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Abstract

In this paper, we prove some common fixed point theorems for occa-
sionally weakly compatible mappings in Menger spaces. An example is
also given to illustrate the main result. As applications to our results,
we obtain the corresponding fixed point theorems in metric spaces. Our
results improve and extend many known results existing in the literature.

Key words: Menger space, weakly compatible mappings, occasion-
ally weakly compatible mappings, fixed point

2000 Mathematics Subject Classification: 47H10, 54H25

1 Introduction

In fixed point theory, contraction mapping theorems have always been an active
area of research since 1922 with the celebrated Banach contraction fixed point
theorem [7]. As a generalization of metric space, Karl Menger [30, 31] intro-
duced the notion of probabilistic metric spaces (briefly, PM-spaces) in which the
concept of distance is considered to be statistical or probabilistic rather than
deterministic. The notion of PM-space corresponds to situations when we do
not know exactly the distance between two points, but we know probabilities
of possible values of this distance. In fact the study of such spaces received an
impetus with the pioneering works of Schweizer and Sklar [45, 46]. The first
effort in this direction was made by Sehgal [47], who in his doctoral disserta-
tion initiated the study of contraction mapping theorems in probabilistic metric
spaces. In 1972, Sehgal and Bharucha-Reid [48] studied the Banach contraction
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58 Sunny Chauhan, B. D. Pant

principle of metric space into the complete Menger space (also see [5, 17]). In an
interesting paper [22], Hicks observed that fixed point theorems for certain con-
traction mappings on a Menger space endowed with a triangular t-norm may
be obtained from corresponding results in metric spaces. Further, Hicks and
Sharma [23] proposed an axiom which is easy to verify and avoids the sufficient
condition for the metrization of a PM-space postulates the existence of a certain
kind of t-norms. A probabilistic generalization of metric spaces appears to be
interest in the investigation of physical quantities and physiological thresholds.
The theory of PM-spaces is of fundamental importance in probabilistic func-
tional analysis due to its extensive applications in random differential as well as
random integral equations, one may recall Chang et al. [9].

In 1996, Jungck [26] introduced the notion of weakly compatible mappings
which is more general than compatibility and proved fixed point theorems in
absence of continuity of the involved mappings. In recent years, many math-
ematicians established a number of common fixed point theorems satisfying
contractive type conditions and involving conditions on commutativity, com-
pleteness and suitable containment of ranges of the mappings. Al-Thagafi and
Shahzad [3] introduced the notion of occasionally weakly compatible mappings
in metric space, which is more general than weakly compatible mappings (also
see [4]). Recently, Jungck and Rhoades [27] extensively studied the notion of
occasionally weakly compatible mappings in semi-metric spaces. The notions of
improving commutativity of self mappings have been extended to PM-spaces by
many authors. For example, Singh and Jain [49] extended the notion of weak
compatibility and Chauhan et al. [13] extended the notion of occasionally weak
compatibility to PM-spaces. The fixed point theorems for occasionally weakly
compatible mappings in different settings investigated by many researchers (e.g.
1, 6,8, 10, 11, 12, 14, 15, 16, 19, 36, 37, 38, 39, 40, 41, 42, 43, 50]).

In 2009, Fang and Gao [21] proved some common fixed point theorems for
a pair of weakly compatible mappings in Menger spaces satisfying strict con-
tractive conditions with property (E.A). More recently, Ali et al. [2] improved
and extended the results of Fang and Gao [21] without any requirement on
containment of ranges amongst the involved mappings.

The object of this paper is to prove a common fixed point theorem for
two pairs of occasionally weakly compatible mappings in Menger space. An
example is furnished to illustrate the main result. We extend our main result
to two families of occasionally weakly compatible mappings in Menger spaces.
Our results improve and extend many known results in Menger as well as metric
spaces.

