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KYBERNETIKA — VOLUME 49 (2013), NUMBER 1, PAGES 73-95

CONSTRUCTION OF MULTIVARIATE COPULAS
IN N-BOXES

JostE M. GONZALEZ-BARRIOS AND MARIA M. HERNANDEZ-CEDILLO

In this paper we give an alternative proof of the construction of n-dimensional ordinal sums
given in Mesiar and Sempi [I7], we also provide a new methodology to construct n-copulas
extending the patchwork methodology of Durante, Saminger-Platz and Sarkoci in [6] and [7].
Finally, we use the gluing method of Siburg and Stoimenov [20] and its generalization in Mesiar
et al. [I5] to give an alternative method of patchwork construction of n-copulas, which can be
also used in composition with our patchwork method.

Keywords: mn-copulas, modular functions, rectangular patchwork

Classification: 60A10, 60E05

1. INTRODUCTION

The idea of patching a 2-copula C, or simply copula, in a rectangular region R, by
redefining C' using another function D on R, is of great interest when modelling some
bivariate data. It is well known that in many applications such as Mathematical Fi-
nances, Risk Theory, Ecology, etc., the researchers know from previous data what is the
behavior of their observations in the tails, but if they try to fit a known model, many
times, this model does not agree with these tail behaviors. In this case, it is important
to take a base copula C' and try to modify it in the regions of interest using some other
copulas which have the behavior that we are looking for. This is now possible using the
general approach of rectangular patchwork construction.
In this paper we will generalize these results for n copulas with dimensions n > 3.

Definition 1.1.

Let n > 2 and let R = [u1,v1] X [ug,v2] X -+ X [un,vy] = TP [u;,v;) € R™ be an
n-box, that is, for every ¢ € {1,...,n}, —0o < u; < v; < co. We will call R a non
trivial n-box if for every i € {1,...,n}, —00 < u; < v; < c0. For any 1 < k < n and

for every 1 < i1 < ip < - < i <n define

Riy i, = {{z1,...,2n) € R | for every j € {1,...,k}, either x;; = u;, or x;, = vy, }.

(1)

Then we call R;, an (n — k)-dimensional face of R.
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If k=1 an (n — 1)-dimensional face is usually called simply a face of R, in this last
case we make a distinction. We will denote by

Rﬁ ={{x1,...,2n) € R | z; = u;}
and call it the ith-lower face, and
R} ={(x1,...,xn) €E R | z; = v;}
and call it the ith-upper face.
Let n > 2 and let C': [0,1]™ — [0, 1] be a function which satisfies:
i) C(uq,...,uy) =0 if there exists at least one ¢ € {1,...n} such that u; = 0.
i) C(1,...,1,u;1,...,1) =wu; for every i € {1,...,n} and for every u; € [0,1].

ili) C is an n-increasing function, that is, for any n-box R = II? ,[u,,v;] such that
Vert(R) C [0,1]™ we have that

Ve (R) = >, sea(e)C(e) 20, (2
{ceD | ceVert(r)}

where
1, if ¢; = u; for an even number of i's

sgn(e) = { -1, if ¢; = u; for an odd number of ¢’s.
Then we will call C' an n-copula.

We start with a generalization of De Baets and De Meyer [2], the proof of this result
follows the same ideas and it can be found in [I1].

Theorem 1.2. Let C : [0,1]" — [0, 1] be an n-copula, let R = I, [u;,v;] C [0,1]™ be
a non trivial n-box. Let D : R — [0, 1] be a function. Define @ : [0,1]™ — [0, 1] by

| D(z1,...,2p) if (x1,...,2n) € R,
Q(xl""’x”)_{C’(a:ll,...,xn) () e [01]MR, (3)

Then, @ is an n-copula if and only if D = C on §(R) and D is n-increasing.

Using Aczel and Dhombres [I], we give a characterization of functions that assign
volume zero to any n-box R called modular, and a useful Lemma.

Lemma 1.3. Let F': D — R be a function where D C R" for some n > 2. Then F
is modular if and only if there exist n functions G; : R™"™' — R such that for every
x = (x1,%2,...,Tn) €D

F(X) = Gl(l‘g,l‘g,...,.I‘n)+-"+Gi($1,...,$i_1,£i+1,...,Jin)—|—'~'—|—Gn(l‘1,. ..,xn_l).

