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Diophantine Approximation and special Liouville
numbers

Johannes Schleischitz

Abstract. This paper introduces some methods to determine the simulta-
neous approximation constants of a class of well approximable numbers
(1,¢2,...,Ck. The approach relies on results on the connection between
the set of all s-adic expansions (s > 2) of (1,(2,...,(x and their asso-
ciated approximation constants. As an application, explicit construction
of real numbers (1, (2, ..., (x with prescribed approximation properties are
deduced and illustrated by Matlab plots.

1 Introduction
1.1 Basic facts and notations

This paper deals with the one parameter simultaneous approximation problem
|x‘ S Q1+9

_1
Gz — | < Q7+

(1)

G — yi| < QTFH,

where (1, (s, ..., (; are real numbers which we will assume to be linearly indepen-
dent together with 1 and x,y1,¥s,...,y, are integers to be determined in depen-
dence of the parameter () > 1 in order to minimize 6. To be more precise, we define
the function v, (Q) for 1 < j < k+1 by setting ¢;(Q) the minimum over all § € R
such that there are j linearly independent vectors (z,y1,¥s,...,yr) € Z**! that
satisfy the system . In the sequel we will restrict to approximation vectors with
x > 0, which clearly is no loss of generality as (z,y1,...,y%) — (=2, —Y1, .., —Yk)
does not affect approximation constants. Another equivalent way to view the func-
tions t; is to consider the lattice A = {(z, Gz —y1,. .., T —Yk) : T, Y1, .-, Yk € L}
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and the convex body (in fact the parallelepiped) K(Q) defined as the set of points
(Zl7 29y Zk+1) € RA*1! with

|z1] < Q (2)
] <Q7F,  2<i<k+1, (3)

and to define \;(Q) as the j-th successive minimum of A with respect to K(Q).
This j-th minimum is defined as the infimum over all A > 0 for which the R-span
of AK(Q) N A has dimension at least j, or equivalently AK(Q) contains j linearly
independent points of A.

With respect to these successive minima A;, the functions ¢;(Q) can also be
determined by

Ql/)j(@) _ Aj(Q)-

One has the inequalities

1
—1Sd’l(Q)S@/}Q(Q)S"'S¢k+1(@)§% (4)
as we will show later, and Dirichlet’s Theorem states
1 (Q) <0 forall @>1. (5)

Minkowski’s second convex body theorem yields for any convex body K with vol-
ume V(K) and any lattice A

2k 41 det(A) o1 det(A)
N S A g Mgy < 2RI
(k+ 1) V(K) =172 o= V(K)

see [1], so that in our special case, as V(K (Q)) = 1 for every @, we have

c1(A) S XM (Q)A2(Q) -+ - Ap11(Q) < ca(A)

uniformly in the parameter Q. With ¢ := log(Q) and taking logarithms, this yields

k+1

Zwm)\ <o), (6)

q

with some constant C'(A) not depending on Q.
Another important property of the joint behaviour of the functions 1); is that
for any given 1 < s < k there are arbitrarily large values @ = Q(s) such that

z/%(Q) = werl(Q) (7>

provided that 1,(;,(s,...,(i are linearly independent over Q, see Theorem 1.1
in . To quantify the behaviour of ¢;(Q) Summerer and Schmidt introduced the
quantities

P, = 1gri>inf i(Q) ¥, = limsup (Q)

Q—o0
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and gave the estimates

j—k—-1 .
L 1<i<k+1
¢,z W , <j<k+ (8)
— ji—k .
> JF 1<j<k, 9
Vi Z 5T D =J= 9)

where @ requires 1,(1, (o, ..., x to be linearly independent over Q again. Each
of these bounds will be shown to be best possible in Corollary Moreover, ({7
implies

Y, S, 1<i<k. (10)
In order to study the dynamical behaviour of the functions 1;(Q) it will be conve-
nient to work with functions

Lj(q) = q¥;(Q)
as these functions are piecewise linear with slopes among {—1, %} Therefore we
have (). Definition (6] is equivalent to

k+1

qu)\ < o). (11)

We also introduce the classical approximation constants w;,w; defined by Jarnik,
Bugeaud in addition to yj,@j. For fixed (1, (o, ..., (x and for every X > 0 define
the functions w; (X) as the supremum over all real numbers v (in fact the maximum)
such that the system

has j linearly independent solutions (z,y1,...,yx) € Z*T!'. The approximation
constants w;,@; are now defined as
wj = limsupw,;(X), w; = liminfw;(X).
X —o0 X —o00
We will put w := wy,@ := & and denote by Q = (w,wa, ... ,Wkt1,0,...,0k11) €
R2#+2 the vector of classical approximation constants (relative to (1, Ca, ..., Cx)-

Very similarly to the proof of Theorem 1.4 in , which treats the special case
j = 1, one obtains

(L+w)A+v)=0+3;)(1+3;) = %

One just needs to replace “a solution” by “j linearly independent solutions” at

any place it occurs in the proof. Combining with , @ for 1,(y,Co, ..., Ck
linearly independent over Q we obtain the bounds

1<j<k+1. (13)

1
nggoo, (14)
1

1
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for the constants w; as well as

1
S<B<, (17)
1
OSAjgf-v 2§J§ka (18)
J
I 1
0<Bppr < (19)

for the constants @;. Each considered individually, these bounds again are best
possible.

1.2 Outline of the results

In the present paper, we will put our focus on simultaneous approximation of num-
bers that allow good individual as well as simultaneous approximation. Liouville
numbers, that is real numbers ¢ for which the inequality

L

p
P
SHEF

has infinitely many rational solutions % for arbitrarily large n € R, will be suitable
examples since they all satisfy w = oo, where w = w; is defined by in the
one-dimensional case.

In section 2, Propositions we establish a connection between the s-adic
expansions (s > 2) of the components ¢; of (1,2, ...,(x) and the approximation
constants w,@. These results are then applied to the case where all ¢; admit good
approximations in one fixed base s independent of j. After these considerations
for suitable arbitrary ({1, (s,..., (k) we put our focus on Liouville numbers, using
heavily the fact that w = oo in this case. Theorem [I] will allow to compute all clas-
sical approximation constants w;,w; for a special type of Liouville numbers and
the resulting Corollary [2| will lead us to the construction of vectors (1, (s, .., (k)
with prescribed approximation constants w;,&; that are subject to certain restric-
tions. As consequences of these results we will be able to give an explicit example
of a vector (q,(s,...,(, that shows a conjecture by Wolfgang Schmidt concerning
successive minima of a lattice to be true. A non-constructive proof was given by
Moshchevitin in a non-constructive way. Moreover we will construct cases where all
functions 1; simultaneously take all possible values of their spectrum for arbitrarily
large Q.

Inspired by methods used to deal with Liouville numbers, we then generalize
Theorem (1] to a wider class of vectors ({1, (2, ..., (k) for which w < co. This will
be the subject of Theorems and lead to many more explicit constructions of
special cases of the Schmidt Conjecture.

In the last section we will first discuss the special case where %j-i- L= @j for
1 < j <k and give a constructive existence proof for the degenerate case v, = —1
in arbitrary dimension. Throughout the paper we will illustrate the derived results
by Matlab plots of the functions L; for the special cases we consider to visualize
derived results. These plots shall also lead to some insight into the dynamical
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behaviour of these functions in general. One should mention at this point that the
plots often seem curved although the functions are piecewise linear, which is due
to the non sufficient digital resolution, i.e. by zooming in one can see that they are
indeed piecewise linear.

2 Results for Approximation constants
2.1 Estimates for w,

In the sequel let s > 2 be an integer and ¢; € (0,1) for 1 < ¢ < k. For each
1 < i < k the non vanishing digits of the s-adic expansions of such ; and 1 — (;

define two sequences (an( ))n>1 and (an’( ))n21 by
= Z afiis‘“if(ﬁ), ab <D < 0<ani<s—1 (20)
n>1
1-G=Y gls ™ aW<af® <., 0<B<s—1.  (21)
n>1

:L(i) the dual expansion of (; in base s. Set (b)),>1 the

i,(s)

n,i

We call the sequence a,

monotonically ordered sequence of all (a,,; ' )n>1 and similarly (b;fs))nz 1 the mono-

tonically ordered sequence of all (an (S))nzl. The following Theorem expresses the

simultaneous approximation constant w of (1, (s, ...,k in terms of the s-adic pre-
sentations of {; (s = 2,3,4,...) by using these two ordered sequences. The proof
is introductory to the rest of the work and for this purpose quite detailed.

Proposition 1. We have

1(5,m) o000 b 1(5:1) | oo 00 b

(s) —b7(—f)—]. /()—b;—f)—l
w > max limsup —4+L "~ limsup " 1 (22)
and

b)) () _ 3/
w<max{ limsup —H_" " Jimsup RHT . (23)

lemllonoo B Tsmllesoo b

where ||(A, B)||oo := max{|A|, |B|} (or any other norm since they are all equivalent
in R?).

Proof. We first prove () By definition of (bgf))nzl as the mixed ordered sequence
of the sequences (a,)n>1, all numbers (1, (s, ..., {, will have zeros at the positions

b+ 1,68 + 2, .. .,bgfll — 1 behind the comma in base s for any s > 2. Since
multiplication of (; by st only shifts the comma b positions to the right, this
means, for any 1 < j < k all sbgf)Cj start with b,,11 —b,, — 1 zeroes in base s behind
the comma. For this reason any pair (s,n) satisfies

R 5 (05, b~
s 061 = 547 = [55¢5)] < 5~
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for any 1 < j < k, where ||| denotes the smallest distance of a real number to an
integer. Analogously, for all 1 — ¢; and all pairs (s,n) we have

() /() 70) 0 () ()
Is™ 7 Gl = Hls™7 (1 = G < [[s"7 ¢ T = s™ 7 ¢l < 57 =70,
We conclude that for any pair (s, n)
max ||5UCJ|| < max{s n+1—b< s) _ ) I( ) b/( s)_ 1)} (24)

1<5<k

with “ -
/
x=s" or z=s"".

