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Abstract. In this paper, impulsive stabilization of high-order nonlinear retarded differen-
tial equations is investigated by using Lyapunov functions and some analysis methods. Our
results show that several non-impulsive unstable systems can be stabilized by imposition of
impulsive controls. Some recent results are extended and improved. An example is given
to demonstrate the effectiveness of the proposed control and stabilization methods.
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1. INTRODUCTION AND PRELIMINARIES

Over the last decade, impulsive control and impulsive stabilization for delay dif-
ferential equations have attracted a great deal of attention due to its potential appli-
cations in many fields such as biological systems, chemical reactions, dosage supply
in pharmacokinetics, ecosystems management, dynamic portfolio management and
stabilization and synchronization in chaotic secure communication systems and other
chaos systems [5], [6], [10], [13], [15], [16]. For example, in pest management, the
impulse models the process of periodic release of infective pests at fixed moments to
control pests population size, which can be described by an impulsive control system
[16]. In such system, the equilibrium solution that can be effectively controlled by
impulses denotes that the pests population size can be kept at acceptably low levels

This work was jointly supported by the National Natural Sciences Foundation of China:
Tianyuan Foundation (No. 11226136), the Project of Shandong Province Higher Ed-
ucational Science and Technology Program (No. J12LI04) and the Research Fund for
Excellent Young and Middle-aged Scientists of Shandong Province (No. BS2012DX039).
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in the long term. Moreover, in many cases, impulsive control can produce better
performance than continuous control; even in some cases, only impulsive approaches
can be used. A representative example is that a central bank cannot change its in-
terest rate everyday in order to regulate the money supply in a financial market [15].
In recent years, various results for impulsive control systems have been reported, see
1, 21, 31, 141, [71, [8], [9], [10], [11], [12], [14]. Since impulses can make unstable
systems stable, and stable systems can become unstable after impulse effects, it is
reasonable to ask whether the solutions of high-order nonlinear retarded differen-
tial equations have similar properties. However, to the best of author’s knowledge,
there is almost no result on impulsive stabilization of high-order nonlinear retarded
differential equations.

In this paper, we consider the high-order nonlinear retarded differential equations

N
(1.1) 2 () + a(t)z) () + b0 (t) + > filt, 2’ (gi(t)) =0, t > to,

and the corresponding equations with impulses

N
gy |0+ OSD 0+ 000+ D ) = 0, ¢ o 1 £
. =1

z(ty) = I (2(t;), 29 (ty) = T (2D (t7)), 5=1,2,...,n—1, t = t;.

We also consider other high-order nonlinear retarded differential equations
N

(1.3) 2™ (t) + a()z () + b(t)z(t) + ) filt —u,2%(uw)) du =0, t > to,
i—1 7 9:i(t)

and the corresponding equations with impulses

N ot
z(™) a(t)z() z? (t—u, 2% (uw)) du = > to,
(1.4) (t) + a(t)z' 7 (t) + b(t) (t)+; " filt —u,2°(u))du =0, t > to

w(ty) = L(z(t), 9 (t) = Jin (@D (), 5=1,2,...,n— 1, t =ty.

The following assumptions will be needed throughout the paper:

(A1) The impulsive sequence t, satisfies 0 < tg <t < ... <t < ..., kEToo tr =
+00;

(A2) Iy, Jjk: R — R are continuous and I;(0) = J;;(0) =0, k € Z4;

(As) a(t),b(t): [to,00) — R are continuous functions;

(Ag) fir [to,00) x R = R, fi(t,0) =0, t > ty. There exists a sequence of functions
pi(t), where p;: [tg,00) — R are continuous such that for all ¢ > tg, |fi(t,x)| <
lpi(®)||z|, i =1,2,..., N, where N > 1;
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(As) gi: [to,00) xR — R are continuous satisfying 0 < t—g;(t) < oo forallt >ty > 0,
i=1,2,...,N;

(Ag) v, 0, 0 are constants and 1 <y <n,0>1,0 > 1,v€ Z4;