2 Preliminaries

Definition 2.1 [46] A triangular norm A (briefly, t-norm) is a binary operation
on the unit interval [0,1] satisfying the following conditions: for all a,b,¢,d €
[0,1]

1. Aa,1) = a,
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2. Aa,b) = A(b,a),

3. A(a,b) < A(c,d), whenever a < c and b < d,

4. A(A(a,b),c) = A(a, Ad, ¢)).
Definition 2.2 [46] A mapping F': R — R* is said to be a distribution func-
tion if it is non-decreasing and left continuous with inf{F(¢): t € R} = 0 and
sup{F'(t): t e R} = 1.

We denote by & the set of all distribution functions while H denotes the
specific distribution function defined by

0, if t <0;
H(t)_{L if £ > 0.

If X is a non-empty set, F : X x X — & is called a probabilistic distance
on X and the value of F at (z,y) € X x X is represented by F} ,

Definition 2.3 [46] The ordered pair (X, F) is called a PM-space if X is a non-
empty set and F is a probabilistic distance satisfying the following conditions:
forall z,y,z € X and t,s >0

1. F,,(t) = H(t) if and only if z =y,

2. Fx,y(t) = wa(t)a

3. if Fp y(t) =1 and Fy ,(s) =1 then Fy .(t+s) = 1.

The ordered triple (X, F,A) is called a Menger space if (X, F) is a PM-
space, A is a t-norm and the following inequality holds:

Foa(t+5) 2 A (Fry(t), By 2 (5)

for all z,y,z € X and t,s > 0.

Every metric space (X,d) can always be realized as a PM-space. So PM-
spaces offer a wider framework than that of metric spaces and are better suited
to cover even wider statistical situations.

Lemma 2.1 [48] Let (X, d) be a metric space. Define a mapping F: X x X —
S by

Foy(t) = H(t —d(z,y)),
forallz,y € X andt > 0. Then (X, F,min) is called the induced Menger space
by (X,d) and it is complete if (X,d) is complete.

Definition 2.4 [20, 21] Let Fy, F> € S. The algebric sum Fy @ F; of Fy and
F3; is defined by

(F1@ F)(t) = . ilip:tmin{Fdh),FQ(tz)},

for all t € R.
Obviously,
(F1 D Fg)(Qt) = Inln{Fl(t)7F2(t)},

for all t > 0.
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Definition 2.5 [49] Two self mappings A and S of a non-empty set X are said
to be weakly compatible (or coincidentally commuting) if they commute at their
coincidence points, that is, if Az = Sz for some x € X, then ASx = SAx.

Definition 2.6 [27] Two self mappings A and S of a non-empty set X are
said to be occasionally weakly compatible iff there is a point x € X which is a
coincidence point of A and S at which A and S commute, that is, ASz = SAx.

Remark 2.1 The notion of occasionally weakly compatible mappings is more
general than weak compatibility (see example, [3, 4]).

The following Lemma plays a key role in what follows.

Lemma 2.2 [27] Two self mappings A and S of a non-empty set X are said to
be occasionally weakly compatible if A and S have a unique point of coincidence,
w = Ax = Sx, then w is the unique common fized point of A and S.

3 Results

Theorem 3.1 Let A, B, S and T be self mappings of a Menger space (X, F, )
with a continuous t-norm A on [0,1] x {1} satisfying

FAz,By(t) > min {FSz,Ty(t)v %[FSI,ACD @ FSx,By](t)a Q[FTy,By 3] FTy,Az](t)}v
(3.1)
for any x,y € X with x # y, for all t > 0 with some k where 1 < k < 2 and
of (t) means f(at). Then, if the pairs (A,S) and (B,T) are each occasionally
weakly compatible, there exists a unique point w € X such that Aw = Sw = w
and a unique point z € X such that Bz = Tz = z. Moreover, z = w, so that
there is a unique common fized point of A, B, S and T in X.