Surely, s — 0o or s?n — 00 is equivalent to ||(s, n)||c — 00, and we claim that

(22) follows directly from the definition of the approximation constant w. To see
. . . B S 0
this we take a sequence of pairs (n,s) with ||(s,n)]c — 00, for which ”“#

bl b 1 . . . .
or % tend to the lim sup-values on the right hand side of l) Putting
Ko(n,s) = To(n,s) = = s or X«;(n ) = To(n,s) = = st , where o is an arbitrary

bijection N x N — N, we obtain a sequence of X-values and z-values that leads
via to an approximation constant w in at least as large as both lim sup-
values.

To prove , we first show the following assertion: It suffices to prove, that
for any sufficiently large real parameter X there is a sg = s9(X), such that

(s0) _ 7(s0) /(so) _ 1/(s0)
% >v or % v, (25)
blso bl S0
where v = v(s) is the largest exponent for which
max ||¢;s]| = s (26)

1<j<k

holds for all s < X.
For any sequence (X;);>1 let (1;);>1 be the largest exponent, for which (20
holds with v; in place of v for all s < X;. The existence of sy = so(X) with (25))

for any X implies the existence of a sequence (8;);>1 with 5, > v; for all ¢ with
p(20) _p(s0)
B; of the shape 2# hence of the shape of the expressions involved in
1
in the case n = 1. By definition of w we may choose the sequence (X;);>1 such
that lim; ,. v; = limsup,_,. v; = w. Furthermore we can assume without loss
of generality that (X;);>1 satisfies s; = X; for any 4, as the exponent v in the
definition of w in for a fixed x decreases with growing X. Combining all these
observations we get limsup,_, . 8; > w where (; fits in the limsup term of if
we set (s;,n;) = (si,1), where s; plays the role of sy above, for X = X;.
It remains to prove that for such sequences we have

lim ||(84,14)||oo = lim [|(84,1)||oo = limsup s; = oo
71— 00 71— 00 1—00
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This, however, is easy to see. As s; = X; the definition of s; guarantees that
the number s; = s;(X;) minimizes max;<;<x||(;s;|| among all s; < X;. On the
other hand clearly lim inf, . max;<;<x[/(;]| = 0 for any Q-linearly independent
C1s- -+, Gk and so by definition of (s;);>1 we also have lim;_, o, maxi<;<x||(;s:]| = 0.
Consequently the sequence (s;);>1 cannot be bounded as only finitely many (strictly

positive) values maxi<;<||¢;s;|| would appear, which proves

limsups; = 0.
1—+00

To complete the proof we have to find a value sy = s¢(X) for which (25 holds.
Note first, that for bufﬁciently large X and s = so(X) we have o)) = 'f (8) =

Indeed for s > m and ip the index, for which the minimum is attalned we
L 1)}, so the first digit after the comma in base s is

have {s¢;,} ¢ {[0, 1] U [ 10
3n(s) _ 1

neither 0 nor (s — 1). So we can assume X to be large enough to ensure a]

for all 1 < j < k and hence bgs) =1 as well. It is now easy to see that putting
sp := s is an appropriate choice, since says that all s¢; respectively s(1 — (;)
start with |v] digits zero in base s behind the comma. This yields

3r(s) _ _3:(s)

u:ag’(s)—lz \_Vj'i_lZV
a{’(s)

for all 1 < j < k, therefore

B~ b min, f© —af®
o e =V,
respectively the same facts for a’(5), /() O

We easily deduce the following Corollary:

Corollary 1. We have

bl b 1 B b -
w > max 4 sup limsup ———————,suplimsup ————~——».
s n>1 b s n>1 b=

Similarly, we can give a lower bound for & with respect to the s-adic representation
of a real number.

Proposition 2. For any ( € R we have

b(_s) _ b(_ ) _ b/(s) . b/(s)
@ > max sup liminf max ]H—] sup liminf max M— .
n>1 1<j<n p(®) n>1 1<j<n p/(s)
n+1 n+1

Proof. By definition of the supremum it is sufficient to prove

b(s) _ b(s) _ b/,(s) _ b/,(s) 1

W > oy = max { liminf max ]H— ,liminf max MR M
n>1 1<j<n p'®) n>1 1<j<n B/
n+1 n+1
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for any base s separately. So let s be fixed and put be’ = b,. By definition of @ for
arbitrary € > 0 and sufficiently large X = X (¢) we have to find an approximation
vector (z,y1,...,yr) € ZFT! with < X and

_ < .!27+6
max (o —y;| < X7 (27)

For € > 0 and large X let ng be defined by sPm0 < X < sPro+! respectively
5o <X < sPhoti. Put z = s% respectively x := s’ where j is the index, such
that the inner maximum from the definition of 7 is attained for the given ng. By
definition of (b,),>1 as the mixed sequence the first bj;; —b; — 1 positions behind
the comma of each (;s%,1 <t < k, respectively (1 — ¢;)s%,1 < t < k, are zeros in
base s. We infer that putting y; := |(ez] for all 1 < ¢ < k respectively y; := [(ix]
for all 1 <t < k we have

bj—bjpatl

— _ < —bjt1+1 < brg+1
ma 1G] = o |Gz — il < PP S X T (28)
b —bj1+1
resp.  max ||C x| = lrgtaé(kKl — G — | < STVt <X T (29)

For the left hand side inequalities compare the proof of Proposmon [Bl the right
hand 51de inequalities follow from X < sbrot+1 and X < s Vg1 respectively. As
, ) holds for every large X, we may let n tend to oo to conclude that (|
has a Solution for all sufficiently large X. Hence the exponent of X in and
respectively is larger than o7, — e. O

Now we turn to simultaneous approximation of vectors ({1, (s, . . ., (¢ ) with good
approximation in one fixed simultaneous base s > 2, and we skip the dual expan-
sion. We want to use Corollary [l| and Proposition [2| to give estimates for the
simultaneous approximation constants w,®. With respect to the notation above,
meaning that the s-adic digits of ¢; are given by (a ))n21 asin and the ordered

mn,t

mixed sequence by (bgl ))nzl, we get

Lemma 1. For any s > 2 we have

g\ E ©) ()
min lim inf | — < limsup 4= < I’IllIl lim sup —2
iz gy n>1 bgf) n>1 g™

Proof. The right hand inequality is trivial. For the left hand inequality keep s fixed

7, (s)
and put C' := min,; lim 1nfn>1 = f) and choose ng large enough, such that for all i

and all n > ng we have

n+1
a >C—c¢

(s has been dropped in the notation). For arbitrary b,,n > ng, there exist m,ig
with a!2 = b, by definition of (b,),>1. The interval [ayn,, (C — €)a,,] contains at
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most k numbers b;, since it contains at most one element of every sequence (a?,),>1
for 1 <14 < k. By the pigeon hole principle there are two numbers b;,b;41 in the

interval [ai9,a’ ;] whose quotient b{jl is at least (C' — €)'/*. The lemma follows
J

with € — 0. 0

In combination with Corollary [1] we observe

RO
w > min lim inf ( "H) -1, Vs > 2.

i n>1 aii(s)
Getting lower bounds for & by just considering the sequences ail’fl) is more com-
plicated and to some extent impossible as we will see in Corollary [3| In fact even
if
1 i.(5)

lim 2t = oo, 1<i<k,

n—00 a:{(s)
we can have @ = 1/k, which is the weakest lower bound for @ by . We only

()

. . i7(s) . . b 1
mention that if we construct sequences a,,’; for which lim,, ;(—S) = 00, Propo-

sition [2] yields

a

(5) _p®) 1
&> liminf 2t " —1-—— 1
n>1 p(s) o b,

n+1 liminf,>; b”(—*)

and consequently & = 1 in view of .

2.2 The case w = c©

In the following theorem, we compute the classical approximation constants w;,d;
for a special type of Liouville numbers (i, (o, ..., {x, whose best approximation
vectors (z,y1,Y2,...,Yx) to (C1,Ca, ..., k) are easy to guess. The main arguments
of the compilation will be carried out in the proofs of the following theorems.

Theorem 1. Let k be a positive integer and for 1 < j < k let (; = >, <, ﬁ,
>1 qn

where
G1<q2<- - <qr<g<g2<--<gr<g3<-- (30)
are natural numbers, such that
Gnj | qnjt1 for 1<j<k—1 and ¢ui|gnt11 forall n>1 (31)
and such that
log(qn+1,1) — log(qn k)

lim =, 32
n—>00 10g(qn-+1,x) " (32
1 n i) 1 n i— .
lim Og(q +17 ) Og(q +17 1) — 771;7 2 S 7 S k:, (33)
n—o0 log(Gn+1,k)
1
og(q'n—‘,-Ll) — k+1 — OO, (34)

i
n—o0 10g(gn.k)
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where 1 = (01,72, -+ ,Mkr1) € RF x R satisfy

mtnt--+n=1 (35)
Met1 >Nk = Ng—1 = - =M1 >0 (36)
NMi+1 = 00. (37)
Then the classical approximation constants relative to the vector ¢ = (¢1, (2, ..., (k)
are given by
w1 = Mg41 = 00 = P1(n)
wo = max{ [Tk k-1 771} =: p2(n)
Me + k-1 + - +m g1+ e+ Fm’ T Tm
MNk—1 Nk—2 m
w3 = max , yeens =
’ {Uk+77k—1+"'+7h Me—1 + NMk—2+ -+ M 772-1-771} £ (1)

Wit1 = n =t pr+1(n)
N +Nkg—1+ -+ M
and
~ . Nk Nk—1 m ~
wlzmln{ , ,~~~7}:¢ 1(n)
Me+Mk—1+-+m Me—1+M—2+-+m m

~

w; =0, 2<j<k+1.

Proof. We start with the constants w; and intend to prove the inequalities w; >
p;(n) and w; < p;(n) separately for 1 < j < k+ 1.

