Applications of Mathematics

Petr Vanék; Marian Brezina

Nearly optimal convergence result for multigrid with aggressive coarsening and
polynomial smoothing
Applications of Mathematics, Vol. 58 (2013), No. 4, 369-388

Persistent URL: http://dml.cz/dmlcz/143335

Terms of use:

© Institute of Mathematics AS CR, 2013

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143335
http://dml.cz

58 (2013) APPLICATIONS OF MATHEMATICS No. 4, 369-388

NEARLY OPTIMAL CONVERGENCE RESULT FOR MULTIGRID
WITH AGGRESSIVE COARSENING AND
POLYNOMIAL SMOOTHING
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Abstract. We analyze a general multigrid method with aggressive coarsening and poly-
nomial smoothing. We use a special polynomial smoother that originates in the context of
the smoothed aggregation method. Assuming the degree of the smoothing polynomial is,
on each level k, at least Chy_1/hy, we prove a convergence result independent of hy_y1/hy.
The suggested smoother is cheaper than the overlapping Schwarz method that allows to
prove the same result. Moreover, unlike in the case of the overlapping Schwarz method,
analysis of our smoother is completely algebraic and independent of geometry of the problem
and prolongators (the geometry of coarse spaces).
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1. INTRODUCTION

This paper is concerned with convergence of a multigrid method featuring aggres-
sive coarsening. We analyze a general (abstract) multigrid algorithm with a special
polynomial smoother that allows to prove a convergence bound independent of the
relative size of the spaces on subsequent levels.

Assuming that the resolution on level k£ can be characterized by a meshsize hy,
and employing a carefully designed polynomial smoother as a multigrid relaxation

This work was sponsored by the TACR, (Technologické Agentura Ceské Republiky) grant
TA01020352, ITI (Institut Teoretické Informatiky) grant 1MO0545, US Department of
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Foundation under grant numbers DMS-0621199, DMS-0749317 and DMS-0811275 and
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process, we prove a convergence result independent of the ratio hj41/hy, provided
that the degree of our smoother is greater than or equal to Chy41/hg, where C is
a positive constant influencing convergence, and hy and hii1 are the characteristic
resolutions of finer and coarser level, respectively (throughout the paper [ denotes the
coarsest level, and 0 the finest level). Thus, we allow the coarse space to be dramat-
ically smaller than the preceding fine space and still obtain a multilevel convergence
result not influenced by the ratio of their sizes. Here the aggressive coarsening is
compensated for by a more powerful multigrid relaxation that consists of a sequence
of Richardson type sweeps whose number is at least Chy41/hg, C > 0. We note that
the assumption of existence of characteristic meshsize on each level is a sufficient
condition, and the abstract convergence result presented in Theorem 4.1 does not
depend on this assumption. The assumption will, however, allow us to verify the pre-
requisites of the abstract convergence result for the model problem considered. We
stress that the abstract theory (Theorem 4.1) is not restricted to the quasiuniform
case.

The smoother we use was originally derived from a prolongator smoother in the
context of the smoothed aggregation method [9], [7], [4], and the previously proved
theory [9], [8] was also limited to that context. Recent improvements of the conver-
gence theory in [4], establishing the same convergence result as presented here, were
also restricted to the smoothed aggregation method.

The regularity-free theory of [2] is known to derive no theoretical benefit from the
use of more than O(1) smoothing steps. Thus, until recently, the authors believed
that the current result was possible only within the framework of smoothed aggre-
gation, that is, smoothing the prolongator was deemed essential to establishing the
result. The earlier works on this topic [6], [9], [7], depend crucially on this argu-
ment. In this paper, we prove a nearly optimal multilevel convergence result for this
smoother used in general multigrid, and show that with a special choice of iteration
parameters, Chy41/hi smoothing steps suffice to prove convergence independent of
how aggressive the coarsening is. The near optimality of the convergence estimate is
understood in the sense of the regularity-free theory [2], i.e., the convergence bound
has a linear dependence on the number of levels.

