¢, fz0) + ).

Of course Int((z; — 0,21 + o) N I) # B, so there exists a positive integer ko such
that gr, € (1 —o,z1 +0) NI C (xg — J, 20 + ) N I. Moreover, by (3.6) we have

flawo) € (f(wo) — ¢, f(@o) + ).
Thus the function f has the D(H, §) property at xo. O
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Theorem 3.5. The set DB ([0, 1]) is porous in the space (Conn*, o).

Proof. Let f € Conn* and € > 0. There exist an od-set H C [0,1] and an H-
trajectory g such that f is H-connected with respect to g. Let I* € Cp(H). Denote
by a* and b* the left and the right endpoint of I*, respectively. By Proposition 2.3, we
have f | CI(I*) € DB1(Cl(I*)), so the function f has a continuity point z¢ € (a*,b*).
We can choose a number § > 0 such that [zg — 0, 29 + 0] C (a*,b*) and

9

(3.7) f(lwo = 6,20 +3])  (f(wo) = 5. S (wo) + 5 ).

Now define a function f;.

On the interval [zg — &, 20 + 0] let us consider a Cantor-like set C' containing
x9 — 0 and xp + & and denote by C* the set of ends of all components of the set
[z0 — 6,0 + 6]\ C.

Let H=H \C’ . Obviously H is an open and dense subset of H, so we can consider
an H-trajectory ¢* = {qx, }nen generated by the H-trajectory .

Let (a,b) be a component of the set [zo—6, £9+06]\C and let P,(a,7*) = {tx(a)}ren
be the right first return path at a with respect to the I?—trajectory g* and ko = min{k:
tr(a) € (a,(b—a)/2)}. For i > ko, let 2%, 24 be some points fulfilling inequalities
tiv1(a) < 2 < 24 < t;(a). Similarly, let P;(b,g*) = {s1(b) }1en be the left first return
path at b with respect to the H-trajectory ¢* and lo = min{l: s;(b) € ((b—a)/2,b)}.
For j > g, let y{, y% be some points fulfilling inequalities s;(b) < y{ < y% < sj41(b).
On the interval [a, b] define the function f; as follows: f1(z) = f(xo) for = € {a,b} U
{ti(a): @ = ko} U{s;(b): j = lo} U (tk(a),51,(b)); fi(z) = f(zo) — /3 for x €
{xi: i > kot U{y]: j = lo}; linear on the intervals [t;1(a), 2], [z%, 28], [25,t:i(a)]
(i > kO)? [Sj(b)a y{]v [yivy%L [y%a Sj-‘rl(b)] (.7 > lO)'

In an analogous way we define the function f; on each component of the set
[z0 — 6,20 + 6]\ C.

Consider a function g: [0,1] — R defined as follows: g(z) = fi(z) for x € (z¢ — 6,
20+ 8)\ (C\C"); g(&) = F(ao) +2/3 for & € C\ (C* U {ao — 8,0 + 6} g(x) = f(a)
for x € [0, 29 — 6] U [xo + 6, 1].

We will show that g € FRC(H,7%).

First we will prove that the function g is first return continuous from the right with
respect to ¢* at each point of the set H and at the left endpoint of each component
of the set H.

Let 2* € H or let * be the left endpoint of some component of H. The proof
conveniently splits into the following cases:

1.1. * € [xg + 6,1). Then it is sufficient to notice that P.(z*,7*) = P.(z*, q).

1.2. * € (g — §,20 + 0). The property to be proved is evidently true if z* € H.
So let us consider the case when x* is the left endpoint of some component of the
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) = {ti(z*)}ien. There exists jo € N such that for every

set H. Denote P.(z*,q*
) = f(zo) = g(x ) It means that

1 = jo we have g(t;(z*)

lim  g(t) = g(z7),
te}ng:,q*)
80 ¢ is first return continuous from the right at x* with respect to g*.

1.3. z* € [0,20 — §). Let J € Cp(H) be such that z* € Cl(J). Let us denote by
ay and by the left and the right endpoint of J, respectively. Consider first return
paths P.(z*,q) = {Sm}men and P.(z*,7*) = {wp}pen. Put mg = min{m: s,, €
(z*,b5)} and po = min{p: w, € (z*,bs)}. By Lemma 3.3 we have Sy = Wpy+i
for i € {1,2,...}. So the conclusion that g is first return continuous from the right
with respect to ¢* at x* is immediate.