(1) wj > pjn):

Let p;; be the I-th quotient of the maximum labelled p;(n). We give a detailed
proof of w; > ;1 = Nk+2—; and then mention how to generalize the proof to derive

all the other inequalities w; > @;; for [ # 1.
To prove w; > g, 1, we will construct j sequences of approximation vectors

(m(l,i)7 ygl,i)’ o 7yl(€17i))i217 (l,(2,i)’ ?A?,i), . yl(€27i))i217 o (:E(j’i), ygj,i), o y](cj,i))i21

which are linearly independent for each fixed i € N and such that w; = nr4o—;
follows for i — oo. Indeed for p in a j-element subset of {1,2,...,k} and any € > 0
we claim for ¢ sufficiently large

log(|¢z ™ — "))
1<t<k log(x(p»i))

2> Mkt2-j — €.

In analogy to the definition of (b%),,>1 in subsection 2.1 let (by,),,>1 be the combined
sequence of the logarithms of the integers ¢, ; in increasing order, which means for
any nonnegative integer M and N € {1,2,...,k} we have byaron = log(gar,n).
By we have lim sup b’;—:l = oo and thus by putting the first approximation
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vector (gn.i, [$1Gnils - - -5 [Ckgn,s|) with arbitrary ¢ we may let n tend to infinity, to
obtain w = oo: indeed applying we derive that all the remainder terms
1 Qn.i
IGanall = Y —ani <22
Lt >an.i qa,j Ani+1

are small due to f. In order to estimate w; for j > 2 we construct a sequence
of parameters X and approximation vectors (z,y1,...,yr) with z < X explicitly.
For the fixed choice X (™) := g,, ;. we will get w; > ;1. To see this let (™) := X (n)

(L) Lx(l " Ctj for 1 <t<k. Deﬁne the second approxunatlon Vector by

taking (3™ = ¢, 1 and again y( = |2(")¢;|. By means of , 7
and the definition of po(n) we claim that for each C' < ngy2—2 = i

and y;

G — 2] < (@)= = (X)) =€ (38)

holds for n = n(C) large enough. This follows from

) qn,k—1
|Ct$(2’n) - yt(2 n)’ = |qnp-1G — an,k—ICt Z ML 1<t <k,
1=n—+1 7”
|Gz — y](€2,n)| = |gnk-1Ck = lgni—1Ce)| = i Z it
1=n-+1 QZk

in view of the definition of ; and our assumption . In every case all the values
of ¢z>m) — (2’n) for 1 <t <k are bounded by %(1 +0(1)). Using , ,
(34) this leads to ,

Similarly, deﬁmng the j-th approximation vector for 2 < j < k by z(0™) =
Gnk+1—; and for j = k+1 by 2-+1%) =g, ;. and then putting y(J "= Lx(]’")gj
yields the corresponding inequalities.

We now check that these vectors are linearly independent as required. To do

this we prove that all the matrices B,, = (Bn(i,j))Ki i<kl obtained by writing

the h-th approximation vector (2™, ygh’n), e ,y,gh’")) in the h-th row, i.e.

n n n
-1 -1 -1
Ink Gk D Qi1 Tk Y Qoo Gnk Do Gig
=1 =1 =1
n 1 n 1 n—1 1
Tnk—1  Gnk—1 2 Giq Gnk—1 2, Gno -+ Gnk—1 ), Qg
=1 =1 =1
B, =
n 1 n—1 1
Gn,1 Gn,1 D 4ia Gn,1 Z Gkor o Gn1 Y Gig
i=1 i i=1
n—1 1 n—1 1
Gn-1k Gn-1k D2, Q11 Gn—1k Z Glia o Gtk Y 4y
j=1 j=1 j=1
B, (h,1)

are nonsingular. Observe that if we subtract =7y times the (h + 1)-th row

from the h-th row of the matrix B, all entries in the new h-th line will be zero
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apart from a one in position (h,k+ 2 — h). Starting with this process at A = 1 and
repeating it until » = k we end up with the matrix

0 0 0 1
0 0 1 0
C - : : . : : ,
! 0 1 0 0
n—1 -1 n—1 -1 n—1 -1
Gn—1k  Gn—1,k D di—11 4n—-1k > di—12 --- 4n—-1k > 4j 1k
j=1 j=1 j=1

which is easily seen to have absolute value of the determinant equal to g,—1, # 0.
Therefore also det(B,,) = gn—1,x # 0, as required.

To obtain all the other inequalities w; > p;; for 2 < 4, where the upper bound
of i depends on j, we proceed analogously. In the definition of z(1'™) we replace
Gnk DY Gnir+1—i and again for 1 < ¢ < k we define yt(l’") = [z(1™¢,] for the
first approximation vector. We define all the others by taking x> = Gn,k+1—25
231 = Qk+1-3.n, - - - and again yﬁi’n) = Lm(i’")g}j forl1<t<kand2<i<k-+1.
This construction yields the desired lower bounds (or 0 which is omitted in p(7))

as above again by , , .

w; < p;(n):
We have to show that for 1 < 7 < k + 1 the approximation vectors

(x(j,n)’ ygjm)a ce 7y](€j7n))

constructed in the first step of the proof are somehow best possible. We split the
proof of this assertion in 3 steps. To simplify notation let (¢,)n>1 = (eb")nzl be
the ordered mixed sequence (¢1,1,41,2,---5q1,k> G215 --)-

First step: For an arbitrary approximation vector (z,yi,...,yx) let h be the
index determined by ¢, < x < cp41 and let g be the largest integer such that the
index g — 1 satisfies c4—1 | . Since x < ¢j41 and consequently cp41 1 & we clearly
have g < h+ 1. When X — oo so does h and we claim that for h — oo

Cg—1 Cg—1
—q >t g -
lrgtanthx Yye| > ” o ( ¢ ) ) g>h+1—-k (39)
1
_ > _ , <h+4+1-k. 40
1r£tagxk|Ctx ytl T Ch42—k © (Ch+2—k) g=nT ( )

Furthermore in the case g < h+ 1 — k (i.e. the assumption of ), the inequality
T < %chﬂc;j_l_k contradicts that

1 1 1
max |z — y| < = —0( ) (41)
1<t<k 2Chy1-k Ch+1—k
holds for h — co.
Second step: Let X be a real parameter from the definition of the approximation
constants w; and m = m(X) be the index such that ¢, < X < <%, Then for
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1 <j<k+1asetof jvectors (z (),y§),...7y,(§)) 1 < i < j, satisfying the
inequalities

W < X, 1<i<j, (42)
%) () <1 <1<
1121?<xk|9: G-y | < 5 I<i<y, (43)

can only be linearly independent if at least one z(9) is not divisible by Crm42—j-

Third step: We intend to show by combining the first two steps and using
7, that for arbitrary X the choice of approximation vectors in the proof
of w; > p;(n) is somehow optimal, i.e. the approximation constants of this case
cannot be improved.

Proof of first step: We first make the assumption cp41 € (gn,k)n>1, and will
explain at the end how to extend this easily to the case where c;11 belongs to
another sequence. This assumption is equivalent to cpy1 = ¢y, for some n; € N
and it follows that ¢, = ¢pn, k—1. By we have ¢; |z foralll < g—1and ¢tz
for all [ > g, in particular ¢, { . Recall g < h+ 1. To prove the assertions we now
consider the corresponding cases separately:

Case 1: ¢4 > @n,—1,,- Note that since ¢n,—1,4 = ch+1—k this is equivalent to
g>h+2—Fkorcy > cppa_p. We can write v = x1 + 29 with 0 < 2, < ¢4 and
¢g | 2, since by our definition of g we have z; # 0. Denote by g the congruence
class of g in the residue system {1,2,...,k} mod k. Note, that cz is the smallest
value ¢, with g in the residue class g, or equivalently (5 = leo c@_jkl, which we
will make use of. We claim that

lo1Gall 2 et eg-1 = 3 ctuco-1 2 65 g1 = 2en116i1 (44)
1>1
{w2Gg} = llaGgll = [Jo2 > eyl < 2ent1cii, (45)
>1
where ||-|| denotes the closest distance to an integer an {-} the fractional part of

a real number. Inequality relies on the fact that 0 < %Jl < 1and ¢y | 21,
which is seen to be true because c4_1 | , cg—1 | ¢4 and ¢4 | 2 by definition, so
putting these together we get c4_1 | © — 2, but £ — 22 = 1. Combination of these
two facts and recalling that exactly g + k, g + 2k, ... are the indices greater than g
belonging to the residue class g shows that (7 is of the form

Ke -1 1
T10g = — + 1 Z Cotik = Cg +T Z Cotin = +lk
1>1 9 >1 1>1
with K € {1,2,. ..,C — 1} (note ¢g—1 | ¢g). The assertion now follows by a
combination of z; < ¢, S Ch+1,
1
chJrlk < cg+k (1 T35 ) 7 4 +- ) 209+k’ (46)
1>1

and Cotk < ch+2, which is true by the assumption of case 1.
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Inequality follows from the fact that for any s < g by virtue of we
have ¢s | 2 which holds in particular for those ¢, with s in the residue class g.
So all quantities xoc;! with s < g are integers. Thus the sum of quantities of
order smaller than xgcg_jk in zo(5 = Elzo xgag_jkl, ie. Ty 2121 c;ikl, has the same
fractional part as the entire sum. Now on the one hand we have o < x < ¢j41, and
on the other hand cgy > ch+2 by the assumption of case 1. Together with (| .
these assertions yield

(45]
Summing and and noting that by (34]) we have ch+1ch+2 = o(c 1cg 1),

so that we can use the trlangle inequality on the fractional parts, we further have
l2¢gll > ¢5 ' eg—1 — denricy iy

By (36} ., and . the expression c; e, 1 is monotomcally decreasing in m
and the error term depqicyy is obviously o(cncy ) by (34). Hence for h — oo we
obtain

Cg—1 Ch
— _ < ||(zx|| < m .
0( ) < lIggz]l < 1<a<x (rexd|

Cg Ch+1

This establishes in this case as —=t— Cg L by and .

