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KYBERNETIKA — VOLUME 49 (2013), NUMBER 1, PAGES 114-127

EXPONENTIAL ENTROPY ON INTUITIONISTIC
FUZZY SETS

RAJKUMAR VERMA AND BHU DEV SHARMA

In the present paper, based on the concept of fuzzy entropy, an exponential intuitionistic
fuzzy entropy measure is proposed in the setting of Atanassov’s intuitionistic fuzzy set theory.
This measure is a generalized version of exponential fuzzy entropy proposed by Pal and Pal.
A connection between exponential fuzzy entropy and exponential intuitionistic fuzzy entropy is
also established. Some interesting properties of this measure are analyzed. Finally, a numerical
example is given to show that the proposed entropy measure for Atanassov’s intuitionistic fuzzy
set is consistent by comparing it with other existing entropies.

Keywords: fuzzy set, fuzzy entropy, Atanassov’s intuitionistic fuzzy set, intuitionistic
fuzzy entropy, exponential entropy

Classification: 94A17

1. INTRODUCTION

The theory of fuzzy sets proposed by Zadeh [16] in 1965 has gained wide applications in
many areas of science and technology e. g. clustering, image processing, decision making
etc. because of its capability to model non-statistical imprecision or vague concepts.
Fuzziness brings in a feature of uncertainty. The first attempt to quantify the fuzziness
was made in 1968 by Zadeh [17], who introduced a probabilistic framework and defined
the entropy of a fuzzy event as weighted Shannon entropy [11] (but this measure was
not found adequate for measuring the fuzziness of a fuzzy event). In 1972, De Luca
and Termini [5] formulated axioms which the fuzzy entropy measure should comply, and
they defined the entropy of a fuzzy set based on Shannon’s function. It may be regarded
as the first correct measure of fuzziness of a fuzzy set.

Atanassov [1] introduced the notion of ‘Atanassov’s intuitionistic fuzzy set’, which
is a generalization of the concept of fuzzy set. Burillo and Bustince [3] defined the en-
tropy on Atanassov’s intuitionistic fuzzy set and on interval-valued fuzzy set. Vlachos
and Sergiagis [13] proposed a measure of intuitionistic fuzzy entropy and revealed an
intuitive and mathematical connection between the notions of entropy for fuzzy set and
Atanassov’s intuitionistic fuzzy set. Zhang and Jiang [18] defined a measure of intu-
itionistic (vague) fuzzy entropy on Atanassov’s intuitionistic fuzzy sets by generalizing
of the De Luca Termini [5] logarithmic fuzzy entropy.

In this paper, we propose a new information measure for Atanassov’s intuitionistic
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fuzzy sets. We call it exponential intuitionistic fuzzy entropy. It is based on the concept
of exponential fuzzy entropy defined by Pal and Pal [9]. To define this entropy function
fuzzy set theoretic approach has been used. Such an approach is found particularly
useful in situations where data is available in terms of intuitionistic fuzzy set values
but implementation requirements are only fuzzy. So far the practice has been to simply
ignore the hesitation part. A better result has been obtained by not ignoring but by
merging the hesitation part suitably. We suggest a mathematical method for it. This
may help application of IFS data in industry, where the tools used are of fuzzy set theory.

The paper is organized as follows: In Section 2 some basic definitions related to
probability, fuzzy set theory and Atanassov’s intuitionistic fuzzy set theory are briefly
discussed. In Section 3 a new information measure called, ‘exponential intuitionistic
fuzzy entropy’ is proposed, which satisfies the axiomatic requirements [12]. Some math-
ematical properties of the proposed measure are then studied in this section. In Section 4
a numerical example is given comparing our measure with other entropies proposed in
[14] and [18].

2. PRELIMINARIES

In this section we present some basic concepts related to probability theory, fuzzy sets
and Atanassov’s intuitionistic fuzzy sets, which will be needed in the following analysis.

First, let us cover probabilistic part of the preliminaries.

Let Ay = {P = (p1,...,pn) : pi >0, >0 p; =1}, n > 2 be a set of n-complete
probability distributions.