(A7) 2/(t) denotes the right hand derivative of z(t), i.e.,

2'(ty) = 2(t)) = hlirgl+ (x(te + h) —2(t)))/h, and 2"(t) = ['@®)], ...,
z(t) = [z (@)-
For any o > 0, let 77 = sup{t — g;(t)}, 7 = max 77 and let ®(o) denote the
t>o 1<i<KN

set of functions ¢: [0 — 77,0] — R which have at most finitely many discontinuity
points of the first kind and are right continuous at these points.
So for any o > 0 and ¢ € ®, we can define the initial value condition of (1.1),

(1.2), (1.3), (1.4)
(1.5) z(t) =), telo—7%0); 29(0)=mz40, j=12,....,n—1.

Ifweletn=2,vy=1,d=p=1, N =1, g1(t) =t — 71, fi(t,x) = p(t)z, then
(1.1) and (1.3) reduce to the differential equations
2 (8) + alt)e’ (t) + b(t)a(t) + p(t)(t — 1) =0, ¢ > o,
z(t) = ¢(t), to —m1 <t < to, 2'(to) = 70

2" (t) + a(t)x' (t) + b(t)xz(t) + /_ p(t —u)x(u)du =0, t > to,

z(t) = p(t), to — 11 <t < to, 2'(to) = o.
The existence of solutions and impulsive stabilization of these equations was exten-
sively investigated in [14].
If we let a(t) =0, f; = 0, then (1.1) or (1.3) reduces to the differential equation

{ (™ (t) + b(t)x2(t) = 0, t > to,

(1.6) 4
37(750) = To, x(j)(to) = Tj0, .7 = 1527 cees— 1.

The stabilization of the solutions of (1.6) with impulse has been investigated in [9].
In the paper [4], the authors study the impulsive stabilization for the following
second order delay differential equations:

{x%0+ﬂuﬂmxﬁn+mtﬂ)x@—ﬂ)—&t>m,
x(t) = (), to — 7 <t < tg, ' (to) = Yo

with some necessary assumptions which include: f,g: [tg,00) Xx R x R — R are
continuous such that f(¢,0,0) = ¢(¢,0,0) = 0 and there exist constants F > 0,
G > 0 such that for all t > ¢y and u,v € R, |f(t,u,v)| < Flul, |g(t, u,v)| < GJv|.
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In the present paper, we deal with the equations (1.1) and (1.3), which are more
general than those in [14] and [9]. To some extent the systems studied in [4] are
more general than the systems we study (whenn =2, vy =1, = =1, N = 1,
g1(t) =t —m in (1.1)), but there still exist some cases to which the methods cannot
be applied, for example f(t,z,2') = 2® + 2’. The results we study can solve it.

In this paper, since (1.1) may reduce to first order impulsive differential equation,
we can obtain a global existence result of the solution of system (1.1), see [11], [2],
[1]. So we always assume the solution of (1.1) to exist globally in this paper.

Definition 1.1. For any 0 > 0 and ¢ € @, a function z: [0 — 77,0 + a) — R,
a > 0, is said to be a solution of (1.2) and (1.5) through (o, ¢, {a:jo};:ll) if
(i) x(t) and V) (t), j = 1,2,...,n—1, are continuous on [c—77, c+a)\{ts; k € 7}
and are right continuous at tx;
(if) x(t) satisfies (1.1) and (1.5);
(iii) x(t) and V) (¢), j = 1,2,...,n — 1 fulfil (1.2) for each k € 7.

Remark 1.1. The definition of a solution of (1.4) and (1.5) is similar to Defini-
tion 1.1, we omit it.

Remark 1.2. In the present paper, for convenience we use 7 instead of 7.