Note that a similar convergence result can be proved for the overlapping Schwarz
smoother. However, the relevant analysis requires verification of geometry-dependent
assumptions on the overlapping subdomains which are tied to the geometrical prop-
erties of the coarse-level basis. In contrast, all assumptions on our smoother are
strictly algebraic, and the analysis of the smoother is therefore independent of the
geometry of the problem or the particular choice of prolongation operators (geometri-
cal properties of coarse-levels). For our smoother, we only need the assumption that
its degree is sufficiently large, which in the quasiuniform case means, greater than or
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equal to Chy41/hk, C > 0. Moreover, our smoother is cheaper than the overlapping
Schwarz method, while its polynomial nature allows for easy and efficient parallel
implementation whenever a highly tuned parallel matrix-vector multiply subroutine
is available.

The paper is organized as follows: Section 2 presents a convergence result for the
multigrid method in an abstract setting. As usual, we require that the multigrid
relaxation process satisfies a smoothing condition, and that the hierarchy of coarse
spaces (and the associated prolongators) satisfies a weak approximation property. By
the very nature of aggressive coarsening, the smoothing procedure needs to do some
of the work done under normal circumstances by the coarse-grid correction process.
Therefore we have a weaker approximation condition and correspondingly a stronger
smoothing condition. We see the introduction of this relaxed weak approximation
condition, (2.14), as the main contribution of this paper. The corresponding stronger
smoothing condition, (2.16), is shown to be satisfied by our choice of the polynomial
smoother.

Section 3 is devoted to the analysis of an appropriate polynomial smoother suffi-
cient to satisfy the smoothing condition (2.16), needed to establish the convergence
bound. The smoother analysis presented here essentially follows [4] and presents a
minor generalization.

Section 4 summarizes the results presented in Sections 2 and 3 in the form of a
final abstract convergence estimate.

We conclude the paper by considering a model example in Section 5. Here we
demonstrate how the abstract result can be applied to obtain a convergence result
independent of the coarsening aggressivity in the case of a model example of a geo-
metric multigrid method with aggressive coarsening for a simple H{-equivalent model
problem discretized over a quasiuniform mesh.

2. MULTIGRID ALGORITHM AND ABSTRACT ESTIMATES

We are solving a problem
Ax=f

with a symmetric positive definite (s.p.d.) matrix A of order n. We set Ag = A and
no = n. We assume injective prolongators

Pl R™H S R™ oy <my, k=0,...,01—1,
where [ is the number of levels, are given. Define a composite prolongator
Pl=P)...PF ",
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and assume that the coarse-level matrices are defined by the usual variational
(Galerkin) formula

(2.1) Apyr = (Plfﬂ)TAkPlfﬂ = (PI?Jrl)TAPISJrl'

To define a standard V-cycle multigrid, in addition to the hierarchy of matrices
{Ar} and prolongators {Pf, |}, we also need a multigrid relaxation, defined here
on level k as an iterative process with an error propagation operator I — M, LAy
We assume that the smoothing matrices My are such that the relaxation process is
an Ag-convergent iterative method, which is equivalent to M kT + My — Ag being a
positive definite matrix. We, in fact, assume that there is a constant o > 0, uniform
with respect to k > 0, such that,

(2.2) VE(ME + My, — Ap)vi = avi Apvy, for all vy € R™.
We denote by M}, the symmetrized smoother

(2.3) M), = Mp(MF + My — A) M.

It can be defined implicitly from the relation

(2.4) I =DM, Ay = (I — M7T AR (T — M Ay).

Based on a given choice of P,fﬂ, M, (that is Ag-convergent) for 0 < k <1 — 1,
and Ay obtained variationally from Aj_1 for 1 < k < [, starting with B; = A, for
k=1-1,...,1,0, we recursively define a V-cycle preconditioner (a s.p.d. matrix)
By, in the following standard way:

I— B A= — M "Ap) (I = PE B (PE)T Aw) (1T — M Ay).

Letting B = By, we are concerned in what occurs with the (upper) bound K, in the
estimate

(2.5) viAv <vT'Bv < K,.vT Av

(the lower bound holds because our algorithm is a variational multigrid). In what
follows, || - || and (-,-) denote the Euclidean norm and the inner product in the
relevant vector space. Further, for a symmetric positive definite matrix B, we define
()= (Be)and || ]l5 = )"

Our analysis is based on the XZ-identity ([11]), formulated here in its matrix-
vector form suitable for our purposes as follows. Given multigrid smoothers defined
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by M such that MJT + M; — A; are the s.p.d., interpolation matrices ij+1, and the
coarse matrices defined as Aj1q1 = (PJ] _H)TAij 1, the following XZ-identity holds

(cf. [10]):

(2.6) vIiAv < vTBv

-1
= int {1l DI + AP Py
i=0 ‘

_ k
Vo =V, v,{ =vi— P Vet

The infimum here is taken over the components {vy} of all possible decompositions
of v obtained as follows: Starting with vo = v, for k > 0, vi, = v£ + P,fHVkH, ie.,

choosing v € R™+1 arbitrary, we then let V£ =V — P,f_HVkH.