An exactly similar reasoning shows that the function ¢ is first return continuous
from the left with respect to ¢* at each point of the set H and at the right end of
each component of the set H. We next show that g has the D(I—Y ,q") property at
each point of the set [0,1] \ H.

Let z € [0,1] \ H and gy > 0.

2.1. Assume z € [0,29 — 6) \ H. Let &; € (0, min{eq, 9 — & — z}). There exists
91 € (0,e1) such that for each I € Cp(H) the following condition is fulfilled if
(2= 61,24+ 01) NI #0 then

3-8)  fUak: k=1,2,..3NIN(z = 61,2+ 601)) N (f(2) —e1, f(2) +e1) # 0.

Of course z+ §1 < zg — d and §; € (0,&0). Let I e Cp(H ) be such that I; N (z —
81,2 + 1) # 0. Then the following cases are possible:

a) I, € Cp(H) or

b) I = (a*,z9 — 0) C I* € Cp(H).
In the case a) the condition (3.8), and in the case b) the condition (3.8) and the
equality LN (2 = 81,2+ 01) = I* N (2 — 81,2 + 81), imply the existence of n* € N
such that ¢,1 € I; N (z = 01,2+ 1) and g(gn1) = f(gnr) € (f(2) —e1, f(2) +e1) C
(9(2) — €0,9(2) + €0). Of course there exists also n; such that q;‘;nl = ¢,1. Thus g
has the D(ﬁ, q*) property at z.

2.2. An exactly similar reasoning applies to the case z € (zg + 0,1] \ H.

2.3. Assume now z € C'\ (C* U {xo — 6,20 + 6}). Let d; € (0,20) be sufficiently
small for the inclusion (z — da, z 4+ 02) C (9 — 6,29 + 6) to be true. Let I € Cp(H)
and I, N (z — 02,2 + d2) # 0. Of course I = (ag, bo) for some ag,by € C*. We have
ag > z or by < z. Without loss of generality, we may assume that ag > z. From
the properties of g we can deduce that there exists a point y* € (ag, min{z + d2,bo})
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such that g(y*) = f(x0) +¢/3 = g(z). Of course y* € Cy NIy N (2 — 52,2 + J2)
and g(y*) € (9(2) — €0, g(2) + €0). By Lemma 3.4, the function g has the D(H,q*)
property at z.

2.4. Now let z € C*. Then z is the left or the right end of some component (a1, b1)
of H. Assume that z = a; (the case z = by is analogous). Let

(3.9) 05 € (0, min{eg, by — 2,2 — xo + d}).

Moreover, let I = (as,bs) € Cp(ﬁ) and (a3, b3)N(z—3d3,z+d3) # 0. Then, by (3.9),
there are two possibilities:

2.4.a) (a3, bs) = (a1,b1) or

2.4.b) xo— 9 < as and z — 03 < b3 < z.

In both the cases there exists a point y** € (as, bs) N (z — 03,z + J3) such that
g(y™) = f(xo) = g(2). Of course y** € Cy N I3N (2 — 83,2 4 d3) and g(y**) €
(9(2) —e0,9(2) +€0). By Lemma 3.4, the function g has the D(f[, q*) property at z.

2.5. Now let z € {zg — 0, z0 + 0}. Assume that z = x¢g — J (the case z = zg + J
is analogous). The equality g(z) = f(xo — 0) and the condition (3.7) imply g(z) €
(f(x0) — /3, f(x0) +€/3). Let 64 € (0, min{eg, 20,20 — 6 — a*}), Iy € Cp(H) and
Ln (z — 64,2 4 04) # 0. Then we can consider two cases:

2.5.q) I, C (xg — 8,20+ d) or

2.5.b) Iy = (a*,z0 — &) (or Iy = [a*,z0 — §), if a* = 0 and 0 € H).

In the case 2.5.a) one can apply a reasoning exactly similar to that in 2.3 and 2.4.
In the case 2.5.b) it is sufficient to notice that g(z) = f(x) for = € [0, 29 — J] and if
qn € 10,29 — 0), then g, € {¢: k=1,2...} forn € N.