For any probability distribution P = (p1,...,pn) € A,, Shannon’s entropy [11], is
defined as

H(P) = —Zpi log p;. (1)

It is to be noted from the logarithmic entropic measure (1) that as p; — 0, it’s
corresponding self information of this event, I(p;) = —log(p;) — oo but I(p; = 1) =
—log(1) = 0. Thus we see that self information of an event has conceptual problem, as
in practice, the self information of an event, whether highly probable or highly unlikely,
is expected to lie between two finite limits.

Some advantages for considering exponential entropy: In Shannon’s theory,
which is widely acclaimed, we find that the measure of self information of an event with
probability p; is taken as log(1/p;), a decreasing function of p;. The same decreasing
character alternatively may be maintained by considering it as a function of (1 — p;)
rather than of (1/p;).

The additive property, which is considered crucial in Shannon’s approach, of the self
information function for independent events may not have a strong relevance (impact) in
practice in some situations. Alternatively, as in the case of probability law, the joint self
information may be product rather than sum of the self informations in two independent
cases.

The above considerations suggest the self information as an exponential function of

(1—pi)-
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Based on the these considerations, Pal and Pal [9] proposed another measure called
exponential entropy given by

n

H(P) = pieP) 1. (2)
i=1

These authors point out that the exponential entropy has an advantage over Shannon’s
entropy. For example, for the uniform probability distribution P = (n7 rlw ceey %), expo-
nential entropy has a fixed upper bound

1 1 1
hmH( ...,—):e—l (3)
n— oo n’'n’ n

which is not the case for Shannon’s entropy.

Definition 2.1. Fuzzy Set: A fuzzy set A defined in a finite universe of discourse
X = (z1,...,2,) is given by (Zadeh [16]):

A= {(z,pn5(x)) |z € X}, (4)

where 5 : X — [0,1] is the membership function of A. The number p () describes
the degree of membership of z € X to A.

De Luca and Termini [5] defined fuzzy entropy for a fuzzy set A corresponding (1) as

> [ log () + (1= pa(ed) log (1= pz(@))]. ()

1=1

S\H

Fuzzy exponential entropy for fuzzy set A corresponding to (2) has also been introduced
by Pal and Pal [9] as

n

) = s 3 [aale)el =30 4 (1 pglmena=) —1]. (o)

i=1

Further, Atanassov [1] generalized the idea of fuzzy sets, by what is called Atanassov’s
intuitionistic fuzzy sets, defined as follows:

Definition 2.2. Atanassov’s Intuitionistic Fuzzy Set: An Atanassov’s intuitionistic

fuzzy set A in a finite universe of discourse X = (z1,...,xy,) is given by:

A= {{z,pa(@),va(2)) |z € X}, (7)
where

pa:X —[0,1]and vy : X — [0,1] (8)

with the condition
0<pa(z)+rvalz) <1, VoeX. (9)

The numbers pa(x) and va(z) denote the degree of membership and degree of non-
membership of x € X to A, respectively.
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Definition 2.3. Hesitation Margin: For each Atanassov’s intuitionistic fuzzy set A in
X, if
Ta(@) =1— pa(z) —va(z), (10)

then m4(x) is called the Atanassov’s intuitionistic index (or a hesitation degree) of the
element z € X to A.

For studying sets, there is need to consider set relations and operations, which in the
study of Atanassov’s intuitionistic fuzzy sets are defined as follows.

Definition 2.4. Set Operations on Atanassov’s Intuitionistic Fuzzy Set[2]: Let AIFS(X)
denote the family of all Atanassov’s intuitionistic fuzzy sets in the universe X, and let
A,B € AIFS(X) given by

A ={(z, pa(z),va(z))|r € X},
B = {(z,pp(2),vp(z)) |z € X},

then some set operations can be defined as follows:
(i) AC Biff pa(z) < pp(z) and va(z) > vp(z) Vo e X;
(i) A=Biff AC Band B C A;

(iif) A = {(z,va(x), pa()) |z € X};

(iv) AUB = {(z, (pa(@) V up(2)), (va(@) Avp())) |z € X}
(v) AnB = {(z, (pa(@) A pp(@)), (va(@) Vvp(2))) |2 € X}
(vi) OA = {(z, pa(x),1 — pa(@)) |z € X};

(vil) ¢A={(z,1 —va(z),va(z)) |z € X};

(viii) AQB = { <:c BA T B VA §VB> lz € X}.

