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Abstract. Almost completely decomposable groups with a critical typeset of type (1, 3)
and a p-primary regulator quotient are studied. It is shown that there are, depending on
the exponent of the regulator quotient pk, either no indecomposables if £ < 2; only six near
isomorphism types of indecomposables if £k = 3; and indecomposables of arbitrary large
rank if k > 4.
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1. INTRODUCTION

A torsion-free abelian group G is completely decomposable if G is isomorphic to
a finite direct sum of subgroups of Q, the additive group of rational numbers, and al-
most completely decomposable if G contains a completely decomposable subgroup A
with G/A a finite group. Almost completely decomposable groups are a notori-
ously complicated class of torsion-free abelian groups of finite rank ([15], [2], [17]),
the source of many pathological decompositions ([13]) and have been generalized to
infinite rank ([18]).

A subgroup R of an almost completely decomposable group G is a regulating
subgroup of G if and only if R is completely decomposable and |G/R)| is the least
integer in the set {|G/A|: A is completely decomposable with G/A finite} ([15]).
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The regulator R(G) is the intersection of all regulating subgroups of G. Burk-
hardt ([8]) showed that the regulator is again completely decomposable, has finite
index in G, and is fully invariant.

It can happen that an almost completely decomposable group contains exactly
one regulating subgroup that then coincides with the regulator. In this case we have
a requlating requlator.

The set of all types of elements of a torsion-free abelian group G is called the
typeset of G. For almost completely decomposable groups the (finite) set of types of
the direct summands of rank 1 of the regulator is called the critical typeset. This is
an invariant. The typeset of an almost completely decomposable group is the closure
of the critical typeset relative to the intersection of types.

An essential breakthrough came with the concept of “near-isomorphism” that
is a weakening of isomorphism, ([16], [17, Chapter 9]). While a classification of
almost completely decomposable groups up to isomorphism is hopeless some almost
completely decomposable groups could be classified up to near-isomorphism. At
the same time near-isomorphism is not so general that important properties become
indistinguishable. To witness, the well-known and important theorem of Arnold ([1,
12.9, p. 144], [17, Theorem 10.2.5]) states that the decomposition properties of two
near-isomorphic torsion-free groups of finite rank have (up to near-isomorphism of
summands) the same decomposition properties.

The pathological decompositions of almost completely decomposable groups, see
for example Corner’s Theorem ([9]) derive from the presence of several primes in
the order of the regulator quotient G/R(G). If the regulator quotient is a primary
group (the “p-local” case), then, according to a result by Faticoni-Schultz ([12]) the
direct decompositions of the group with indecomposable summands are unique up
to near-isomorphism.

In this paper we completely settle a special case. Let p be a prime, (1,3) =
(10,71 < T2 < 73) a set of types, partially ordered as indicated with 7;(p) # oo.
Let R= Ry ® R1 ® Ry ® R3 where R; is homogeneous completely decomposable of
finite rank > 1 and type 7;. A p-reduced, almost completely decomposable group G
is called a (1,3)-group if R(G) =2 R and G/R(G) is p-primary. Such a group has
a regulating regulator ([19]) and, up to near-isomorphism, unique indecomposable
decompositions. Hence, for (1, 3)-groups, the main problem is to determine the near-
isomorphism classes of indecomposable (1, 3)-groups. We show that

e there are no indecomposable (1,3)-groups G with exp(G/R(G)) < p? (Theo-

rem 30),
e there are six near-isomorphism classes of indecomposable (1,3)-groups G

with exp(G/R(G)) = p3. The regulator quotients are isomorphic to Z/p3Z,
(2/p*1) & (Z/p°L), (Z/p°L) & (Z/p*Z) or (Z/p°L) & (Z/pZ) (Theorem 32),
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e there exist indecomposable (1, 3)-groups of rank 5n for any integer n > 1 with
regulator quotient of exponent p? (Theorem 33) ([6, Theorem 1]). Our proof is
alternate using the techniques of this paper.

Clearly, similar questions arise for other small typesets. For the case (1,2) partial
results can be found ([3], [11], [20], [26]). The cases (1,2), (2,2) and (1,n) are in
work.

A few words about the methods used in this paper. A p-reduced, almost completely
decomposable group G with regulator quotient a finite p-group is associated with an
integer coordinate matrix (Section 3). Two such groups are nearly isomorphic if and
only if their coordinate matrices are equivalent via an equivalence relation defined
by certain row and column operations (Theorem 12). A group G with no 1l-rank
summands is indecomposable if and only if its coordinate matrix is not equivalent
to a matrix direct sum (Sections 4 and 5). As a result, indecomposable (1, 3)-groups
with regulator quotients bounded by p? can be characterized, up to near isomorphism,
by using specified row and column operations to reduce the coordinate matrices to
a coordinate matrix of an indecomposable group (Sections 6 and 7).

This classification procedure is similar to the solution to “matrix problems” for
representations of finite posets over a field and algebras over a field, often an alge-
braically closed field ([21], [22], [10], [7], [23], [24]), and there is a survey of matrix
problems over fields and division rings ([25]). Since matrix problems in this paper
concern integer matrices, solutions and techniques for matrix problems over fields do
not apply directly. Some matrix problems for matrices over discrete valuation rings
and their factor rings are solved (]2, Chapter 4], [4], [5]).

The problem of characterizing those almost completely decomposable S-groups
with regulator quotients bounded by p™ and bounded or unbounded representation
type is also dealt with ([6]).

2. PRELIMINARIES

Throughout, p denotes an arbitrary but fixed prime number. Let G be an almost
completely decomposable group. Recall that G contains the completely decompos-
able, fully invariant regulator R(G) and that the regulator quotient G/R(G) is a finite
p-primary abelian group. The isomorphism classes of the regulator and the regula-
tor quotient are near-isomorphism invariants ([17, 8.1.13 and 8.2.8]). The critical
typeset, Ter(G), of the almost completely decomposable group G is

T.(G) = {r: G(1)/G¥(r) # 0}.

Recall that a partially ordered set 7" is said to be V-free (or an inverted forest) if for
all 7 € T, the subsets T'(> 7) are chains. In particular, anti-chains are V-free.
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An almost completely decomposable group G has a regulating regulator if T¢,(G)
is V-free ([19, 1.4, p. 212], [17, Proposition 4.5.4]).

A torsion-free abelian group is called p-reduced if the maximal p-divisible sub-
group is trivial. An almost completely decomposable group G is p-local if G/R(G)
is a p-group. We consider exclusively p-reduced and p-local almost completely de-
composable groups.

3. COORDINATE MATRICES

The goal of this section is to describe almost completely decomposable groups by
means of an integer matrix, the “coordinate matrix”. We consider groups with fixed
regulator and regulator quotient. The coordinate matrix is obtained by means of
“bases” of R = R(G) and G/R.

n

Let R = €D Siz; be a completely decomposable group. The ordered set
i=1

(z1,...,2y) is a decomposition basis of R with coefficient groups S; when x; € R

for each i and S; = {s € Q: sz; € R}. The type of a subgroup S C Q is denoted
by tp(S), and < is the order relation in the lattice of types. Note that the purifica-
tion of (x;) in Ris (z;)F = S;z;, 1 € S;, and tp(x;) = tp(S;). The decomposition
basis (x1,...,x,) is a p-basis of Rif p ¢ S;.

We study transitions from one decomposition basis of R to another.

Lemma 1. Let Y = [Y; ;| be a rational matrix, let (z1,...,2,) and (y1,...,Yn)
be decomposition bases of R such that tp(z;) = tp(y;) for every i. Assume that

n
yi = . Y;x;. ThenY; ; # 0 implies that tp(x;) < tp(z;).
i=1

Proof. Write R = @ S;z; = @ Tiy;. By hypothesis S; = T;. We first note
N .

7 =1

J
Therefore, if Y; ; # 0, then tp(S;) = tp(T3) < tp(S;). O

that for all ¢ € T} we get ty; = > tY; ;jx; € R and hence tY; ; € S;. So T;Y; ; C S;.
=1

The rank of an integer matrix modulo p is called its p-rank. A square integer
matrix Y is p-invertible if ged(p,detY) = 1, equivalently, if there is an integer
matrix Z such that YZ = ZY = I mod p* for any integer k > 0.

Definition. Let ¥ = (71,...,7,) be a sequence of types. A p-invertible n x n
matrix Y = [V; ;] is conforming with ¥ if Y; ; # 0 implies that 7; < 7;.

Remark 2. Suppose that the type sequence T = (11,...,7,) is such that 7; < 7;
implies that i < j, i.e., if two different types are comparable; then the larger type has
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the larger index. Moreover, if 7; = 7; for i < j, then 7, = 7; = 75 for all ¢ <1 < j.
We will always label types to satisfy this condition. In particular, a ¥-conforming
matrix is upper block triangular. If in addition the types 7; are pairwise different,
then a T-conforming matrix is upper triangular. In the other extreme, if the types 7;
are all equal, then any p-invertible matrix is conforming.

The following characterization of conforming matrices will come in handy.

Lemma 3. Let R = S121 & ... D Spxp, set 7, = tp(S;), and let Y = [Y; ;] be
a p-invertible n x n (integer) matrix. The matrix Y determines an invertible linear

transformation Y : QR — QR by setting Y (x;) = . Yi jo;. Then Y;; # 0 implies
=1

7; < 71 if and only if ?(@R(Ti)) = QR(m;) for 1 < i < n. In particular, if Y is
conforming, then so is adj(Y").

Proof. Assume first that Y (QR(r;)) € QR(7;) for every i. We have that
z; € R(r;). From the definition of the transformation Y we get that Y (z;) =
Yiizi+ ...+ Y, pz, € QR(1;) N R = R(7;). Hence if Y; ; # 0, then 7, < 75.

Conversely, assume that Y is conforming. Let z € QR(7;). Then thereis0 # k € N
such that kz € R(7;). In terms of the basis of R we get kx = Y {sjz;: 7; >
7i}. Applying Y we get kY (z) = Y {s;Y(z;): 7 > 7}. As Y is conforming,
Y (x;) = S {Yj s 7 = 75} for 7; = 74, hence Y (x;) € S {R(m): 7 > 7} C R(7}).
Hence kY (z) € S{R(7): 7; > 71} C R(w;) and Y (z) € QR(r;). This shows that
Y (QR(7;)) € QR(r;) and equality follows because QR(7;) is a finite dimensional Q-
vector space and Y is injective. Finally, letting Y’ denote the linear transformation
determined by adj(Y’), we have Y'(QR(7;)) = det(Y)Y " (QR(r;)) = QR(;). O

Conforming matrices are connected with endomorphisms of completely decompos-
able groups.

Lemma 4. Let R = S;x; where (x1,...,x,) C R is a p-basis of R. Let
=1

1=

Y =Y, ] be a conforming matrix. Set y;, = »_ Y; jx;. Then:
j=1

(1) Y: QR — QR: Y (x;) = y; defines an invertible linear transformation whose
matrix with respect to the basis X = (z1,...,2,) is Y.

(2) Y(R) C R, i.e., Y € End(R), if and only if S;Y; ; C S; for all i, j.

(3) There exists an integer d relatively prime to p such that dY € End(R).

Proof. (1) Recall that the columns of the matrix of ¥ are formed by the
X-coordinates of the images Y(xz) = y;. The map Y is bijective because detY’ #0.
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(2) Y(R) C R <= Vi: Y(Sizi) C R <= Yi,Vs € Si: Y(sx;) = sY(x;) =
Z SY;,jJ?j €ER—=Vij: SiYiJ' C Sj.
j=1

(3) The condition of (2) is satisfied if ¥; ; = 0. Assume that Y; ; # 0. Then by
the definition of the conforming matrix we have tp(S;) < tp(S;) and this means that
there exists d # 0 such that dS; C S;. This d may be chosen to be relatively prime
to p because X is a p-basis, i.e., p ¢ S;, and d may be chosen large enough to work

for all ¢, j. O

Example 5. Let R = Ry @ Ry & Ry & R3 where R; is homogeneous com-
pletely decomposable of rank r; > 1 and type 7; with the critical typeset Te.(R) =
{70, 71, T2, T3} partially ordered as shown.

T3
T..(R) = T2
o T1
Let n = rg + 71 + 712+ r3. An n X n integer matrix Y is conforming with ¥ =
(TOyeee s TOs Thy e o s T1y T2y« -y T2, T3, - - ., T3), T; Tepeated r;times if it has the form

Yoo 0 0 0
0 Y1 Yip Yis
0 0 Yoo Yo3
0 0 0 Yis

Y =

where Y; ; is an 7; X r; integer matrix and the diagonal blocks Y; ; are p-invertible.

Definition. Let G be a p-reduced, p-local, almost completely decomposable
group with a completely decomposable subgroup R of finite index. A matrix a =
[a; ;] is a coordinate matriz of G modulo R if « is integral, there is a basis (y1,...,7)
of G/R, there are representatives g; € G of v;, and there is a p-basis (z1,...,z,)
of R such that

g; = p_ka‘, (Z Oélijj) where <’yl> at Zpk7 .
j=1

If v; = gi + R, we will call (¢1,...,9r) a basis of G modulo R. Since (y1,...,7,) is
a basis of G/R, an r x n coordinate matrix has p-rank r, i.e., it has a p-invertible
7 X r submatrix.

The diagonal matrix S = diag(p**,...,p"") is called the structure matriz of G
modulo R corresponding to the basis (v1,...,7) of G/R if p* = ord(y;). The
sequence T = (tp(z1),...,tp(xy,)) is called the type sequence corresponding to the

p-basis (x1,...,2,) of R.

Coordinate matrices exist in abundance.

312



Lemma 6. Let G be a p-local, p-reduced, almost completely decomposable
group with regulator R = @ S;x; where (z1,...,x,) is a p-basis of R. Let G/R =
i=1

@D (vi) with (v;) = Z, be the regulator quotient of G, let v; = g; + R, where
i=1

n
. — p—ki Iy / ;
gi =D (21 ai’jx]) for some a; ; € ;.
j:

Then G = R+ Y Zg; C QR and there exists an integer d relatively prime to p
i=1

such that
o G/R= @ (dv),
=1
(dvi) = Ly,
d’yi = dgz + R7
n
i=1 /

ged(p,das o, ..., dag ) = 1.