(4)
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Proof. Let R =TI ,[u;,v;] be an n-box and let ¢ = (¢1,¢a...,¢y,) be a vertex of R,
define ¢f = vy if ¢ = wy or ¢f = uy if ¢; = v;. Then ¢* = (¢}, ca,...,¢y,) is another
vertex of R, and using equation (2)), sgn(c)G1(c) + sgn(c*)G1(c*) = 0. Repeating the
argument for the ith coordinate of ¢ respectively, in the remaining n — 1 functions we
have the result. a

The importance of Lemma 1.3 is that the functions G, ..., G, in equation are
completely arbitrary. For example if n = 3 and we define F(z,y,z) = Gi(z,y) +
Gao(z,z) + G3(y, 2) + Hi(z) + Ha(y) + Hs(2) + K where G1, Go, G3, H1, Hy and H3 are
arbitrary functions and K is a constant, then F' is modular.

Lemma 1.4. Let n > 2, let R = II""_;[u;,v;] C [0,1]" be an n-box, let D : R — R
be an m-increasing function and let £ : R — R be a modular function. If we define
F:R— R by

F(x) = D(x) + E(x). (5)

Then F' is an n-increasing function.

The following Theorem is the main result in the patchwork construction of 2-copulas
given in Durante et al. [7], and an alternative shorter proof using Lemma 1.3 and Lemma
1.4 is given in [TT].

Theorem A. Let C be a copula, let {C;};c7 be a family of copulas and let {R; =
[uf,v]] x [u},v3]}jes be a family of 2-boxes, in this case rectangles in [0, 1]2, such that

R; N Ry C §(R;) N6(Ry) for every j,k € J with j # k.

Define for every j € J, A; = Vo (R;), and for every x € [ul, vl] and for every y € [u, v]],
Rj. = [ul,x] x [u},v}] and R;, = [ul,v]] x [u},y]. Let C :[0,1]2 — [0,1] defined by

Cla,y) =4 NG (L(fm, L(;j“’)) +of(xy)  if (z,y) € Rjand A; >0,
7 Clzx,y), otherwise,
(6)
where cpjc(:z:,y) = hfj (x) + vu (y) — hC (v)). Then C is a copula.

An important result about n-increasing functions proved in [II] that will be used in
this paper is the following

Lemma 1.5. Let n > 2 and let R = I, [u;,v;] C [0,1]" be a non trivial n-box, let
C:[0,1]" — [0,1] and D : [0,1]™ — [0,1] be two n-copulas. Let A = Vz(R) and assume
that A > 0. Define E : R — [0, \] by

Vo (R, Ve (R,
E(x):)\D( C()\ 1),..., C()\ “)) for every x € R, (7)
where for every i € {1,...,n}, u; < z; < v; and

Ry = [ur,v1] X oo X (i1, vim1] X g, 23] X U1, Vig1] X oo 0 X g, v (8)
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Then E is an n-increasing function on R.

Besides, if x = (v1,...,0j_1,2j,Vj41,...,Un), for some j € {1,...,n} and u; < z; <
vj, then E(x) = Vo (Ry,), in particular E(vy,va,...,v,) = A

In Section 2 we use our methodology to give an alternative proof of the ordinal sum
construction of n-copulas for n > 3 first proved in Mesiar and Sempi [I7].

In Section 3 we proposed a patchwork construction method for n-copulas with n > 3.
We analyze in detail the difference between the cases n = 2 and n > 3 using the
multivariate ordinal sum construction. We also provide some examples that show the
importance of this construction in the multivariate case.

In section 4 we use the gluing method of Siburg and Stoimenov [20] and its general-
ization given in Mesiar et al. [15] to provide an alternative method of construction of
copulas in n-boxes, with n > 3, and we show that this methodology can be composed
with the patchwork construction given in Section 3 to provide new n-copulas.

In Section 5 we give some final observations.