Proof Since the pairs (A, S) and (B, T) are each occasionally weakly compat-
ible, there exist points u,v € X such that Au = Su, ASu = SAu and Bv = T,
BTv = TBv. Now we assert that Au = Bv. Then on using inequality (3.1)
with x = u and y = v, we get, for some ty > 0,

Fau Bo(to) >

. 2
min {FSU,T’U(tO)7 [FSu,Au S FSU,B’U] <Et0> ) [FTU,BU 2 FT’U,A’LL] (2t0)}

or, equivalently,

Fau Bo(to) >

. 2
min {FAu,BU(tO)7 [Fau,Au ® Fau,Bo) (Eto) s [FBo,Bv @ FBo,Aul (2750)}

and so,

. 2
FAu,Bv(tO) > min {FAu,Bv (tO)v FAu,Bv (Et0> 7FBU,Au (2t0)} .
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Since, FAu,BU (%to) > FAu,Bv(tO) and FBv,Au(2tO) > FB?),Au(tO) for some
to > 0 (see [21]). Then we obtain

FAu,Bv(tO) > min {FAu,Bv (tO)a FAu,Bv(tO)v FB’U,AU(tO)} )
which implies
FAu,Bv(tO) > FAu,Bv<tO)a

a contradiction. Therefore Au = Bv, hence Au = Su = Bv = Tv. Moreover,
if there is another point z such that Az = Sz. Then using inequality (3.1)
it follows that Az = Sz = Bv = Twv, or Au = Az. Hence w = Au = Su is
the unique point of coincidence of A and S. By Lemma 2.2, w is the unique
common fixed point of A and S. Similarly, there is a unique point z € X such
that = = Bz = Tz. Suppose that w # z, by putting = w and y = z in
inequality (3.1), we get, for some tq > 0,

Faw B:(to) >

. 2
min {FSw,Tz (to), [FSw,Aw @ FSw,Bz] (Et0> ) [FTz,Bz @ FTz,Aw] (QtO)} P

or, equivalently,

2
Fw,z(tO) > min {Fw,z(t0)7 [Fw,w ® Fw,z] (Et0> ) [Fz,z ® Fz,w] (2t0)} )

and so,

2
Fw,z(to) > min {Fw,z(t0)7 Fw,z (Et()) ;Fz,w (Zto)} .

Since, F,, , (%to) > By »(to) and F, 4, (2tg) > F, 4 (to) for some tg > 0. Then
we obtain

Fw,z (tO) > min {Fw,z(t0)7 Fw,z(to)v Fz,w(tO)} .

It implies Fy, »(to) > Fu.»(to), which is a contradiction. Hence w = z. There-
fore, w is the unique common fixed point of A, B, S and T O

Example 3.1 Let X = [0, 4] with the metric d defined by d(z,y) = |z —y| and
for each ¢ € [0, 1], define

e, if t > 0;
Foy(t) = Hl=ol 07 0
v () {0, ift=0,

for all z,y € X. Clearly (X, F, /) be a Menger space with continuous t-norm
A(a,b) = min{a, b}. Now we define the self mappings A, B, S and T by

2,if0 <z <2 _[2if0<z <
A@f‘{Qﬁ2<xg4. B@V‘{Lﬁ2<xg4
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2,if0 <z <2 _J2,if0< 2 <2
S<x)_{4,if2<m§4. T(w)_{3,if2<x§4.

Then A, B, S and T satisfy all the conditions of Theorem 3.1 for some k €
[1,2). That is, A(2) =2 = 5(2),AS5(2) = 2 = SA(2) and B(2) = 2 = T(2),
BT(2) = 2 = TB(2) which shows that the pairs (A,S) and (B,T) are each
occasionally weakly compatible. Hence, 2 is the unique common fixed point of
A, B,Sand T.

Moreover, A(X) = {0,2} ¢ {2,3} = T(X) and B(X) = {1,2} € {2,4} =
S(X). Also, it is noticed that all the involved mappings A, B,S and T are
discontinuous at x = 0.

Now, we extend Theorem 3.1 to even number of self mappings in Menger
space.