Definition 1.2. The zero solution of (1.1) is said to be exponentially stabilized
by impulses, if there exist a > 0, a sequence {4}, Ir, Jji satisfying (A;) and
(A2) such that for all € > 0 there exists a 6* > 0 such that, when the solution x(t)
of (1.1) through (o, ¢, {z;o ?:_11) fulfils

-

(7) (16l + Xtam?) <o,
then

n—1 %
(1.8) <x2(t) + Z(x(j)(t))Q) < eexpl—alt —ty)], t=to.

where [[o]l; = sup|p(s)].

t—7<s<t
Definition 1.3. The zero solution of (1.1) is said to be exponentially stabilized
by periodic impulses if there exist a > 0, a sequence {t;}7°, satisfying (A;) and
ty —tgx—1 = d (> 0 constant), I, J;; satisfying (As) and
In(z) = I(x), Jjg(z) = J(z), z€R,
such that for all £ > 0 there exists a 6 > 0 such that the solution z(¢) of (1.1) through
(o, ¢, {zj0 ;L:_ll) fulfils (1.7) and (1.8).
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2. MAIN RESULTS

Theorem 2.1. Assume that conditions (As)—(A7) hold. Moreover, suppose that
(Ag) there exists a constant 3 > 0 such that ¢gj(t) > 5,t >0,i=1,2,...,N;
(Ag) there exist constants a,b,p; > 0,4 =1,2,..., N such that |a(t)| < a, [b(t)] < b,
pi(t)] < pi;
(A1)

N N
IZpi<exp{— (2+a+b+2&>7].
5 2 5

i=1
Then the zero solution of (1.1) can be exponentially stabilized by impulses.

Proof. Since (Aip) holds, there exist @ > 0 and A > 7 such that

N N N
lZpi IZ < exp[— 2a(>\+7)]exp[ (2+a+b+2&))\].
B Nk i=1 =

Then one may choose a sequence {t;}7>, satisfying (A;) and 7 < tpy1 — € < A,
to = o. Note that g/(t) > B > 0, hence g is nondecreasing in ¢ for ¢ > 0. Thus
one may choose a sequence {7, }7° , nx € (0,1) such that, when the solution z(t) =
ot te, x(te), {jn }j— 1) through (¢, z(tx), {zji}iz 1) fulfils

1

(mQ(tk) + S(M (tm?)E < s

j=1
then
n—1 . 3
(2.1) (xQ(t)—f—Z(x(J)(t))Q) <1, tE[trtrr).
j=1
Let

[e(w)| = dilul, [Jjk(v)| = dklvl
3
dj = min {Uk expla(t; — o)] (Fk — Z i ) }
I, = exp[—2a(tp1 — tx + 7)) exp [— (2 +a+b+ Z %) (thg1 — tk):| )
i=1
It is obvious that d; > 0.
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For any € € (0,1), let

N \-1/4
0" = min {7}0,€,€<1 + Z%Ti>

i=1

x exp[—a(t; — o)] exp [— %<2+a+b+§:%)(t1 —U):|}.

i=1
Next, we prove that each solution xz(t) = z(¢, 0, ¢, {z;0 };L;ll) of (1.2) and (1.5) with

1

n—1 5
(||so||§+z<xjo>2> <
j=1

satisfies

-

n—1

_ 3
<x2(f) + Z(fc(”(t))Q) < cexpl—alt —to)], t=>to,
j=1
where [[¢]; = sup [o(s)].
t—7<s<t
First, for ¢t € [o,t1), we choose a Lyapunov function

n—1 N . t
2+ > @)+ B[ 2¥(s)ds.
i=1 i=1 B o)

It follows from conditions (Ag)—(A10) and (2.1) that

WV > 20+ S (@0 0)*

(2)
N i t
+Z @t Z— 2% (s)ds
i=1 t—m;
a pi
)+ x(J> —T; Su z(s))?°
Z —~p tf‘rigpsgt| (®)l
al pi
+Z DO+ 3 Bl
v
2t)+2($(”) Z Sillall?
<(1+ Z OICTE Seowr)
i=1
where ||z||; = sup |z(s)].

t—7<s<t
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(3) We denote by V'(t) the right upper derivative of V (¢) along the solution of
(1.1)—(1.3). Then

V/(t) = 22(t)’ (1) + 20/ ()" (1) + ...+ 22D ()2 (1)

22+ [P 4.+ [P0 + [V (@)
+ a([fc(”*l)(lﬁ)]2 + [z @))) + b([=" V(1)) + 27 (1))

N
+ 2V (¢ |§jmz|m%gz |+§j“ 2t 23% ()

a?(t) + [ ()] +[fc(” D) +[w‘" 1’()]
a( (v)( )]2)+b([ (n— )
N N
_|_z:;pz {E(n 1) +Zpl 25 ;% 25 gz gz )
(t)+[ ()] cot 2 2)()]+[‘" D)

(&)
<.