We observe that applying the triangle inequality together with the trivial inequal-
ity (a+0b)? < 2(a®+b?), a,b € R and using the property (2.2), results in the estimate

-1
@7 > IMfv+ Aij+1Vj+1H?M7.T+MFAJ)—1
=0 ‘

-1

2 ' 2
< 2(HMJ'V3J‘PH(MJT+M7‘—AJ~)*1 1A B viea s g ar—ay)-1)
=0
-1 -1
_ f12 / 2
=2 ZO [ M;v; ||(MJ.T+M]7AJ)*1 +2 z; HAJ’P}JAV?"“ ”(MjTJng*AJ)’l
Jj= J=

-1 9 -1 )

<2 Vil + o > AP vl -
§=0 i=0 ’
-1 9 -1 )

=2 [Iv/Il37, + > > P vl

§=0 j=0

-1 9 -1
=2)" HVfH?vJ. +o > Vil
j=0 j=0

-1 9 l
=23 VI + = Y vl
§=0 j=1

From here, we see that in order to bound the relative condition number of the V-cycle
preconditioner B with respect to A based on estimates (2.6) and (2.7), it is sufficient
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to bound the expressions below in terms of || v||% for some particular choice of {vy}:

-1

(2.8) Y IvilE, < allvi,
k=0

l

(2.9) S lvells, < Callvia,
k=1

and

(2.10) [vill%, < Csllvli%-

Indeed, the estimates (2.6) and (2.7) give

J

-1 l
2
(2.11) viAv <vVIBv < w3, +2) Hv;fHQMJ_ += > villA
j=0 J=1

< <C3 +2C1 + %CQ)VTAV.

Note that (2.10) follows from (2.9) with C5 = Cs.
We define coarse-spaces Vj, and associated norms || - || by

);

(2.12) Vi = Rng(P
VxTx, k=0,...,1(P)=1I).

I Il Pex = [||

Further, we define

AP%x, PO
(2.13) Akj =  sup %,
x€R"k\{0} HPkXHj

Note that /\k,j < Q(Aj) and /\k,k = Q(Ak).

Remark 2.1. Definition (2.13) allows the following interpretation: The spectral
bound 4 > (AP0 )
kX, X Prx, P'x
o(Ar) = sup ——5 =  sup %
xR\ {0} [l xRk \{0} I kak
indicates the smoothness of the space V}, with respect to the norm ||-||;. The quantity
APPx, P? APYx, P? APYx, P?
ey SARNEN L (RPN (4 E)
xerme\foy PR xermi\{0} [|POPIx|?  xermi\(oy  [|Plx]|?
j < k, indicates the smoothness of the space Vj, with respect to the finer space
norm | - ;.

We now formulate our abstract convergence estimate,
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Theorem 2.1. Let S\kJrLk 2 A1k, k=0,...,l—1 be upper bounds. We assume
the existence of linear mappings Qr: Vo — Vi, Qo = I, satisfying

Ca
(214) H(Qk — Qk;Jrl)v”k < _7HV||A Vv € V(), k= 0,.. .,l -1,
A/ Aet1,k
and
(2.15) 1Qula < Csy k=0,....1.

Further, we assume that our smoothers, My, satisfy (2.2) and the symmetrized
smoothers M, satisfy

(2.16) V27, < BwsrklVIZ+ IVIA,) ¥V eR™, k=0,...,1-1.

Then the resulting multigrid operator B is nearly spectrally equivalent to A, more
precisely,

217)  vTAv <v7Bv < [03 +2 (5(03 +402) + lC’f)}vTAv Vv € R™.
«

Remark 2.2. The difference from the results previously obtained based on the
theory in [2] is in our use of the weak approximation condition (2.14). The original
theory relied instead on the condition

(2.18) 1@k — Qus)v i < %nvu,

and the approximation properties of the space Vi1 were thus measured against
the smoothness of the space Vi, (because of p(Ax)). In typical applications, the
approximation on the left-hand side of (2.18) is guided by hy1, while the spectral
bound of Ay and the scaling of the || - ||z-norm are guided by hs. To prove (2.18), the
ratio hy11/hi has to be bounded, and the resolutions of spaces Vj, and V41 have to
be comparable.

