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SOME SURJECTIVITY THEOREMS WITH APPLICATIONS

H. K. PATHAK AND S. N. MISHRA

ABSTRACT. In this paper a new class of mappings, known as locally A-strongly
¢-accretive mappings, where A and ¢ have special meanings, is introduced.
This class of mappings constitutes a generalization of the well-known mo-
notone mappings, accretive mappings and strongly ¢-accretive mappings.
Subsequently, the above notion is used to extend the results of Park and
Park, Browder and Ray to locally A-strongly ¢-accretive mappings by using
Caristi-Kirk fixed point theorem. In the sequel, we introduce the notion of
generalized directional contractor and prove a surjectivity theorem which is
used to solve certain functional equations in Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

In the beginning of the last quarter of the 20th century many problems related
to nonlinear operators were studied in the framework of Banach spaces by several
researchers. In this context, the remarkable work of Altman [I]-[3], Ray and Walker
[14] and others is worth mentioning. Altman [I]—[3] obtained some surjectivity
theorems for nonlinear mapings which had a directional contractor. A transfinite
induction argument was applied in his work to prove surjectivity theorems for
nonlinear mappings by using the well-known Caristi-Kirk [8] fixed point theorem as
a tool. On the other hand, Browder [7] initiated the study of ¢-accretive mappings
in Banach spaces under appropriate geometric conditions. This class of mappings
has been further studied by Browder [4]-[6], Kirk [11], Ray [I3] and many others.

In this paper a new class of mappings, known as locally A-strongly ¢-accretive
mappings, where A\ and ¢ have special meanings, is introduced.

This class of mappings constitutes a generalization of the well-known monotone
mappings, accretive mappings and strongly ¢-accretive mappings. Subsequently,
in Section [2] the above notion is used to extend the results of Park and Park
[12], Browder [6] and Ray [I3] to locally A-strongly ¢-accretive mappings by using
Caristi-Kirk fixed point theorem (cf. [8, [I0} [I1]). In the sequel, we introduce the
notion of generalized directional contractor in Section [3] and prove a surjectivity
theorem which is used to solve certain functional equations in Banach spaces.
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Definition 1.1. Let X and Y be Banach spaces with Y* the dual of Y, and let
¢: X — Y™ be a mapping satisfying:

(i): ¢(X) is dense in Y™,
(#i): for each x € X and each o > 0,
@)l < llzll, llg(az)|| = allp(@)] -
Then:
A mapping P: X — Y is said to be

(a): ¢-accretive if for all u,v € X,

(1.1) (Pu— Pv,¢(u—v)) >0.
(b): strongly ¢-accretive if there exists a constant ¢ > 0 such that, for all
u,v € X,
(1.2) (Pu — Pv,é(u—v)) > c|ju—v|?*.

(c): locally strongly ¢-accretive if for each y € Y and r > 0, there exists a
constant ¢ > 0 such that: if ||Pz —y|| < r, then, for all u € X sufficiently
near to x, we have

(1.3) (Pu— Px,¢(u—x)) > c|lu—=z|?.

Note that (c) presents a localized version of (b). Historically, ¢-accretive mappings
were introduced in an effort to unify the theories for monotone mappings (when
Y = X*) and for accretive mappings (when Y = X). These mappings have been
studied by Browder [4]-[7], Kirk [I1I] and Ray [I3] among others.

The following result of Browder [7, Theorem 4] is of fundamental importance.

Theorem 1.2. Let X and Y be Banach spaces and P: X — Y a strongly
o¢-accretive mapping. If Y* is uniformly convexr and P is locally Lipschitzian,
then P(X) =Y.
For a Banach space X, the duality mapping J from X into 2% is given by
J@)={je X" :(z, j)=lz[* =i’}  (z€X)

where (-,-) denotes the duality pairing. It is well known that J is single-valued in
case X s strictly convex, and it is uniformly continuous on bounded subsets of X
whenever X* is uniformly convez.

We now introduce the following definition.

Definition 1.3. A Lipschitzian mapping P: X — Y with Lipschitzian constant
M is said to be locally A-strongly ¢-accretive if for each y € Y and r > 0, there
exist constants A, ¢ with ¢/2M > X > 0 such that: if ||Pz —y|| < r and j € J, the
duality mapping on Y, then, for all © € X sufficiently near to z,

(1.4) (Pu— Pz, ¢(u—x) + AM~'j(Pu— Px)) > c|lu —z|?.