We have completed the proof that g € Conn*.

We will show now that B(g,£/9) C B(f,¢).

Let ¢ € B(g,¢/9). We have

of. ) < olf,0) +ol9.6) < =+ 5 <
Since £ € B(g,e/9) was chosen arbitrarily, B(g,£/9) C B(f,¢).
The task is now to show that B(g,e/9) N DB1([0,1]) = 0.
Let 7 € B(g,¢/9). It is easy to notice that 7(z) € (f(zo) — /9, f(xo) + &/9) for
z € C* and 7(x) € (f(zo) + 2¢/9, f(x0) + 4¢/9) for 2 € C'\ C*. This means that
the function 7 | C has no continuity point, so 7 is not a Baire 1 function. Since
T € B(g,€/9) is arbitrary, we conclude that B(g,£/9) N DB1([0,1]) = 0. O
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4. RINGS OF H-CONNECTED FUNCTIONS

Many papers (e.g. [3], [4], [12], [13], [16], [17], [18]) deal with algebraic properties of
some classes of functions (connected with generalizations of continuity and Darboux-
like functions) or with the possibility of building algebraic structures with respect to
one operation consisting of functions belonging to a fixed class. In this section we
examine a possibility of constructing more complex algebraic structures containing
a fixed function. Simultaneously, our aim is to analyse structures containing all
continuous functions.

The additive group G is called an [-additive group if the following condition is
fulfilled:

if f,g € G, then max(f,g) € G and min(f,g) € G.

The ring R of real functions defined on [0, 1] is called an [-ring if the following
condition is fulfilled:

if f,g € R, then max(f,g) € R and min(f,g) € R.

The ring R of real functions defined on [0, 1] is called a complete ring if it is an
l-ring containing the class of all continuous functions.

The question about existence of rings including the class of all continuous functions
and a fixed function and consisting of functions belonging only to some fixed family,
is an interesting and frequently considered problem. The next theorem is the result
obtained for the class of H-connected functions with respect to an H-trajectory g,
when an od-set H and an H-trajectory g are fixed.

Theorem 4.1. Let H be an od-set, let § = {qn }nen be an H-trajectory and f:
[0,1] — R an H-connected function with respect to §. Then there exists a complete
ring R consisting of H-connected functions with respect to G such that f € R.

Proof. Assume first that [0,1]\ H # 0. For every point z € [0,1] \ H and for
each positive integer n, fix a number §,(n) € (0,1/n) such that for every component
T of the set H the following implication holds if I N (z — d,(n), z + d,(n)) # 0, then

(@1) fla b= 1,2 1010 (@ = daln) o +8,) 0 (F@) = 1 f@)+ ) £0.
For each pair (z,n) € ([0,1]\ H) x N let

O = {I € Cp(H): 1N (z — 62(n),x + d,(n)) # 0}.
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Fix x € [0,1] \ H and n € N. For any component I € C? fix a point

(%) yime{qk: E=1,2,..3NnIN(x—0z(n),z+d5(n))

1 1
such that f(yin) € (f(x) — E,f(x) + E)

Denote D(z,n) = {y},: I € C&}. For each pair (z,n) € ([0,1]\ H) x N we can
choose a set D(x,n) in the way presented above.

Let R be the family of all functions g: [0,1] — R fulfilling the following conditions:

1.1 g € FRC(H, q);

1.2 for any = € [0,1] \ H and for any € > 0 there exists n(g,z,e) € N such that
for any integer n > n(g,z,e) we have g(D(z,n)) C (9(z) — &, g(x) +¢). It is easy to
show that the family R is the required ring.