Proof. As(z1,...,2y) s ap-basis, the denominator of o; ; as a reduced fraction
is relatively prime to p. Hence there is d € N with ged(p, d) = 1 such that da; ; € Z
for all 4, 7. With this d the first four claims are immediate. The last statement
follows from the fact that ord(y;) = p*i. O

Coordinate matrices are uniquely determined by the bases (z;) and (g;).

Lemma 7. Let G be p-local, p-reduced almost completely decomposable, let
(1,...,xy) be a p-basis of R, and let (¢1,...,9,) be a basis of G modulo R. If «
and (3 are coordinate matrices of G relative to the bases (z;) and (g;), then 8 = .

n n
Proof. By definition g; = p= (Z ozma:j) = p_ki(z @Ja:j). Because
j=1 j=1
(x1,...,2y) is a basis of QR = QG it follows that o; j = §; ;. O
We check next how the choice of the basis of G/R affects the coordinate matrix.

Definition. Let S = diag(p", . ..,p").

(1) Two integer matrices M, M’ (of equal size) are called S-congruent if m; ; =
m; mod p*i for all 4, j. If so, we write M =g M'.
(2) A pair (U,U’) of integer matrices that are p-invertible is called an S-pair if

Us=_su'.

Note that M is always S-congruent to a matrix M’ where 0 < m;j < pFi. Also
note: if (U,U’) is an S-pair, then ((U")*™,U") is an S-pair.
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It is straightforward to verify that the integer matrix U = [u; ;| is the first com-
ponent of an S-pair if and only if u; ; € p*i =i Z.

The significance of S-pairs lies in their connection with automorphisms of finite
abelian groups ([14, Theorem 3.15]).

Theorem 8. Let G = (¢1) & ... ® {(gr) be a finite p-group and set S =
diag(ord(g1), . .., ord(g,)).

(1) Anrxr matrix [u; ;] € M,(Z) induces an endomorphism of G given by U(g;) =
1,391 + U292 + ... + urigr if and only if there exists U’ € M,(Z) such that
Us=_Ssu'.

(2) Suppose that U € End(G). Then U € Aut(G) if and only if U is p-invertible.

We record some basic properties of the S-congruence that we will use without

explicit reference.

Lemma 9. Let S = diag(p*,...,p").

(1) M =g M’ if and only if there is an integer matrix N such that M = M’ + SN.

(2) =g is an equivalence relation.

(3) If M =s M’ and K is an integer matrix, then MK =g M'K.

(4) If (U,U’) is an S-pair, then M =g M’ if and only if UM =g UM’. In par-
ticular, if d is an integer relatively prime to p, then M =g M’ if and only if
dM =g dM’.

(5) If d is an integer relatively prime to p and dM =g M’, then M =g d'M’ for

some integer d’' relatively prime to p.

Proof. All verifications being straightforward, we only check (4).

M=sM < M=M +SN << UM=UM"+USN =UM'+ SU'N

= UM=sUM'.
O

We clarify next how the coordinate matrix changes if the basis of G/R changes.
Moreover, we show that for a fixed p-basis of R and a fixed basis of G/R the coor-
dinate matrices form an equivalence class modulo S.

Lemma 10. Let G be a p-reduced, p-local, almost completely decomposable
group, let a be the coordinate matrix of G relative to the p-basis (z1,...,xy) of the
regulator R and the basis (g1, . ..,g,) of G modulo R, and let 8 be the coordinate
matrix of G relative to the same p-basis (x1,...,2,) of the regulator R and the
basis (h1,...,h,) of G modulo R. Set ~; = g; + R and §; = h; + R and assume that
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ord(7;) = ord(8;) = p*i. Let S = diag(p*,...,p""). Then there is an S-pair (U, U")
such that 0 =g Ua.

In particular, if g; + R = h; + R for all i, then 8 =g a. Conversely, if 3 =g « for
two coordinate matrices relative to the same p-basis of R, then the corresponding
groups are equal.

Proof. We have

G/R = D) = D)

i=1
and there is an automorphism of G/R with §; +— ;. By Theorem 8 this auto-

T
morphism is given by an S-pair (V,V’) where V = (v;;) and v; = > v;,6;. By
j=1

definition

n n
gi = pik"' <Z ai’jxj>, and hi = pik"' (Z 6i,jxj> .
j=1 j=1

n
Let R = @ S;z;. We have
j=1

T I
gi+R=~= Z’Uj’i(sj = Zvj,ihj + R
Jj=1 Jj=1

and hence

r n
gi = Zijhj —+ Zfi’jxj’ where fi,j S Sj.

j=1 j=1
There exists d € N relatively prime to p such that d¢; ; € Z for all 4, j. Multiplying
by dp* and substituting for g; and h; we obtain

n T n
Ay aipwe = dp*ig; =p" Y dvghy +p" Y (dé )
t=1 j=1 j=1
T n n
=pM Y dvg, <P_k"' > ﬂj,t$t> +pF Y (dé )
j=1 t=1 1

j=

=ph >y (Z dvjip* 5j,t> 2y +pM Y (d&ig)m
=1 Nj=1 t—1
=> (Z pridvyip™" 85+ p" (dfi,t)) ¢,

t=1 \j=1
hence

T
daiy =Y pridvjip ™ B4 + p™ (déis).
j=1
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In terms of matrices this means that
do =5 dSVYS™13 =d(V')"3 where V' = S~1VS.

Noting that ((V')*™, V') is an S-pair, we can set U = (V') and U’ = V" and obtain
a =g UB as claimed.

In particular, if g; + R = h; + R for all ¢, then V =g V' =g [, the identity matrix,
thus 8 =g a. Conversely, if 3 =g « for two coordinate matrices relative to the same
p-basis of R, then by Lemma 6 the corresponding groups are equal. O

Finally, we consider the effect of a change of the p-basis on the coordinate matrix.

Lemma 11. Let G be a p-reduced, p-local, almost completely decomposable
group given by a coordinate matrix « relative to a p-basis (x1,...,x,) of the regu-
lator R and a basis (g1,...,g.) of G modulo R. Let S = diag(p*,...,p* ) where
Pk = ord(g; + R).

Let 3 be the coordinate matrix of G relative to the p-basis (y1, ..., yn) of the reg-
ulator R and the basis (g1, .- ., g,) of G modulo R. Assume that the type sequences
of the two p-bases are equal. Then there exists a conforming matrix Y such that
08 =saY.

Proof. By definition
n n
gi=p " iz =p Y B
j=1 t=1

n n
Write R = @ Siy;. Then x; = > & y; for some &, € S;. There exists d € N
i=1 t=1

relatively prigle to p such that dfj’;é Z. Note that [d¢; ;] is conforming by Lemma 1.

dz Biyr = Z Qi j <Z dé}',tyt) = Z <Z Oti,jdfj,t> Y.
t=1 =1 t=1 1 \j=1

t=

Now

n
It follows that df; + = > «; ;d€;+ and in terms of matrices that d3 = aY’ where
j=1
Y’ = [d&;+]. As d is relatively prime to p there exist u,v € Z such that 1 = ud + vpk

with k > k;, and so 8 = (ud + vp*)3 = uaY’ + p*v3 and this says that 3 =g aY
where Y = uY’. O

Combining Lemma 10 and Lemma 11, we obtain the first part of the following
fundamental theorem.
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Theorem 12. Let G be a p-reduced, p-local, almost completely decomposable
group with the coordinate matrix « relative to the p-basis (x1,...,x,) of the regu-
lator R, and the basis (g1, ...,gr) of G modulo R. Let ¥ = (tp(x1),...,tp(zy)) and
let S = diag(ord(gs + R),...,ord(g, + R)) be the structure matrix. Assume that
G has a regulating regulator.

(1) Let 8 be the coordinate matrix of G relative to the p-basis (y1,...,yn) of the
regulator R and the basis (hi,...,h,) of G modulo R such that ord(h; + R) =
ord(g; + R) and the type sequences corresponding to the two p-decomposition
bases (xz; | j) and (y; | j) are the same. Then there is an S-pair (U,U’) and
a conforming matrix Y such that 3 =g UaY .

(2) Conversely, suppose that an S-pair (U, U’) and a conforming matrix Y are
given. Then there is a group H nearly isomorphic to G containing R, a basis
of H modulo R, and a p-basis of R such that H has the structure matrix S, the
type sequence ¥, and UaY is the corresponding coordinate matrix of H.

Remark. We do not know whether the hypothesis that G has a regulating regu-
lator is necessary in Theorem 12.

n n
Proof. Write R = @ S;z;. By definition g; = p~% Y oy jz;.
i=1 j=1

n
(1) hy =p~F 2 B jx; for some B; ; € S;. There is d € N relatively prime to p
j=1
such that df3; ; € Z for all i, j. We now have

n
dg; =p ¥ Zdamxj where do; ; € Z,
j=1

and

dh; =p %" dB} jx; where df]; € 7.

j=1

Note that (dg;) and (dh;) are bases of G modulo R. Set S = diag(p*:,...,p").
By Lemma 10 there is an S-pair (U,U’) such that df’ =g Uda. We now have
the coordinate matrix d@’ relative to the bases (dh;) and (z;) and the coordinate
matrix df relative to the bases (dh;) and (y;). By Lemma 11 there is a conforming
matrix Y such that d8 =g (d3')Y =5 UdaY and it follows that 8 =g UaY .

(2) clearly can be done in two steps: First we deal with U, then with Y.

(2.1) Let (U,U’) be an S-pair, i.e., US = SU’. Then also ((U")",U") is an S-pair.
Set V = (U")" = (v; ), thus V/ = U". Let V' be the endomorphism induced by the
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matrix V’. Then

T T n n T
SEDSUTIED SUH (e SV B B st I
j=1 j=1 s=1 s=1 \j=1
The matrix VS~la = S71(V/)"a = S~ 'Ua has in a position (i,s) the entry

Sopki v;-’iozjﬂg, and this shows that Uc« is the coordinate matrix of G with respect
j=1
to the bases (21,...,2y,) of R and (V'(g1),...,V'(gr)) of G modulo R.

(2.2) Using the conforming matrix Y = [Y; ;] we define an invertible linear trans-

formation

Y: QR — QR: Y(z;) = ZYux]

Setting p* = ord(g; + R) we have by the definition of coordinate matrix that

n
—k;
=Dp E Oéi’jl'j.
Jj=1

Therefore
n
j=1

We define
H:=R+ (Y(g1)> 4.+ (Y(gT)>

Then (z1,...,2,) is a p-basis of R by hypothesis. We claim that
() H 200 G,
(b) ord(Y(g:) + R) = p*,
(c) R is the regulator of H,
(d) H/R=(Y (1) + R)®...® (Y(g,) + R), and )
(e) the coordinate matrix of H with respect to (21, ...,2,) and (Y (g1),...,Y (gr))
is aY.

(a) By Lemma 4 there exists d € N relatively prime to p such that dY (R) C R.
Hence also dY (G) C H and we have a monomorphism

dY: G — H.

We have H 2,; G if there is an integer f relatively prime to p such that fH C d};’(G)
([17, Theorem 9.2.4.2]). By Lemma 3 the adjoint adj(Y’) of Y is again conforming.
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Let Y, be the linear transformation with matrix adj (Y). By Lemma 4 thereis d’ € N,
relatively prime to p, such that d'Y,(R) C R. We now have

(1) d' det(Y)R = d'YY,(R) C Y(R)

and therefore

dd' det(Y)H = dd' det(Y)R + d' det(Y)((dY (g1)) + ... 4+ (dY (g,)))

CdY (R)+ (dY(g1)) + ... + <dY(gr)> Y (G).

We have established that G and H are nearly isomorphic.
(b) and (e). We have

pk"}}(gi) _ Z az’] x] Zal,j <ZY} sTs ) = Z<Z ai,j}/},s>$s.

Jj=1 s=1 Vj=1

~ n
If p*~1Y(g;) € R, then > p~la;;Y; s € Ss. Since (z;) is a p-basis, it follows that
j=1

n
p is a factor of > «; ;Y; s for every s. But these are the entries of the ith row of the

matrix aY. The coordinate matrix « contains an r X r submatrix whose determinant
is relatively prime to p, thus aY also contains an r X r submatrix whose determinant
is relatively prime to p, and this precludes that a row of aY is divisible by p. This
shows that ord(Y (g;) + R) = p*. Our formulas also show that (e) holds provided
that (Y(g1),...,Y(g,)) is a basis of H modulo R.

(d) We have that H/R = (Y (g1) —|— R) 4 ...+ (Y(g,) + R) and need to show that

the sum is direct. So suppose that E mi(Y (gl) + R) = 0 for some integers m;. We
i=1

must show that m;(Y (g;) + R) = 0 for every i.

Our assumption says that Z:mz (9;) € R. Hence Zd'det( ymiY (g;) €
i=1 i=1

d' det(Y)R C Y (R) by Formula (1). Therefore Z d' det(Y)m,;g;, € R which im-
i=1

plies that d’'det(Y)m;g; € R for every i. Hence p* divides d’det(Y)m; and,

d’' det(Y) being relatively prime to p, the order p*: divides m;. This means that

mi(Y (g:) + R) = 0 as desired.

(c) By (b) and (d) we have that H/R = G/R. By assumption R is regulating.
Then |G/R] is the regulating index of G which is a near-isomorphism invariant.
Hence R is a completely decomposable subgroup of H whose index in H is the reg-
ulating index. This means that R is a regulating subgroup of H and the regulator
because H has a regulating regulator, this property being a near-isomorphism in-
variant. (]
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By Arnold’s Theorem two near-isomorphic torsion-free groups of finite rank have,
up to near-isomorphism of summands, the same decomposition properties. Hence,
given a coordinate matrix we may manipulate the matrix in the ways described in
Theorem 12, which means that we obtain coordinate matrices of the same group or
of a nearly isomorphic group. If we arrive at a matrix that shows that the group to
which it belongs decomposes or not, then the original group is decomposable or not,
respectively.