Method for Transforming AIFSs into FSs: Li, Lu and Cai [8], as briefly outlined
below, proposed a method for transforming ‘Atanassov’s intuitionistic fuzzy sets’ (vague
sets) into ‘fuzzy sets’ by distributing hesitation degree equally with membership and
non-membership.

Definition 2.5. Let A = {{(z,pa(x),va(z))|xr € X} be an Atanassov’s intuitionistic
fuzzy set defined in a finite universe of discourse X. Then the fuzzy membership function
1 i () to Ax (/I* be the fuzzy set corresponding to Atanassov’s intuitionistic fuzzy set
A) is defined as:

1 (2) = pa(e) + 7TA2(37) _ pa(z) +; - VA(iC). (11)
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This area of study has attracted quite some attention for applications in decision-making.
Finally we may as well mention some other related measures with which we compare
our study.

Zhang and Jiang [18] presented a measure of intuitionistic (vague) fuzzy entropy
based on a generalization of measure (5) as

Bys(4) = —;; (et e ) + 1 vt

N (VA(-’M’) +1— MA(xi)) log (”A(xi> +1- “A%))]. (12)

2 2

Ye [15] introduced two effective measures of intuitionistic fuzzy entropy based on a
generalization of the fuzzy entropy defined by Prakash et al. [10] given by

Ejvi(A) = ig{{sinw<uA(xi) +i _ VA(xi))

Ry P

Eyya(A) = :LG:li{COSﬂ'('uA(xi) +i — VA(l“i))

i=1 VA(l'i)‘Fi_,uA(xi)) _1} X

—i—cosw( ] (14)

1
V21
Later, Wei et al. [14] have shown that the two entropy functions (13) and (14) proposed
by Ye [15] are mathematically the same and gave a simplified version as

Ewca(A) = ii[{ﬁcosw(W) - 1} x \fll] (15)

i=1 -

Throughout this paper, we denote the set of all Atanassov’s intuitionistic fuzzy sets in
X by AIFS(X). Similarly, F.S(X) is the set of all fuzzy sets defined in X.

In the next section we introduce an entropy measure on Atanassov’s intuitionistic
fuzzy sets called “exponential intuitionistic fuzzy entropy” corresponding to (6) and
verify axiomatic basis of the same.

3. EXPONENTIAL INTUITIONISTIC FUZZY ENTROPY

Let A be an Atanassov’s intuitionistic fuzzy set defined in the finite universe of discourse,
X = (x1,...,25). Then, according to the Definition 2.5, an Atanassov’s intuitionistic
fuzzy set can be transformed into a fuzzy set to structure an entropy measure of the
intuitionistic fuzzy set by means of

WA(a?i) _ ,uA(a:i) +1-— VA(aji)
> .

t g (x5) = pa(w;) +
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Then, in analogy with the definition of exponential fuzzy entropy given in (6), we propose
the exponential intuitionistic fuzzy entropy measure for Atanassov’s intuitionistic fuzzy
set A as follows:

E(A) = #zn: |:(NA($1') +; - I/A(xi))el(w)

" (1 ~ palz) —1—22[ - VA(xi)>e<I1-A($i)+;—VA(-’Ci)) B 1]’ (16)

which can also be written as

JE(A) = n(ﬁli - : |:<NA(171') +; - VA(xi))e(W>

. (1t 2o (s ).

2

In the next theorem, we establish properties that according to Szmidt and Kacprzyk
[12], justify our proposed measure to be a bonafide/valid ‘intuitionistic fuzzy entropy’:

Theorem 3.1. The .E(A) measure in (17) of the exponential intuitionistic fuzzy en-
tropy satisfies the following propositions:

P1. .E(A)=0iff Aisacrispset,i.e., pa(z;) = 0,va(x;) = lor pa(x;) = 1,va(z;) =0
for all z; € X.

P2. .E(A) =1iff pa(x;) = va(z;) for all z; € X.

P3. .E(A) = .E(A) iff A < B, ie., pa(z;) < pp(x;) and va(x;) > ve(a;), for
ps(xi) < vp(x;) or pa(w;) > pp(r;) and va(z;) < vp(w;), for up(z;) > vp(w;)
for any z; € X.