In the case H = [0, 1] it is enough to put & = FRC(H, q). O

Notice that in the proof of Theorem 4.1 two methods of constructing a complete
ring containing a fixed function and consisting of functions H-connected with respect
to an H-trajectory ¢ are presented. The first method concerns the situation when
[0,1]\ H # 0 and the second the case when H = [0,1]. For the od-set H C [0,1]
and the function f: [0,1] — R, H-connected with respect to the H-trajectory g, the
symbol R;(H, ) will stand for the family of all rings constructed by use of one of
the methods presented in the proof of Theorem 4.1, chosen adequately to the form
of the set H. Moreover, in the first part of the proof of Theorem 4.1 (concerning
the situation when [0,1] \ H # 0), for a function f, H-connected with respect to
the H-trajectory g and for each pair (z,n) € ([0,1] \ H) x N some sets D(z,n) are
created (by the method denoted by (x)). The choice of points constituting these sets
is not fixed. In the further part of the paper, the family of all possible sets D(z,n)
created by the method (%) for a function f and for a pair (x,n) € ([0,1]\ H) x N
will be denoted by 27 (x,n).

The following lemma will be useful in further considerations.

Lemma 4.2. Let H C [0,1] be an od-set such that [0,1]\ H # (. Let q¢ be an
H-trajectory, let f: [0,1] — R be H-connected with respect to ¢ and let (z,n) €
([0,1]\ H) x N. If D(z,n) € 2¢(x,n), then D(z,n) € 2~ (z,n).

The proof of the above lemma is easy but long, so we omit it.

Signalizing the above ring construction methods is not accidental. The next the-
orem will show that these methods are optimal; we mean that if there exists a ring
containing functions f and g, then there exists a ring common to functions f and g
and such that it can be constructed by the method presented in the proof of Theo-
rem 4.1. This theorem will also show that, under some additional assumptions, the
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existence of an additive group containing two fixed Darboux functions implies the
existence of a Darboux ring (constructed by the methods presented in the proof of
Theorem 4.1) containing these functions. Notice that this is interesting because in
the case of the class DB; the existence of an additive group consisting of Darboux
functions usually does not imply the existence of a Darboux ring containing these
two functions. Indeed, let {z},en and {y}nen be sequences converging to 0 and such
that 1 =21 >y > 22 > y2 > x3 > y3 > .... Let f and ¢ be functions fulfilling the
following conditions: f(0) = %, flyan) = 1, f([zon, z2n—1]) = 0, f is linear on the
intervals [yan—1, Tan—1], [T2n, Y2n—1] (n € N), and ¢(0) = %, 9(1) =0, g(yan—1) = 1,
9([Ton+1, T2n]) = 0, g is linear on the intervals [yan, Z2n], [T2n+1,y2n] (0 € N). Of
course f,g € DB;. It is easy to notice that f - g ¢ DBx(]0, 1]), so there is no ring of
Darboux Baire 1 functions containing functions f and g. Consider the family G of
functions h: [0,1] — R continuous on (0, 1] and satisfying the following conditions:
(i) h(zn) =0 for n eN;
(ii) there exist a,b € R such that h(0) = (a +b)/2 and h(y2n) = a, h(yan—1) = b
for n € N.

It is easy to show that f,g € G and G C DB; is an additive group.

Theorem 4.3. Let f,g: [0,1] — R be Darboux functions which do not intersect
the axis and such that D(f)U D(g) C Z(f) N Z(g). Then the following conditions
are equivalent:

(i) there exists an additive group G of Darboux functions such that f,g € G;
(ii) there exists a ring Ry of Darboux functions such that f,g € Ro;
(iii) there exist an od-set H, an H-trajectory ¢ and a ring ® € R¢(H,q) N Ry (H, 7).

Proof. The proof will proceed in the following way: (i) = (iii) = (ii) = (i).

To deduce (iii) from (i), assume that D(f) = D(g) = 0. Let H = [0,1] and let ¢
be an H-trajectory. Put ® = FRC(H, ¢). Then R € R¢(H,q) N Ry(H, q).

We now turn to the case D(f) # 0 or D(g) # 0. We need only consider 3 cases:

1. f>0and g > 0;

2. f<0andg<0;

3. (f>0and g <0)or (f <0andg=>0).

Case 1. Notice that f, g € Bj*.

This means that the sets D(f) and D(g) are nowhere dense ([20], Lemma 2). It
is easy to notice that CI(D(f)) U Cl(D(g)) is a nowhere dense set and

(4.2) CI(D(f)) UCI(D(g)) C Z(f) N Z(g)-
Let H = [0,1]\ (CI(D(f)) UCL(D(g))). Of course H is an od-set. Put h = f +g.
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We will show that
(4.3) h € DB41([0,1]).