We show next how one can recognize the regulator of an almost completely de-
composable group.

Lemma 13 (Regulator Criterion). Let G be an almost completely decomposable
group that is the finite extension of the completely decomposable R and assume
that G/R is a p-group. Then the following statements are equivalent:

(1) R is the regulating regulator of G;
(2) VT € Tox(G): R(1) = G(T);
(3) ifa is a coordinate matrix of G with r rows and « [y, is the submatrix formed by
the columns of « that belong to types % T, then the p-rank of a [ %, is equal tor.
Proof. (1)< (2). ([17, Proposition 4.5.1]).
(2) < (3). Let (g1,.-..,9r) be a basis of G modulo R and (z1,...,x,) a p-basis
of R that come with the coordinate matrix . Recall that g; = p~*i (Z ai,jxj>
j=1

where ord(g; + R) =
Write R = €@ Siz; and set Ry, = @{S;x;: tp(S;) # 7}. Then

i=1

(2) R=R(T)® Ry, and G(17)+ R=G(T)® Ry,
Let « € (G/R)[p]. Then, for some integers A;,
3) =Y Apt gt R=) XpT'Y aiai+R=) (p_l > )‘io%j)xj + R

i=1 i=1 j=1 j=1 i=1
Setting X = [A1,...,A\] and . = [a1;,...,a,;]", an arbitrary element z €
(G/R)]p] is of the form

n
r=v+R where v= Zpil()\oz*,j)a:j.

j=1

n
Let v =3 p~'(Aaw j)z;. For a critical type 7, let v = v|%, + v|s, where
j=1

vlgr =D {p 7 Rawy)zj: tp(S)) # 7}
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and

Now we show that
G(r)+R
R
Suppose first that v|y, € R. Then v + R = v|y, + 0|3 + R = v|>; + R €
(G(t)+ R)/R.
Conversely, assume that v + R € (G(7) + R)/R. Then v = v|3; + v|>r =y + 2
for some y € Ry, and some z € G(7) by Formula (2). Hence

v+ R € < vly: € R.

Vlgr =y =2~ 0|z € QRy, NQR(r) = 0.

Thus v|3, =y € R.

Every element € p~'!R/R has the form = = Y ujp~'x; + R for integers ;.
j=1
This enables us to obtain a well-defined homomorphism

1 n

p R Z\n - _ _

Ki—p —>(ﬁ> ; H(E wip 1xj+R):[...,uj,...] where fij = pu; + pZ.
j=1

It is obvious that s is injective.
Note that (G/R)[p] C p~'R/R. Therefore k acts on the elements of (G/R)[p].

Specifically we find that
k(p" g+ R) = [@i1,...,%n), w&+R) =[.. ATg,. ]

We observe that the rows of « are linearly independent modulo p because & is injective
and the p¥~1g; + R are linearly independent in (G/R)[p].

Let ax, be the submatrix of o with columns a. ; such that tp(S;) 2 7 and let
a>. be the submatrix of o with columns « ; such that tp(S;) > 7. Then

k(v |xr +R) = 7\\04—% and k(v |sr +R) = Aas;.

Finally, we have

G(r)+R

G(r) = R(r) 7

[p] =0

— Vo= Zpil(ja*’j)xj: (’U|>T eER=ve R)
j=1

—=VX: Aaz =0= Aa=0).

This is the case if and only if the rows of az, are linearly independent modulo p. O
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4. SOME MATRIX RESULTS

We want a reduced form for coordinate matrices and introduce some necessary
notation. The term line means a row or a column. An integer w is a p-unit if
ged(p,u) = 1. If so, for any integer k > 0 there is v’ € 7 such that uu’ = 1 mod p*.
Often, we simply say “unit” in place of p-unit because there are no other units in
use.

It is convenient to allow a matrix B to be of size 0 x n (to have no rows) or of
size r x 0 (to have no columns) or of size 0 x 0 (to have no lines). For instance, let

A
M = [0 g] be a block matrix. If B has no rows, then M = [A,0]. If B has no

A
columns, then M = { 0 } . If B has no lines, then M = A. We say that a matrix B

is absent or missing if B has either no rows or no columns or both, and we say that
B appears if it has rows and columns.

A diagonal matrix S = diag(p*, ..., p*) with natural numbers k; is called a struc-
ture matriz. If ky > ... > k, > 1, then S is called an ordered structure matriz.

Let A = [a;;] be an integer 7 x n matrix and let S = diag(p*',...,p*") be
a structure matrix. We extend an S-congruence to the entries of A by defining: a; ;
is S-congruent to a, denoted as a; ; =s a,if a;; =a mod p¥i.

A matrix is decomposed if it is of the form 0 0 . Here either one of the

B
matrices A, B is allowed to have no rows or no columns, i.e., the decomposed matrices

0 B], [;} [40], [ﬂ

A matrix is properly decomposed if the blocks A, B both have rows and columns.

include the special cases

A matrix A is called decomposable if there are row and column permutations
that transform it to a decomposed form, i.e., there are permutation matrices P, @
such that PAQ is decomposed. Similarly to the above we use the term properly
decomposable.

A matrix is S-decomposed or S-decomposable if it is S-congruent to a decomposed
or decomposable matrix, respectively. Note that A is S-decomposable if there are
permutation matrices P, Q such that PAQ is PSP~ !-decomposed.

Let A = [a; ;] be an integer matrix and let S be an ordered structure matrix.
Then A is called S-reduced if

(1) modulo p the matrix A has at most one entry # 0 in a line,

(2) if the nonzero entries of A modp are at the positions (is,js), then a;, ; =g 0
for all j > js and a;5, =5 0 for all ¢ > iy, and a;, j,a;;, € pZ for all j < j; and
all 7 < 1.
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If S = p°I we say p°-reduced instead of S-reduced. Note that in an S-reduced
matrix, the entries to the left of a unit are in pZ and the entries above a unit are
in pZ. In the group situation a coordinate matrix and an ordered structure matrix are
given provided that the basis elements of the regulator quotient have non-increasing
order.

A row or column transformation of a matrix is equivalent to the left or right
multiplication by a corresponding matrix, respectively. We use both approaches
simultaneously, the context clarifying what is meant. Often we use elementary row
transformations that add a multiple of a row to a row below which is equivalent to
a left multiplication by some lower triangular elementary matrix, and elementary
column transformations that add a multiple of a column to a column to the right
which is equivalent to a right multiplication by some upper triangular elementary

matrix.

Lemma 14. Let A be an r X n integer matrix and S an ordered structure matrix.
Then there are two p-invertible matrices U, Y with the following properties.

(1) U is a product of lower triangular elementary matrices, where each elementary
factor annihilates an entry #g 0,

(2) Y is a product of upper triangular elementary matrices, where each elementary
factor annihilates an entry #g 0,

such that UAY is S-reduced.
In particular, if the ith line of A is =g 0, then the ith line of UAY is =g 0.

Proof. Let A= [a;;]. We proceed by induction on the number of columns of A.
Suppose that A has a single column. If A = 0 mod p, then we take U and Y to be the
identity matrices and the claims are trivially true. So suppose that A contains entries
that are units. Let iy be the least index such that a;,; is a unit. By elementary
row transformations this unit may be used to annihilate the entries Zg 0 below,
since the exponents k; are decreasing, and this amounts to left multiplication of A
by a product U of lower triangular elementary matrices. Note that the entries =g 0
are left unchanged. Thus M = UA is S-reduced and 0-entries do not change.

Now suppose that A has more than one column. If the first column a.; of A
is congruent to 0 modulo p, then the induction hypothesis applied to the matrix
obtained by omitting the first column immediately gives the result. Hence assume
that A has a unit in the first column. We consider the unit in the first column with
the least row index i9. With the unit a;,; we annihilate all the other entries #5 0 in
the ipth row, which amounts to right multiplication by a product of upper triangular
matrices. Note that above a;, 1 the entries are in pZ. Deleting the first column
we obtain a submatrix A’ with fewer columns. So by the induction hypothesis we
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may assume that there are matrices U’ and Y’ such that U’A’Y”’ has the required
properties. The elementary transformations that involve U’ and Y’ can be applied
to the full matrix A. The column transformations do not affect the first column at
all, while the row transformations may be assumed not to change the row iy, and
they do not introduce units in the first column above iy. Finally, by elementary row
transformations the unit a;,; may be used to annihilate the elements #g 0 below,
since the exponents k; are decreasing, and without changing anything modulo S in
the columns beyond the first. This shows (1) and (2).

In particular, if the ith row of A is 0 modulo p¥, then no column transformation
changes this fact, and since in a 0-row modulo S there is nothing to annihilate, the
elementary row transformations used do not change this O-row, either. An analogous
argument works for 0-columns. O

According to Lemma 14 the matrix UAY is S-reduced; it is called an S-reduced
form of A.

There are special configurations in a coordinate matrix that are important. Let
A = [a; ;] be an integer matrix and S a structure matrix. The matrix A has a cross
at (io, jo) if aiq,jo s 0 and a;,,; =5 0, a, 5, =s 0 for all ¢ # iy and j # jo. We say
that the cross is located in a sub-block of a matrix if the position (ig,jo) is in this
sub-block.

An integer matrix A = [a; ;] has a (horizontal) double cross at (40, j1)| (%0, j2) where
J1 # o, if @iy 5y Fs 0, Gig,j s 0, aiyj =s 0 for all j ¢ {j1,52}, and a;;, =5 0,
aij, =s 0 for all i # 7.

Similarly, we define a (vertical) double cross at (i1, jo)| (42, jo). Note that a matrix
with a cross or a double cross is S-decomposable.

It is convenient to call an integer r x n matrix D = [d; ;] p-diagonal if all entries
d;j = 0 for ¢ # j and the diagonal entries are p-powers or 0, i.e., d;; = p* for
nonnegative integers s;, or d; ; = 0.

We continue this section with the well-known Smith Normal Form (in German:
Elementarteilersatz) and a modification thereof that will be heavily in use later.

Smith Normal Form ([15, Chapter 3.7, Theorem 3.8 and 3.9]). Let H be a non-
singular, integer k£ x k matrix. Then there exist invertible integer matrices U, Y such
that

d 0 ... 0
0 dy ... O
UHY = | . . .
0 ... 0 dy
where d; are positive integers and d; divides d;;1 fori =1,...,k—1. The numbers d;

are uniquely determined by H.
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Lemma 15. Let [, r, n, k be natural numbers where 1 <1 < r andn > 1.
For an r X n integer matrix H there are p-invertible matrices Y and U where U =

U U

[Ul pU 2] and U; is a (p-invertible) | x | matrix such that UHY is congruent
3 4

modulo p* to [ 0 B} where A, B are p-diagonal with | and r — [ rows, respectively.

0 .

If | = r, then B has no rows and 0 Bl™ [A 0]; if A has no columns, then
A 0 0 A 0

[O B] = [B}ithasnolinesthen {O B] = [A].

Proof. (a) The matrices U and Y are obtained as products of elementary
matrices. Any elementary column transformation is allowed but the special form of
the matrix U restricts the row transformations that are allowed. Any multiple of the
first [ rows may be added to another row and any row transformation between the
last r — [ rows is allowed, while only multiples of p-folds of the last » — [ rows may
be added to one of the first I rows.

We also can change matrices modulo p*. This has the effect that we can multiply
a given matrix by diagonal matrices with determinants relatively prime to p either
from the left or the right. In particular, any row or column may be multiplied by
a unit modulo p¥. This will be used to obtain pure p-powers at certain places.

(b) If I = r, then U = U, arbitrary row and column transformations are allowed
and we obtain the Smith Normal Form, i.e., there are integer matrices U, Y with
determinant +1 such that A = UHY is a matrix with nonzero entries only on the
diagonal. Multiplying by a suitable p-invertible diagonal matrix we obtain a p-
diagonal matrix of size 7 x n modulo p¥.

(c) Let I < r, let hq, ho < k be nonzero integers. Let the joth-column of the r x n
matrix H have entries a;, j, € pZ \ p" ™17 and a4, j, € p"2Z \ p"**17Z with row
indices i1 < [ and iz > [. Then, modulo p*, annihilation of either a;, j, or a;, j, is
possible.

In particular, if there is no annihilation possible in a column of H, then either all
entries with row index < [ are 0 modulo p* or all entries with row index > [ are 0
modulo p¥.

(d) We use induction on r + n and start with r +n = 2. Then r =n =1 and H
has the claimed form. We assume the statement to be correct for r+n <m—1 > 3.
Now let r+n = m. If | = r, then we get the claimed form for H, by (b). If 1 <1 < r,
then H = [Z"] where H, is an [ X n matrix, the upper part of H, and Hy is the

d
lower part. There are two cases, either H, has a column that allows to annihilate

downward in this column of Hg, or not.
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Case 1. If H, has a column that allows to annihilate downward the elements
of Hy in this column, then, by (b), there are p-invertible matrices U,, ¥ such that
U,H,Y is p-diagonal, and we may additionally arrange rows and columns to get

HY 0 0
U,H)Y = [ 0“ 2 0} where H}!,
allows to annihilate the column of H, below, and no column of H? allows to annihilate

H? are p-diagonal and each column of H}

the column of H,; below. Moreover, we may assume that H_}, H2 have no 0-columns.
The r’ x n’ matrix H} has at least one column, i.e., n’ > 1. We annihilate with H}
in Hy and get

oo HY 0 0
[“ }-H-Y: 0 H2 0
0 Ir o ol 2

0 H) H2

Note that H?2 may not be present. But this is a simplification that is covered by the

u

ﬂ} isan (r—r') x (n—n') matrix
Ui pUs
Us Ui

following argument. If H? is present, then [
and n’ > 1. By induction hypothesis there are p-invertible matrices U’ = [

H2 0 H, 0

and Y’/ such that U’ - | ———=| - Y’ = | =——| where H,
H) H3 0 Hj

We want to express explicitly that all matrices that multiply from the left are in

H), are p-diagonal.

accordance with the hypothesis. In fact

I, 0 0 H' 0 0
/ / Uu 0 I, O “ ,
p , 0 I 0 Y —_—
0 U, U 0 0 Hy
as desired.