If cp41 belongs to another sequence (Qn,z)nZIa Wthh means Ch41 = qn,,i With
i # 1, we look at the case ¢4 > ¢p,—1,; and again obtain

—1 E —1 -1 -1
||ZL’1<§|| Z Cg Cg—1 — Cg-‘rlktcg_l Z Cg Cg—1 — 2Ch+1cg+k
1>1

{226z} = lwaGgll = [|22 > ey tuall < 20116,y
>1

as in the proof of the special case (without using ch+2 < ¢g+k as above from which
we derived the Weaker but sufficient conditions , . However, by f
we again have ¢p11¢, +k =o(c;') ash — oo (or equlvalently g —> oo as g > h+2—k)
and the rest of the argumentation is almost as above. Thus (39)) holds in any case.

Case 2: ¢4 < @n,—1,,- In this case it is more convenient to Work directly with
the values ¢ instead of c.. Asin case 1 let + = z1 + 22 with 0 < 21 < g, 1 and
Gny 1 | T2. Again ¢, 1k | gn, 1 and the definition of g ensures 21 # 0. Analogously
to the proof of , in case 1 we deduce

1G]l =

—1
= 2qn, kGn, 41,1
ni,

—1
0< $2<1 < ZQHl,an1+171'

Using again the triangle inequality and (37)), we again deduce

1 1
||xC1H > _4 qnq,k _ _4Ch+1 .
qnq,1 ni+1,1 qny,1 Ch+2
But by again EZ:; (Ch+2 p) = 0(67711’1) for h — oo so that finally

1
q’l’Ll,k}

ocirta) < Guoll < max Gl
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But gn,1 = ¢ph+2-k, 50 wWe have in this case. If c¢p41 belongs to another
sequence (gn.i)n>1, ¢ # k, we can apply very similar estimates with respect to
G1 = Gi+1 instead of (1. So our assumption is no loss of generality in this case
either. Thus ( . ) holds in any case.

We still have to prove that x < ch+1ch 11_p contradicts For simplicity
we again discuss the case cpy1 € (Qn,k)n21 first. Write z = 21 + To with 0 <
21 < gny—1.k and ¢, 1k | T2. Note that again we have z1 # 0 by the assumption
g < h +1- k SO cg < Cht1—k = Qn,—1,k, and the definition of g. Assume we have
T < cthhH £ = éqm,kq;llq,k- The fractional part of xo(y is Zlgo xgc;ilﬂk
as hlgher order summands are integers by definition of x5. We split this expression
in

{@ali} = |72kl = ZxQC;-',l—1+kl = IQC;-il—l + ZxQC;-&l-l-&-kl
1>0 1>1

and using zo < x we infer

1
[z2Ck < 2Ch+1 k+zch+1ch+1 kch+1+kl’ (47)
1>1

which is obviously %c,ﬁrkk + o(c};lrlfk) as h — oo by .
On the other hand, by definition of z1 and ¢p11- = ¢n,—16 {1859 < h+1-k
by assumption and a very similar argument as in case 1 we have

1 1 1 1
q1.,k 492,k dni—1,k dni—1,k

On the other hand by 1 < gn,—1,x the sum of the remainder terms of (jx1, i.e.
1) >0 ﬁ, is bounded above by 2%21=% with very similar estimates as in
= ny+1, ny,

. So

1 ey —
lz1Gl > — gLk (48)
dn,—1,k dny,k

by a very similar argument as in case 1. As n; — 0o, we have

dn,—1,k ( 1 ) -1 -1

= 0 = C — O(C )

h+1—k h+1—k
in,k infl,k + +

(note that h — oo if n; — 00) and thus by

|z1Ckll > C}:Jlrlfk - O(C}:Jlrl—k) (49)

Using triangular inequality on . ) thus gives

1 -1
max G|l > (| Cre]| > 26h+1 p—o(Chi1p)-
Our last assertion is proved in this case and the assumption ¢, € (¢nx)n>1 can
obviously be dropped again.

Proof of second step: Without loss of generality assume that ¢, € (¢nk)n>1,
the proof for the other cases is essentially the same. This means ¢, = ¢, for



54 Johannes Schleischitz

some m; € N and consequently ¢n11 = Gm,+1,1- Suppose Cm—j42 divides z®
for all 1 < i < j. On the one hand, by our assumption the (j — 1) numbers
Cm—j+2, Cm—j+3,- - -, Cm belong to the sequences g, k, ¢nk—1;- - -, qn k—j+2. On the
other hand, ¢, | ¢y41 for all w > 1 combined with ¢,,—j42 | z® forall 1 <i<j
implies that for all s < m—j+2 the number ¢, divides z(*). From these two facts we
conclude that for g ¢ {k,k—1,....k+2—j}, ie. g€ G:={1,2,...,k+1—j},

. ; N : . M ",
the partial sum () 3> L of (,2(¥) is an integer, since every summand s
™9

r=1 Qr,g

As terms of order lower than m; in (,2(*) for g € G\ {1} obviously add up to a
quantity smaller than 3, for 1 <7 < j and g € G\ {1} we have

oo

, A . 1 1
G =G = [¢at ] = 3 — <3, (50)
r=mi+1 qr,g
and combined with eventually
) . L
y$) = G| =2y — (51)
r=1 179

In view of our assumption X < =l = 22D the results , are also valid
for ¢ = 1. To sum up, for all ¢ € G we have , which obviously yields

(a) (a)
x Y .
(b):%b), geG, 1<ab<j.
z Yg

Thus in the matrix, whose i-th row is the i-th approximation vector

the first |G| = k — j + 3 columns together have rank 1. The rank of the whole
matrix therefore cannot exceed 1+ [(k+1) — (k—j+3)] = j — 1 < j. This means
the j rows are linearly dependent, a contradiction. So ¢,,— ;42 cannot divide all the
numbers (9, as stated.

Proof of third step: We will prove for arbitrary j, that w;(X) is for X —
oo asymptotically bounded above by one of the fractions (depending on log(X))
involved in the definition of p;(n), by which we mean that for any ¢ > 0 and
X = X(e) large enough we have w;(X) < p;(n)+e€. Since w; = limsupx_, ., w;(X),
€ — 0 shows the required result.

So let X be arbitrary but fixed and let h be the index determined by ¢;, < X <
chy1- We first prove that without loss of generality we may restrict to the case

where X lies an interval of the shape [c;, 242).

This is the case because the logarithm to the base X = C’j% of
Dy = 112?<Xk|ctx7yt|v T = (xaylv"',yk)

ht1

for vectors = with |z| < X = 1 is asymptotically the same as to the base cp1.
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Indeed we have

log(Dg) log(Dy)
s Do) =iyt 08 () =gy
lim 1Og(cf,iif) — lim log(iﬁf) — lim log(cntr) p
h—oo log(4+)  en—oo log(4E)  cn—oo log(cnq1) — log(4)
and hence
lo D,
8oy (D) L (52)

1m
h—ro0 log Ch+1 (Dm)
4

On the other hand, since we can restrict to & belonging to some w; with j > 2, all
expressions log,, . (Dz) are bounded above by 2w, < 2 (see ) for h sufficiently
large. Together with and since this holds for every vector & for which = < X,
the definition of the quantities w; immediately implies that they remain unaffected
by this change of base.

So let h = h(X) be the index determined by ¢, < X < 24, By the second
step of the proof (putting m = h) at least one of the j linearly independent approx-
imation vectors (z,y1,Ya,-..,yx) € ZFT! has to satisfy the condition c,_j 4o { 2.
Consider one of the j approximation vectors with this property. This means if we
let g — 1 be the largest index with ¢,—1 |  as in step 1, we have g —1 < h —j + 1,
ie. ¢ < h—j+ 2. Further let i be the index, for which ¢;, = qx,; belongs to the
sequence (¢ni)n>1- At this point one should mention that we will repeatedly use
step 1 in the following, neglecting the o-terms in the estimates , , as
they do not affect the asymptotic behaviour we aim to prove.

First we treat the case cg_1 > gn—_1, (case 1 step 1). Note, that c?—;l is
monotonically decreasing as m increases by f and , which we already
used before. Thus by ¢ < h — j+ 2 and we have

max |z¢ — yi| < Chojrl _, [ Shoitd for h— 0. (53)
1<t<k Ch—j+2 Ch—j+2
So X > cp implies
log(5=57) 1 o) — 1 -
—logy max l2C — ye| < — h—jtz’ _ og(ch—j+2) Og(ch—1+1)_
<t<k log(cn) log(cn)

It is now easy to see by f that for h in a fixed residue class h of the
residue system {1,2,...,k} mod k, the right hand side tends to one of the fractions
(depending on h) in the definition of w;(n) or to zero as h — oo or equivalently
X — oo. Clearly, each expression in p;(n) is induced by some h in that way as
well. This shows, that indeed we have w;(X) < p; + € for any € > 0 and X = X(¢)
large enough.

In the remaining case cy—1 < gn—_1,; (case 2 step 1) by and as ¢p41 In
corresponds to ¢n,;, maxi<i<k [£(; — Y| is essentially bounded below by L

N —1,i+1
(omitting the lower order terms and 7 in the residue system {1,2,...,k} mod k).

We distinguish three cases now.
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If we have ¢ ¢ {k — 1,k}, approximation relative to base X is bad, as in this
case we have limy_, o % = 0 as a consequence of , so again by X >
¢h = qn,i, the expression

log(gn—1,i+1)  log(gn—1,i+1)
-1 — < —1 — < J — ,
el 76 =l <~ log, 1212k e~ wel < log(cp) log(qn.q)

tends to 0 as X — oo, and we are done again.

In the case i = k, or equivalently gy < X < gny1,1, due to cg_1 < g1 =
gn—1,x we know again by that maxy <<k |2¢ — ye] < qN% and so X > gn
implies

log(gn,1)
—logx max |ug, —ye| < —logy, , max |2 — g < -5 =8 e(av )

Hence by , for h — oo we have the asyptotic

log(gn.1)  log(gn.1) —log(gn—1.k)
log(gn k) log(qn,k) '

The right hand side, however, converges to 11 = pg+1(n) for N — oo by . This
shows that w;(X) < pgr41(n) + € for any € > 0 and X = X(e) large enough and
together with pr11 < p;(n) for 1 <j <k+1 we get wj < p;(n) as desired.