Of course h € DBxz([0,1]). From the fact that f,¢g € Bj* and from Proposition 1
in [20] we obtain f,g € Bi([0,1]). Hence h € Bi([0,1]) and consequently h €
DB, ([0, 1]).

Introduce some notation. Let L be the set of left endpoints of all components
of H being intervals open from the left and let P be the set of right endpoints of all
components of H being intervals open from the right.

Fix a € L. Denote by J}* the component of H such that a is the left end of it. Then
a € CI(D(f)) UCI(D(g)). Because of the inclusion (4.2) we have f(a) = g(a) = 0,
so h(a) = 0.

From (4.3) and by the Young condition ([5], Theorem 1.1) we deduce that there
exists a decreasing sequence {z%}n,en C Ji* such that ILm zp = aand lim h(z%) =
h(a) = 0. Let &1 > 0. Then there exists ng € N sgchoothat for n >n ngowe have
|f(z8) + g(22%)] < e1. Hence (using the assumption that f > 0 and g > 0) we
deduce that f(z%) < €1 and g(2%) < €1 for n > ng. Since ¢; is arbitrary, we have

lim f(z2) =0= f(a) and lim g(z%) =0 = g(a).
n—oo n—oo

Let b € P. Denote by J? a component of the set H such that b is the right end
of it. Of course h(b) = 0. Analogously as above we choose an increasing sequence
{yn}nen C J7 such that lim y; =b, lim h(y,) = h(b) =0, lim f(y,) = 0= f(b)
and lim g(y2) =0 = g(b).

n—oo
Let
A=HNQU{z*: acL, neNYU{yt: be P, neN}.

Of course it would be sufficient to put A = H N Q, but considering the set A in the
above form makes the notation of the further part of the proof easier and shorter.
The set A is countable and dense in [0, 1].
We will show that the set

(4.4) W = {(z,h(x)): = € A} is dense in the set G(h).

Fix (z*,h(z*)) € G(h) and let €2 > 0. Consider an open cube K = (z* — &3,
x* +e2) x (h(z*) — 2, h(z*) + £2). We will show that W N K # 0.

Assume first that =* is a continuity point of h. Then there exists d2 € (0,e2) such
that h((x* —d2, 2™ +d2) N[0, 1]) C (h(x*) —e2, h(z*) +¢€2). Since A is dense in [0, 1],
there exists a point 1 € AN (z* — b2, 2* + J2) C AN (x* —eq,2™ + €3). So we have
(:L’l, h(l’l)) ceWnNnK.
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Now let * € D(h). Then 2* € D(f) or z* € D(g). Of course h(z*) = 0. The

following cases are possible:
1.1 z* € L;

1.2 z* € P;

1.3 z* € [0,1]\ (HULUP).

In the case 1.1 we have 2% \ z* and nlirgo h(z2") = 0. Thus there exists n; € N
such that 22 € (2%, 2" + &) and h(zZ") € (—e2,€2), for n > ny.

We have (22, h(z%)) € WN K for n > n;.

In the case 1.2, analogously to 1.1, we find ny € N such that (y2 , h(y* )) € WNK
for n > no.

We now turn to the case 1.3. Assume first that z* # 1. Since z ¢ L and the
set H is dense in [0,1], there exists a point a¢* € L N (2*,2* + £3), which means
that J N (2%, 2 + &2) # 0. Analogously to the case 1.1 we find n3 € N such that
(287, W(2%")) € WNK for n > n3. In the case * = 1 one can notice that there
exists a point b* € PN (z* — g2, 2*). Further we carry out considerations analogous
to those in the case x* # 1.

The proof of (4.4) is completed.

By Lemma 2.2 there exists such an ordering § = {¢,}nen of the set A that h €
FRC([0,1],q). It is easy to notice that § is an H-trajectory. Of course

(4.5) the function h is H-connected with respect to g.
We will show that
(4.6) the functions f and g are H-connected with respect to g.

Let € H. Then x € C(f) N C(g), so f and g are first return continuous at x
with respect to q.