Case 2. If H, has no column that allows to annihilate downward the elements
of Hy in this column, then by (c) this means that either there is a 0-matrix below
the nonzero columns of H, or there is a column of H, that allows to annihilate
upward the elements of H,, in this column. If there are only 0-columns on H; below
the nonzero columns in H, then we continue as in Case 1 skipping the unnecessary
annihilation in Hy. Otherwise we continue with Hy as before with H, in Case 1 and
obtain mutatis mutandis the same result. This finally proves the claim. O

We verify next that certain row and column transformations of an S-decomposable

matrix keep the matrix S-decomposable.

Lemma 16. Let A be an integer matrix and S a structure matrix. Let U be
a matrix describing a product of elementary row transformations such that each
elementary factor annihilates an entry #g 0. Let Y be a matrix describing a product
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of elementary column transformations such that each elementary factor annihilates
an entry #g 0.

If A is S-decomposable, i.e., PAQ =pgp-1 diag(W;|i) for permutation matrices P,
Q, then

P(UAY)Q =pgp— diag(W] | i),

and for all i the blocks W;, W/ have the same size. The PSP~'-decomposition
of P(UAY)Q is a refinement of the PSP~!-decomposition of PAQ.

In particular, if A is S-decomposable, then also U AY is S-decomposable. If A has
a cross, then also UAY has a cross at the same location. If A has a double cross,
then UAY has a double cross at the same line or a cross with location at the line of
the double cross.

Proof. We show the statement for a single elementary row transformation U.
Using transposition we obtain the same result for elementary column transforma-
tions. Clearly, the result also holds for products of such elementary transformations.

Let A = [a; ;] and let U = I + cF; ; where E; ; is the usual matrix unit with 1 at
location (¢, j) and 0 elsewhere. So U adds the c-fold of the jth row of A to the ith row
of A. Since U annihilates an entry #g 0 there is a column index jo with a; j, Zs 0
such that ca; j, + aij, =s 0. Hence also a; j, #s 0. Since A is S-decomposable,
ie., PAQ =pgp-1 diag(W;|i), the nonzero entries a; j, , a; j, must appear in a column
of one and the same block, say W;. We may even assume that P permutes the jth
row to position 1 and the ith row to position 2. So PUP™! = I +c¢Fs 1, i.e., PUP™!
adds the c-fold of the first row of PAQ to the second row of PAQ. Thus we have

P(UA)Q =pgp-1 (PUPY)(PAQ) =pgp (PUPfl)diag(Wi | 7)
=psp-1 diag(W] |14

where PUP~! is an elementary row transformation in W; only, i.e., the block W;
changes to the block W7, and all other blocks are unchanged. Even for an S-
indecomposable W; the matrix W] might now be S-decomposable. This shows the
statement for U A, and hence for UAY, including that an S-decomposition of UAY
is a refinement of an S-decomposition of A.

In particular, a cross or a double cross leads to special S-decompositions of a ma-
trix. A cross cannot be refined. But a double cross is possibly refined to a cross. [

For an ordered structure matrix S the S-decomposability of an integer matrix is
inherited by its S-reduced forms.
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Corollary 17. Let A be an integer matrix and S an ordered structure matrix. If
A is S-decomposable, then the S-reduced forms are S-decomposable. More precisely,
if for permutation matrices P, () the matrix PAQ is S-decomposed, and if B is an
S-reduced form of A, then PBQ is also S-decomposed, and this S-decomposition is
possibly finer than the S-decomposition of PAQ.

In particular, if the matrix A has a 0-line modulo S or a cross, then an S-reduced
form of A has a 0-line modulo S or a cross at the same position, respectively. If the
matrix A has a double cross, then its S-reduced form has a double cross or a cross
at the same position.

Proof. Combining Lemmata 14 and 16, we obtain that the S-decomposability
of A is inherited by its S-reduced forms and the S-decomposition of the S-reduced
forms is possibly finer. O

A (0,1)-matriz has only the entries 0, 1. Let [, h be natural numbers. Let
M = [M; jlici<hi<j<i be a block matrix over some set containing the symbol 0.
The (0, 1)-matrix C(M) = [¢; ;] of size h x [ is called the connection matriz of M if
ci,j = 1 provided the block M; ; has no 0-lines, and ¢; ; = 0 otherwise. Note that if all
blocks M; ; are 1 x 1 matrices, i.e., the entries of M, then the connection matrix C(M)
is the so called (0,1)-pattern of M. That is, the nonzero entries are replaced by 1.
In particular, in this case M is decomposable if and only if C(M) is decomposable.

Xi; O
Let M = [M; ;] be a block matrix. Let all blocks M; ; = { OJ P } be decom-
i,J

posed, where the submatrices X; ;, Z; ; both have rows and columns. The block ma-
trix M is said to have a compatible decomposition if for all 7, j all X; 1, X; 2, ... have
the same number of rows and all X ;, X5 ;,... have the same number of columns.
Note that then automatically the submatrices Z; ; also have the same numbers of
rows along a block row and the same number of columns along a block column.

Clearly, a block matrix with compatible decomposition is decomposable. Lem-
ma 18 provides a partial converse.

Lemma 18. Let !, h be natural numbers. Let M = [M; jli<i<n. 1<j<i be a block
matrix over some set containing the symbol 0, with all the blocks M; ; having at
least two rows and two columns.

Assume that the connection matrix C(M) is indecomposable and that M is de-
composable. Then there are permutation matrices Py, ..., Py, Q1,...,Q; such that

M’ =[M] ;] = diag(P1, ..., Pu)[Mi jli<i<h, 1<j<i diag(Q1, - - ., Q1)

Xij

where Mil,j = PiMi,ij = |: 0 Z,Lj

of M.

}, and this is a compatible decomposition
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A 0],
i

0 B

decomposed. The matrix H permutes the rows of M, i.e., the row of M with index ¢

Proof. There are permutation matrices H, K such that HM K = s

is moved to the new row with index ¢’ of diag(A4, B). Clearly, the entries of the i'th
row of HM are then permuted by the permutation K of the columns. Briefly we use
the term “the ith row of M belongs to [A,0]” to indicate that H moves the ith row
of M so that this is now a row of [A, 0], after permutation of the entries by K.

We use the following assertion without explicit reference:

If M = [m,;], then the entry m; ; = 0 if the ith row belongs to [A,0] and the jth

0
column belongs to {B] . Similarly, m; ; = 0 if the ith row belongs to [0, B] and the

jth column belongs to

Let igp be fixed. By way of contradiction assume that all rows of the block row
[Mig1,--., M ] belong to [A,0]. There is a column permutation T of M that
permutes the columns of each M, ; separately, i.e., T = diag(7T} | j) such that

M, ;T; = [M;, ;|M] ;] where the columns are reordered so that the columns of Mj, ;

A 0
belong to { 0 ] and the columns of M;! ; belong to [B] . But then M ;= 0.

The connection matrix C(M) is indecomposable, hence also the connection ma-
trix C'(MT) is indecomposable, since T permutes only inside of the blocks. In par-
ticular, C(T'M) has no 0-line. Thus, there must be a jy such that the matrix M;, j,
is up to line permutations completely contained in A. By permutations of block rows
and block columns we may assume g = jo = 1. Moreover, we may assume that the
matrices [M; 1, ..., M s] completely belong to A (both rows and columns) and the
remaining M; j, j > s, have at least one column in B. Clearly, this changes M but
we still use the letter M. Observe that this forces the corresponding first row of the
connection matrix C(M) to be [*,...,%,0,...,0].

———

There may be more block rows [8]\4171, ..., M; ;] that completely belong to [A4,0],
say those starting with M, 1,..., M; 1, and all other block rows have at least one row
in [0, B]. Hence each block M; ; has at least one 0-line if either ¢ < t and j > s, or

D 0
0 E]
where D is of size ¢ x s. This is a decomposition of C(M), a contradiction. Thus,

i>tand j < s. Translated to the connection matrix this means C(M) = [

all rows of a block row [M;1,..., M;,] never belong to [A,0], and by symmetry all
rows never belong to [0, B]. This conclusion holds also for columns. In other words,
each block M, ; has at least one row that belongs to [4, 0] and at least one row that
belongs to [0, B], analogously for the columns.

For each i there is a permutation of the rows of the block row [M; 1, ..., M, ;] such
that the upper rows belong to [A, 0], and the lower rows belong to [0, B]. For each j
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there is a permutation of the columns of the block column such that the
My, ;

left columns belong to [Lﬂ , and the right columns belong to {g} . Hence, we get

a block matrix M’ = [M] ] such that each block M] ; has the same rows and the

same columns as M; ;. This amounts to the transformation

M’ = M ;] = diag(P1, . . ., Pu)[M; ji<i<ni<i<i diag(Q1, -, Q1)

with permutation matrices Pi,..., Py, Q1,...,Q, since we have always permuted
whole lines of the matrix M. This decomposition diag(A, B) induces decompositions
X;; 0
of all blocks Mi',j in the form M{J = PM,;;Q; = { 5’j P All blocks M; ;
4,J

share rows and columns with both A and B, consequently X ; ,, Z;.; both have rows
and columns. Moreover, the numbers of rows of X; ; along a block row are equal,
and along a block column the numbers of columns of X;; are equal. So, this is
a compatible decomposition. Il

5. DIRECT DECOMPOSITION AND COORDINATE MATRICES

We are mainly interested in direct decompositions of our groups. Lemma 19 clar-
ifies how the decomposability of an almost completely decomposable group appears
in coordinate matrices.

A group G is decomposable if G = G1 ® G2 for some G1 # 0 # G2 and indecom-
posable otherwise. A group is clipped if it has no completely decomposable direct

summands.

Lemma 19. A clipped, p-reduced, p-local almost completely decomposable
group G with regulating regulator R is directly decomposable if and only if it has
a properly decomposable coordinate matrix.

Proof. Suppose that G = G; & G is a decomposition with G; # 0 # Gs.
The regulating regulator R of G is of the form R = Ry & Ry where R; is the
regulating regulator of G; and Rj is the regulating regulator of G2. Also G/R =
(Gi+R)/R® (G2 + R)/R= (G1/R1) ® (G2/R2) and it is clear that we can choose
a basis (g1, ..., gr) of G modulo R such that ¢1,...,9,» € G1 and g, 41, ..., 9. € Go,
and a p-basis (21, ..., T, ) such that (z1,...,z, ) is ap-basis of Ry and (Zy/41,...,Tn)
is a p-basis of Ry. The coordinate matrix obtained as in Lemma 6 from these bases

A
is of the form [ 0

0 B} , 1.e., properly decomposed.
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Conversely, suppose that the r» x n coordinate matrix « of G is properly decompos-
able. Then there are permutation matrices P, @) such that o/ = Pa@Q = diag(A4, B)
where A has size 1 X nq with 1 <7y < r and 1 < n; < n. The coordinate matrix «
comes with a p-basis (z1,...,z,) of R and a basis (g1,...,9,) of G modulo R, and
these data define the structure matrix S = diag(ord(g; + R),...,ord(g- + R)). The
definition of the coordinate matrix in matrix form is

hence

g1 z1 x1
(PSP™Y) | P | : =(Pa@Q) | Q7!
9r Tn I

r | !
9 T T

We have new bases P | | and Q' | : | = | ¢ | that are just rearrangements

/!
gr Tn | X,

of the original ones. We observe that PSP~! is the structure matrix that belongs
91

to the new basis P | : | of G modulo R, which is easy because it suffices to check
gr

what happens if P is a two-cycle. We now conclude that o/ = 0 B is the

coordinate matrix with respect to the new bases, and it follows immediately that
G=(zh,....2 )& () 11,...,2)C. O

s by

Note that, if the coordinate matrix of a group G with structure matrix S is S-
decomposable, then replacing the entries that are =g 0 by 0 we obtain again a coor-
dinate matrix of G which is now decomposable.

Combining Theorem 12 and Lemma 19 we obtain the following corollary.

Corollary 20. A p-reduced, p-local almost completely decomposable group G
with regulating regulator R, coordinate matrix «, and the corresponding structure
matrix S, is decomposable if and only if there is a first component U of an S-pair
and a conforming matrix Y such that UaY is S-decomposable.

Proof. Suppose that G is decomposable. Then G has a decomposable coordi-
nate matrix o’ by Lemma 19, and by Theorem 12 there exist a first component U of an
S-pair and a conforming matrix Y such that o =g UaY, i.e., it is S-decomposable.
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Conversely, suppose that o/ = UaY is S-decomposable. Then Theorem 12 implies
that o/ is the coordinate matrix of a group G’ near-isomorphic to G. By Lemma 10
we may assume that G’ has a coordinate matrix o” =g o’ where o’ is decomposable.
So the group G’ is decomposable by Lemma 19, and by Arnold’s Theorem, G itself

is decomposable. O

In the sequel the left multiplication of a coordinate matrix by the first compo-
nent U of an S-pair is realized by a sequence of row transformations and the right
multiplication by a conforming matrix Y is realized by a sequence of column trans-
formations. However, due to the required structure of the matrices U and Y that
are allowed as multipliers, only certain special row and column transformations are
allowed as follows.

Lemma 21. Suppose that the basis elements (y1,...,7:) of G/R have orders
ord(r;) = p* with ky > ko > ... >k, > 1. Then the following row operations on

a coordinate matrix are permitted:

(1) Any multiple of a row may be added to any row below it.
(2) Any multiple of the p*i ~*i2 -fold of row iy may be added to a row iy < iy .
(3) Any row may be multiplied by an integer relatively prime to p.

The permitted column transformations on a coordinate matrix depend on the poset
of critical types and will be described later in the special cases that we consider.

6. (1,3)-GROUPS

A (1,3)-group G is a p-local, p-reduced almost completely decomposable group
with critical typeset Te.(G) = {70, 71, 72, 73} where 7 is incomparable with 71, 72, 73
and 1y < 72 < 713. As Teo(G) is V-free, any (1, 3)-group has a regulating regulator.