In our case, the approximation properties of the space Vi1 are measured against

(the upper bound of) Apy1x = sup (Arx,x)/|1x)|1> < o(Ag), that is,
x€Rng(Pf,;)\{0}
against the smoothness of the space Vj11 (measured with respect to the norm || - ||

used on the left-hand side of (2.14)), and therefore the resolutions of the spaces Vj,
and Vi1 do not have to be comparable. The current estimate thus allows us to prove
a convergence result independent of the coarsening ratio. The cost of the uniform
convergence result, when the coarsening ratio becomes large (Ag+1.1 < 0(Ax)), is in
the increasing demand on the smoother that arises through the smoothing condition
(2.16).
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Proof. We write linear mappings Qi: Vo — Vi = Rng(PP), k = 0,...,[, in
the form
Qr=PlQk, Qr: Vo=R™ —R"™.
In the XZ-identity (2.6), we choose

Vk:éjkv, k:].,...,l.

Therefore (see (2.6)),

VIJ: =V — Plf+1vk+1 = (Qr — PI§+1Qk+1)V~
Thus, to prove our theorem means to verify the inequalities (2.8), (2.9), and (2.10)
for the above particular decomposition of v.

To prove (2.8), we estimate using the assumptions (2.16), (2.14) and (2.15), the
definition (2.12) of || - ||k, Qx = PPQx for k =0,...,1 and the triangle inequality:

(2:19)  |Ivill37,

1(Qk — Pl Qurn)vig,
M1k [ (Qr = PEL Qe VIR + [1(Qr — PEL Qern)VIIE,)
k+1, kHPk (Qk - Pk+1Qk+1)V||k + HPk (Qk P§+1Qk+1)v||,24)

B(
B
Btk l(Qk = Qre)VIE + @k — Qrrr)VII%)
B(C,
B(

([N

AIvIA +2(0Quvi + 1Qrarvl2))

<
< B(CE+A4CD)IvIA.

Thus,
va;jHMk\ B(C2 +4C2) v,
proving (2.8) with a constant
Cy = 16(C% 4 4C?).
To prove (2.9) and (2.10), we realize that
Ivalla, = 1QkvIZ, = 1Quvli < C2IIvIE,

hence (2.9) immediately follows with a constant

Cy = C?
and (2.10) with a constant
C3 =C2.
The estimate (2.17) now follows by (2.11). O
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3. POLYNOMIAL SMOOTHER

In this section, we investigate a polynomial smoother with the error propagation
operator

1
(3.1) I—M;TA,=1-M"A, = S,j(I— msﬁAk),
Kk

where S is a polynomial in Ay such that o(Sg) < 1, S‘S,"QA;« > 0(S?Ay) and v is a
positive integer. The particular cases of interest are y =1 and v = 2.

From (2.4) and the fact that the error propagation operator corresponding to the
symmetrized smoother M}, is

- 1 2
I =TI Ap = (I — M7TAR) (I — M Ay) = S2 (1 -3 S,zAk) ,

524,

it follows that the corresponding symmetrized smoother M, is given by

(3.2) M= A [1 - (1 - ﬁsgAk)Qsﬂ.

Lemma 3.1. We assume that Sy is a polynomial in Ay such that o(Sy) < 1,
XSﬁAk > o(S2Ag), and v is a positive integer. Let {v;} be the eigenvectors of A, and
Ai(Sk) the corresponding eigenvalues of Si. For a given parameter, q € (0,1), define

Up = {span{v;}: |X\i(Sk)| < ¢} and Uz = {span{v;}: |Xi(Sk)| > ¢}.

Then the symmetrized smoother M, in (3.2) is positive definite and satisfies

]_ 5\5214
2 2 2 k 2
i3z, < 1= o %[, Vx €U, |x[I5, < q’} [x[|* vx € Us,
and
2 1 2 5‘5%7« 2 nk
(3.3) I3z, < T o %%, + 2 [x[|* Vx e R™, g€ (0,1).