Now let x € L. Then f(z) = g(x) = h(z) = 0. We will show that f and g are
first return continuous from the right at « with respect to §. Let €3 > 0. Since the
function h is first return continuous from the right at x with respect to ¢, there exists
63 > 0 such that

if 0 < |s — x| < J3, then |h(s)| < e3 for every point s € P.(z,q).

Let s € P-(x,G) be such a point that 0 < |s — z| < d3. Then we have |h(s)| < e3.
Hence and from the fact that f > 0 and g > 0 we conclude that |f(s)| < e3 and
lg(s)] < €3, so f and g are first return continuous from the right at = with respect
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to g. Similarly, one can show that f and g are first return continuous from the left
at each point of P. Thus f,g € FRC(H, q).
To prove (4.6) it remains to show that

(4.7) functions f and ¢ have the D(H, q) property
at each point of the set C1(D(f)) U Cl(D(g)).

Let x € CI(D(f)) UCl(D(g)). Then h(xz) = 0. Let g4 > 0. Since, by (4.5), the
function h has the D(H, §) property at x, there exists 4 € (0,e4) such that for every
I € Cp(H) the following implication is true if I N (z — 04, + d4) # ), then

(4.8) h{ge: k=1,2,..3NIN(x—dg,x 4 04)) N (—e4,e4) # 0.

So let I be such a component of H that I N (x — 4,2 + d4) # 0. By (4.8) there
exists ny € N such that ¢,, € I N (x — d4,2 + 64) and h(gn,) € (—€4,£4). Hence
and from the fact that f(gn,) > 0 and ¢g(gn,) = 0 we obtain f(g,,) € (—€4,£4) and
9(Gn,) € (—€4,e4). Since z € CI(D(f)) U Cl(D(g)) is arbitrary, we deduce that f
and ¢ have the D(H, q) property at each point of the set CI(D(f)) U Cl(D(g)).

The proof of (4.6) is completed.

Now we will construct the desired ring .

Let z € [0,1] \ H. Using the properties of h, similarly to the proof of (4.7),
for each n € N we choose d,(n) € (0,1/n) and for each I € Cp(H) such that
IN(z —0z(n), x4+ 64(n)) # 0 we choose a point wl ,, € {q: k=1,2,..3NIN(z—
62(n), x + 6,(n)) such that f(wl,) € (=1/n,1/n) and g(w},) € (=1/n,1/n). For
each pair (z,n) € ([0,1] \ H) x N, denote by D(x,n) the set of all elements w ,
chosen in that way. Then D(z,n) € 2/ (x,n) N 29(x,n). Considering the family
{D(z,n): (z,n) € ([0,1]\ H) x N} we can construct the ring ® € R;(H, §)"Ry(H, q)
(using the method presented in the proof of Theorem 4.1).

Case 2. (f < 0and g <0). Of course —f >0, —g >0, —f,—g € G, D(—f) =
D(f), D(=g) = D(g), Z(=f) = Z(f) and Z(—g) = Z(g). So D(—f)UD(—g) C
Z(—f)N Z(—g). Let hy = —f —g. By Case 1 considered above, there exist an
od-set H and an H-trajectory g such that the functions h;, —f and —¢g are H-
connected with respect to g. Of course the functions f and g are also H-connected
with respect to g. For each pair (z,n) € ([0,1] \ H) x N, similarly to Case 1, we
can create sets D(z,n) € 2~ (z,n)N279(x,n). Lemma 4.2 allows to conclude that
D(z,n) € 27 (z,n) N 29(x,n) for (z,n) € ([0,1]\ H) x N. Considering the family
{D(z,n): (z,n) € ([0,1]\ H) xN}, we can construct the ring ® € R;(H, q)NRy(H, q)
(using the first method presented in the proof of Theorem 4.1).

Case 3. One can apply the same reasoning as in Case 2.