Standard setting for (1,3)-groups. Let G be a (1, 3)-group with regulator
R =Ry ® R1 & Ry ® R3 where R; is homogeneous completely decomposable of rank
r; = 1 and type 7;. In particular, n = rank G = rg + 1y + ro + r3.

Let o = [oy, ;] be the coordinate matrix of G. We may assume that a p-basis
(1,...,2y) of Risso chosen that (x1,..., %y, ) is a p-basis of Ro, (Try+1-- - Tro+r;)
is a p-basis of Ry, (Xrgtri4+1y-- s Trotri+rs) 18 & p-basis of Ra, and (Trg4rq+rat1s-- -
Zygtri+ratrs) 1S @ p-basis of R3. This divides the coordinate matrix in four blocks ay,
01, Ba, B3 of sizes r x r;, i = 0,1,2,3 and we have o = [ag | 1 | B2 | B3]. The matrix
B =1[061]|02]| B3] is called the 3-part of the coordinate matrix.

It is usually convenient and at places crucial that also the generators of G/R

f
of equal orders are grouped together. Let G/R = @ (Z,,)" where I;, > 1 and
h=1
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k =k >ky>...>ky>1 Then S = diag(p"1I,,...,p" I},) is the (ordered)

structure matrix of size r = > Ij.
h=1
We will use throughout these orderings of the p-basis of R and the basis of G/R.

The ordering of the basis of G/R has effects for S-pairs. Let (U,U’) be an S-
pair. The integers I, define a block structure on U, namely, U = [Un m|i<h,m<)
where the block Uy, is an I x [, matrix. A p-invertible r x r block matrix U =
[Unh,m|1<h,m<y is the first component of an S-pair (U, U’) if and only if all entries of
the block U}, ., are divisible by p*»~*m for h < m. In particular, all p-invertible lower
block triangular matrices U, i.e., U, = 0 for all A < m, serve as first components
of S-pairs (U, U’).

Recall that T,.(G) = (79,71 < 72 < 73). The ordering of the columns of a co-
ordinate matrix corresponding to the ordering of the p-basis of R has effects for
conforming matrices. An integer n x n block matrix Y = [¥; ;] is conforming with G
(see Example 5) if and only if it has the form
Y00 0 0 0

0 Y1 Yip Yis
0 0 Yoo Ya3
0 0 0 Y3

(4) Y =

where Y; ; is an 7; X r; integer matrix and the diagonal blocks Y; ; are p-invertible.

According to the block structure of coordinate matrices, induced by the ordering
of the types and the ordering of the basis of the regulator quotient, elementary row
transformations may be performed with whole blocks following the same rules that
apply to single rows.

In the following “group” means (1, 3)-group and we tacitly assume the conventions
of the standard setting. Specifically, we assume that S = diag(p** [;,,...,p" I;) is
the ordered structure matrix as block matrix with £, > ... > ky > 1, and the
conforming matrices Y are upper block triangular matrices as above. We use the
term standard coordinate matriz oo = [ag | 1 | B2 | B3] to correspond to the ordering
of the p-basis of R.

We state the Regulator Criterion, Lemma 13, in the special case of (1, 3)-groups.

Lemma 22. Let G be a (1,3)-group. Then G has a regulating regulator. The
completely decomposable subgroup R of finite index in G is the regulator of G if
and only if Ry and Ry @ Re ® R3 are pure in G, and this holds if and only if oy and
the 3-part of a coordinate matrix oo = [ | B1 | B2 | B3], relative to some p-basis of R
(ordered as above), both have p-rank r.

333



Corollary 23. Let G be a (1, 3)- group with regulator R and G/R = @ (Z 1, )"
where I, > 1, i.e., r = rank(G/R) = Z lp. Then rank(G) > max{4, 2r}

h=1

Proof. Since the critical typeset of a (1,3)-group has cardinality 4 we get
rank(G) > 4. Furthermore, a coordinate matrix of a group G has the size r xrank(G).
By Lemma 22 the coordinate matrix « of G consists of two disjoint sections g and
the O-part, both of rank r. So rank(G) > 2r. O

The integers [, determine blocks of rows of sizes l; on the coordinate matrix
a = [ag | B1] P2 ] Ps): The first I3 rows form the first block, then the next lo rows
form the second block and so on. The row blocks intersected with the column blocks
of the coordinate matrix a determine submatrices M; ; of sizes [, x r; such that
[ao | 81| B2 | B3] = [M;,;]. We are allowed to perform the following column operations
on o = [ag | 1] B2 | B3] without leaving the near-isomorphism class of G. These

column operations correspond to conforming elementary matrices.

Lemma 24.

(1) Any multiple of a column of oy may be added to any other column of «.

(2) Any multiple of a column of 3; may be added to another column of 3; provided
that j > 1

(3) Any column may be multiplied by an integer relatively prime to p.

Modulo S-congruence, the column operations (1) through (3) allow getting the
reduced column-echelon form for aqg, (31, B2, and (3. If it happens that, while
annihilating an entry, other entries that were zero modulo S change to nonzero
entries, then those entries are called fill-ins.

Lemma 25. Let [ag|B1| 52| B3] be a standard coordinate matrix of a clipped
(1,3)-group G. Then the following statements hold:

(1) ap and the B-part 8 = |31 | B2 | B3] both have p-rank equal to r.

(2) We are allowed column transformations that transform ag to I, modulo S with-
out changing (3.

(3) We are allowed row and column transformations that transform [y | B2] into an
S-reduced form [(3; | B2]. Let s be the number of units in [ | 32]. Then [ is
an r x (r — s) matrix. If § = [8y | B2 | Bs] has rank r, then (3 is a coordinate
matrix of G.

(4) We are allowed row and column transformations that turn the first l; rows of 31
into a p-diagonal matrix.
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(5) If k1 = ko + 1, then the first 1 + 1o rows of 81 can be transformed into the form

A 0
[ 0 B] where A, B are p-diagonal matrices (possibly without columns) with

l1 and ly rows, respectively.
(6) For a fixed regulator and fixed regulator quotient, a clipped (1, 3)-group is, up
to near isomorphism, uniquely determined by [(31 | (2]

Proof. (1) Lemma 22.

(2) Since « has p-rank r and, being clipped, has no 0-column, it is p-invertible.
So the reduced column-echelon form modulo S must have r pivots that are units
and hence must be =g I,.. The reduced column-echelon form is achieved by column
transformations in «g that do not change the B-part of the coordinate matrix.

(3) By Lemma 14 we are allowed row and column transformations that change
even |31 | B2 | Bs] into an S-reduced form, say 3 = [31 | B2 | s]. Each unit in [3; | Gs]
creates a O-row in (3. Thus the rank of Bg, i.e., the number of columns is > r — s.
Since 53 can be transformed to the reduced column echelon form by the allowed
transformations and since G is clipped the number of columns of Bg is r —s. Only
the allowed transformations were done so B is a coordinate matrix of G.

(4) In the first {1 rows of 1 any row and column transformation is allowed.

(5) Lemma 15.

(6) Suppose that the groups G and G’ have coordinate matrices [ag | 51 | B2 | 53]
and [af | B1 | B2 | B%], respectively, i.e., they have the same part [61 | 2]. By (3)
we may assume that 33 and 35 have the same O-rows and have the same reduced
column echelon form, i.e., they are equal. Finally, as in (2) we may assume that
oy =s af =g I. This means that G and G’ are both near-isomorphic to the same
group and therefore near-isomorphic to one another. ([

Certain features of the coordinate matrix of a (1, 3)-group signal the existence of
direct summands of small ranks.

Corollary 26. Let o = [a | 81| B2 | B3] be a standard coordinate matrix of
a (1,3)-group G. Then the following statements hold:

(1) If [B1| B2] contains a 0-column, then G has a direct summand of rank 1.

(2) If [B1| B2] contains a O-row, then G has a direct summand of rank 2.

(3) If [B1 ] B2] contains a cross, then G has a summand of rank 2 or 3. Rank 3
happens only if the entry # 0 is not a unit.

(4) If [$1 | B2] contains a horizontal double cross, then G has a summand of rank 3
or 4. Rank 4 occurs only if none of the entries # 0 is a unit.

(5) If [B1 | P2] contains a vertical double cross, then G has a summand of rank
5 — s where s is the number of units in the column of the vertical double cross,
i.e., the possible ranks are 5 — s = 3,4, 5.
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(6) If §1 has a unit in the first l; rows, then G has a summand of rank 2.
(7) If k1 = k2+1 and (; has a unit in the first [y + I3 rows, then G has a summand
of rank 2.

Proof. (1) is obvious.

The claims (2) to (6) follow easily by using Lemma 25 (2) and (3).

For example, consider (5). Let (i1, jo)|(i2, jo) be the location of the vertical double
cross. The double cross links the rows i; and i3. There will be two ranks coming
from ag =g I, one rank from the cross column jy and up to two ranks from (3
depending on whether the rows i; and is are zero-rows of (3 or not.

(7) If k1 = k241 and B; has a unit in a row with index between [ and I; +12, then,
by Lemma 25 (5), there is a cross in the first 1 4+ lo rows of §;. Since the nonzero
entry of this cross is a unit we may extend this cross to a cross of the whole S-part
by allowed row and column transformations. Thus G has a summand of rank 2. [J

7. INDECOMPOSABLE GROUPS WITH REGULATOR QUOTIENT OF EXPONENT < p°
Lemma 19 can be sharpened for (1, 3)-groups.

Proposition 27. If the part [y | 2] of a standard coordinate matrix [ | (1 |
B2 | B3] of a (1,3)-group G is S-decomposable, then G is decomposable. Conversely,
if G is decomposable without direct summands of rank < 2, then it has a standard
coordinate matrix with decomposable submatrix 31 | B2].

Proof. Let [ |B2] be S-decomposable. By Lemma 14 there is an S-reduced
form [3, | B2] = U[B1 | B2]Y’ where U is a lower triangular matrix and Y’ is an
upper triangular matrix. The two matrices U and Y = diag([,,Y’, I,.;) are allowed
row and column transformations for the coordinate matrix [ag | £1 | B2 | B3], and
Ulao | B | B | B3)Y = [Uag | B1 | B2 | UBs). By Lemma 25 (2) the part Ucag can be
changed to the identity matrix I, modulo S. By Lemma 25 (3) the part U3, can be
changed to (33 modulo S, where f33 is the identity matrix enlarged by some 0-rows.
These transformations do not affect [ | B2]. Now, since [3; | 3] is S-decomposable,
also [B1 | Ba] = UGy | B2]Y” is S-decomposable by Corollary 17. Hence the new
coordinate matrix is @ =g [I,. | [61 | B2 | B3] So the S-decomposability of [ | 82] is
inherited by & and by Corollary 20 the group G is decomposable.

Conversely, let G be decomposable without direct summands of rank < 2. Then,
by Lemma 19 , our group G has a decomposable coordinate matrix. By permutations
of the rows and of the columns we get a coordinate matrix for G as in the standard
setting. Clearly, this coordinate matrix is decomposable. Since G has no direct
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summand of rank < 2 the coordinate matrix has no 0-column. Moreover, the part [51]
(2] has no 0-row, since otherwise, by Lemma 14, an S-reduced form of [§; | 52] would
have a 0-row, and G would have a direct summand of rank 2 by Corollary 26 (2).
Thus [B1 | B2] has no 0-lines. But then the decomposability of the coordinate matrix
[ao | B1 | B2 | B3] implies decomposability of [5 | F2]. O

For the convenience of the reader we collect techniques, language conventions and
standard conclusions in a preamble. Moreover, we list standard conclusions to avoid
frequent repetitions in the proofs.

Preamble. The method of finding all near-isomorphism types of indecomposable
(1, 3)-groups is to start with a general coordinate matrix o = [ag | 01|82 |53]. We may
restrict ourselves to the part [5; | f2] by Lemma 25 (3) and (6) and Proposition 27.

We specialize the coordinate matrix using several techniques.

(1) We use a matrix that is S-congruent to the coordinate matrix. By Lemma 10,
this does not change the group. So we may replace entries that are =g 0 by 0.

(2) We use multiplications of rows and columns by units to create pure p-powers.
These elementary transformations are allowed and do not change the group.

(3) We use the property “indecomposable”, Corollary 26 together with Lem-
ma 25 (4) and (5), to exclude direct summands of rank < 4 since by Corollary 23
such groups cannot be equal to a (1,3)-group. This is the case if the part [5; | G2]
has a 0-line, a cross, a horizontal double cross that has at least one unit as an entry,
or a vertical double cross with the upper entry a unit. In particular, this allows to
simplify (; drastically.

(4) We use allowed elementary row and column transformations, Lemmata 21
and 24, to annihilate entries in ;. But we wish to keep (; unchanged. Clearly,
elementary row transformations will create fill-ins in (3;. So we have to make sure that
we can reestablish (7 in the original form after such an elementary row transformation
by column transformations in Gy only.

Language agreements. There are submatrices that change when other subma-
trices are transformed but whose actual values are irrelevant. In such cases we retain
the name of the submatrix and call it a “place holder”.

By “An entry x leads to a cross in [31|2]” we mean that this entry x can be used
as a pivot in its row and its column to generate a cross in [3; | f2] and precisely at
this location. Clearly, we use only the allowed line transformations as in Lemmata 21
and 24. This cross displays a direct summand of rank 2 or 3, by Corollary 26 (3). So
this is a contradiction by Corollary 23. We express ourselves similarly, if a double
cross can be obtained that also displays a direct summand of an impossible rank,
cf. Corollary 26.
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Mostly we want to change certain submatrices either to a 0-matrix or to a matrix
of the form p"I, h > 0. In doing matrix transformations to this effect previous zero
entries may become non-zero entries (fill-ins). By “The fill-ins can be annihilated”
we mean that there are transformations that turn the fill-ins to zero without changing
the newly achieved form. Of course, we only use the allowed line transformations as
in Lemmata 21 and 24.

By “The matriz B can be reestablished” we mean that after some allowed trans-
formation of another submatrix A that also changes B there are other allowed trans-
formations that change B back to its original form without changing A. There may
be a series of matrices that have to be reestablished, namely if the reestablishing
of B causes changes of another submatrix C' that in turn has to be reestablished etc.