+a( W<n)+w[w*wn2+ﬁ<»

N /
+zpzx<" DO+ 3B 3 ()1 40)
i=1

< (1 +b+ Z %)ﬁ(t) +2[ (O + ...+ 220V + (a+2) [z (1))
( 7,)=1 N N
xA/Jrl 2 a 13 x(nfl) 2
+2[ )] +...+(2+ +Zﬁ)[ @®)]

=1
N
< (2+a+b+Z%)V(t),

i=1
which implies that
N .
V(t) < V(to)exp (2 +a+b+ Z %) (t—o0), te€]otr).
i=1
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Thus for t € [o,t1) we get

n—1 N
0+ L OF <V < Vio)ewn (2+a+b+ Y B —0)

i=1

N
< V(to) exp (2+a+b+z%)(t1—a)

=1
N
(1+§;% )<|x||2+z 2)exp<2+a+b+zlg> (ti — o)
1= =1
N _
—(1+3 8 )(|¢|2+Z Jo)exp(2+a+b+2 Do)
1,:16 Jj=1 = 15
N
(1+Z% )5*2exp(2+a+b+zlg> (ti — o)
i=1 i=1

< e2exp[—2a(t; — 0)] < &% exp[—2a(t — 0)],

which implies that

<x2(t) + Z(x(j)(t))Q) <eexpl—alt —0o)], te[ot).

Especially,

It then follows that

(xQ(t1)+§(x<j>(t1))> _d1< (t7) +Z )1

i=1

=

< dyeexp[—a (t1 —o0)] < diexp[—a(ty — o)) <,

which implies that, for ¢ € [t1, t2),
n—1 ‘ 3
(2.2) <x2 (t) + Z(:M(t))?) <1

i=1

For t € [t1,t2), we still choose a Lyapunov function

-

&/t 220
1B g

2(t) + i(m‘j’ () +

1=
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Then we have

S (J)
)

SVt

<{d%[x?(t;>+§j<x<f‘><t;>)2]+Z%Ti sup w%(t)}

t1—7 <SSt

N
xexp<2+a+b+z%>(t2—t1)
=1
n—1

g{d%[:cQ(t;)JrZ @ (¢t ]JrZ—n sup wQ(t)}

i1 t1 —T<t<t

xexp<2+a+b+z%>(t2—t1)

i=1

g{d% sup {axQ(t)jtrlZ:l @) (¢ }+Z—n sup xz(t)}

t—T<t<ty i1 t1—T<t<th

xeXp(Z—i—a—i—b-l-Z%) to —11)

i=1

n—1

(+557) o B

t1—T<t<t i=1

N
xexp(Z—i—a—i—b-l—Z%)(tz—tl)

i=1

N
< Neexp(—2a(t; — o — 7)) exp (2 +a+b+ Z %) (ta —t1)
i=1
< 2 exp[—2a(ty — 0)]

< e?exp[—2a(t —0)], tE [t,ta).
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Hence,
1

n—1 5
(#0+ L 07) <copl-at-ol, te )
i=1
Arguing as before, by induction hypothesis we may prove, in general, that for k > 1
n—1 . 1
(m2(t) + Z(x(j)(t))Q) <eexpl—alt —o)], tE€ [tr,trs1)

i=1

Therefore, we finally obtain

( +Z 0 (¢ >'<eexp[ alt—o)], t>o,

and the proof is therefore complete. O

Remark 2.1. In Theorem 2.1, we choose linear functions I (u) = diu, Jjr(v) =
div. In fact, from the procedure in the proof of Theorem 2.1, it is not difficult to
realize that we only need Ij(u), J;r(v) to satisfy: |Ix(u)| < di|ul, |Jjx(v)| < di|v].