Theorem 3.2 Let P\, Ps,...,Py,, A and B be self mappings of a Menger space
(X, F, ) with a continuous t-norm /A on [0,1] x {1} satisfying

FPlP3»--P2n—117-,P2P4»--P2ny(t)7
FAJE,By<t) > min %[FP1P3~-~P2n71I,A$ D FP1P3~-P2n71€E,By](t)7 ) (32)
2[Fp,Py...Pony.By © FPaPy...Pony, Aa] (1)

for any x,y € X with x # y, for all t > 0 with some k where 1 < k < 2 and
of (t) means f(at). Assume that (x)

Pl(Pg AN P2n71) = (Pg e P2n71)P1;

P1P3(P5 A Pgnfl) = (P5 R Pgnfl)Plpg,

Py... Py 3(Pap_1) = (Pan—1)P1... Pop_s3,
A(Pg - P2n71) = (Pg Ce Pgnfl)A,
A(P5 - P2n71) = (P5 Ce Pgnfl)A,

APop—1 = Pap-14,
similarly,

PQ(P4...P2n):(P4~-~P2n)P2;
P2P4(P6...P2n): (PG---P2n)P2P47

Py ... Poy_o(Pop) = (Pan)Pa... Pop_2,
B(Py...Ps) = (Py... Pa)B,
B(Ps...Poy) = (Ps...Ps)B,

BP,, = P, B.

Then, if the pairs (A, P\Ps...Ps,_1) and (B,PyPy...Ps,) are each oc-
casionally weakly compatible, it follows that P, Ps, ..., Ps,, A and B have a
unique common fized point in X .
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Proof On taking PiP;...Psy,—1 = S and PP, ... P, = T, from Theorem
3.1 it follows that w is the unique common fixed point of A, B, P Ps... Py,_1
and PPy ... P,,. Now we assert that w is the fixed point of all the component
mappings. By taking x = P3... Py qw, y = w, Pll = PP;...Py,_1 and
P2/ = PyPy ... Py, in inequality (3.2), we get, for some ¢y > 0,

Fap,.. Py yw,Bw(to) >

FP{PP,...PQTL,lw,P;w(tO)a

. 2
min [FPI’P3...Pzn,lw,APg...P2,,L,1w ® FP;PS...P%,lw,Bw] (kto)’ )

[FPSwﬁBw D FP;w,APg...Pzn,lw](Qto)
or, equivalently,

FP3'~-P2n71w,w(t0)7
Fpy. Py yww(to) >min g [Fp,. Py vw,Py. Panrw D Fpy Py 1wl (3t0), ¢,
[Fw,w D Fw,P3-~'P2n71wK2t0)

and so,

Fp,..Py_1ww(t0)s Fpy...Pay 1w (210) }

F tg) > min
P3...P2n_1w,w( O) { Fw}Pg,..P2n71w<2t0)

Since

FP3..,P2n_1w,w (%to) > FPg...Pgn_l’u),w(tO)

and
Fp, Py ww(2t0) > Fpy. Py yw,w(to)

for some tg > 0. Then one obtains

FP3..,P2n_1w,w(t0) >

> min {FP3...P2n71w,w(t0)7 FP3,,,P2n,1w}w(t0)7 FW,P?,.-.Pzn—lw(tO)} :

It implies,
FP3-~P2n71w,w<t0) > FP3...P2n,1w7w(tO)7

which is a contradiction, therefore, Ps... P, 1w = w and thus we conclude
that Pyw = w. Continuing this procedure, we have

Aw=Piw=Pyw=...= Py,_qw =w.
In a similar manner, we can also prove
Bw=FPw=Pw=...=PLw=w.

That is, w is the unique common fixed point of Py, P, ..., P,, A and B. O

The following result is a slight generalization of Theorem 3.2.
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Corollary 3.1 Let {T,}acs and {P;}2", be two families of self mappings of a
Menger space (X, F,A) with a continuous t-norm A on [0,1] x {1} satisfying:
for a fized B € J such that

FPlP:s»--Pzn,—1I7P2P4-»-P2ny(t)7
FTawyT[iy<t) > min %[FP1P3~-~P2TL71I,TQJC 2] FP1P3...P2n,1w,T3y](t)7 s (33)
2[FP,Py...Pony Toy ® oy Payy Tual(t)

for any x,y € X with x # y, for all t > 0 with some k where 1 < k < 2 and
of (t) means f(at). Assume that (%x)