We divide the remaining case ¢ = k — 1, which means gy -1 < X < g1, again
LNk it follows that maxi<i<k |2( — v is essentially

into two cases. If z < 3
bounded below by % L in view of . This gives the estimate

249N-1,k
4N -1,k

log(5qn—1,k) < log(gn—1,k) — log(2)
log(gnk—1) log(qn,1)

—lo max |xl; — <
gX1§t§k| Gt yt|_

which tends to 0 for X — oo by .
Otherwise z > -2 which clearly implies imy_ o —22&) - = 1 by l) In
(

2qN-1,%’ log(gn k)
particular for every € > 0 we have log(z) > (1 + €)log(gn i) for N = N(e) suffi-

ciently large. Note X > x and that X — oo is equivalent to N — co. Combination
of these facts together with the fact that max; <<y |2{; — y:| is essentially bounded

below by ﬁ by yields the inequality

log(qn,1 + o(log(qn,1)))
log(gn k(1 +€))

—lo max |xl; — <
gxlgtgk\ Gt yt|_

for any € > 0 and N = N (e) sufficiently large. However, the right hand side is of

log(gn,1) log(gn,1)
log(gn,k) +0(10g((IN,k)
for N — oo as in the case i = k above and so it is no improvement either. This

shows step three.
Now it only remains to determine the approximation constants ;. However,
for j > 2 they are easily seen to be zero as a consequence of w = co. Indeed in this

the form

) as N — oo and € — 0, which tends to 71 = pr+1(n)
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case we have %1:71 byand if for some € > 0 we had waf €, we would
obtain
k+1 k+1
Z"/}j +'l/}2 "‘ij
1 1 €
<(—1+4- - — - Ek—1)—-< —=
<( +3)+(k e+3)+( )k< 3

for a sequence of arbitrary large values ¢, a contradiction to @ So again
yields w; =0 for 2 < j < k4 1.

It remains to determine &. Let X be a real number of the form X = [ —1],
so that in particular we have ¢, < X < cp41.

Putting j = 1 in and noting X = 42 —1 > L in the case g > h+2—k
we obtain

log(cp1) — log(cn)
log(cny1) —log()

—logx max [a¢ — | < —logens max |o¢; — 4] < (54)
If we now fix a residue class h for the values of h in the residue system {1,2,..., k}
mod k, the right hand side of tends to one of the fractions in the definition
of () as h — oo. In fact, as h runs through the residue system {1,2,...,k}
mod k this induces a bijection between the residue classes h of the residue system
{1,2,...,k} mod k and the expressions of &.

In the case g < h+ 1 — k as maxy<i<g |2, — y¢| is essentially bounded below

1 . )
by v Asain, we have the upper estimate

< log(qn.n) .
log(gn+1,n+1) — log(5)

—lo max |zl — < —loge max |x(; —
Ex 1§t§k| G-l < Bntl 1§t§k| G

The right hand side, however, is smaller than the corresponding value in for
every h, so the case ¢ < h 4+ 1 — k does never give any improvement. Thus,
by its definition, the quantity & can be estimated above by the minimum of the
expressions of p(n), which simply is p(n).

On the other hand, fixing a residue classes h for h in the residue system
{1,2,...,k} mod k again and putting z := ¢, and y; := |Gen| for 1 < ¢ < K,
we obtain a bijection between the resulting values

e 108X 2 o6 = vl = e 08X AN, 6 = 3]
as h runs through {1,2,...,k} and the expressions involved in the definition of
91(n). Hence @ is at least as large as the minimum of these expressions, which
again is @. O

Note, that in the special case k = 2 we have 11 + 72 = 1, and the approximation
constants of ¢ in Theorem [I] become

W = 00, OJ2:1, w3 =11,
w =143, Wy =0, w3 =0.
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Particularly, we see that & + w3 = 1, which is easily seen by straightforward com-
putation with repeated use of to be equivalent to Jarnik’s identity in the form
Py + 2@1y3 + ¥, =0, see Theorem 1.5 in .

So far we have not asked for the numbers (1, (2, . . ., (x to be Q-linearly indepen-
dent together with 1, which is the usual assumption. For this purpose, we apply
Theorem (1| in the special case (;j =), -, 27 %" with suitable sequences (an,;)n>1
for 1 <j<k.

Corollary 2. For 1 < j <k let (an,j)n>1 be sequences with the properties
ajp <are<...<ap<agy<ago<...a2fp<agi<... (55)

and for n € R* x R as in Theorem |I| put

lim dntil T Ank (56)
n—oo An+1,k
lim M:n“ 2<i<k (57)
n— o0 an,k
lim L= = oo (58)

n—oo a'n,,k

and (j = Y, ~,2 % for 1 < j < k. Then the corresponding approximation
constants are given as in Theorem

Proof. Clearly, if we put g, ; = 2%, all conditions of Theorem [I] are satisfied. [J

Now one can easily prove that there are uncountably many vectors ¢ € R¥, such
that additionally 1,(y,(s,...,(, are linearly independent over Q. The arguments
of the proof of the following Proposition |3| are suitable to prove the existence of
vectors (C1,Ca, ..., (k) for which 1,(1,(s,...,{; are linearly independent subject
to certain approximation properties if this existence was established without the
linear independence condition.

Proposition 3. One can choose sequences (an j)n>1 i Corol]ary@ such that

{17C1a"'7Ck}

is linearly independent over Q.

Proof. Note that in the case k = 1 — simply yield lim,,_ % = o0
and it follows from Liouville’s Theorem that the corresponding number of the
form ¢ =), -, 2% is transcendental, in particular {1,(} is linearly independent

over Q. In the case k > 2 consider the numbers a,; = j for 1 < j <k and define
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the sequences (an j)n>1 by the recurrence relations

1

Unt11 = {n : an,k(m)J (59)
m
1

Unt12 = Lhn “an (M + nz)J (60)
1

Ony1k = 77171 “p (M F 24 )| (61)

One checks that f imply 7. Now we prove that we can change
7 slightly such that {1,(3,...,(x} is linearly independent over Q.

Let (bn)n>1 be the ordered combined set of all a,, ; defined as above. Note
that we can obviously “disturb” the system (59)—(61) a little by adding one to the
elements of the form b, where a € A W1th A an arbitrary subset of N, without
v1olat1ng . Noting that ) imply limnﬁm% = oo, by the
cons&deratlons of the case k = 1 we know 1 ,C1}is a Q- linearl}; independent set,
where (7 is generated by the sequence (a,1)n>1 defined above, ie (; = Zn>1 a,. 11
If we now consider the set of all sequences % = {(ay, 2)n>1} which arise from
(@n,2)n>1 as above by adding 1 to b, with a € Ay for an arbitrary subset Ay of
N, we see that o is uncountable. So there must be a number ) generated by an
ay, o € o> with the property that {1,(1, (3} are linearly independent over Q, since
the Q-span of {1,(;} is only countable. Now we proceed analoguously with sets
of; for 3 < j < k and finally get a Q-linearly independent set {1,¢1,¢5,...,¢.}. As
mentioned above, the set {¢1,¢5, ... ¢} fulfills all the requirements. O

Remark 1. Since algebraic numbers have countable cardinality one can readily
generalize the proof above to show that we can even ask ¢ to be algebraically
independent.

We now give some applications of the above theorem. Note that , and
imply that for all € > 0 and sufficiently large @ = Q(€¢) > 0 we have the bounds

-1 <¢1(Q) <
ﬂ —e< w](Q) <

. 2<j<k+1.
kj

=

In the first Corollary we construct (i, (2, ..., (x for which each 1;(Q) takes each of
the values inside of the corresponding intervals I := (—1,0),I; := (j 7@71 , %) for
arbitrarily large @ simultaneously for all 1 < j < k + 1. So roughly speaking in
this case all ; take their possible range of values for arbitrarily large (Q,c0). In
particular the bounds in are best possible.
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Corollary 3. There exist (1,(a,. .., ; for which the set {1,(1,(2,...,(x} is Q lin-
early independent and such that

“ =7 1<k,
1
Tk,
5; =0, 2<j<k+1.

Proof. Note that by means of proposition [3| for every n € R¥*1 subject to the
restrictions of Theorem [I| we can construct ¢ = ((1,Ca, ..., (k) together with 1
linearly independent over Q such that Theorem [1] holds. Putting e =n3 =--- =
Nier1 = % in Theorem |1| immediately gives all the stated equalities for this {. O

Now we want to give our first explicit construction of special cases of Schmidt’s
conjecture, which was proved by Moshchevitin in a nonconstructive way in .
The conjecture states, that for each integer pair (k,7) with k > 2,1 <i <k—1
there exists a vector ¢ € R* with {1,¢} linearly independent over Q such that
lim, o0 Ai(¢) = 0 and lim,_,o0 Aj42 = 00. Note that we cannot have lim,_, o A;(¢) =
0, limg—y 0 Ai+1(g) = oo for any ¢ because of the assumption of linear independence
because of (7)), see also the introduction in [3]. We now give a generalisation of this
fact in the special case i = 1 for arbitrary k > 2.

Corollary 4. Let £k > 2 and 3 < r < k+ 1 be integers. Then there exists { € R
with {1, ¢} linearly independent over Q such that

E1<07
Y, <0<y, 2<j<r-1,
¥, >0, r<j<k+1.

The case r = 3 clearly implies Schmidt’s conjecture for i =r —2 = 1.