Pj4. .E(A) = .E(A°).
Proof. P1. Let A be a crisp set with membership values being either 0 or 1 for all
x; € X. Then from (17) we simply obtain that

E(A)=0. (18)

Now, let
pa(zi) +1—va(zi)
2

= za(x;). (19)
In view of (19), expression in (17) can be written as

E(A) = ﬁ ; [ZA(xi)el_zA(m) + (1 = za(my))e*a @) — 1], (20)

7
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From Pal and Pal [9], we know that (20) becomes zero if and only if z4(x;) = 0 or 1,

Vo, e X i.e.,

(a(zi) +1 - va(zi))
2

=0i.e., va(a;) — palz;)) =1, Vo, € X

. (ialw:) +1— va(s:))
2

And from Definition 2.2,we have

=1li.e., pa(x;) —valz;) =1, Va,; € X.

pa(z) +valz) <1, Va; € X.
Now solving equation (21) with (23), we get
pa(z;) =0,va(z;) =1, Vo, € X.
Next solving equation (22) with (23), we get

,uA(mi) = 1,VA(LIL‘Z') =0,Vz; € X.

(21)

(22)

(23)

Therefore (E(A) reduces to zero only if either pa(x;) =0, va(z;) =1 or pa(z;) = 1,

va(z;) =0 for all z; € X, proving the result.

P2. Let pa(z;) = va(x;) for all z; € X. From (17) we obtain (F(A) = 1.
From equation (20), we have

i=1
where
Helt=zal@) 4 (1 — )esa@i) — 1
Fleala) = [Tt R salme | vaex.

Now, let us suppose that .E(A) =1, i.e.

or
flza(zi)) =1 Vaz; € X.

Differentiating (25) with respect to z4(x;) and equating to zero, we get

3]
_9r = el7zal®) _ zA(xi)el_zA(“) —e#al@) 4 (1- ZA(xi))ezA(””) =0

9(za (i)

or
(1 — ZA(Z’i))GlizA(Ii) = ZA(LEi)EZA(Ii) Vx, € X.

(24)

(25)

(26)
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Using the fact that f(z) = ze® is a bijection function, we can write

(1 —za(x;)) = za(x;) Vo e X (27)
or
za(x;)) =05 Va; € X (28)
and find
0% f

(3Gt oy <0V EX )

Hence f(za(z;)) is a concave function and has a global maximum at z4(x;) = 0.5. Since
cE(A) =13 | f(za(®;)), So «E(A) attains the maximum value when z4(z;) = 0.5 or
pwa(z;) =va(ax;) for all z; € X.

P3. In order to show that (17) fulfills P3, it suffices to prove that the function

g(x,y) = [(%H)e(#) + (yﬂ%)e(W> -1 (30)

where z,y € [0,1], is increasing with respect to = and decreasing for y. Taking the
partial derivatives of g with respect to x and y, respectively, yields

99 _ 1[(y+1—w>€<y+;1> _ (M)()} (31)

oxr 2 2 2
dg 1l/z+1—y (m+;—y) y+1—2x (y+§—m)
Y9 _ - Y 32
dy 2 [( 2 )e 2 )¢ (82)
In order to find critical point of g, we set % =0 and g—g = 0. This gives
T =y. (33)
From (31) and (33), we have
0
a—i >0, when z <y (34)
and 9
672 <0, whenz >y (35)

for any x,y € [0,1], Thus g(z, y) is increasing with respect to z for < y and decreasing
when z > y.
Similarly, we obtain that

0

a—z <0, whenz <y (36)
and 5

99 >0 when z > y. (37)
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Let us now consider two sets A,B € IFS(X) with A C B. Assume that the finite
universe of discourse X = (z1,...,x,) is partitioned into two disjoint sets X; and X3
with X1 @] XQ.

Let us further suppose that all x; € X; are dominated by the condition

pa(xi) < pp(z;) < vp(xi) <valw),

while for all z; € X5
pa(xs) > pp(r) > vp(r:) > va(zi).

Then from the monotonicity of g(z,y) and (17), we obtain that .E(A4) < .F(B) when
ACB.