By “We transform a matriz A to its Smith Normal Form” we mean first that
this is an allowed transformation, i.e., there are p-invertible matrices U, Y such that
UAY is a p-diagonal matrix. We mean secondly that it is possible to reestablish
submatrices affected by these transformations. This may require a number of steps.
We always want to reestablish all submatrices that were originally either 0 or p"I,
h > 0.

Since the last technique is crucial, we describe it in all detail in Example 29. By
“Smith Normal Form” we mean the following straightforward extension of the usual
Smith Normal Form formulated as the special case “r =" of Lemma 15.

Lemma 28. Let H be an integer matrix. Then there are p-invertible matrices U,
N 0
Y such that UHY = { 0 0} modulo p* where N is p-diagonal with all diagonal
entries # 0.

Example 29. We give an explicit example in which one submatrix is changed
to Smith Normal Form and affected submatrices are reestablished in steps. Let

2
us consider [p i % é I P OI} . We transform B to its Smith Normal Form, say
I 0 0
UBY = |0 plI 0] . Thus we obtain A | Y | 1 We reestablish
" po ol pU | UBY | 0 |

above the original B by multiplying the first block row by Y ! from the left and
we reestablish pI to the left of the original B by multiplying the first block column
by U~! from the right. In fact also A changed to Y "' AU ~!. But A was only a place
holder so we do not change the name A. Doing all this changes p?I changes to p?Y ~!.
Now we reestablish p?I by multiplying the third block column from the right by Y.
There is another very important phenomenon, namely the splitting of block rows and
block columns. Taking into account the splitting of the B-row and the B-column we
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obtain

Ay Ay As | T 0 0| pI 0 0
A4 A5 AG 0 I 0 0 pQI 0
A7 Ag Ag 0 0 1 0 0 pQI
pl 0 O I 0 O 0 0 0
0 pI 0 | 0 pI 0 0 0 0
0 0 »pI 0 0 O 0 0 0

Note that the place holder A also splits. Moreover, if pI in the Smith Normal Form
of B is not present, then the place holders Ay, Ay, A5, Ag, Ag are not present either.
Conversely, if we assume, for instance, that there are entries in Ay, then A; is present,
too.

Our first main result says that sometimes there are no indecomposable groups.

Theorem 30. (1,3)-groups with regulator quotient of exponent < p? are de-
composable.

Proof. By way of contradiction let G be an indecomposable (1, 3)-group with
regulator quotient of exponent p. The structure matrix is S = pl,. and all entries
of B1 are 0 by Lemma 25 (4), so G is not even clipped.

Now let G' be an indecomposable (1,3)-group with exp(G/R) = p?. In this case
we may assume that S = diag(p®I;,,pl;,) is the structure matrix, where [; > 1 and

lo > 0. By Lemma 25 (5) we have that 8, = where X, Z are p-diagonal

0
0 7
with {1 and I rows, respectively. Then, again by Corollary 26 (1), (6) and (7), 51 has
no units and no 0-column. Thus

b AT P
BulBe]= |0 | B| p* 1§

olc| 5

NN

B1 B2

Due to pI on the left, A has only zeros or units. A unit in B leads to a cross, so
B has no units. But then A has no unit to avoid a horizontal double cross in [5; | 2]
that displays a direct summand of rank 3, cf. Corollary 26 (4). Hence A = 0 and
G is decomposable by Proposition 27. O

We next produce examples of indecomposable (1, 3)-groups that later turn out to
present all near-isomorphism types of indecomposable (1,3)-groups with regulator
quotient of exponent p3.
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Proposition 31. The following six (1,3)-groups G with regulator quotient of
exponent p> given by the isomorphism types of their regulator with fixed types, their
regulator quotient and their coordinate matrix oo = [ag|B1]52|03] are indecomposable
and pairwise not near-isomorphic.

(1) a=[1]p?|p|1] with regulator quotient isomorphic to Z,s and rank G = 4.

2) a=[}92 ‘ [1) ‘ 9] with regulator quotient isomorphic to (Z,3)* and rank G = 5.
(3) a = [%’%%} with regulator quotient isomorphic to Z, @ Z,» and

I
—
ol
Ll k=1 |
SRS
o=
=lo

rank G

] with regulator quotient isomorphic to Z,s @ Z,» and

5 e
=}
=3
Q
|

Il
—
ol
L [=A {
o3,
=3
ol

} with regulator quotient isomorphic to Z,s @® Z, and

._g
)
=]
=2
Q
I

] with regulator quotient isomorphic to Z,s @ Z, and

._g
®
=}
~ |l
Q
Il
ot

—~
D
S~—
Q
—
O =
=lo Ot
]
o3
o=

Proof. The claims on ranks are clear and the regulator property and the
structure of the regulator quotient are easily verified.

By Proposition 27 a group without direct summands of rank < 2 and with a co-
ordinate matrix [ag | 51 | B2 | O] is indecomposable if and only if [5; | f2] is S-
indecomposable and, by Theorem 12, this is the case if and only if U[3; | B2]Y3
is not S-decomposable where U is the first component of an S-pair (in particular
Yii Yip

0 Yoo
trix Y as in Equation (4). In our examples the Y; ; are integers and we may assume

p-invertible) and Yz = [ } is the relevant submatrix of a conforming ma-

a
that Y3 = J since multiplication by a p-invertible diagonal matrix from the

L —
S =

right-hand side will not change a decomposition but allows to get entries 1 on the
diagonal.
For (1) it is enough to observe that modulo p? there are no O-entries in the row

o1 [ ] = 0150k ) moa

For (2) we recall that the 2 x 2 matrix U = [u, ;| is p-invertible, so by the same
argument with the diagonal matrix as above, but multiplying by a diagonal matrix
from the left-hand side, we may assume that either w11 =ug2 =1loru; 2 =u2; =1.
We deal only with the first case, the second case being similar. It is enough to note
that the following matrix is not decomposable modulo p>:

1 b][p 1]1[1 a P ap+bp+1 3
= mod p°.
c 1[0 p||O0 1 cp cap+p+c
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Since both the entries in the first row are not 0 modulo p?, the only possibility for
a decomposition is ¢ = 0 modulo p?. But then the other entry in the second row is
not 0 modulo p>.

For the remaining cases we use the argument with the diagonal matrix multiplying
from the left-hand side to obtain that the diagonal entries of U are 1.

For (3) it is enough to state that the following matrix has no 0-line modulo S =
diag(p®, p?) and is not S-decomposable:

5) 1 pb] [0 p][1 a]_ [bp* | bap*+p+bp
c 1|lp 1l]lo 1]7%|p | apteptl |

Since both the entries in the second row are not 0 modulo p?, the only possibility
for a decomposition is b = 0 modulo p. But then the other entry in the first row is
not 0 modulo p>.

For (4) it is enough to verify that the following matrix has no 0-line modulo
S = diag(p®, p?) and is not S-decomposable:

L pb][p 1]1[1 a]_ [p+bp* | ap+abp*+1
¢c 1]|p 0O]l0 1| cp+p | acp+ap +c

Since both the entries in the first row are not 0 modulo p3, the only possibility for
a decomposition is ¢ = 0 modulo p. But then the other entry in the second row is
not 0 modulo p?.

For (5) it is obvious that the following matrix has no 0-line and is not decomposable
modulo S = diag(p?, p):

1 p?][p? pl [l a] PQ‘GPQ-FP‘FbPQ
c 1 0101*30\ 1 '

(6)

For (6) it is obvious that the first column of the following matrix has no 0-entries

1 p?)[p p][1 a]_ [p+p°h ‘ a(p+p?b) +p
c 1 1 ofllo 1] % | ept1 ‘ alcp+1)+ep|’

So to be decomposable the second column must be 0. For this it is necessary that
a = 0 mod p. But then the entry at the position (1,2) is Zg 0. So the given matrix
is not decomposable modulo S = diag(p?, p).

It remains to show that the six groups above are pairwise not near-isomorphic.
Since the isomorphism types of the regulator and the regulator quotient are near-
isomorphism invariants, it is enough to prove that the groups under (3) and (4) are
not near-isomorphic, and that the groups under (5) and (6) are not near-isomorphic.

341



Let [31|02] and [31|35] be the parts of groups G, G’ as in (3) and in (4), respectively.
By Theorem 12, if the groups G and G’ are nearly isomorphic, then there are U, Y3
as above such that U[81 | 52]Y3 =s [61 | 55]- By Equation (5) we have to show that
the following two matrices are not diagonal equivalent:

|:bp2 \ bap2+p+bp} |:p 1]
and .
P ‘ ap+cp+1 p 0
This is obvious.

By Equation (6) we have to show that for the two groups as in (5) and in (6) the
following two matrices are not diagonal equivalent:

O 5t B
0 | 1 1 o]

This is obvious. So the six groups above belong to different near-isomorphism types.
O

By Proposition 31 we know that there are at least six near-isomorphism types of
indecomposable (1,3)-groups with regulator quotient of exponent p®. In the next
theorem we show that these are all. For the techniques of the proof we recommend
to read the preamble again.

Theorem 32. For a given isomorphism type of the regulator, there are six
near isomorphism types as in Proposition 31 of indecomposable (1, 3)-groups with

regulator quotient of exponent < p3.

Proof. Let G be a (1,3)-group with regulator R and exp(G/R) < p* given by
a coordinate matrix [ag | f1 | B2 | B3]). We will find all indecomposable (1, 3)-groups
that are direct summands of G. By Theorem 30 we may assume that exp(G/R) = p°.
It is easy to see that every indecomposable (1, 3)-group of rank 4 is of type Propo-
sition 31 (1). Therefore we further assume without loss of generality that G has no
direct summand of rank < 4.

The assumption means that the coordinate matrices of G with a part [ | O2] that
has 0-lines, crosses or double crosses, cf. Collorary 26 (1)—(4), are excluded.

Let [ag||81] 82 ]33] be a coordinate matrix of G, and assume S = diag(p®I;, , p*I,,,
pl,) to be the structure matrix where I; > 1 and it is left open whether lo, I3 are
zero or not. By Lemma 25(5) the first {; 4+ l2 rows of §; may be assumed to
equal diag(X, Z) with p-diagonal matrices X, Z that do not contain units by Corol-
lary 26 (7). It is easy to see that 0-columns in X or Z lead to crosses or 0-columns in
the [51 | O2] part of the coordinate matrix and contradict the hypothesis. Therefore
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we have without loss of generality

pQI 0 0 A p3
0 pI 0 C p3
10 o 0 D|pd o
(7) Bl = | T T B |
0 0 0 Flp* L+l
H, H, | Hy | Hd P
~—

B1 B2

where the letter I denotes an identity matrix of some size and 0 denotes some O-
matrix. The part (3 is the block column labeled by the blocks A, ..., H. Note that
the matrices A, ..., H have columns since #5 has columns.

In the sequel we will frequently and tacitly use the following trivial observation.

If a SQUARE matrix has no rows, then it has no columns and if it has no columns,
then it has no rows. Hence if a square block X appears in some matrix, then the
block row and the block column defined by X either are both present or both absent.

Recall if we form Smith Normal Forms we always mean that all affected blocks
can be reestablished, in particular, 0-blocks and those of the form p"I.

We determine the entries of the row H. As the computation in the row H is
modulo p the entries in this block row may be assumed to be either 0 or units.

The block H; is absent if and only if the A-row is absent, and in this case nothing is
done. So suppose H; and with it the A-row are present. A unit in H; allows to annihi-
late all entries in its row in |31 |32]. This changes p?I, but p*I can be reestablished by
row transformations alone. If the columns Hy or H3 are present, then there are fill-ins
to the right of p?I that are in p>Z. These can be annihilated by the pI’s in columns Hs
and Hjs. If the columns Hy or H3 are absent, there are no fill-ins to consider. Next,
using the unit in H; as a pivot we annihilate by elementary row transformations the
entry in p*I, cf. Lemma 21 (2), and obtain a cross located at the unit. Thus H; = 0.

The block Hj is absent if and only if the E-row is absent, and if this is so, then noth-
ing is done. Suppose that Hj is present and with it the row E. A unit in Hg allows
to create zeros in its row. If the Hs-column appears, then also the row C is present
and the fill-ins in the column Hy can be removed using pl in the row C. Then the
unit can be used to create a cross located at the unit, a contradiction. Thus Hs = 0.

The block Hs is absent if and only if the C-row is absent, and if this is so, then
nothing is done. Suppose that Hs is present. Then also the row C is present. It is
easy to see that Ho # 0. We create the Smith Normal Form of Hy. The submatrix pI
in the Hs-column can be reestablished by row transformations alone. Hs cannot be 0
to avoid a horizontal double cross in the row C'. Thus the Smith Normal Form of Hy
is [(I) 8} or [I 0]or {(ﬂ or [I]. In the general case the Smith Normal Form splits
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pl 0O
0 pl

H-row splits in two block rows, too, labeled as shown in (8).

the matrix pl in the row C' and we get } instead, as in (8). Moreover, the

The matrix (8) incorporates all possibilities where block rows as well as block
columns may be absent. In fact, the absence of Hy, Ho and Hj is covered by the
absence of A, C and F, respectively, and different Smith Normal Forms of Hsy are
obtained by the absence of the row C or the row H or both of them.

rp?l 0 0 0 | A7p?

0 pI 0 0 | B|p?

0 0 pI | 0 | C|p?

|0 0 0 0 | DIpd

(8) BulBel = | 0 SANA

0 0 0 0 | F|p* L+l

0 I 0 0 | L|P

Lo 0 0 0 | HIP

N~

B1 B2

The B-row and the L-row are linked. They are either both present or both absent.
Our final goal is to obtain a block form for 35 such that all blocks are 0 or p™I, h > 0.
This is done by forming the Smith Normal Form in parts of 3. In the process the
submatrices of Oy are broken up into smaller blocks and the block structure of [;
has to be refined correspondingly. Establishing the Smith Normal Form for a sub-
block of 35 is accomplished by row and column transformations in [ | 52] that affect
various other parts of [3; | B2]. Blocks of the form 0 or p"I that are changed by the
transformations must be reestablished by other allowed transformations in order to
achieve the goal of having nothing but blocks of the form 0 or p"I. The identities
Y=Y ((p"I)Y) = phI and (U(p"I))U~! = p"I show that a row or column transforma-
tion of a matrix p"I can be reversed by the inverse column or row transformation.
This fact will be used frequently below and has been used before. If certain rows or
columns are absent, then the issue of fill-ins disappears altogether, and we will not
mention these special cases every time.