Proof. We may assume k > 3, because for k = 2 the Corollary only states that
1, < 0and 1, > 0 is possible, which only requires 1); < 0 by and for any choice
of n = (7)1,7%3 # (1/2,1/2) the construction of Theorem || gives an example. We
apply Theorem [T with 1 defined by

Oék_l
(e ARV (62)
M —a, 1<j<k-1. (63)
Nj+1

The parameter « € {0,1} will be chosen later in dependence of (r, k). First note
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that by our inequalities translate to

1

0> — 64

w>k, ( )
1

@j<E<wj’ 2<j5<r—1, (65)
1

wj < 7 r<j<k+1. (66)

Now note, that the left hand side of trivially holds by Theorem With ,
(63) the quantity ©(n) of Theorem [1| becomes

1 1 1
0 = 1 1 . = °
w mln{,1+a7 ;1+a+_._+ak1} 1+O[+"'+Olk71

Moreover the assumption o < 1 implies that holds. To obtain the remaining
inequalities it is obviously sufficient to prove w, < % < wy_1 for some «, which by

(162), (63) and Theorem [1|is equivalent to
ar—Z 1 ar—3
<-< ,
l4a+---4+a2 "k l14+a+---+a"3

(67)

since the last term in p;(n) is easily seen to be the largest in p; in our special case
of constant ratios. For r = 3 this reduces to ;57 < %, which is obviously true if
1

we choose any « € (0, 1), so we can assume r > 4. Defining the functions

a’LL

Sprar— ———
l1+a+---+av

shows that in the cases left to consider is equivalent to ¢y11() < 1 < ¢y ()

for 1 < u < k—2. Tt is easy to check that all these ¢, are continuous, ¢, («) >

Pur1(a) and ¢, (0) = 0,0, (1) = %H > 1. Further more from

wa tl4+a+-+a*) —a*(l+2a+ - +uav 1)
1+a+---+a)?

a2u—2 + 2a2u—3 4+t (’LL _ 1)0[“ + uau—l

(ot +am?

@, (a) =

we deduce that they are monotonically increasing in a. Combination of these
properties implies that for fixed u there exists some ¢ € (0, 1) such that ¢, (t) = %
by intermediate value theorem. It further follows from these considerations on the
one hand ¢, (a) > ¢ for & > ¢, and on the other hand the existence of an interval
o € (to,t1) with tg < ¢t < t; such that ¢y41(a) < £. Thus, for all a € (t,t;) we

have (bu—l-l(a) < % < ¢u(a) u

2.3 The case w < ©

We now aim to give similar results for vectors ¢ = ({1, (s, ...,(x) whose compo-
nents ¢; have one-dimensional approximation constant w < oc. Hence in particular
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the simultaneous approximation constant w is finite too, as by definition it cannot
exceed the minimum of the one-dimensional constants. As in Theorem [I| each (;
will be the sum of the reciprocals of integers g, ; that satisfy , (31), but the
conditions 7 will be altered in ways to obtain a symmetric situation in
all ¢;, which will be more convenient for the purposes of section @ We start with
proving the following

Theorem 2. For1 < j < klet (G =3, -, % where (gy,j)n>1 are sequences of
: >1 70 >

integers for which (30)), are satisfied and that for

(bn)n>1 = (log(q1,1),108(g2,1), - - -, 10g(qr1),log(q1,2), - - -)

the inequality

b
liminf =+ > 2
n—oo n
is satisfied. Then the first (k — 1) approximation constants relative to (1, (o, ...,k
are given by
b —-b . by = by
w:limsupw, w:hmlnfninl,
n—00 by n—oo n
BT bn - bn—l A~ e bn—l - bn—2
wo = limsup ————, wo = liminf ————— |
n—00 n n—+00 bn
T bnfl - bn72 ~ e bn72 bn73
ws = limsup ———, w3 = liminf ———+—,

. bn—k+3 — bn—p+2 - e bnki2 —bnogi
w1 = lim sup ——*+ nokt , @p—_1 = lim inf ——** noktl

Further more we have the inequlities

bn7k+2 - bnkarl bn7k+1 - bnfk

wg > lim sup , Wi > liminf

n—oo bn n—00 bn ’
. bp—t41 — bn_k ~ o bk —ba_p1

Wk+1 > limsup Hb—n, Wg41 > liminf % .
n—o0 n n— oo n

Proof. Denote the right hand side expressions by p; respectively {;. We prove the
inequalities w; > p;, @; > @; for 1 < j < k+ 1 and then w; < p;, ©; < {; for
1 < j <k —1. This obviously yields the assertions of the Theorem.

Throughout the proof, for arbitrary X let the integer h be determined as the
index for which ¢, < X < ¢j41. Obviously X — oo is equivalent to h — oo, which
will often be used implicitly. We first prove w; > p; for 1 <j < k+ 1.

Assume j arbitrary but fixed. Observe that for every A if we put 2 = ¢, 1,

yt(i) =[] for 1 <t <kand1<i<j, weobtain

G) _ D) — ey @) _ () — Cht1=j Cht1—j 63
e maxlGa? —u” | =l6ge? —up | = TE = ol ) ()
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as h — oo with typ := h + 2 — j, as explained in the proof of Theorem [l Choose
an integer sequence (h,),>1 of values for h in such that with (X,),>1 =
(xr)r>1 1= (cn,.)r>1 We have

lim —logy . Ehetlod iy sup — log,. i
r—00 " Ch,+2—j h—00 " Ch+2—j (69)
~ lmsup log(cnya—j) — log(cni1—;)
h—oo log(cn) 7

which is possible by definition of the lim sup. Leaving out the linearly independence
condition, the so constructed vectors (m(i),ygi), .. .,y,(j)), 1 <1 < g4, lead to the
values p; as lower bounds for w; in view of . However, the missing linearly
independence condition is now obtained exactly as in Theorem

To prove &; > {;, consider any sequence (h,),>1 and the same approximation
vectors as in the proof of w; > p; but take logarithms to base cp; > X instead
of base ¢j,. This yields a lower estimate for w;(X) for X € [cp,,cp,,,). As this is
valid for any sequence (h,),>1 we obtain the lower bounds p; = liminf x_, o w;(X)
for &; by definition of liminf, as we claimed. So far we have established the lower
bounds g, (respectively §;) for w; (respectively @;) for 1 < j <k + 1.

For the upper bounds note first that with basically the same arguments as in
the proof of step 3 in Theorem |l| we can restrict to the case ¢, < X < %ch_H.
Further step 1 and step 2 of p;() < w; in the proof of Theorem (1| remain valid in
the present situation. Indeed, the estimates (39)), are already valid under the
assumtion bg% > 2, which is weaker than Gb used in Theorem |1} The proof of
step 2 is analoguous.

Now for every fixed X we divide all approximation vectors (x,yi,...,yr) with
x < X into two categories. Let g be the largest integer such that c¢,_1 | = for an
approximation vector (z,y1,...,yx) as in step 1 of Theorem |1} The distinction of
vectors with g > h+1—Fk, which we will call vectors of category 1, and g < h+1—k,
which we will call vectors of category 2, now leads to 2 cases.

Case 1: If for fixed X with ¢, < X < %Ch+1 we have ¢ > h+ 1 — k for an
approximation vector (i.e. it belongs to category 1), implies that

i 1 _i) =1 i
wi(X) < —log,, =t 108(onamy) “Loglenzg) - 5oy (o)
Cht2—j log(cp)

So we have that for every X the quantity p; is an upper bound for wjl» (X), by
which we mean the supremum over all real numbers v such that has j linearly
independent vector solutions all of which are of the first category. Hence if we

define wj = limsupy_, ., w;(X), we get
wi<gp;, 1<j<k+1 (71)

In order to give a connection between the approximation constants &; and approx-
imation vectors of category 1, we define cAqu = liminfx_, w} (X). We start with
an arbitrary sequence (X, ),>1 with corresponding subsequence (cp, )r>1 of (¢p)r>1
and define a sequence (X]),>1 by putting X/ := lcp,41. In view of and
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observing that the fractions CC"J: - are monotonically decreasing by our assumption

bn+1
by

> 2, we get the upper estimate for the approximation constants wjl- (X))

" Chytoj log(cn, +2—;) —log(cn, +1-5)
w;(X}) < —logs - "
5 (X7) 8LlX, 4 (cm+1—j) log(cp, +1) — log(5) (72)

for 1 <j < k+ 1. If we specify a sequence (X,),>1 for which the corresponding
sequence (h,),>1 has the property

lim —log,, Eht170 _ Yiminf — log,. Chil=y
r—00 " Ch,+2—j h—o0 h Ch+2—j .
3
i g (8(Chr2—j) — log(chi1-;) 73)
h—oo log(cp,) ’

which is possible again by definition of lim inf, we put n = h+1 in the definition of
©; so that the right hand side of tends to p; as r — oo. Thus lim, w]l (X,)
exists and is bounded above by §;. In particular

@ <P, 1<j<k+1 (74)

Case 2: In the other case g < h+ 1 — k (i.e. the vector belongs to category 2),
consider first an arbitrary sequence (X, ),>1 that tends monotonically to infinity
and the corresponding subsequence (cp,.)r>1 0f (c)p>1 determined by ¢, < X, <
Ch,.,- Recall that without loss of generality we can assume c;, < X, < %chﬁ_l, as
this does not affect the approximation constants. By we have

1 1
— | > — . 75
1rgtaSXk|Ctm Wl 2 Ch,+2—k ? (Chr+2—k> (75)

Furthermore define wjz(X ) as the supremum of all v, such that has j linearly

independent vector solutions with at least one vector of category 2, for every fixed
X > 0, and define w? := limsupy_, ., wf(X) Taking logarithms to the bases
cn, < X, for r — oo, implies that for 1 < j < k + 1 the expression w?(X,.) is

J
bounded above by

gy <Chr+2k> < log, (Chr+2k> _ 10g(0hr+37k)—10g(0hr+27k). (76)
g "\ Chy 43—k log(cn, )

Note that the bound in is valid for any sequence (X, ),>1 and the corresponding
sequence (cp, )r>1. Hence on the one hand we have

o = lim sup 28(Cnt3-k) ~108(Chi2-)

> limsup w?(X) = w? it
h—o0 log(ch) - X—)oop ( ) J ( )

J

simply by the definition of limsup. Observe &/ = pi_1 (where n in the definition
of pr—_1 corresponds to h in the definition of &) and hence

W <ppo1, 1<j<k+1L (78)
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On the other hand, for any sequence (X, ),>1 by and our assumption bg% =

log(cn+1)

og(cr) > 2, for r sufficiently large and 1 < j < k — 1 we have

1 1
2
wi (X)) <—1lo -0
5(X) B (Chr+2k (ChT+2k))

Ch,+2—k 1
< —logx (W) < w1 (X0,

(79)

where the right inequality is a consequence of the constructions w; > p;, &; > §;
in the case j = k — 1 (see , ) Since this holds for any sequence (X,)r>1,
we have

~92 I 2 . 1 ~1 ~1 .