It may be remarked that a 0-strongly ¢-accretive mapping P: X — Y is strongly
¢-accretive as defined in [7].
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Ray [13] extended Browder’s theorem [7] by applying a theorem of Ekeland [9)]
and showed that a localized class of strongly ¢-accretive mappings must be surjective
under appropriate geometric assumptions on Y and continuity assumptions on P.
Indeed, he proved the following.

Theorem 1.4. Let X and Y be Banach spaces and P: X — 'Y a locally Lipschit-
zian and locally strongly ¢-accretive mapping. If Y™ is strictly convex and J is
continuous, and if P(X) is closed in'Y, then P(X) =Y.

Park and Park [12] proved the following surjectivity theorem.

Theorem 1.5 ([I2, Theorem 2]). Let X and Y be Banach spaces and P: X —Y a
locally Lipschitzian and locally strongly ¢-accretive mapping. If the duality mapping
J of Y is strongly upper semicontinuous and P(X) is closed, then P(X) =Y.

Note that if P is strongly ¢-accretive, then P(X) is closed in Y. Therefore, as
a consequence of Theorem we have the following:

Corollary 1.6 ([I2, Theorem 1]). Let X and Y be Banach spaces and P: X —Y
a locally Lipschitzian and strongly ¢-accretive mapping. If the duality mapping J
of Y is strongly upper semicontinuous and P(X) is closed, then P(X) =Y.

Throughout, B(z,r) = {w € E : ||w — x| < r} will denote a closed ball in a
Banach space E, where E =X or E =Y in this case.

2. A SURJECTIVITY RESULT FOR A-STRONGLY ¢—ACCRETIVE MAPPINGS
The following is our main result for the above class of mappings.

Theorem 2.1. Let X and Y be Banach spaces and P: X — 'Y a locally Lipschit-
ztan and locally A-strongly ¢-accretive mapping. If the duality mapping J of Y is
strongly upper semicontinuous and P(X) is closed, then P(X) =Y.

The proof of our main result is prefaced by the following lemma of Park and
Park [12].

Lemma 2.2. For any y € Y,y* € J(y), and € > 0, there exists an h € X such
that |[h]| > 1 and ||¢(h) — y*[lyll =[] <e.

Notice that for any y* € J(y) € 2¥" we have
(2.1) lyll* < |21° = 2(z = y,y*) forany ze€Y.

Proof of Theorem 2.9l As P(X) is closed, to prove the theorem it is just suf-
ficient to show that P(X) is open. It is well known that J(y) # ( for each
y € Y, so we can choose y* € J(y). For a given xg € X, choose ¢; > 0 so
small that P is Lipschitzian with constant M on B(xg,2¢;). Choose A > 0
and e > 0 so that holds on B(Pzg,2Me;) whenever |u — zp] < 2eg;
set € = min{e, e} and set r = min{ce/(1 + V1 + 4cAM 1), Me}. Now it suf-
fices to show that B(Pzg,r) C P(X). To this end, suppose y € B(Pxg,r)
and y ¢ P(X). It follows that dist(y, P(X)) > 0. Let d = dist(y, P(X)) and
D = {x € B(xg,¢) : |ly — Px| < r}. Clearly, 2o € D so that D is nonempty.
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Moreover, D is closed. Therefore, D is complete. For any = € D, by Lemma [2.2]
there exists h € X such that ||h|| > 1 and

(2.2) (@(h), (y — Px)*|ly — Pal|™") < (c/2M = A).
Set xy = x + th,t > 0. By , for ¢ sufficiently small we have
(Pzy — Pz, ¢(xy — x) + AM ' j(Pxy — Px)) > cl|lz, — ||
Thus
(Pxy — Pz, ¢(z; — x)) > c|lzy — z||*> = \M~Y(Px; — Pz, j(Px, — Px))
> cllay — ]2 = AM || Pay - Poll|[j(Pa - Pa)|
or
(Pwy — Pz, ¢(h)) > ct|h]|* = AM™t7| Py — Pal|||j(Pze — Pa)|
> ct||hl|* = Alhll| Pze — P
2 ctl|h]] = All Pz — Pz|
> (¢/M — \)||Pxy — Px||.
As P is locally Lipschitzian we have for z, z; € B(zo,2€1)
|Pzy — Px| < M|z — ]| .
By applying (2.2),
(Pzy — Pz, (y — Px)") = (Pxy — Pu, ||y — Px|| ¢(h) — [ly — Pz| ¢(h), (y — Px))
> (¢/M = N)||[Pry — Pxl|l[ly — Pzl
— (¢/2M — X)|[Pz; — Pz|| |ly — Pzl
(2.3) > (c/2M)||Pay — Pall ly - Pall .
From and we have
ly = Pzel|* < |ly — Pa|* = 2(Pzy — P, (y — Pxy)")
= |ly — Pz|* - 2{Px; — Pz,(y — Px)* — (y — Px)" + (y — Px,)")
= lly - Pz|* - 2(Px; — Pz, (y — Px)")
+ 2(Pxy — Pz, (y — Pz)* — (y — Pxy)™)
< |ly = Pz|* - 2(Pz; — Pz, (y — Px)")
+2||Pxy — Px|l|[(y — Pz)" — (y — Pay)"|