Remark 2.2. If y =n — 1 in Theorem 2.1, then the condition |a(t)| < a can be
replaced by a(t) > 0.

Remark 2.3. Suppose that all the conditions in Theorem 2.1 hold. Then the
procedure in Theorem 2.1 can be used to prove the exponential stabilization for the
high-order nonlinear retarded differential equations

and the corresponding equations with impulses

x(n)(t) + h(tax(t)ax(w(t)) + ]Zv: fi(taxé(gi(t))) =0, t=t,t1 7é i,
=1
x(tk) = Ik(tlz)v x(])(tk) = J]k(tlz)a ] = ]-a 27 s 17 t= tkv

where there exist two continuous functions hy, ho such that |h(t, z,y)| < |h1(¢)||z] +
[ha()]]yl-

Remark 2.4. In Remark 2.3, we can further consider the high-order nonlinear
retarded differential equations

x(n)(t) + h(tvx(t)vx(w(t)) + f(tvx(gl(t))a (E(QQ(t)), s 7x(gN(t))) = Oa t= to,
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and the corresponding equations with impulses

M (t) + h(t, x(t), s (1) + f(t, 2(g1 (1)), 2(g2(1)), ..., x(gn (1)) = O,
t>to, t # ty,
z(ty) = I(t,), 29 (te) = Jji(ty), j=1,2,...,n—1, t =1y,

where there exists a sequence of continuous functions w;, ¢ = 1,2,..., N such that

N
|f(t7M17M27 cee 7MN)| < Zl |wz(t)||ul|
=

Theorem 2.2. (Case: 6 = ¢ = 1.) Assume that the conditions in Theorem 2.1
hold. Then the zero solution of (1.1) can be exponentially stabilized by periodic
impulses.

Proof. Here one may choose a sequence {t;};> satisfying (A:) and tp41 —tx =
A > 7, tg = 0. Note that since 6 = o = 1, we only need to choose

N i

PiTi \ 2

L) = dlul,  ju(0)] = dla], d=(r—§: ﬂ),
=1

T = exp[—2a(\ + 7)] exp {— (2+a+b+§:%>>\}

i=1

Since this proof is similar to the proof of Theorem 2.1, we omit it partly. Finally,
it can be deduced that each solution z(t) = z(¢,0, ¢, {z o ;»’;11) of (1.2) and (1.5)
through (o, ¢, {z;o };:11) fulfils

1

n—1 3
(||so||§+2<xjo>2> <o,
j=1

hence
n—1 . %
<m2(t) + Z(x(j)(t))z) <eexpl—alt—ty)], t=to
=1
where o]t = sup |o(s)|. O

t—7<s<t
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Theorem 2.3. (Case: either § or ¢ > 1.) Assume that the conditions in Theo-
rem 2.1 still hold. Moreover, suppose that

(Aq1) there exists a nonnegative constant 6 such that g;(t + 0) = ¢;(t) + 6;
(A12) there exists a nonnegative constant p such that a(t + p) = a(t), bt + p) =

b(t)a f(t—’—ﬂax) = f(t,i[:).
Then the zero solution of (1.1) can be exponentially stabilized by periodic impulses.
Proof. Suppose that 7 < T, T = 0u. Or else, we can choose kT to replace T'

such that kT > 7, k € Z,. Then let t1 —tx =T, to = 0. Similarly to the proof of
Theorem 2.1, for t € [t1,t2) we choose

N 3
d; = min {771 explaT], < Z pgz) }

i=1

I} = exp[—a(T + 7)] exp {— (2+a+b+z%>T].

i=1

Since 771 depends only on system (1.1), d; also depends only on system (1. 1) It then
follows from Theorem 2.1 that the solution z(t) = z(t,t1, z(t1), {z;1};= 1) through
(tl, J,‘(lfl), {J?jl ?;11) fulfils