@; = liminf w;(X) <liminfwy (X)) =0, <w;, 1<j<k-1 (80)

X —o0 X—o00

We now combine the results above for the quantities w]‘?’,@;-, s € {1,2} to derive
the required upper bounds. As every approximation vector is either of category 1
or category 2 for fixed X > 0, the definitions of w?,s € {1,2}, imply w;(X) =
max{w; (X),w?(X)} for every X > 0. Observe that for any functions f,g : R* — R
we have

max {limsupf(X),limsupg(X)} = limsup max { f(X),g(X)} .

X —o0 X —o0 X—o0

Applying this on f(X) = wj(X), g(X) = wj(X) implies that w;, which is by

definition limsupy ., w;(X), equals the maximum of w; = limsupy_,., w;(X)

and w? = limsupy_, . w?(X). By , for 1 < j <k — 1 this maximum is
max{g;, pr—1} = p;, which proves the upper bounds for w;, 1 <j <k —1.
It remains to check the upper estimates for the constants @;. In view of w;(X) =

max{w; (X),w?(X)}, and , we obtain

& = limi s — lim inf w! =0l < 5;

w; = lgn_)lglof gz&{wﬂ (X)} lgn_glof wi(X) =w; <@
for1<j<k-1. O

Remark 2. It is rather clear from the proof that Theorem [2] remains valid for
C = oo too. We will need this later in Theorem [l

Corollary 5. Let the assumptions of Theorem[2 be satisfied and assume further the

existence of the limit of the quotients b’b‘%, ie.

lim b1 =(C>2.

n—oo

n

Then the first (k — 1) approximation constants are given by

w=C-1 :

c—-1 _ c—-1 _
WQZ?:W Wk—l_m:wk—2
c-1 _ c—-1 _
w3 = 2 = Wws2 W:wk—l
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For the remaining approximation constants we have the inequalities

c-1
Ckrfl
~ c—-1
wk+12wk27
c-1
—C'k+1'

Proof. For every h > 1 we have

bn bn bn — bn
lim 2nth lim +h th=1  Ont1 _ ~n

n—oo

n n—oo bn-‘rh—l b7L+h—2 bn

and hence Theorem [2] yields the claimed result. O

Remark 3. The bounds for wy, Ok, wk+1,0k+1 could be improved further to

Cc-1 { C C—l}
< wg < max

IN

k1 = Ck _ 1’ k-1
L _C-1
T oR 1

1
Wk+1 = OF—1

. 1 Cc-1 . 1
MY S T ok ka+1§m

by a rather long and technical proof that we will not present here. In particular in
the case C' > B > 2, where j3; is the largest real root of Py, (z) = 2! —22F —z 41,
we have

-1
wk_ck—l
~ Cc-1
kT or 1

1
waFl:W

N 1

wk+1=m-

Let us call the assumptions of Theorem |2[ without the growth condition of b’gﬂ
the basic assumptions of Theorem [2] in the sequel. We can generalize the idea of
the proof of Theorem [2| to get

Theorem 3. Given the basic assumptions of Theorem [2, we consider some fixed
d € {1,2,...,k—1} and define k4 to be the largest real root of Py(z) := x%—x9=1-1.
Then if

1. b’g¢>,‘$d7 forall n>1,
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2. the sequence (dp)n>1 = (bnt1 — bn)n>1 Is monotonically increasing

are satisfied, the first (k — d) approximation constants are given by

. bpy1 —b BN e e
w = limsup " @ = liminf 2—2—
n— o0 by, n—oo n
. bn - bn—l ~ . . bn—l - bn—2
wo = lim sup , Wy = liminf ———= |
. bnfl - bn72 ~ . bn72 - bn73
ws = limsup ———— w3 = liminf —=——=,
n—00 bn n—00 bn

. by —ktdt2 — bn—krdr1 - o bn ka1 — bnkta
Wy_q = lim sup — tdt noktdt Op_q = liminf = dt nobtd

n—00 by, ’ n—00 bn

Furthermore we have the inequalities

bn—ktdt1 — bn—ktd n—ktdtl — On_kid

. ~ ... b
Wk—d+1 > limsup , Wg—gq+1 > liminf
n—oo

n—oo bn bn ’

. bn—ty1 — bn_i ~ . k= bp_k_1
Wg+1 > limsup n-l-b—n , Oky1 > liminf — =

n— oo n n—00 by,

Proof. We proceed as in the proof of Theorem [2| using the fact that d,, is increasing
in place of the equivalent fact that —“2— is monotonically decreasing, which we

Cm+1

deduced from the stronger assumptions in Theorem [2| (where it was infered from
the stronger assumptions in Theorem [2) up to equation . Instead of , by
our weaker assumption b;‘)ﬂ > kg instead of bzﬂ > 2 > K4, we obtain the weaker
upper bound ! "

1 Ch,+d+1—k
wi(X,) < —logy, () < —logy, <++ <wi_a(X,),
Ch,+d+1—k Ch,+d+2—k

which yields pr_q as an upper bound for w; instead of gp;_;. We proceed analo-
gously again till , instead of which we obtain

1 c _
W?(Xr) < —logx, () < —logx, <hr+d+1k> < wi—a(Xy).
Ch,+d+1—k Ch,+d+2—k

This gives pr—q as an upper bound for &; instead of pj_;. The remainder of the
proof is essentially the same as in Theorem [2] O

Remark 4. We clearly have limg_, o, k4 = 1. On the other hand 1 + % < Rg < 2
which can esily be derived using the well known monotonic convergence of (1+ %)"
to the Euler number e ~ 2.71.

Again, we easily deduce the following
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Corollary 6. Let the basic assumptions of Theorem[Zand condition 1 from Theorem
[3 be satisfied. Let us further assume

by,
lim -t

n—oo

:CZI{d.

n

Then the first (k — d) approximation constants are given by

w=C-1 :
c-1 _ C-1 .
Wz = T =w Wk—d = W Wk—d—1
c-1 _ c-1 _
w3 = 2 = W2 szk—d
Further more we have the inequalities
Cc-1
Wh—d+1 = Ck—d
c-1

Wg—dt2 = Wrp—d+1 = m

c-1
Ok

c-1

Ok+1-

Wht1 > Wg >
Wpt1 >

Let us illustrate the results of Corollary [fland Corollary [6]in the case k = 3, C' = 2.
In the first plot we put
G=2"'+27" g=27+27" G=27"
which (for numerical purposes) are the initial terms of
_53n41 _o53n42 _o3n
CIZZQQ +17 <2:Z22 +1a §3:Z22 +1a
n>0 n>0 n>1

which clearly satisfy the conditions of Corollary |5| with C' = 2. Notice the special
behaviour of Ly = L3, Lr+1 = Ly in comparison to the first (kK — 1) = 2 functions
which behave as predicted in Corollary

The assumptions of Corollary [f] are weaker in the sense that either C' < 2 or
the quotients bbﬂ converge to C' = 2 without being strictly larger than 2 for every
sufficiently 1argen n. To illustrate this latter case we may put

C{ — 272 + 2797 Cé — 273 + 27177 Cé _ 275 + 2733

which are the initial terms of

G o= Z Q7+l () = Z P L N Z 9—a3n

n>0 n>0 n>1
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—-4r \ s

-5+ s
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Figure 1: k = 3, C = 2; illustrates Corollary [5]

with a1 = 2 and an+1 = 2a, — 1 for all n > 1, which fulfills the conditions of
Corollary [6] with d = 2. Indeed, we will see a different behaviour of Ly compared
to the previous picture. Only Li_4 = L; has the predicted shape. We can apply
Corollary [6] to construct many more cases of Schmidt’s conjecture explicitely. For
simplicity of the proof we first deduce another easy Corollary from Corollary [6]

Corollary 7. For k > 2 let 1 < d < k — 1 be an arbitrary integer. For any C' > kg4

there exists a sequence of positive integers (by,),>1 such that % > C for all n

and lim,,_ o bz:f = C. If (apj)n>1 for 1 < j < k are k sequences satisfying

such that (b,)n>1 Is their ordered mixed sequence, then for (j =3 -, 2% the

result of Corollary[f] is valid. a
Furthermore we can choose the sequence (by)n>1 such that 1,(q,...,(, are

Q-linearly independent.

Proof. The sequence (b,)n,>1 defined by by = S and b, 41 = [Cbh,] with S suffi-
ciently large that by > by clearly satisfies the stated properties. Putting ¢, ; = 294
we see that the assumptions of Corollary [0] are satisfied, since it clearly makes no
difference if we take the logarithm to base 2 instead of e as the quotients b};ﬂ don’t
change. By a variation of (b,),>1 as in the proof of Corollary [3[ we can g{{arantee
the linear independence.
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6 I I I I ]
0 5 10 15 20 25

Figure 2: k = 3, C = 2; illustrates Corollary [0]

Corollary 8. With the notation of Corollary [ there exists a constant R(k) such
that the following holds:

o R(k)> % for k sufficiently large.

e For fixed 3 < T < R(k) there is some Cy = Cy(T), such that there exists
a sequence (b,),>1 of positive integers satisfying lim,,_, b’g“ Cy such
that the corresponding vector ((1,...,(;) constructed via Corollary E with
C = Cy has approximation constants that satisfy

Yr_o <0 and 1, >0. (81)

2-1)

A possible choice of R(k) is R(k) :=k—14(k—2) log(log(k)

explicit examples for Schmidt’s Conjecture.

. This provides

Proof. Let k be an arbitrary but fixed integer. In view of for a given 3 <
T < R(k) we need to find Cy = Cy(T) such that a vector ({1, (s, .., k) that arises
from Corollary [7| with C' = Cy satisfies Or_5 > % > wr to obtain 1) We will
implicitly identify such a vector (1, (o, ..., () with the resulting value C' from the
limit of the quotients b”“ in Corollary This is well defined as the approximation
constants we consider don t depend on the choice of the exact vector but depend
only on C' by Corollaryl As was shown there the set of such vectors (¢1, Ca, - - -, (k)




Diophantine Approximation and special Liouville numbers 71

is nonempty for every C' > k4 > 1 and we can assume ({3, ...,(;) together with 1
to be Q-linearly independent.