Remark 3.1. Our goal is to satisfy the smoothing condition (2.16). Therefore,
in view of (3.3), the property the smoother (3.1) needs to satisfy is

(3.4) XSﬁAk < CAt1k
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(with Ary1.x < 0(Ag) for aggressive coarsening). Indeed, from (3.4) and (3.3), it
follows that

1 1 -
Ixly, < max{ 7=z o3 PR, + Aspa, )
1 1 -
< max{ﬁ7 ?} -max{1,C} (||Ix[|%, + Aer1rlx[?) Vvx € R™.

Here g € (0,1) is a parameter we choose. Thus, (2.16) follows from (3.4) and (3.3)
with

. 1 1

(3.5) B:qg(l(l){ll)max{ﬁ,q?} -max{1, C}.

The role of the smoothing polynomial, S, = p(Ay), is therefore to minimize o(S7Ay)
(to attain the same order of magnitude as Xk+17k), subject to the constraint that Sy
is an error propagation operator of an Ag-non-divergent smoother, that is, p(0) = 1
and o(Si) < 1. Let A\x > 0(Ay) be an available upper bound. The polynomial p of
a given degree, Ny, satisfying the above constraints and minimizing the right-hand
side of the inequality

0(SiAr) = o(p*(Ar)Ar) = max p*(t)t < max p(t)t
teo(Ayg) t€[0,Ak]

will be given in Lemma 3.2.

Remark 3.2. For v = 1, using the minimizer § = 1/v/2, we have (see (3.5))

. 1 1
min max{ } = 2.

9€(0.1) 1—¢ ¢
Similarly, for v = 2, using the minimizer § = 1/%(—1 +/5), we get
1 1 2
min max { ——, — 1§ = —=— = 1618034,
q€(0,1) 1—g¢>"¢q -14++5

Proof. The proof given here is a generalization of the one given in [4].

Recall that both Sy and I — 5\;21 AL S?A), are polynomials in Ay, hence all these
k

matrices have common eigenvectors, mutually commute and U; and U; are their

common invariant subspaces. Further, o(Sy) <1 and o(I — A s SZAR) < 1.

52 Ay,
To prove

(3.6) (Mpx,x) < (Arx,x) on Uy,

1— g2
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((-,-) denotes the Euclidean inner product in R™*), we use (3.2) and estimate for
x € Uq:
71 _ /41 o Sai(r b e Ve
(M), x,x) = (A, 'x,X) <Ak (I stAk SkAk) Sy x,x>
(A%, x) — (AL1S)x, %)
<A]:1X7 X> - q2V<A];1XaX> = (1 - q27)<A;1X7 X>'

VoWV

Since U; is an invariant subspace of both M) and Ay, both M;l and M), are
symmetric, positive definite on U; and the statement (3.6) follows.
To prove

_ 2
(3.7) (M1x,x) < %HXHQ on U,
we estimate for x € Us:

(ﬁi;lx,x>::(A;lx,x>—»<A;1<I—-i_l——S%Ak)QSﬁVX,X>

824,
1
2 Ak
1 2
=3 <SkX,X>
As24,
2
> T |Ix||2.
As2 4,

Since U, is an invariant subspace of M}, both M;l and M, are symmetric, positive
definite on U, and the statement (3.7) follows.
Let us consider the decomposition of x € R™* \ {0},

X = X1 + X2, X1€U1, X9 € Us.

From the definition of the spaces Uy, U, it follows that the spaces U; and Us are
orthogonal, that is,

<X1, X2> =0.
Since U; and Us are invariant subspaces of both A; and My, it also follows that
(Arx1,x2) = (Mpx1,%x2) = 0.
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Therefore, since M), is symmetric, positive definite on both U; and Us, it follows
that
(Myx,x) = (Myx1,%x1) + (Mypxa,x2) > 0,

hence M}, is symmetric, positive definite on R™. Thus, the spaces U; and Us form
a decomposition of R™ that is orthogonal with respect to the norms ||-||, || - |4, and
| - I3z, Then (3.6) and (3.7) give

I3z, = IlxallFz, + %2l

1 9 /\S?Ak 9 1 9 ;\S?Ak
<WHX1”A;€+ qu [zl <WHXHA,C+ qu x|

%,

proving (3.3). O

While the validity of property (2.16) is addressed by Lemma 3.1, we still need to
verify that inequality (2.2) is satisfied for our choice of the smoother. To this end,
the smoother S is introduced in the next lemma.