< |ly = Pz|* - (cd/M)|| Pz, — Px|
+2||Pzy — Px|l[[(y — Pz)" — (y — Pz)*|.
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Since y — Px; — y — Pz as t — 0 and J is strongly upper semicontinuous we may
select t > 0 so small that ||(y — Px)* — (y — Px¢)*|| < (ed/2M). Then it follows
that

ly = Pae|2 < ly — Pal|? = (cd/2M)|[ Px; — Pal|.
Recall that for sufficiently small ¢, we have
(Pzy — Pr,¢(wy — 2)) > cllwe — @l = AM™!||Px, — Pal||[j(Pz; — Pz)].

This yields

1+ vV1+4eAM-!
2c

[l — ol < | Pzy — Pl

So
[d/ M1+ V1 +4AM Y|z, — 2| < |ly — Pzl = |ly — Pa|*.

Thus we find that ||y — Pz||? — ||y — Px¢||* > 0. Hence ||y — Pxy| < ||y — Pz|| < r
and z; € B(zo, 2¢).
Notice that x; € B(xo,2¢) and ||y — Pz| < r imply

14++V1+4cAM-1!
2c

o, - all < |Pa, - Pe]

< 1+ vV1+4eAM?

- 2c

V/ -1
r1+ 14 4eAM <

c =

(1P =yl + [ly — Pol))

€.

Let (z) = [M (14 V1 + 4cAM~1)/c?d]||ly — Px||? and define g: D — D such that
gx = x¢. Then

[z — gzl < ¥(x) —¥(gz).
Observe that D, being a closed subset of X, is complete. Since 1 is the continuous
map from the complete metric space D into nonnegative reals, by the Caristi-Kirk
fixed point theorem (cf. [8 10, [I1]) g has a fixed point in D. Note that ||z — x| =
t||h]] # 0, a contradiction. This completes the proof. O

Remark 2.3. We remark that Theorem [2.1] generalizes results of Park and Park
[12] and hence those of Browder [7] and Ray [13]. Further, geometrical structures
of Y* in Theorem [2.1] are not required as opposed to [7] and [13].

Example 2.4. Let X =Y =R. Then Y* = R* = R. Define ¢: X — Y™ implicitly
which satisfy conditions (i) and (ii) and P: X — Y explicitly by
2c

Pz =
14++V1+4cAM-1

Notice that the condition
(Pu — Pz, ¢(u— ) + AM~j(Pu — Px)) > cl|lu — z|?

z+ [ forall zeX, BeR.
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for all v € X sufficiently near to x yields

1+ vV1+4eAM—?
2c
Indeed, for all u € X sufficiently near to z,

(Pu— Pz,¢(u—x) + AM " j(Pu— Px)) > c|lu — z|?

(2.4) [u—=z| < |Pu— Pxl|.

implies that
(Pu — Px,¢(u — x)) + (Pu— Pz, \M~'j(Pu— Px)) > c||u — z|?,
i.e.,
cllu —z]|* < ||Pu— Pall|é(u — )| + AM ™| Pu— Pa|||j(Pu— Pz)||,
ie.
cllu—z|* < ||Pu— Pz|||u — z| + A\M~'||Pu — Pz||?.
By solving the above quadratic in d = H”u;w” we can easily find . Clearly,

Pu—Pz||
P satisfies the above condition for all x € X and all v € X sufficiently near to x.

By definition of P, it is evident that P(X) =Y.

3. GENERALIZED DIRECTIONAL CONTRACTOR AND ITS APPLICATION

In this section, we establish a surjectivity theorem for some nonlinear operators
by using the notion of generalized directional contractor. In the sequel we apply
our result to obtain a solution of certain functional equations.