For any positive integer u define the function ¥, (z) = “”m_ul. Each function ¥_is
easily seen to be continuous and ¥, increases on [1, —*5] and decreases on [, 00)
with limit 0 as z — oo.

We use the notation of Theorem [3] in particular 4 is the largest real root of
Py(z) = 2% — 2971 — 1. We first prove that we can choose Cy = Co(T') such that
holds for a given T' that has the property

1

k

with the constructions of Corollary [7] and the particular choice C' = Cy.
Putu=T-1.If is valid, the facts about the functions ¥,, show that there

is > kg7 such that ¥r_;(x) = % and ¥p_4 already decreases at x. Furthermore

there is an interval Cy € (z,z + §) such that Ur_1(Cp) < % < Ur_5(Cp). Since

Cy > x > kx—7 we can apply Corollary m with d := k —T,C := Cy and obtain

Vr_1(kg-T) > (82)

1 1 ~
wr = Up_1(Cyh) < 7 < COE = CoUr_1(Cy) = Ur_2(Ch) < Wr—_2,

as intended.
Now assume k is fixed, 1 <T < k + 1 and that for Cy := kp_7

Co—1 1
cht— k2 “k

holds. By definition of Cy = kj,_7 we have CF =1 = €&~ — C5~2 and (83) further
implies

(83)

Co—1 Co—1
Yr-1(Co) = C[’)OT*I = C’g_lo— cr

for such T, i.e. . Combining what we have shown so far, can be obtained
for T and Cy(T') = k7, provided holds. We now show that is true for
3 < T < R(k).

In view of Cy > 1, inequality is equivalent to kx_7 = Cp < k7. Since
Py._r, whose largest root is kr_r > 1, increases on the interval [1,00), this is
equivalent to Pk_T(kﬁ) >0, ie.

>

x| =

k

=

T kE—T—-1
z —k 72z —1>0.
Basic rearrangements show this is equivalent to

log(kﬁ -1)

T<k—1+ (k-2 =: R(k).
To finish up the proof we are left to show that R(k) > % holds for k sufficiently

large. To see this we claim that for sufficiently large k we have

log(k*=2 — 1)] k [1 log(k+ — 1)

k Sk - k
log (k) log(k) | ~ log(k)

R(k) > 3

1
* 2
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ell

Figure 3: %ﬁl = 1),, special case

For k > 4 only the right most inequality is non trivial. It is equivalent to k;(k;% -1) >

e or kv > % + 1. However, this is easily seen to be true by kt > 1+ % for

k > ko(M) for arbitrary M, which follows from the monotonic convergence of

limg 00 (1 + %)k = eM for every M. Putting M > e? arbitrary proves the claim.
O

% = 0, but the convergence is very slow, in partic-

1
log(k)

Remark 5. We have limy,_,
ular we have seen it is slower than

3 Thecasey = P

In this section we want to treat the case of (1,(a,...,(r that define functions ;
with the property

Yo =%, 1<ji<k (84)

We will exclude the generic case where all approximation constants v _, Ej are zero,
and call the cases where v, = —1 the degenerate cases. Note, that the numbers
Corollary [5] deals with lead to functions 1; that satisfy the equalities of for
1<j<k-—2,but not for j € {k —1,k} in the case C' < co (see the bounds given
in the remark following Corollary . A special case of , for which an idealized
picture is shown below, is of particular interest. If (x(i )i>1 denotes the sequence
of the first coordinates of approximation vectors (x,y,...,yr), then we consider
the special case where there is a sequence of (z(V);>; with (ideally) constant value

(i+1)
of lolg(zi(i)) such that
og(z(?))

2@ oy ] (@)
max |Gt =yl ~ ()7
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This sequence causes the second minimum to attain the value wy, and so on. Thus
in particular we have

log(a D) _

i - = 1<5<k 85
zlglo log(m(z)) Wj+1’ =7 = ( )
1 @)y _ )
lim og(maX1gtgk|x‘ G-v"1) . (86)
A, log ()

Let the equistence of a sequence (z());>; such that (85 . 86) holds and additionally

for i > iy every k+1 consecutive approximation vectors (z(7), y(j ... ( )) belong-
ing to ), x0+D 20K (e j e {i,i+1,...,i+k}) are hnearly independent
be our deﬁnition of the special case mentioned above.

Roy shows, that numbers he defines as extremal numbers ( in the introduction
of 4] satisfy the property of the special case of for k=2and ¢; =¢, ¢ =2
and yield w; = vl for 1 < j <3 and @5 =2 with v := @ We are interested
in other particular cases of the special case of .

It follows in general by , that all the values 1 .1 are determined by
the value ¢, (or equivalently w).” This holds for the degenerate case in partic-
ular. However we will show in Theorem [ that this phenomenon holds for all
(¢1,¢2y.--,Cx) in the degenerate case of . By virtue of Corollary I we can
easily provide concrete examples for the degenerate case. Before we do so, for the
sake of completeness we give a general result about the degenerate case of .

Proposition 4. Assume the approximation functions arising from (y, . .., (x satisfy
P, =-1 and . Then they already satisfy

Y, =-1 (87)

=t =, (38)

%:%:%H, 2<j <k (89)

Furr = 1 (90)

and hence in particular fall under the special case.

Proof. First note that in general if 7,/) = —1 we have @J = ,1c for 2<ji<Ek+1
by means of @ see the proof of Theorem I Consequently by (84) we have

and (| .

For 1.) note first that =% is always a lower bound as established in , @
So by 1.) it suﬂicesjo prove @/}1 < %

Suppose we had ¢, > % This means for some sequence (qn)n>1 tending to
infinity we have ¢1(g,,) > V for some V > 12£ Putting V := 2(V — 12%) > 0 and
using ¥2(¢n) > ¥1(gn) we have

ARy 1 Vi 1%
. 0 _ Vo
A ;:1 Yilan) > 2V + (k= 1) {k - Q(kl)i =5 >0
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a contradiction to (@ since lim,, o ¢ = 0. O

Theorem 4. For any k > 2 there exist real numbers (1, (o, ..., () as in Corollary|[5
with C' = oo together with 1 linearly independent over Q that satisfy the degenerate

case of and hence f by Proposition @r
Proof. Using we obtain the equivalent system

w =00 (91)
W=1=ws (92)
W =0=wjt1, 2<ji<k (93)
Wk+1 = (94)

In the case k > 3, we can just apply Corollary [5| with C' = oo because then we
obviously have
. C— . C-1 )
i L A

which gives 7. However, in the case k = 2 and C' = oo we can also
apply Corollary [5] with a slightly more sophisticated argumentation. Of course we
directly infer and the left equation in follows as for k > 3. From we
can immediately deduce &; = 0 for j = 2,3 as in the proof of Theorem which is
a rephrasing of the left hand side of and . By the left equation in and
Jarnik’s identity w3 +@ = 1 (see comments between the end of proof of Theorem
and Corollary |2) we get ws = 0, i.e. the right hand side of . For the missing
right hand equation of (92)) note that we > @ is always true by and on the
other hand wy < 1 by so by the left hand equality in we infer the right
hand equality of . O

This allows to show that the bounds in f are best possible if considered
independently by using only three types of vectors ((1, (2, . .., (k) depending on the
dimension k. These types are:

e a set of together with 1 Q-linearly independent algebraic numbers (1, (s, ..., (k
(leading to the generic case)

e (1,(2,...,( as in Corollarywith C = oo, for example (; = anl m
for1<j<k

e (1,(2,...,C as in Corollary [3]

Corollary 9. The bounds ([14)(19) are all (each for itself) optimal among (1, ..., C)
that are Q-linearly independent together with 1.

Proof. In Corollary [3] we have seen, that the upper bounds in (14)), (15), as
well as the lower bounds in , (118), cannot be improved.

In Theoremwe’ve just seen, that the left hand side of and the right hand
side of are optimal.
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However, all the other bounds are 1/k and it is well known that all constants
w;,w; are equal to 1/k in the generic case. To give concrete examples, an im-
plication of Schmidt’s subspace theorem says, that for all Q-linearly independent
algebraic numbers all approximation constants take the value 1/k (which follows
already from w = 1/k by (13) and (6])). So the lower bounds of (14)), such as
the upper bounds of , (19) cannot be improved either, and the list is complete.

O

Let (1,(, .. .,(k be real numbers that lead to a special case of (84)), i.e. (85),
hold. It follows directly from , that all the constants w;,w; only
depend on w. It is easy to check that more precisely we have

1 k+1 1 -~ k+1
w Wk+1

-

_— i—

wj=w T, 1<j<k+1 (96)
Using this we now prove a lower bound for & in dependence of w.

Proposition 5. In the special case of for k > 2 we have
—_<h<
w41

Proof. The right hand side inequality is just .
Suppose for some k > 2 we had & < 57 Putting j =2 in (note wy = W
by definition) we have

w k kol w
(Uk_l,.l S |:<m> w k+1:| = m . (97)

fola) = % 1.

Denote

Differentiating shows that fj, decreases on x € (0, 1) and increases on z € (3, 00),
so its global minimum on (0,00) is at = % Combining this with wgyq %,

(195) and we obtain

fr(w) = fr(@rs1) > fr <f;jw)> , E>1.

Putting z := % this gives L > f(2), which is false, as 1

- is an expression in the

binomial expansion of fi(z). O

Remark 6. One can prove that for k¥ > 2 we have lim, ;.o w +1— £ =0.

Observe, that in Corollary [6| with arbitrary C' we always have 0 = 51 Propo-
sition [5|shows that given w the resulting special case of leads to a larger value
of @. It may be conjectured that among all {1, (s, ..., linearly independent to-
gether with 1 with prescribed w = wq, the quantity & is maximised for the special
case of with the value w = wy.

€
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Remark 7. Observe that the inequality @ < w always holds as established by

1-w
Jarnik, see Theorem 1 page 331 in . So together with Propositionin the special
case of (84) we have
w B
— <w<
1—-w 1-—

)
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