Pj. Tt is clear that AY = {{z,va(x;), pa(z;)) |v € X} for all z; € X, i.e.,
pac(z;) =va(x;) and vye(x;) = pa(z;)

then, from (17) we have
cE(A) = E(A°).

Hence .F(A) is a valid measure of Atanassov’s intuitionistic fuzzy entropy.

This proves the theorem. O

Particular case: It is interesting to notice that if an Atanassov’s intuitionistic fuzzy
set is an ordinary fuzzy set, i.e., for all ; € X, va(x;) = 1—pa(z;), then the exponential
intuitionistic fuzzy entropy reduces to exponential fuzzy entropy as proposed in [9].

We now turn to study of properties of . F(A4). The proposed exponential intuitionistic
fuzzy entropy E(A), just like fuzzy entropy measure, satisfies the following interesting
properties.

Theorem 3.2. Let A and B two Atanassov’s intuitionistic fuzzy sets in a finite universe
of discourse X = (x1,...,x,), where A(x;) = (pa(x;),va(x;)) , B(x;) = (up(x:), ve(x;))
such that they satisfy for any x; € X either A C B or A O B, then we have

(E(AUB) + .E(ANB) = .E(A) + .E(B).

Proof. Let us separate X into two parts X; and X5, where
X1 ={z; € X : A(z;) C B(z;)} and Xo = {z; € X : A(z;) D B(z;)}.
That is, for all z; € X3
pa(z;) < pp(wi) and va(z;) > vp(z;) (38)

and for all z; € X
pal(z;) 2 pp(z;) and va(z;) < vp(z;). (39)



Exponential entropy on intuitionistic fuzzy sets 123

From definition in (17), we have

n

1 [,LAuB(l’Z‘) +1-— I/AQB(.T,;) (VAmB<1'7‘,)+1*NAuB(mi>)
JFE(AUB) = ———— 2
s Wg_l);[( 2 ‘

4 <VAQB($1') + ;* uAUB(:Ei))e(“AUB(Ii)JF;VAOB(mi)) _ 1}

— ﬁ—l) [{ Z <NB(5CZ') +; - VB(xZ-))e(W)

z;€X1
I <VB(371‘) +1-— /,LB({L‘i))e(HB(Ii)+;VB(CC'L')) _ 1}
2

,U,A({l?i) +1-— VA(.’L'i) (VA(MHI—MA(M))

+ Z 5 e 2
z;€X2
i <I/A(1'i) + ; - MA(I'i))e(MA(%)Jr;VA(M)) B 1}‘| . (40)
Again from definition in (17), we have
eE(AﬂB) _ 1 MAQB(xi)+1_VAUB($i) e(VAuB(xi)+12_“AﬁB(mi))
n(ye—1) — 2
n (VAuB(ﬂ?i) + ;— uAmB(xi))e(uAmBum;mus(zn) B 1}

:(\fll)[{ 3 (Hale Lot (s
j.L (VA(fUi) +1- MA(xi))e(W) - 1}

2

D e K

2
T, €X2

n (VB(JH) + ;—MB(%))E(‘W) - 1}] (41)

Now adding (40) and (41), we get
E(AUB)+ .E(ANB) =.E(A) + .E(B).

This proves the theorem. O
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Theorem 3.3. For every A € AIFS(X),
(i) OAQOA is a fuzzy set;
(il) (OAQOA) = (GAQOA);
(iil) (OAQHA) = A*;

where A* is the fuzzy set corresponding to Atanassov’s intuitionistic fuzzy set A.

Proof. (i) From Definition 2.4, we have

OA = {(z, pa(2),1 = pa(z)) |z € X}; (42)
GA={{z,1—va(x),va(z)) |z e X}. (43)

Now taking @ with (42) and (43), we get
DA@<>A:{<x,MA+;_VA,VA+;_MA>|:E€X}. (44)

It can be easily observed that,

MA+1—VA+VA+1—MA

2 5 =1 z€X.

(ii) It obviously follows from equation (44).

(iii) From equations (44) and (11), we have

1-— 1-—
OAQOA = {<x patl-va vat “A>azex};

2 2
- 1— 1—
A* = I,MA+ VA,VA+ ot |z € X 3.
2 2
This proves the theorem. O

Theorem 3.4. For every A € AIFS(X),

JE(A) = (E(OAGOA).