Altman’s fundamental paper [I] contains the following useful notion of directio-
nal contractor:

Let X and Y be two Banach spaces. Let P: D(P) C X — Y be a nonlinear
operator from a linear subspace D(P) of X to Y, I'(x): Y — D(P) a bounded
linear operator associated with € D(P). Suppose there exists a positive number
q = q(P) < 1 such that for any x € D(P) and y € Y, there exist € = ¢(x,y) € (0, 1]
satisfying
[1P(z + el(x)y) — Pr — eyl < qelly] -

Then I'(x) is called a directional contractor for P at € D(P) and I': D(P) C
X — L(Y, X) is called a directional contractor for P, where L(Y, X) denotes the
set of all linear continuous maps of Y into X. If there exists a constant B(> 0)
such that ||I'(x)|| < B for all x € D(P), then I is called a bounded directional
contractor for P.

We now introduce the concept of generalized contractor as follows:

Definition 3.1. Let X and Y be two Banach spaces. Let P: D(P) C X — Y be
a nonlinear operator from a linear subspace D(P) of X to Y, I'(z): Y — D(P)
a bounded linear operator associated with z € D(P). Suppose there exists a
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positive number ¢ = ¢(P) < 1 such that for any z € D(P) and y € Y, there exist
¢ = e(z,y) € (0,1] and a nonincreasing function c: [0,00) — (0, ¢~'/?) satisfying

[Pz + el (2)y) — Pr — ey|| < gec(|lz]) [y -

Then T'(x) is called a generalized directional contractor for P at € D(P) and
I': D(P) C X — L(Y, X) is called a generalized directional contractor for P, where
L(Y, X) denotes the set of all linear continuous maps of Y into X. If there exists a
constant B(> 0) such that |[I'(z)|| < B for all x € D(P), then I is called a bounded
generalized directional contractor for P. It follows from the above definition that
I'(x)y = 0 implies y = 0 i.e., I'(x) is injective.

Notice that every generalized directional contractor is a directional contractor and
an inverse Gauteaux derivative is a directional contractor. Recall that P: D(P) C
X — Y is said to have closed graph if z,, — z, x,, € D(P) and Pz, — y imply
x € D(P) and y = Px.

By applying the ideas of Ray and Walker [14], we are now ready to prove a
surjectivity theorem for generalized directional contractor.

Theorem 3.2. Let X and Y be two Banach spaces. A nonlinear map P : D(P) C
X — Y which has closed graph and a bounded generalized directional contractor T’
s surjective.

Proof. Define a metric p on D(P) by
pla,y) = max{||lz — |, (1 +¢"/*) | Pz — Pyl|}.

As D(P) has closed graph, (D(P), p) is a complete metric space. Suppose w € R(P)
(the range of P). For any x € D(P) we set y = w — Pz. Since P has a bounded
generalized directional contractor I' we have, for some 0 < e(z,y) < 1,

(3.1) [1P(x + €l (2)y) — Pr — eyl| < gec(|z])]lyll-
Set eI'(x)y = h. Then we have

(3-2) |2l = lleT (z)yll < eBlly|| = eBllw — Pxl|.
From (3.1) we have

[P(z+h) —w+ (1 =€) (w—Pr)| < qec(|z]))||w — P
which yields

[P(z 4+ h) —w| = (1= e)llw—Pz|| < gec(||z)w - Pz
Therefore we have

ellw = Pa|| = gec(llz])|lw — Pz| < [lw = Pz|| = lw — P(z + ),

ie.,
(3.3) el —qc(lz)llw = Pzl < [lw = Px|| = lw = P(z + ).
Again from (3.1) we have

1P(x + h) = Pz|| — ellw = Pzl| < gec(|lz]))|w - Pz



24 H. K. PATHAK AND S. N. MISHRA

which yields

(3-4) 1Pz +h) = Pe| < e(l+qc(fzl)llw — Pzl

From and we have

[Pz +h) = Pal| < (14 qe(le)) (1 = ge(llzl)) " (lw = Pz| = |lw = Pz + b))
(3.5) < (1472 (1= ¢"%) " (lw = Pal| - |w - Pz + h)]).

Using (3.2) again we have
[h]| < eBllw — Pzl

< B qe(#) " (hw — Pal ~ w~ PGz + )]
(3.6) < B(L= %) (lw ~ Pal| ~ w— P(x+ B)])).