By Lemma 25 (3), given [(1 | (2], the part 3 is arbitrary except that it must
guarantee that the rank of [1 | 82 | B3] is r and that its reduced column echelon form
has no 0-column. Having obtained the matrix [8; | O2] it is easy to supplement s
and to read off the types of groups listed in Proposition 31 and to exclude others.

(a) C, D, E, F, H have no 0-rows. L =0, A, B,D =0 mod p. Write pA, pB, pD
instead of A, B, D.

By Corollary 26 (2) D, F, H have no 0-rows. A O-row in C, E displays a cross in
[B1 | B2] which cannot be. Suppose that the row D is present. A unit in D leads to
a cross, hence we write pD.
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Suppose that the row A occurs. A unit in A allows to annihilate all other entries in
its column. Doing so the matrix p?I is changed but can be reestablished. If rows are
absent, then there are no fill-ins. The fill-ins below p?I are either =g 0, as in the D-
row and below, or, in the B- and C-rows, can be annihilated by column transforma-
tions in 3;. We obtain horizontal double crosses in [ | 52] located in A. This results
in indecomposable summands of rank 4 with the coordinate matrix [1|p?|p|1] that
are of type in Proposition 31 (1). By hypothesis this case is excluded, hence A =, 0.

If the row L is present, then we can annihilate I by means of I on the left and
get L = 0. By way of contradiction we assume that B has a unit. Then we can
annihilate all other entries in this column with this unit. The fill-ins in the A-row
can be annihilated by p?I on the left. The fill-ins in the C- and E-rows can be
annihilated by the respective pI’s on the right. The fill-ins in the D- and F-rows
can be annihilated by means of I below, since L = 0. The fill-ins in the H-row are
=g 0. Thus, without loss of generality,

rp?l 0 0 0 pA71 A, p?
0 pI 0 0 pB | B, p3
0 0 pI 0 C|cp
0o o0 0 0 | pD|D,p> I
9) (51| Ba] = 0 0 0 ol | B
0 0 0 0 F | Ep> L+l
0 I 0 0 0| Lp
Lo 0 o0 0 H 1 Hp
~——
81 B2

(b) Only the A-row is present.

In this case pA # 0, since G is clipped. The Smith Normal Form of pA is pl
since there are no 0-lines. So G has an indecomposable summand of rank 4 with the
coordinate matrix [1 | p? | p | 1] that is of type in Proposition 31 (1).

(c) One of the rows B through H is present.
We show that we can establish Smith Normal Forms for C'; F, H simultaneously.

rp2I 0 0 | 0 | pAy | pAs | pAs | pAs7 A, p3
0 pI 0|0 |pBi|pBs|pBs|pBs| B,p?
0 0pl|O]| I 0 0 0 | Cp?
10) 8| a] = 0 0 0/ 0 |pD:|pDs|pDs| pDy D,pz l
0o 0o o0lpIlo ]| 1] o] o]|EDp
0 00|0|FR | E|F | F|FEp L+tlh
o 7 ojloflo ]| o] ol ol Lp
Lo ooflof o | o | I | odHp
81 B2
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To obtain (10) we use that C, E/, H have entries that are either 0 or units due to the
blocks pI in (1 or due to computation modulo p in case of H, and that they have no
0-rows.

We first produce the Smith Normal Form of C' which is [T]0] or [I]. In the process
the matrix pI changes due to row transformations but can be reestablished by means
of column transformations. Accordingly, B2 splits into two columns; in (10) it is the
first column of 35 and the remaining three columns combined. We now create zeros
below I of the row C in the rows F and H. Fill-ins can be removed. If the Smith
Normal Form is [I], then only the first column of (s is present. This possibility is
not lost. If C is not present, then nothing is done. This case is contained in (10)
because the absence of row C means the first block column of 35 is not present, i.e.,
pA1, pB1, pD1, F1 are not present.

Next, the Smith Normal Form of F below the 0-block of the row C is formed and
it is [I|0] or [I]. Again the pI in the row E, changed by row transformations, can be
reestablished by means of column transformations. This causes a further split of the
columns of (2, and we have the first two columns of (10) and the last two columns
combined. Below the I in the row E we produce zeros in the row H which creates
no fill-ins. If the row E is not present or if the Smith Normal Form is [/] the suitable
deletions in (10) will cover these cases.

Finally, changing H to the Smith Normal Form creates no fill-ins and splits the
third column of (5 resulting into the four columns shown in (10) and no special cases
are lost.

(d) pA; — pAy = pAy =0, pA3 = pl, pBy = pBay — pB3 = 0, pD3 = 0, pDy = 20,
Fy = F3 = 0; Fy =, 0. Write pFy, p>Dy in place of Fy,pDj.

We show, starting with (10), how to obtain (11). Note that the statements are not
proved in the order they are listed above. In fact, it is necessary to follow a certain
sequence in this proof. For the convenience of the reader we always indicate which
part of the listed claims is dealt with.

rp?I 0 0[O0 O 0 |pI| 0 7 Ap°
0 pIl 00| O 0 | 0| pBy | B,p®
0 0 pl| O] I 0 0 C,p?
(1) 61| o] = 0 0 0| O0/|pDy|pDy| 0 |p*Dy D,pz I
0 0 0 |pI| O I |0 0 | E,p
0 0 0|0]| F 0 | 0| pFy | Fp2  lLi+1s
0 I o|Of O 0 |0 0 L,p
Lo 0 0O O 0 | I o0 1 H,p
B1 Bz
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(d1) Block column 4.

Suppose that Fj contains a unit. Then zeros can be created first in its row and
then in its column resulting in a cross. So Fy =, 0 and we rename Fy to pFy.

Suppose that pD, contains a p. Then a cross results at this place. Hence pDy =2 0
and we rename pDy to p?Dy.

Suppose that pAy is present and # 0 mod p3. Then p?I is present and pA4 contains
an entry p. This p can be used to create 0 in its row in (5 and in its column in
the row A. The fill-ins in p?I caused by row transformations can be undone by
column transformations. Next, 0 can be created in pBs below p. Fill-ins in the
row B coming from p?I of the row A can be eliminated by means of the block pI
in the row B. Entries in p?D, below p can be made 0 with no fill-ins because
p(p?I) = 0 mod p?. Finally, the entries in pF; below p can be made 0 with no fill-ins
because p*I = 0 mod p?. We have obtained a horizontal double cross in the row A
resulting in a summand of rank 4, contrary to assumption. So we get pA4 = 0.

(d2) F-row.

Note that, if F, is present, then the E-row is present, and if F3 is present, then
the H-row is present. The entries of the matrices Fy, F3 are either units or 0
by the identity matrices above and below in the E- and H-row, respectively, since
annihilating with those I’s creates fill-ins in the F-row that are =2 0. A unit in F3
or in F3 leads to a cross. Thus Fy, = F3 = 0.

(d3) D-row.

Note that pDj is present if and only if the row H is present. The entries in pDj3
are either 0 or in pZ \ p?>Z due to I in the H-row. Suppose that there is a p in pDs.
With it we make zeros in its row. Annihilation in p?D, creates fill-ins in the row H
but these are 0 modulo p. In addition fill-ins in the row A appear. These are in p?Z
and can be removed with p?I from 3; in the row A. Annihilation in pDy creates
fill-ins in the row H. The fill-ins in the H-row can be removed by means of I above
it in row F. In the process new fill-ins appear in row H in (31, but these are 0 mod p.
Annihilation in pD; again creates fill-ins in the row H. They can be removed by
means of I in the row C. Now p alone is not zero in its row of [3; | B2]. Therefore
all entries above and below p can be removed except for those in the row H. But
then the group G has a direct summand that is not clipped with partial coordinate

0
matrix [0 | fo] = {O ‘ﬂ . Hence pD3 = 0.

(d4) A- and B-row.

Note that if pA;, pB; are present, then the C-row is present, and if pAs, pBs are
present, then the E-row is present. The blocks pA1, pAs, pB1, pBs can be annihilated
by the respective identity matrices in the rows C' and E. The fill-ins in the A- and
B-rows are in p?>Z and can be annihilated by p?I and pI, respectively. This in turn
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creates fill-ins in the L-row that are =, 0. The matrix pBs can be annihilated by
means of pI to the left. This creates fill-ins in the L-row to the right of I that can
be annihilated by means of I in the H-row. So pBs = 0. Now pAs has no 0-line
to avoid crosses. But then its Smith Normal Form is pI, and when changing to the
Smith Normal Form, p?I to the left and I below can be reestablished. Hence we
arrive at (11).

(e) pFy =0and Fy =[I|0].

Assume that pF) is present. Then the F-row and the fourth block column are
present. We will show that pFy = 0.

Note the following consequences if additional blocks are present, and some prop-
erties of the entries of pBy, Fj.

(1) If pBy is present, then the rows B, L and the fourth block column are present.
Moreover, the entries of pB, are either 0 or in pZ \ p?>Z since the entries in p?Z
can be annihilated by pl to the left in ;. The fill-ins in the L-row below pBy
are 0 modulo p. There is no 0-row in pB, to avoid a vertical double cross located
in ;.

(2) If Fy is present, then the rows C' and the block column 1 is present. More-
over, the entries in F} are either 0 or units, since the entries of F} in pZ can
be annihilated by the I above in the C-row. The fill-ins in the F-row are 0
modulo p?.

There are four cases, depending on whether pB,, F} are present or not.

(1) If both pBy, Fy are absent, then this leads to a cross located in pFy. So we
may assume that either pB4 or Fj is present or both.

(2) Assume that pBy is present and Fj is not. The Smith Normal Form of pBy
is [pI | 0] since there is no 0-row. We annihilate in pFy and get [0 | pFy]. There are
fill-ins below pI in the F-row of §; that can be annihilated by I in the L-row. An
entry p in pF} allows to annihilate in p?D, if this block is present at all. Now this
leads to a cross located at this p. Thus pF;=0 in this case.

(3) Assume that Fy is present and pBy is not. The Smith Normal Form of F; is

0
[é 8} or a specialization thereof. We annihilate in pFy and get [ e /} . There are
p

fill-ins right of I in the C-row above pF} that can be annihilated by pl 4in the C-row.
An entry p in pFj allows to annihilate in p?Dj if this block is present at all. Now
this leads to a cross located at this p. Thus pFy = 0 in this case.

(4) Assume that both pBy, F are present. Then the Smith Normal Forms of pBy,
Fy are as in (2) and (3). We annihilate with both, pI in the Smith Normal Form
of pBy4, and with I in the Smith Normal Form of Fj. This can be done independently
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and the fill-ins can be annihilated as in (2) and (3). We get [8 pg,,]. Now this
4

leads to a cross located at this p. Thus pFy; = 0 also in this last case.

Hence pFy = 0. But then the Smith Normal Form of Fj is [I | 0] since there are
no 0-rows.

(f) p*D4 =0, pBy = pI, pD1 = {8 pOI] , pPDo = {pol} :

Assume that p?D, is present. Then the D-row and the fourth block column are
present. We will show that p2D4 = 0.

Note the following consequences if additional blocks are present, and some prop-
erties of the entries of pBy, F1, pD1, pD-.

(1) If pBy is present, then the rows B, L are present. Moreover, the entries of pBy
are either 0 or in pZ \ p*>Z since the entries in p?>Z can be annihilated by pI to
the left in 3;. The fill-ins in the L-row below pB4 are 0 modulo p. There is no
0-row in pB4 to avoid a vertical double cross located in ;.

(2) If Fy is present, then the rows F', C, the block column 1 and pD; are present.
Recall that the Smith Normal Form of F} is [1 | 0].

(3) If pD; is present, then the row C' and the block column 1 are present. Moreover,
the entries of pD; are either 0 or in pZ \ p?Z since the entries in p?Z can be
annihilated by I above in the row C. The fill-ins in 3 are 0 modulo p>.

(4) If pDy is present then the row E and the block column 2 are present. Moreover,
the entries of pDy are either 0 or in pZ \ p?>Z since the entries in p?Z can be
annihilated by I below in the row E. The fill-ins in 3 are 0 modulo p3.

(f1) Presence and absence of pBy.

If pB, is present, we establish its Smith Normal Form which is [pI|0] because there
is no 0-row. We annihilate in p? D4 and get [0 | p>D}]. The fill-ins below pI in the
D-row of 3, are all in p?Z and can be annihilated by I below in the L-row. If pB, is
not present, then p?Dy is not changed. All present blocks above and below p? D) or
p? Dy, respectively, are 0. It remains to show that p?>D} or p? Dy, respectively, are 0.
These two cases can be dealt with together.

(f2) Presence and absence of Fj.

If F} is present, we establish its Smith Normal Form which is [I |0]. We annihilate
in pD; and get [0 | pD7]. There are no fill-ins. If F} is not present, then pD; is not
changed. Since we continue to produce blocks that are either 0 or of the form p"I
these two cases can be dealt with together. Note that if F} # I, then the first block
column splits.

(f3) Presence and absence of the block columns 1 and 2 of .
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(1) If none of the two block columns 1 or 2 is present and p? D, # 0, then this leads
to a cross located in p?D, regardless of whether pBy is present or not. So p?Dy =0
in this case.

(2) If the second block column is present and the first block column is not present,
i.e., if pDy is present and pD; not, then the Smith Normal Form of pDs is pl, since
there is no O-line. A 0-row leads to a cross located in p2Dy, a 0-column leads to
a horizontal double cross located in the E-row.

We use the Smith Normal Form of pD, to annihilate p?D4. There are fill-ins
below p?D, in the E-row that can be annihilated by pI to the left in ;. Thus
p2D4 = 0 in this case.