Proof. From equation (17), we have

OV PR [CEEERRINEES

N (z/A(:vi) +1-— ,U/A(:'Ei))e(“’A(mi)+;—VA(%)) .

2
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and

n

I 1 ,U/A("El) +1—- I/A(l’i) VA(TDi)‘FlQ*HA(Ji)
JE(0AQHA) = n(\/é—l)Z;K : )e( )

N (VA(.’Ei) + ;—MA(:ci)>e<u,A<mi>+;—uA<wi>) I

This proves the theorem. O
Theorem 3.5. For every A € AIFS(X),
LE(OAQHOA) = .E(QAQLA).
Proof. It readily follows from Theorem 3.3(ii)and equation (45). O
Theorem 3.6. For every A € ATFS(X),
E(0AQQA) = E((DA)°Q($A)9)Y).

Proof. From equation (45), we have

n

E(0AQOA) = — Z[(”A(xi)ﬂ—m(m)e(w)

n(ve—1) = 2
N <1/A(5L'i) +1- NA(xi))e(mmw;—mm)) B 1}
2
and
1 " HA(xi) +1-— I/A(l'i) (VA(miH’l*P‘A(mi))
E((OA)Ca(0A)9)°) = 2
(OAB(OA)) = fpy S (H00 5 :
N (VA(SCi) +1-— uA(xi))e(“A(zi)+;VA(ri)) - 1}
2
This proves the theorem. |

In the next section we consider an example to compare our proposed entropy measure
on Atanassov’s intuitionistic fuzzy set, with others in (12) and (15).
4. NUMERICAL EXAMPLE

Example: Let A = {(z;, pa(2;),va(2;)) |z; € X} be an AIFS in X = (z1,...,2,).
For any positive real number n, De et al. [6] defined the ATFS A™ as follows:

A" = {2y, [pa(z)]™ 1 = [1 = va(z:)]") |z € X}
We consider the ATFS A on X = (z1,...,x,) defined as:
A=1{(6,0.1,0.8),(7,0.3,0.5), (8,0.5,0.4) , (9,0.9,0.0) , (10, 1.0,0.0) }.

By taking into consideration the characterization of linguistic variables, De et al. [6]
regarded A as “LARGE” on X. Using the above operations, we have
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A'/2 for may be treated as “More or less LARGE”
A? for may be treated as “Very LARGE”
A3 for may be treated as “Quite very LARGE”
A* for may be treated as “Very very LARGE”

Now we consider these AIFSs to compare the above entropy measures. It may be
mentioned that from logical consideration, the entropies of these AIFSs are required to
follow the following order pattern:

E(AY?) > E(A) > E(A?) > E(A%) > E(A%). (46)

Calculated numerical values of the three entropy functions for these cases are given in
the table below:

Al 2 A A2 AS A4
Ez; 0.5819 | 0.5720 | 0.4333 | 0.3321 | 0.2698

Fwaa | 0.4545 | 0.4377 | 0.3029 | 0.2159 | 0.1709
E, 0.5531 | 0.5343 | 0.3772 | 0.2734 | 0.2169

Table: Values of the different entropy measures under A2 A, A2 A3, A%

Based on the Table, we see that the entropy measures Ez; and Ewga satisfy (46),
and our proposed entropy measure conforms to the same, i.e.

JE(AY?) > (E(A) > (E(A?) > (E(A%) > (E(AY).

Therefore, the behavior of exponential intuitionistic fuzzy entropy .FE(A) is also consis-
tent for the viewpoint of structured linguistic variables.

5. CONCLUSIONS

In this work, we have proposed a new entropy measure called exponential intuitionistic
fuzzy entropy in the setting of Atanassov’s intuitionistic fuzzy set theory. This measure
can be considered as a generalized version of exponential fuzzy entropy proposed by Pal
and Pal [10]. This measure is imbued with several properties. A numerical example is
given to illustrate the effectiveness of proposed entropy measure. Parametric studies that
introduce other flexibility criteria for the same membership functions, of this measure
are also under study and will be reported separately.
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