1

(xQ(tl) + nzl(x(j)(tl))2>2 <,

j=1
hence ) )
((E2(t) + Z(x(j)(t))Q) <1, telt,ta).
Jj=1

Next we prove that, for ¢t € [tg,txt1), the solution z(t) = x(¢, tg, z(tk), {xjk};-’;ll)
through (¢, z(tk), {zjx} 1) fulfils

(mQ(tk) + nzl(x(j)(tk)ff <,

=1

hence ) )
(0 + T@?) <1, te ftian)
j=1
Since tgy1 —tp = T, [tr,tht1) = [t1 + (K — 1)T,t1 + kT'). We define Q(t) = x(t +
(k —1)T) where z(t + (k — 1)T) = x(t + (k — )Tt x(te), {zjn } = —1). Hence, we
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1)T) of (1.1) begins at t = t;, and ends at t = ty41,

note that the solution z(t + (k —
. On the

which means that the function €2(¢) begins at ¢ = ¢; and ends at t = ¢y

other hand, in view of (A11) and (A12) we get

QM () = ™ (t + (k- 1)T)
= —a(t+ (k-T2 + (k-1

)T) = b(t + (k — )T)a2(t + (k — 1)T)

N
—Zfz (t+ (k = DT, 2°(gs(t + (k — 1)T)))
N
= —a®)zV(t+ (k—1)T) — b(t)z(t + (k — 1)T) — Z fi(t, 20 (gi(t) + (k — 1)T))
N
= —a(t)Q(t) — b(t)Qe(t) — Z Fi(t, Q2 (gi(1))).
= ty9. As

Hence, Q(t) is a solution of (1.1) which begins at ¢ = ¢; and ends at t = to

mentioned above, we obtain
-u77?)

(QQ(tl) +§(Q(j)(t1))2>% ( (t1 + ( T) + me t1+ (
= <$2(tk) +n§:1($(j)(tk))2)% <.

=

j=1

Consequently, for t € [t1,t2),
(#20+ =01+ e+ (- 0)?) = (220 + @) <1,
Jj=1 =
t € [ti,ta2),

which implies that

Then we only need to choose

dk:d:min{nlexpaT ( ZPm) }

T = exp[—a(T + 7)] exp {—<2+a+b+2%)T}

i=1

We see that dj, depends only on system (1.1). The rest of the proof is similar to
Theorem 2.1 and we omit it here. The proof is complete. O
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Remark 2.5. Let f; = a = 0 in Theorem 2.3. The corresponding results have
been investigated in [9]. If n =2, v =1, 0o =1, fi(t,z) = p(t)z, ¢gi(t) =t — 7, the
corresponding results have been given in [14].

Next we consider high-order nonlinear retarded differential equations (1.3) and the
corresponding equations with impulses (1.4).

Theorem 2.4. Assume that conditions (As)—(Ag) hold. Moreover, suppose that
(A1)

2N N D
— pi<exp[—(2+a+b+ —ZTi>T].
Zp %

Then the zero solution of (1.3) can be exponentially stabilized by impulses.

Proof. Since (Aj1) holds, there exist a > 0 and A > 7 such that

N N

N
—1 piT? - i ) }
T, ST p; <expl—a(A+7)|exp | —|2+a+b+ 7 A
2ﬂ; ; p[—a( )l P[ (

i=1
Similarly to Theorem 2.1, we choose a sequence {tj}7°, satisfying (A;) and 7 <
thit1 —t < A, to = 0. Considering condition (Ag), we choose a sequence {n;}° ,
Nr € (0,1) such that, when the solution z(t) = x(t,tk,x(tk),{xjk};-’;ll) through
(te, z(tr), {0} =) fulfils

(mk) + 56w (m))?)é <

j=1
then
n—1 . 1
<x2(t) + Z(w)(t))?) <1, tE€ [tk tri)
=1
Let
[k (u)| = di|ul, [T (v)] = dil|v],
N Di 3
di, = min {ﬂk expla(ty — o)], <I‘k - ; ﬁf) },