(3) If the first block column is present and the second block column is not present,
i.e., if pD; is present and pDsy not, then we create the Smith Normal Form of pD;
in the case that F; is not present, and the Smith Normal Form of pDj in the case
that F} is present and pD; = [0 | pD}]. There are no 0-lines in the respective Smith
Normal Forms, since a 0-row leads to a cross located in p?>Dy, a 0-column leads to
a horizontal double cross located in the C-row. So the Smith Normal Forms of pD;
and of pD) both are pl.

We use the Smith Normal Form either of pD; or of pD} to annihilate p? D4. There
are fill-ins above p?Dy in the C-row that can be annihilated by pI to the left in 3;.
Thus p?D4 = 0 in this case.

(4) If the first and the second block columns are present, then pD; and pDs both

I
P f since there is no

are present. The Smith Normal Form of pDs is pDy = [ 0

0-column.
We use the pI in the Smith Normal Form of pDs to annihilate in pD;. Depending
on the presence of F; we obtain either

0 0 0
{0 pD’{}f o [pD’Jf'

Now again depending on the presence of F; we form the Smith Normal Form
of pDY or of pD} which is in both cases pI since those Smith Normal Forms have
no 0-lines, since a O-row in pDY or in pD] leads to a cross located in p?>D, and
a 0-column in pDY or in pD] leads to horizontal double crosses located either in the
row C' or the row E.

We annihilate in p?D, with pI in the respective Smith Normal Forms of pDs, and

of pDY or pD}. Hence we obtain for p?>D, either

0 0 0
[ 0 ] or [0 0 1,
p* D 0 | p*Dy
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depending on the presence of pB,. There are fill-ins above and below p?>D, in the
rows C and D, respectively. But those can be annihilated as in (2) and (3).

If p2D} or p>D) are not 0, then this leads to a cross located in p?D,. This last
contradiction shows that p?Dy = 0.

A consequence of p?D4 = 0 is that the Smith Normal Form of pBy is pI, to avoid

a 0-column.

Furthermore, we have obtained that pDi, pDs are of the form [0 0

0 pl} and

0
(g) Final Coordinate Matrices.

I
[p ], respectively.

The coordinate matrices of indecomposable (1, 3)-groups of rank 4 have only the
A-row, and this displays the group as in Proposition 31 (1).

All coordinate matrices of indecomposable (1, 3)-groups that have no summand of
rank < 4 can be transformed to a matrix of the form as in (12). Note that not all
block lines in this matrix must be present and that block rows and block columns
that intersect in a (square) block of the form p”I either are both present or both

absent.
2T 0 0 0]ofoo|ol|pr|oq Ap
0 pl 0 0|0Joo|o]|o0]|p| B,p
0O oprolofrolo|olol]cyp
0 0 o0prlofor|o|ol]o]| c?p
0000 |0f0o0]|pr|o]o]| D,y
12) BlB=l= g g 0 0o opIlolo|ol| D2 1
0 000 | pIjloolr]o]o]| B p?
000 o0lofrolololo| Ep2 L+l
0o 7 0o0|lofJoolololo]| Lyp
Lo oooofoolo|1|od Hp

By (f) the D-row and the Dj-column split, so in turn also the C-row splits and
we end up with [ | B2] as above. Now we can read off the [ | f2]-part of the
indecomposable groups. There are the following row constellations: (A, H), (B, L),
(C1,F), (C? D?), (D', E). The corresponding types of groups following the list in
Proposition 31 are (5), (6), (4), (2), (3). O
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8. INDECOMPOSABLE (1,3)-GROUPS OF ARBITRARY LARGE BANK

Theorem 33. There are indecomposable (1,3)-groups with regulator quotient
of exponent p* of arbitrary large rank.

Proof. Let A be a square integer matrix that considered over Z, has a char-
acteristic polynomial equal to the minimum polynomial that is a power of some
irreducible polynomial modulo p. Then A and any matrix similar to A modulo p is
indecomposable modulo p. We prove that the (1,3)-group G of rank 5n with regu-
lator quotient isomorphic to (Z,4)" @ (Z,2)" and such that the coordinate matrix

I, 0 | p°L, | pL, | I.] »*

[ao | B1 | B2 | Bs] = 0 In| pA ‘ I, ‘ 0] p?

is indecomposable. We have to show that

2
pMy1 pM; 2]
’ 2 =u Y
[ pMz1 Mo (1 162]
_ |:(p2U1,1 +p*U12A)Y11 | (0PUia + Ui 0A)Yi o + (pUra + p?Us2)Ya
pUsz 2AY 1 | pUz2AY1 2 + (pU2y + Uz 2)Y2 2
Uiq p?Uis

is S-indecomposable where U = [ ] is the first component of an S-pair

Yii Yip
0 Yoo

p?Mi1 pMi o
pMz1 Mo
that allows a simpler treatment of the decomposition problem. As

Usi  Usp

and Y = [ ] is p-invertible. The set of pairs (U,Y) is a group acting on

the set of matrices [ ] . We will switch to an isomorphic group action

M= {Mm M1,2} _ {Pl 0] [P2M1,1 PM1,2] [Pl 0}
My Mso 0 1] [pMzr DMap 0 1|’
[ Ui pUl,z] _ [p_l 0} |:U1,1 pQUl,z] {p 0}
pUz1 Uz 0 1]|Uz1 Usp 0 1|’

and .
Yii pYio _|p O Yiig Yig||[p " O
0 Yo 0 1] 0 Yaol| 0 1

U U Y; Y
the pairs ( [ L1 P 1’2} , [ L1 Ph12 ] ) form a group isomorphic to the original
pUz1  Usp2 0 Yoo

group of operators acting on the set of matrices M = [M; ;], because

[p_l 0} |:U1,1 pQUl,z} |:p2M1,1 le,Q} {Ym Y1,2] [p_l 0}
0

0 1] U1 Uz pMz1 Mo 0 Yo 1
B [Um pU1,2] [Mm M1,2:| {Ym pYLQ]
pUz 1 Uspa My Mo 0 Yool
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U 0 Y, 0
In particular, the pairs ({ L1 }7[ bt

]) are in both operating

0 U272 0 Yé,Q
groups and describe corresponding operations. A necessary condition for the S-
2
pMy1 pMis

decomposability of [ } is that modulo p

pMz1 Mo
My 1 M1,2:| _ { Ui U1,1YQ,2]

M =
{Mm My o Uz 2AY11 U 2Yao

is decomposable. Since U;;, Y; ; are p-invertible, so, possibly with the exception
of My 1, the matrices M; ; are p-invertible.

By way of contradiction we assume that M is decomposable modulo p. From now
on all congruences are modulo p. For M the hypothesis of Lemma 18 is satisfied,
thus there are permutation matrices Py, P, Q1, QQ2, all of size n such that

=l ] = [0 al bt i[5l
My, Mso,] |0 P [May May 0 Qo
X, .
where M/ ; = [ 6’3 7 } with X; ;, Z; ; that have rows and columns for all (3, ),
i

i.e., M’ has a compatible decomposition. Note that all X; ;, Z; ; are p-invertible for
(,7) # (2,1), since the matrices M; ; are p-invertible for (i, j) # (2,1). All X, ; are
of the same size for all 7, j, and the same holds for the Z; ;.

We choose p-invertible matrices U/, Y/ for i = 1,2,3,4 where U{, U3, Y/, Y have
the size of X; ; and the other matrices have the size of Z; ;. It is easy to see that we
may choose U/, Y/ even so that

I I
(13) diag(U}, Up, U, UM diag (Y], Y3, Y2, Y]) = [ " }

c I,
where the block C' is decomposed as the blocks M; ;.

U, U/ Y/ Y/
This shows that if there are U’ = 1,’1 p ,1’2 and Y/ = | Ut p ,1’2 such
pU2,1 U2,2 0 Yz 2

L, Iy . .
that U’ [ AT ] Y’ is decomposable modulo p, then there are also matrices U =
n
Y; Y
[ Ui pUM] and Y = [ L1 P 1’2} such that
pUz1 Uz 0 Yoo
U In In y — Ul,l PU1,2 In In Yl,l PY1,2
A I, pUz1 Uz A I, 0 Yo

_ [ Ui Y U1,1Y2,2} :{ I, In:|
| U22AY 1 UspYao| |UspAYin I

with Us 2AY] 1 properly decomposed modulo p.
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Hence U1 = Uz = Ylfll = YQ’_Q1 modp. But then also Us2AY7 = YlfllAYLl

mod p is decomposed, contradicting the hypothesis on A. This shows that the groups

above with the indicated coordinate matrices are indecomposable. O

1]
2]

8]

[4]
[5]
[6]
[7]

8]

[9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

18]

[19]

[20]

Acknowledgement. We thank the referee for many and very helpful suggestions.

References

D. M. Arnold: Finite Rank Torsion-Free Abelian Groups and Rings. Lecture Notes 931.
Springer, Berlin, 1982.

D. M. Arnold: Abelian Groups and Representations of Partially Ordered Finite Sets.
CMS Advanced Books in Mathematics. Springer, New York, 2000.

D. M. Arnold, M. Dugas: Finite rank Butler groups with small typesets. Abelian Groups
and Modules (Dublin 1998). Trends in Math. (P. Eklof et al., eds.). Birkh#user, Basel,
1998, pp. 107-119.

D. M. Arnold, D. Simson: Representations of finite partially ordered sets over commu-
tative artinian uniserial rings. J. Pure Appl. Algebra 205 (2006), 640-659.

D. M. Arnold, D. Simson: Representations of finite posets over discrete valuation rings.
Commun. Algebra 35 (2007), 3128-3144.

D. M. Arnold, A. Mader, O. Mutzbauer, E. Solak: Almost completely decomposable
groups and unbounded representation type. J. Algebra 349 (2012), 50-62.

V. M. Bondarenko: Representations of bundles of semichained sets and their applica-
tions. St. Petersburg Math. J. & (1992), 973-996.

R. Burkhardt: On a special class of almost completely decomposable groups I. Abelian
Groups and Modules. Proc. Udine Con. 1984, CISM Courses and Lecture 287 (R. G&bel
at al., eds.). Springer, Vienna, 1984, pp. 141-150.

A.L.S. Corner: A note on rank and direct decompositions of torsion-free Abelian
groups. Proc. Camb. Philos. Soc. 57 (1961), 230-233.

J.A. Drozd: Matrix problems and categories of matrices. J. Sov. Math. 3 (1975),
692-699.

M. Dugas: BR-groups with type set (1,2). Forum Math. 13 (2001), 143-148.

T. Faticoni, P. Schultz: Direct decompositions of acd groups with primary regulating in-
dex. Abelian Groups and Modules. Proc. 1995 Colorado Springs Conference (D. Arnold
et al., eds.). Marcel Dekker, New York, 1996, pp. 233-241.

L. Fuchs: Infinite Abelian Groups, Vol. II. Pure and Applied Mathematics 36, Academic
Press, New York, 1973.

N. Jacobson: Basic Algebra I. W. H. Freeman and Company, San Francisco, 1974.
E. L. Lady: Almost completely decomposable torsion-free Abelian groups. Proc. Am.
Math. Soc. 45 (1974), 41-47.

E. L. Lady: Nearly isomorphic torsion-free abelian groups. J. Algebra 35 (1975), 235-238.
A. Mader: Almost Completely Decomposable Groups. Gordon and Breach, Amsterdam,
2000.

A. Mader, L. Strimgmann: Generalized almost completely decomposable groups. Rend.
Semin. Mat. Univ. Padova 113 (2005), 47-69.

O. Mutzbauer: Regulating subgroups of Butler groups. Abelian Groups. Proc. 1991
Curagao Conf. Lecture Notes Pure Appl. Math. 146 (L.Fuchs, ed.). Marcel Dekker,
New York, 1993, pp. 209-216.

O. Mutzbauer, E. Solak: (1,2)-groups with p-regulator quotient. J. Algebra 220 (2008),
3821-3831.

354



21]

[22]

23]
24]

[25]

[26]

L. A. Nazarova, A. V. Roiter: Finitely generated modules over a dyad of local Dedekind
rings, and finite groups with an Abelian normal divisor of index p. Math. USSR Izv. 3
(1969), 65-89. (In Russian.)

L. A. Nazarova, A. V. Roiter, V. V. Sergeichuk, V. M. Bondarenko: Applications of mod-
ules over a dyad for the classification of finite p-groups possessing an Abelian subgroup
of index p, and of pairs of mutually annihilating operators. J. Sov. Math. 3 (1975),
636—653; translation from Zap. Nauchn. Semin. Leningr. Otd. Mat. Inst. Steklova 28
(1972), 69-92. (In English. Russian original.)

V. V. Sergeichuk: Canonical matrices for linear matrix problems. Linear Algebra Appl.
317 (2000), 53-102.

H. Shapiro: A survey of canonical forms and invariants for unitary similarity. Linear
Algebra Appl. 147 (1991), 101-167.

D. Simson: Linear Representations of Partially Ordered Sets and Vector Space Cate-
gories. Algebra, Logic and Applications Appl., Vol. 4. Gordon and Breach, Brooklyn,
2000.

E. Solak: Almost completely decomposable groups of type (1, 2). Dissertation Wiirzburg.
(2007).

Authors’ addresses: D. M. Arnold, Dept. of Math., Baylor University, Waco, Texas

76798-7328, U.S.A., e-mail: David_Arnold@baylor.edu; A. Mader, Dept. of Math., Uni-
versity of Hawaii, 2565 McCarthy Mall, Honolulu, Hawaii 96822, U.S.A., e-mail: adolf@math.
hawaii.edu; O. Mutzbauer, University Wiirzburg, Math. Inst., Am Hubland, 97074
Wiirzburg, Germany, e-mail: mutzbauer@mathematik.uni-wuerzburg.de; E. Solak, Dept.

of

Math., Middle East Technical University, Inonii Bulvari, 06531 Ankara, Turkey, e-mail:

esolak@metu.edu.tr.

355



		webmaster@dml.cz
	2020-07-03T20:28:38+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