Lemma 3.2. For any A > 0 and integer N > 0 there is a unique polynomial p) n
of degree N such that

2
)t
Oglggm,zv( )

is minimal under the constraint py n(0) = 1. The polynomial p is given by

09 = (=) (), M ()

k=1,...,N. The polynomial py n satisfies

A
2 —
(3.9) (max Py v (E)E = GN 1)
and
(3.10) (nax, lpan ()] = 1.

The polynomial py,n is the transformed Chebyshev polynomial
1 VA Vi
W = Tonia (—),
2N +1 /& vV

where T}, is a Chebyshev polynomial of degree k, that is To(t) = 1, T1(t) = ¢, and
Tk+1(t) = QtTk(t) — kal(t) for k 2 1.

pAN(t) = (-1

Proof. Proof of the lemma in this form can be found in [3]. The analysis of
Chebyshev polynomials can be found in [1], see also [10]. O
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Let A be an available upper bound of o(A) and let the integer Ny be a given
degree of the smoothing polynomial. We choose

(3.11) Sk = px,.N, (Ak),
where py n is given by (3.8). Further, we set

Rorn, =
SiAr T 2N, +1)2

Then, by Lemma 3.2 and the spectral mapping theorem, we have

2 _ 2 2
(3.12) o(SkAr) = DX P3N B < X DA (t)t

Ak

= As24, = @ dea(Se) + 12" o(Sk) < 1.

Lemma 3.3. For the smoother (3.1), with v = 1 and Sy given by (3.11) and
(3.8), the inequality (2.2) holds with

2
bop=1———=€(0,1).
Further, for v > 0 that is even, and Sy, being a polynomial in Ay, satistfying o(S) < 1,
the inequality (2.2) holds with o = 1. (That is, for even v > 0, we do not have to
assume that Sy is given by (3.11) and (3.8), we only need Sy to be a polynomial in
Ay such that o(Sg) < 1.)

Proof. For the proof in the case of v = 1 and Sj given by (3.11) and (3.8),
see [4], Lemma 6.2 and Proposition 7.3.
For an even v and Sy, being a polynomial in Ay satisfying o(Sk) < 1, we have

1
<Mk_1x7 X) = (A,;lx, X) — <A,;1 (I — = SﬁAk)S,Zx,X> < <A,:1x7 X).
As2 A,
Hence, M}y, > Ay, and therefore assumption (2.2) on the smoother My, holds trivially
with a = 1. 0

Remark 3.3. The most natural way to implement the action of (3.1) for a given
vector x is the following: To perform the iteration with the linear part Si given by
(3.11) and (3.8), we do for i = 1,..., N; = deg(Sk),

x— (I —ajAp)x+aif, ;= (7]“ (1 — cos (2]@%)))_1, e = 0(Ag).
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To perform the iteration with the error propagation operator I — 5‘551 AkS,%Ak, we do

1
X x — ——SHApx — f),
524,

where the action of S is evaluated as the product

Skx = (I — OélAk) A (I — aNkAk)x'

4. THE FINAL ABSTRACT RESULT

In this section, we summarize the results proved in Sections 2 and 3 in the form
of a theorem.

Theorem 4.1. Let S\kJrLk > Mp1e (B =0,...,1—1) and e = o(Ay) (k =
0,...,1) be upper bounds. We assume the existence of linear mappings (see (2.12))
Qr: Vo = Vi, k = 0,...,1, Qo = I, satisfying (2.14) and (2.15) with positive
constants C, and Cy, independent of the level. Further, we assume that the linear
part of both the pre- and post-smoother is given by (3.1) with S = px, n,(Ax),
where the polynomial py n is given by (3.8) and its degree, Ny, satisfies

(4.1) Ni = Caegy | = . k=0,...,01—1,

with a constant Cgeg > 0 independent of the level. We assume that «y in (3.1) is
either even, or v = 1. Then (2.17) is satisfied; that is,

v Av < vIBv < [Cf +21 (5(03 +4C2) + lcf)}vT,axv Vv € R™
«

holds with

1 for v even,
(4.2) o= do 2

——, 00=1——= fory=1

20, 0 3\/5 Y
and

. 1 1 1

(4.3) 5:q1€1(1(1)1’11)max{w,q—2}.max{l,@}.
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Proof. Statement (2.17) follows from Theorem 2.1 under assumptions (2.2)
and (2.16) (inequalities (2.14) and (2.15) are assumptions of this theorem).

Assumption (2.2), with « given by (4.2), has been verified by Lemma 3.3.