N
I, = exp[—2a(tpy1 — tx + 7)] exp [ - <2 +a+b+ Z %Tz) (thot1 — tk)} ;
=1

which implies that di > 0.
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For any € € (0,1), let

5 —mm{no,e 6<1+Z 25" )1/4
xexp[—a(tl—a)]exp[—%<2+a+b+§:%>(t1—0)]}.

i=1
Next, we prove that each solution xz(t) = z(¢, 0, ¢, {z;0 };L;ll) of (1.4) and (1.5) with

1

n—1
(16l + Y twn?) " <
=1
satisfies

< +Z ) <cexpl-alt—to)l, >,

where [, = sup |¢(8)|~

—TLs<

First, for t € [0, 1) we choose a Lyapunov function

n—1

V() = 22(t) + 3 (@9 /7“)/ 5) ds du.

Then V(t) satisfies:
(1) V(t) > 22(t) + ngl(m(j) ()%

@ . .
Vi <20+ @07+ Y% sw oo [ [ dsda
; ; 6 g: (t)<s<t gi(t) Ju
n—1 N
: i t—gi(t)”
<20+ @2+ 2 sup x825(7
" ;( ) ; p gi(t)<s<t| ) 2
n—1 N i 2
<2?(t) + DN+ 2 sy 2570
v ;( ©) ; B t77i§2<t| 2(s)] 2
n—1 N i
<20+ 2@V 0) + 3 gl
=1 i=1
n—1 .
<1+Z )(nxn + <x<f><t>>2),
i=1
where ||z]|; = sup |z(s)|.
t—17<s<t
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(3) We denote by V'(t) the right upper derivative of V' (¢) along the solution of (1.4)
and (1.5). Then

V/(t) = 2a(t)a’ (t) + 20/ (8)a" (1) + ... + 227V ()™ (2)

N
Di Di
+ Z Em%(t)(t —gi(t Z i / (s)ds
i=1 im1 9i

<t>
< 2x(t)z’ (t) + 22/ ()" (t) + ... + 2x("—1>(t){ — a(t)z (t) — b(t)ze(t)

N

N
_Z/t(t)fzt—ux >>du}+2%n (t Zp” / 2% (s)ds
g i=1

i ()
P OF + 4 DO+ DO + a0
+ O OF) + bV + (1)

+ 2l |Z/ Ips(t — )22 ()] du

*pi p !
12 25 . v x25 s)ds
Ezjﬁ ;ﬁgz“)/m (5)
() + 2 OF .+ PO + 2"V OP + a2V @)
N t
N P N Di t - /
g 20 v 20
3Bt~ [ s
<)+ [P 4.+ 2P + [ 1)( O + a([" 1 (1)]
+ R + b(la" Ve +me 0

N
< <2+a+b+2%n>V(t),

i=1
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which implies that

N
V(t) < V(to)exp (2 +a+b+ 57—%) (t—o0), t€lo,t1).

i=1
Thus for t € [0,t1) we get

26)+ ) @V (1) < V() < V(o) exp <2+a+b+2—n) (t — o)
i=1

1= 16
N .
< V(o)exp <2+a+b+z%n>(t1—a)

=1
N
<(1+Z )<|x||2+z 2)exp<2+a+b+zﬁ )tl_O')
z;l N =1
—<1+§:§z )(|<,0|2+Z N)exp(?—i—a—i—b-i-zpé )tl—a)
=1 1 =1
N 1=
< 1+i:1 5; )5*2exp(2+a+b+;6 >t1—0)
= e? exp[—2a(t; — 0)] < % exp[—2a(t — 0)],

which implies that

( +Z ) (t )<EeXp[ at — o)), t € [o,t).