Pl(P3 . P2n—1) = (Pg A Pgn_l)Pl,

P1P3(P5 A, P2n—1) = (P5 e P2n_1)P1P3,

Pl cee P2n73(P2n71) = (P2n71)P1 .o 'P2n737
Ta(Pg . ..Pgnfl) = (P3 .. .Panl)Ta,
TQ(PE, . ..Pgnfl) = (P5 .. .Panl)Ta,

TocPQn—l = P2n—1Tou
similarly,

Py(Py...Py,) = (Py...Py,)Ps,
PyPy(Ps...Py,) = (Ps...Ps,)PoPy,

Py ... Poy_o(Pop) = (Pon)Ps ... Poy_2,
Ty(Py... Poy) = (Py... Po)T5,
TB(P6 o Pgn) =(Fs... Pgn)Tﬁ,

Ty Py = Py T

Then, if the pairs (Tn, P1Ps... Pyp_1) and (T, PoPy ... Psy,) are each oc-
casionally weakly compatible, it follows that all {P;} and {T,} have a unique
common fized point in X.

On taking A = B and S = T in Theorem 3.1, we get the following natural
result for a pair of self mappings:

Corollary 3.2 Let A and S be self mappings of a Menger space (X, F, ) with
a continuous t-norm A on [0,1] x {1} satisfying

Fay ay(t) > min {FSm,Sy(t): 2[Fsz,40 © Fsz,ay(t), 2[Fsy,ay © Fsy,Az](t)} ;
(3.4)
for any x,y € X with x # y, for all t > 0 with some k where 1 < k < 2 and
of (t) means f(at). Then, if the pair (A, S) be occasionally weakly compatible,
it follows that A and S have a unique common fized point in X.
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Remark 3.1 The conclusions of Theorem 3.1, Theorem 3.2, Corollary 3.1 and
Corollary 3.2 remain true if we replace inequalities (3.1), (3.2), (3.3) and (3.4)
by the following respectively: for all z,y € X

Fia,y(t) > min { Foy. (1), 2 [Fsu, a0 © P, )(8), 2[Fry,py ® Pry,as)(t)
(3.5)
Fp py.. Py 12,P Py Payy(l),
Fay By(t) > min %[FP1P3...P2H_1z,Ax ® Fp,py...Py,_12,By) (1), (3.6)
2 [Fp,py... Py, By D Frypy.. sy, A ()

FP1P3-~-P2n—1<757P2P4--~P2ny(t)7
Fr,0.1,y(t) > min %[FP1P3...P2H_1:3,T01: @ Fp,py...Pyy_12.T5y) (1), (3.7)
%[FP2P4»--P2ny,T5y D FP2P4»--P2ny>TaI](t)

Fiz,ay(t) > min {FSz,Sy(t)v 2 [Fsz,40 © Fz,ay(t), 2 [Fsy,ay © Fsy,Az](t)}
(3.8)

Remark 3.2 Theorem 3.1, Theorem 3.2, Corollary 3.1 and Corollary 3.2 (in
view of Remark 3.1 improve and extend the results of Ali et al. [2] and Fang
and Gao [21] whereas Theorem 3.2 and Corollary 3.1 generalize the results of
Imdad et al. [24], Razani and Shirdaryazdi [44] and Singh and Jain [49] without
any requirement on containment of ranges, continuity of the involved mappings
and completeness of the whole space or any subspace.

4 Related results in metric spaces

As an application to our earlier proved results in Section 3, we can obtain the
corresponding fixed point theorems in metric spaces. Now we utilize Lemma 2.1
due to Sehgal and Bharucha-Reid [48] for our next result.

Theorem 4.1 Let A, B,S and T be self mappings of a metric space (X,d)
satisfying: for any x,y € X with x #y

d(Sz,Ty), 4[d(Sz, Az) + d(Sz, By)],

d(Az, By) < max{ Ld(Ty, By) + d(Ty, Ax)] - @)

where 1 < k < 2 is a constant. Then, if the pairs (A,S) and (B,T) are each
occasionally weakly compatible, there exists a unique point w € X such that
Aw = Sw = w and a unique point z € X such that Bz = Tz = z. Moreover,
z = w, so that there is a unique common fized point of A, B,S and T in X.