The implications (iii) = (ii) and (ii) = (i) are obvious. O
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Notice that conditions (ii) and (iii) of Theorem 4.3 regard the existence of a Dar-
boux ring containing two functions fulfilling the assumptions of the theorem. How-
ever, separating these conditions is justifiable, which is illustrated by the follow-
ing example. Let 7,72: [0,1] — R be defined as follows: 7(z) = 0 for z €
{0y u{1/2*: k =0,1,2,...}; mi(z) = 1 for z € {3/2%*2: k = 0,1,2,...}; 7 lin-
ear on the intervals [1/25T1 3/2F+2] and [3/2%+2,1/2F], k = 0,1,2,..; 2(z) = 0 for
re{0}u{1/2¥: k=0,1,2,...}; m(x) = =1 for z € {3/2F2: k =0,1,2,..}; =
linear on the intervals [1/2%+1 3/282] and [3/28%2,1/2%], k =0,1,2,.... Of course
71 and 7o fulfil the assumptions of Theorem 4.3. Let Ry be the family of all functions
¢: [0,1] — R continuous on (0, 1] and such that {0} U {1/2%: k =0,1,...} C Z(¢).
It is easy to show that Ry is a Darboux ring and 71,70 € Rg. By Theorem 4.3 there
exist an od-set H and an H-trajectory ¢ such that R, (H,q) N R, (H,q) # 0. Let
Re R, (H, g NRy,(H, ). Consider g: [0,1] — R defined by the formula g(z) = x.
Of course g € R\ RNy, so no ring belonging to R, (H,q) N R, (H, ) is equal to Ry.

5. RINGS OF ITERATIVELY H-CONNECTED FUNCTIONS

Considerations dealing with real functions of real variable and results presented in
[15] motivate us to make an attempt of generalizing the notion of H-connected func-
tions to the case of functions defined on topological spaces. A typical generalization
is not possible because building one-sided first return paths is closely connected with
the ordering of the real line. Therefore, it seems to be natural to examine composi-
tions h = go f, where g is H-connected, f: X — [0,1] and X is a topological space.
One question still unanswered deals with assumptions which need to be imposed on
the function f. The assumption that f is continuous seems to be the best adapted
to our theory.

Let X be a topological space, H an od-set and § an H-trajectory. A function h:
X — R is called iteratively H-connected with respect to ¢ if there exist a continuous
function f: X — [0,1] and a function g: [0,1] — R H-connected with respect to g
such that h = go f. The family of all iteratively H-connected functions with respect
to ¢ defined on X will be denoted by It(X, H, 7).

The symbol It(X) will stand for the family of all functions h: X — R for which
there exist an od-set Hj, and an Hj-trajectory ¢ such that h € It(X, Hp, 7).

Of course, if h € It(X), then h is a Darboux function.

From Theorem 1 in [15] one can immediately conclude that there exists a con-
nected, uncountable, Hausdorff space X such that every function f € It(X) is con-
stant. Hence it is easy to deduce:
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Proposition 5.1. There exists a connected, uncountable, Hausdorff space X such
that there is no D-ring R C It(X).

Theorem 5.2. Let X be nonsingleton, connected and locally connected Tychonoff
space. Then for each od-set H and each H-trajectory q there exists a D-ring it C
It(X, H,q).

Proof. Let 1,22 € X. There exists a continuous function f: X — [0,1]
such that f(z1) = 0 and f(x2) = 1. We will construct an H-connected function
70: [0,1] — [0, 1] discontinuous at 0 and a sequence {y;};en such that y; \, 0 and
To(y) =1 for I € N.

Consider two cases.

Case 1. There exists § > 0 such that (0,6] C H. Let P-(0,7) = {tx}ren be the
first return path to 0 based on g. Put kg = min{k: t; € (0,0)}. Consider a sequence
of intervals {(c;,d;)}ien such that ti1p, < ¢ < d; < ti4g,—1 for I € N and put
yi = (1 +d;)/2 for I € N. Of course the sequence {y;};en converges decreasingly
to 0.

Define a function 7y in the following way: 7o(x) = 1 for © = y;,1 € N; 79(x) =0
for x € {¢;,d;},1 € N; linear on the intervals [c, y;] and [y, di],l € N; 79(z) = 0 in
the other cases.

Case 2. There is no § > 0 such that (0,6] C H. Let {I,}nen be a sequence of
all components of H and let a, and b, be the left and the right endpoint of I,
respectively. Consider a sequence of intervals {(c,,dn)}nen such that a, < ¢, <
d, < b, for n € N.