According to Remark 3.1, (2.16) holds under assumption (3.4). Using Lemma 3.2,
we estimate

- Ak
S2A 2 it <A = 2 = ———e+-.
Q( k k) m(a’j() )\kak( ) S%Ak tEn&) )\k] )\k:Nk( ) (Zdeg(sk) + 1)2
Based on assumption (4.1), we further estimate
- ;\k S\k ;\k 1 <
Ag24, = < < Akt1k
e (2deg(Sk) +1)% T 4deg®(Sk)  4C2,, e 4(;3eg *

thus proving (3.4) with the constant C' = 1/(4Cgeg). Hence, inequality (2.16), with
3 given by (4.3), follows by Remark 3.1. Estimate (2.17), with « given by (4.2) and
3 given by (4.3), now follows by Theorem 2.1. O

5. MODEL EXAMPLE

We consider a model elliptic problem with H}-equivalent form on a bounded polyg-
onal or polyhedral domain Q C R, d =2 or d = 3, that is,

(5.1) find u € H}(Q) such that a(u,v) = (f,v) 1, Yv € Hy (),
where f € L2(Q) and
(5.2) c|u|§{1(m < alu,u) < C’|u|?{1(9) Yu € Hy ().

Further, we consider a system of nested quasiuniform triangulations {7, }\_, of Q2
(Th,, being the refinement of 73, , ) and the corresponding piecewise linear (P1) finite
element spaces

H3(Q) D Vi D Vi D ... D V.

Here, hi denotes a characteristic meshsize on level k. Note that the case of interest
is hy < hi41. We denote the standard P1 finite element basis of V},, by {apf, i =
1,...,nk}, and define standard finite element interpolators in the usual way:

NE
Iy, : x € R™* Hingaf, k=0,...,1.

i=1
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We assume that the matrix A = Ag was obtained by the standard finite element

discretization of (5.1) using the finite element basis {¢?}7,, that is,

a(Ilp,x, I x) = (Aox,x), x € R™.
The multigrid prolongators are given by
(5.3) Py =10, T,

Note that P,f '\ 1 1S an ng X ng41 matrix whose j-th column is the basis function go?“
represented in terms of the basis {¢¥} of the immediately finer level. The coarse-level
matrices are defined by (2.1), that is,

A= (BT A Byt = (BY)TAP,
(Arpx,x) = a(Ilp, x, i, x), YxeR™, k=1,...,1L

Let Qp,: H}(Q) — Vi, be an Ly(Q)-orthogonal projection. We define @k: R™o —
R™ by
Hthk:Qthho; If:O,,l

For k=0,...,1, we set
Qr = PQx.

We will verify the assumptions of Theorem 4.1 for the above linear mappings Q.
Namely, we need to verify assumptions (2.14) and (2.15) for our linear mappings Q
and satisfy the assumption (4.1) for smoothers M}, whose error propagation operator
is given by the polynomial (3.1), where Sy, is chosen as in (3.11) and (3.8). We will
show that our method converges uniformly with respect to the coarsening ratio if
the polynomial Sy, = px, n, (Ax) in (3.11) has a degree

Ny, = deg(Si) > ChZH, C>0.
k

Note that the assumption chyi1/hr < deg(Sk) < Chyy1/hy is equivalent to

h h
(5.4) c Z:l < deg(I — M Ap) = (24 7) deg(Sk) +1 < C Z:l

(with different constants ¢,C > 0). Again, we recall that the cases of practical
interest are v = 1 and v = 2. In any case, we consider v bounded. Thus, in what
follows, we assume (5.4).
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We will use the following well-known properties of the finite element functions ([5]):

(5.5) 1(I = Qn)ull o) < Chylului) Yu e Hy(),

(5.6) |Qn.ul o) < Clulmo) Yu e H)(),

(5.7) Al x)17, ) < hilx]| < ClMx[7,0) Vx € R™,
(5.8) o(Ar) <C. _pax, |50k|H1(Q < Chi2.