Proof Define F, ,(t) = H(t—d(z,y)) for all z,y € X and A(a,b) = min{a, b},
then (X, F,A) is the Menger space induced by the (X, d). It is easy to verify
that inequality (4.1) of Theorem 4.1 implies inequality (3.1) of Theorem 3.1.
Hence, the conclusion of Theorem 4.1 easily follows from Theorem 3.1. O
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Corollary 4.1 Let Py, Py, ..., Pa,, A and B of a metric space (X, d) satisfying
the condition (x) of Theorem 3.2. Suppose that

d(P1P3...Pgn_lx,P2P4...P2ny),
[d(Plpg .. .Pgn,lx,Ax) + d(Pl.Pg .. .Pgn,lx,By)L s
%[d(P2P4 .. P2nyaBy) +d(P2P4 . P2ny1Ax)]

d(Az, By) < max

M

(4.2)
holds for any x,y € X with x # y and for some k where 1 < k < 2. Then, if
the pairs (A, P1Ps ... Py,_1) and (B, PPy ... P,) are each occasionally weakly
compatible, it follows that Py, Ps, ..., Pop, A and B have a unique common fixed
point in X.

Corollary 4.2 Let {Ty}acs and {P;}2", be two families of self mappings of a
metric space (X,d) satisfying the condition (xx) of Corollary 8.1. Suppose that
there exists a fixed 5 € J such that

d(P1P3 N Pgn_lSC, P2P4 e Pgny),
d(Tox,Tpy) < max{ E[d(P1Ps... Pop_12,Tox) + d(PiPs... Poy_12,Tsy)], ¢,
%[d(P2P4 ce Pgny7 Tﬁy) + d(P2P4 ce Pgny7 Taa?)]

(4.3)
holds for any x,y € X with x # y and for some k where 1 < k < 2. Then, if the
pairs (T, P1Ps...Payy_1) and (Tp, PoPy ... Psy,) are each occasionally weakly
compatible, it follows that all {P;} and {T,} have a unique common fized point
in X.

Corollary 4.3 Let A and S be self mappings of a metric space (X, d) satisfying
d(Sxz, Sy), &[d(Sxz, Ax) 4 d(Sz, Ay)],

d(Az, Ay) < max{ 2 , 4.4

( : 31d(Sy, Ay) + d(Sy, Ax)] 4

for any x,y € X with x # y and for some k where 1 < k < 2. Then, if the pair
(A, S) be occasionally weakly compatible, it follows that A and S have a unique
common fized point in X.

Remark 4.1 The conclusions of Theorem 4.1, Corollaries 4.1-4.3 remain true if
we replace inequalities (4.1), (4.2), (4.3) and (4.4) by the following respectively:
for all z,y € X
d(Sz,Ty), &[d(Sz, Az) + d(Sz, B
e, By) < ma | 1055 TV S5z, A2 wd(sw By
31d(Ty, By) + d(Ty, Ax)]

d(P1P3...Pgn_lx,P2P4...P2ny),
d(Az, By) < max{ E[d(PPs... Payp_12, Az) +d(P1Ps ... Pap_1z, By)],
Eld(PsPy ... Pony, By) + d(PoPy ... Pany, Az)]
(4.6)
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d(P1P3...Pgn_laj‘,PQP4...P2ny),
d(Tor,Tpy) < max{ E[d(P1Ps... Pap_12,Tox) + d(P1Ps... Pay_12,Tpy)],
Ed(PoPy ... Pony, Tay) + d(PoPy ... Payy, Tox)]
(4.7)

d(Sz, Sy), %[d(Sm, Az) + d(Sz, Ay)],

d(Azx, Ay) < max
( ) k[d(Sy, Ay) + d(Sy, Ax)]

(4.8)

Remark 4.2 Theorem 4.1, Corollaries 4.1-4.3 (in view of Remark 4.1) improve
and extend the results of [18, 25, 26, 28, 29, 32, 33, 34, 35].
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