Define a function 7y in the following way: m(z) = 1 for = (¢, +dp)/2, n € N;
To(z) = 0 for z € {cn,dn}, n € N; linear on the intervals [c,, (¢, + d,)/2] and
[(en +dn)/2,dn], n € N; 9(x) = 0 in the other cases.

Let {y1}ien € {(cn +dpn)/2: n € N} be a sequence converging decreasingly to 0.

In both the above cases it is easy to notice that 7y is H-connected with respect
to g, discontinuous at 0 and 7o(y;) = 1 for I € N. By Theorem 4.1 there exists
a complete ring Ry of functions H-connected with respect to ¢ such that 9 € Ry.
Of course Ry is a D-ring.

Now consider the family ® = {7 o f: 7 € Ry}. It is easy to show that R is a ring
and ® C t(X, H, q).

To complete the proof we need to show that D(R) # 0.

Notice that X # f~1({0}) # 0. X is connected, so we can choose mg €
Fr(f1({0})).

Let {U;: t € T} be a local base of X at z( consisting of connected sets.
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It is easy to show that for each ¢ € T there exists [y € N such that for [ > [y we
have

(5.1) U £~ () # 0.

Consider a set 3 consisting of all ordered pairs (¢,1) € T'x N fulfilling the condition
(5.1). Let us define the following relation:

(tl,ll) < (tQ,lQ) = (Utz C Ut1 Nl < lg)

One can easily verify that ¥ with the above relation is a directed set.

For 0 = (t,1) € ¥ let x, be a fixed point of the intersection U; N f~1(y;). In this
way we obtain a net {z, },ex-

We will show that

(5.2) To € ilené 2, and 11716%(7-0 o f)(zy) = 1.

Let W be an open neighborhood of zy. There exists ¢ty € T such that U, C W. Let
lo € N be such that U, N f~1(y,) # 0. Put o9 = (to,lo). One can easily show that
z, € W for o > 09, and so, xg € [lrierréxa.

Let 0 = (t1,01) € X. Then (19 o f)(2s) = T0(y1,) = 1, so ;iEnXl)(TO o f)(z,) =1. On
the other hand, (79 o f)(z¢) = 79(0) = 0. Hence and from (5.2) we conclude that
xo € D(Ro), which completes the proof. O

Theorem 5.3. Let X be nonsingleton, connected and locally connected, perfectly
normal topological space. Then for each point xy € X there exist a [0, 1]-trajectory
g and a prime ring ® C It(X, [0, 1], §) such that D(R) = {zo}.

Proof. Let zy be a fixed point of X and U # X an open neighborhood of
xo. Put F = X \ U. By [25], there exists a continuous function f: X — [0,1]
such that f=1({0}) = {zo}, f71({1}) = F and f(X) = [0,1]. Let ¢: [0,1] — R
be a function defined as follows: ¢(x) = sin(1/z) for z € (0,1] and ¢(0) = 0. Of
course ¢ € DB1([0,1]). By Lemma 2.1, there exists a [0, 1]-trajectory ¢ such that
¢ € FRC([0,1],3), so ¢ is [0, 1]-connected with respect to q.

Let Ry be the family of all functions which are continuous on the interval (0, 1]
and first return continuous from the right with respect to ¢ at 0. Of course ¢ € Ry.
It is easy to notice that the family R is a ring of functions such that D(%y) = {0}.

Consider the following family of functions defined on X:

Ri={rof: 7€ R}
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Let R be a subset of ®; consisting of all functions h € ;1 such that ¢ € Z(h). One
can easily show that R is a ring and ® C It(X, [0, 1], 7).
We will show that

(5.3) D(R) = {xo}-

Let x € X and « # x¢. Then x is a continuity point of 7 o f for each 7 € Ry, so
D(R) C {zo}. Conversely, since D(p) = {0}, one can show (similarly to the proof of

Theorem 5.2) that 2 € D(p o f), and so {zg} C D(R), which gives (5.3).
Easy observation that D(h) C Z(h) for each function h € R completes the proof.
U

Open problem. What assumptions need to be imposed on the set A C X so
that the theorem analogous to Theorem 5.3 with {z(} replaced by A be true?
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