-1
Let @ = max(B,1) and p(z) = a(l — q1/2) ||w — Pzx||. Then ¢ is continuous with
respect to metric p. Therefore if we set fo = x + h, then fz # x. Indeed if h =0
then from (3.2)) we have

ellyll < gee(lzl)llyll < ¢" % ly]l < ellyll-

But since w ¢ R(P), y = Px —w # 0. Therefore fr # z and p(z, fx) <
o(x) — @(fz). This is a contradiction to Caristi-Kirk fixed point theorem ([4],
see also [0]). Hence we conclude that w € R(P).

Let X and Y be two Banach spaces. Let P: D(P) C X — Y, and let z € X.
We now consider a special class of generalized directional contractors. Let I'(x)(P)
be a set of generalized directional contractors for P at x € D(P) called class (S) if
there exist a positive number g = ¢(P) < 1, a constant B > 0 and a nonincreasing
function ¢: [0,00) — (0, ¢~'/?) with the following property:

For each y € I'(x)(P), there exist a positive number € = ¢(z,y) < 1 and an element
Z € D(P) such that:

(S1): [|Pz = Px —eyl| < gec([[z[D]lyl  and

O

(S2): ||z — =l < eBllyl|.

Now we apply the above results to obtain a solution of certain functional
equations.

Theorem 3.3. Let X and Y be two Banach spaces. Let P: D(P) C X — Y has
closed graph. For x € D(P), let T'(x)(P) denote the class (S). Suppose that yo is
such that for each © € D(P), the element yo — Px belongs to the closure of the set
[(x)(P) defined by (S1) and (S2). Then the equation Px —yo = 0,2 € D(P) has a
solution.

Proof. Suppose, if possible, Px — yo = 0, * € D(P) has no solution. Set

y = yo — Pz # 0, then by hypothesis y € I'(x)(P). So we can choose ¥y’ in
I'(x)(P) and a « > 0 such that ||y — ¢|| < «|ly||. Note that & < 1 and does not
depend on x.
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Since y’ € I'(x)(P), there exists Z such that
(3.7) 1Pz — Pz — e|| < qec(l|])lly']] -
From the above inequality we have

1Pz —yo +yo — Pz — e[| < gec(l|lz])]ly]]-
As y = yg — Pz, we obtain
(3.8) 1Pz —yo+y — e[| < gec(lz[Dlly']]-

Choose ¢ > 0 such that ¢ < ¢’ < 1. After having chosen ¢’ we may choose
« > 0 sufficiently small such that (« + 1) < gq’. Since ||y — ¢'|| < «|ly||, we have
Iyl < (14 «@)|ly||- From this and (3.8) we have

1Pz~ yo +y — e/l < decllel) Iyl
On the other hand, we have
(IPz—yo+ L=yl — 1Pz —yo+y—ey|) <elly =yl < ealyl.
Hence from (3.8) and the above inequalities, we have
1Pz~ o+ (1= ]l — callyll < dec(lzDly].
From this we have
1Pz~ yoll = (1 = )yl ~ ealyl < decllal) sl
Therefore we obtain
(1= d'e(lel)) ~ @)yl < lyll ~ 177~ yol
and which implies that
e(1—g 2 —a)lyll < llyll - 1Pz — yoll -
If we choose a > 0 so that =1 —¢'~'/2 — a > 0, then we obtain
(3.9) €Bllyo — Pz < [Pz — yoll — [[PZ — yol| -
But from (3.7)) we have
[Pz — Pzl < e(ge(fl=])) + 1)/l
< e(ge(llz]) + 1) (a+ 1)yl
or
|PZ — Px|| < e(¢"? + 1)(a + 1)||lyo — Pa|.
Using (3.9)), the above inequality yields
1Pz — Px|| < (¢"% + 1)(a + 1) (| Pz — yol| - | PZ — yol) -
Since ||z — z|| < eB||y'|| < eB(a+ 1)|ly|| = eB(a+ 1)||yo — Pz|| we have
|17 — || < Bla+ 1)~ (|1Pz —yoll = [PZ — yol) -
We now define a metric p on D(P) by
p(z,y) = max{||z =y, (1 + ¢"/*) 7| Pz — Py|}.
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Set fx = z. Since ¥y’ # 0(aw < 1), we have z # z. Take a = max{B, 1} and set
o(z) = ala +1)37||Px — yo|. Then

plx, fr) < o(x) — o(fz).

This is a contradiction to Caristi-Kirk fixed point theorem (cf. [8 10} [11]). Hence
we conclude that Px —yg = 0,2 € D(P) has a solution. O
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