Especially,
n—1 3
() + T a)7) < coxpl-att - )
=1
It then follows that
n—1 . % n—1 . %
(x?(u) n Z<x<f><t1>>2> 4, (ﬁ(t;) n Z@c%;))?)
i=1 i=1

< digexp[—a(t; —0)] < dyexp[—a(ti — o) =m
Thus we obtain that for ¢ € [t1,t2)

(xQ(t) + :Lzz_;l(a:(j) (t))2>% <1
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For t € [t1,t2), we choose a Lyapunov function

n—1

N t t
V(t) =2(t) + Z(ac@(t))2 + Z % /m / 2% (s) ds du.

Then we have

n—1

22(t)+ > _(aV(1)? < V() < V(t)exp (2 +a+b+ Z —n> (t—t1)
i=1 i=1 ﬁ

<V(t1)eXp(2+a+b+Zﬂ ) (ta —t1)

i=1

_ |:x2(t1)+:§($(j)(tl) /,(tl)/ dsdu]

N
xexp(2+a+b+zpﬁl ) ty —t1)

=1

N
S{ [ (t7) —l—Z @t 2] ZQP—;,T? sup a:25(t)}

t1—7 <<ty

n—1 N
< {d% [xz(tl) —+ Z(x(j) (t1) 2] + Z 5—;7'12 sup xQ(t)}
i=1 i

t1—7<t<t

N
X exp <2+a+b+z%ﬁ)(ﬁ2—t1)

<{d§ sup {xQ(t)+Z(x<”(t))2]+§:&TE sup xz(f)}

t1 —7<t<th Zﬁ t1—T<E<t

N
X exp <2+a+b+z%ﬁ)(ﬁ2—t1)

=1
N i n—1
<P+ —1712> su [x2t + 29 (¢ 2}
(& S 45), s [P0+ X6t

xexp(2+a+b+z " ) (ta — t1)

=1

< ye? exp[— 2a(t1—0—7)]exp(2+a+b+zﬂ )tg—tl)

i=1
< e2exp[—2a(ty — 0)] < e®exp[—2a(t — 0)], t € [t1,ta).

364



Hence,

n—1 1

(#0+ L 07) <copl-at-ol, te )

i=1
By the induction hypothesis, we may prove that, for k > 1,

n—1 1

(mQ(t) + Z(x(j)(t))2>§ < eexpl—a(t — o), t € [tk, tht1)-

i=1
Therefore, we arrive at

1

(xz(t) + z_:(a:(j) (t))2>2 <ceexp|—a(t —o)], t > o,

and the proof is complete. ([
Remark 2.6. Remarks 2.1-2.3 are still valid for Theorem 2.4.

3. AN EXAMPLE

Example. Consider the equation
O (t) + 2@ (t) + 0.92(t) — 0.52(t — 0.01) — 0.5z(t — 0.02)
(3.1) +a(t)z®(t —0.015) =0, t >0,
z(t) = ¢(t), —0.02<t <0, z9(0) =zj0, j=1,...,5,
where a(t) € I', I' = {s(t) € [0,00): |s(t)] < 0.5}.

When a(t) = 0 € T, then its characteristic equation is
MG+ A3 —0.5e7 001 — 0.5e %022 1 0.9 = 0.

Using the software Mathematica, we obtain a characteristic root with positive real
part. Hence the non-impulsive equation (4.1) is unstable for some a(t) € T'. But if
we take B =1, 7 =X =0.02, a = %, p;i =0.5,1=1,2,3, N = 3, then it is easy to
check that

N N
Zpi =0.03 < e *92e70108 — exp[—a(\ + 7)] exp [— <2 +a+b+ Z &) )\]
i=1

i:16
N .
< eXp[— (2+a+b+z%>7}

i=1

I
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We choose a sequence {t;}72, satisfying (A1) and tp41 — ¢, = 0.02,t0 =0, k € Z,
such that
z(ty) = dz(ty, ),
2D (ty) =dzW(t;), j=1,2,...,5,

where d = min{7n; exp[0.01],ve=0-128 —(.0225} and 7, depends only on the first
equation of (4.1) on [0.02,0.04]. Then the hypotheses in Theorem 2.3 are satisfied
and hence the unstable equation (4.2) can be exponentially stabilized by periodic
impulses for all a(t) € T.
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