In the estimates to follow, C,c¢ denote generic constants that will depend on the
constants in (5.2), (5.5), (5.6), (5.7), (5.8), and (5.4).
First we estimate the value of A\py1 5 in (2.14):

Api1x,x
(5.9) A+l = Sup %
xER™6+1\{0} [ k+1x||k
_ - ( (Ap1x,x) ||P1?+1XH£+1)
x€R™k+1\{0} HPkJrIXHkJrl ”PInglXHi
A PO, x|?
< sup ( (;c+1X;2X> ' sup [ k—gl ||k-2H
xER™k+1\{0} ||Pk+1XHk+1 xER™k+1\{0} ”PkJrIX”k
_ (Ag+1x,%) x|
= sup 2 0 pk 2
xR +1\{0} [Ix]| x€R™k+1\{0} HPkPk+1XHk
[Ix]*

= 0(Akt1)  sup o
x€R™k+1\{0} ||Pk+1x||2

Employing the equivalence (5.7) between the Lo-norm and the Euclidean norm,
together with the definition P,f_H = Hgkll'[hkﬂ, we obtain

||Hhk+1x||2L2(Q) ||Hhkpk+1x||L2(Q) ~ hil ||Pk+1x||2
From here and from (5.7), we have
—d —d
1Py x||* =~ by Ty x )12, and (x| 2 by [T, 12

The last two equivalences, together with (5.9) and (5.8), yield

- <]
(510) >\k+1,k < Chd 2 sup T ——
i x€R™k+1\{0} HPkHXH

hk+1 ||Hhk+1xl|%2(ﬂ)

< Ch‘éﬁ p —d
x€R™k+1\{0} hk HHhk-HXH%z(Q)
_ hd
< Mgre =05,
h
k+1
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(We take the final estimate as an upper bound S\kJrLk > Ait1,k, see Theorem 2.1.)
To verify (2.14), we further estimate using (5.5), (5.7), (2.12), PF,, = H}:thkH,

k

Hhk@k = Qhkﬂho, Qr = P]g@k, the fact that Qhk: Hl(Q) — th is an LQ(Q)-
orthogonal projection and Vj, , C Vp,:

1(Qk — Qrs1)VIE = (PYQx — PPy Qrsn)VIIE
= |PY(Qk — PEQrin)VI1E
= ||(©k - Plf+1©k+1)v||2
~ T, (Qk — P Qua)VIIT L (0
= hy (T, Qi — Ty, Qi1)VII3, 0
= b 1@y, — Qhy )Mo VI, ()
< (I = Qu) g V17 40y + 1(@ny — Qnic )T V17 4 (0)
= hI;dH(I - QhHl)HhoVHQLQ(Q)

h
<C

2
k1
i Tho VI3 -

Since
|Hh0v|%11(ﬂ) ~ a(Hhovvnhov) = ”VH,%D

and from (5.10), i.e.
U

2
hk+1

Motk S A1, =C

)

we obtain

c
1@k = Qur1)VIli < ST VI,
k+1,k

proving (2.14).
To verify (2.15), we use (5.6), (5.2) and I, Qr = Qp,IIp, and observe that

1QrvI4 = 1QuvIA, = a(Tlh, Qkv, TTn, Q) = a(Qn, Ih,V, Qn, 11, V)

< C|Qhknhov|§{1(ﬂ) < C|Hh0v|§{1(ﬂ) < Ca(HhoVaHhov) = C||VH124

To satisfy (4.1), it is sufficient to use, in the definition (3.11) of Sk, a polynomial
Px,.n, of sufficiently large degree. From (5.10), we have

hi

2
hk+1

Mog1e =C 2 Mgk

Further, due to (5.8), we can take
S\k = ChZ_Q 2 Q(Ak)
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Thus, we have

A h 2
o~ Ot

and to satisfy (4.1), we need

h
deg(Sy) > C—=,
hi
which is guaranteed by (5.4). Thus the assumptions of Theorem 4.1 are verified
whenever v = 1 or 7 is even.
We summarize the above results in the following theorem:

Theorem 5.1. Consider the model elliptic problem and coarse spaces derived
from nested quasiuniform triangulations as described in this section, with the inter-
grid transfer operators defined by the natural embedding of the spaces (5.3). Assume
the error propagation operators of both the pre- and post-smoother are given on each
level k =0,...,1—1 by (3.1), with Sy, defined by (3.11), (3.8), and either v =1 or
v > 0 even. We assume v is bounded. In addition, we assume that the degree of
the smoothing polynomial satisfies (5.4). Then the resulting multigrid operator, B,
is nearly spectrally equivalent to A, that is,

viAv <vIBv < ClvlAv ¥Yv e R™,

where the constant C' is independent on the meshsizes hy, (and the coarsening ratio
i1/ he)-
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