2. MULTIVARIATE ORDINAL SUMS OF COPULAS

In this section we will use our results to prove that the construction of ordinal sums can
be extended to n > 3. This result was first proved in Mesiar and Sempi [I7]. We start
with a general Proposition.

Proposition 2.1. Let C; be an n-copula for some n > 2, and let 0 < a; < by < 1,
define R = I, [a1, b1] = [a1,b1]™ an n-box in [0, 1]™. Define C : [0,1]™ — [0, 1] by

ay + (bl _ a1)01 (min{$1,b1}—a1 e, min{xmbl}_al)

b1—aq b1 —ay

Cx) = if min{zq,...,2,} € [a1,b1],

min{xq,...,z,} elsewhere.

(9)

Then C' is an n-copula.

Proof. We will proceed by induction. Let n = 2, and let 0 < a; < by < 1. Define C'

as in equation (9). Let A; = {(x1,z2) € [0,1]?| min{x, 22} € [a1,b1]}, then it is clear

that

AS = {{z1,22) €[0,1]* |21 < ay or x5 < a1} U {{z1,22) €[0,1]* |21 > by and 25 > by}
= Ay U As.

Observe that A; is the union of the 3 = 2" — 1 rectangles Ry = [a1, b1]?, Ry = [a1,b1] X
[b1,1] and R3 = [b1, 1] X [a1,b1], see Figure 1.
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1
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Fig. 1. Regions A1, A2 and As.

Define D : A1 — R by

min{z1,b1} —a; min{za,b;} — a1>

1
bl—al ’ bl—al ( 0)

D(z1,22) = a1+ (b1 —a1)Ch (

If <J$17 .’172> € Ry then D(a:l, 31‘2) = a1+(b1 —al)Cl((xl —al)/(bl—al), 1) = al—l—(xl—al) =
x1 = min{xy, zo}. Similarly, if (z1,22) € R3 then D(x1,z2) = x2 = min{z1,z2}. Using
Theorem 1.2 we have to see that D is 2-increasing on Ry and that D and M (z1,25) =
min{xy, 29} coincide on 6(R;). We know that C is a 2-copula, so, C is 2-increasing.
Define a function h : Ry — [0,1]2 by:

h(z1,22) = (“ A al) . (11)

bl_a17b1_a1

Then it is clear that h is a bijection which takes R; onto [0, 1]?, and also h is increasing
in each coordinate. Let S = [x11,21,2] X [T2,1,%2,2] where a1 < z;1 < 252 < by for
i =1,2. Then S is a rectangle included in R;, and the function h in equation (11), takes
S onto

h[S] = [

Tig— a1 Tio— al] [mm —a; Too— al]

bl*al’blfal bl*al’blfal

and using Lemma 1.4 with E(x1,22) = a1, we have from equation (10) that
Vp(S) = (b1 — a1)Ve, (h[S]) = 0. (12)

Therefore, from equation (12), D is 2-increasing on R;. Now, we prove that D coincides
with M on §(R;). Let x = (21,a1) or x = (a1, 22), where a; < 21,22 < by. Then, since
C4 is a 2-copula

Zp—ap ap—ay

D(x17a1)=a1+(b1—a1)01( ) = a1 = M(z1,a1) (13)

51—01’51—01

and
ap — a1 T2 — a1

D(ay, z2) = a1 + (b1 — a1)Ch ( > — a1 = M(ay,z2).  (14)

b1*a17b1*€11
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Finally, if x = (z1,b1) or x = (b1, x2), where a1 < 1,29 < b;. Then, since C; is a
2-copula

r1—a; bp—a 1 —a
D(l‘l,bl) = a1+(b1—a1)01 <b11 — all , bi — ai) = a1—|—(b1—a1) bll — all =x1 = M(Z‘l, bl)
(15)
and
by —a1 o —a To —a
D(bl,l‘g) = a1—|—(b1—a1)01 (bi — ai , b12 — all) = a1—|—(b1—a1) b12 — all =9 = M(bl,mg).
(16)

From equations (13), (14), (15) and (16) D and M coincide on §(R;) and C in equation
(9) is a 2-copula according to Theorem 1.2.

Let n > 2 and let Cy be an n-copula, let Ry = [a1,b1]™ be an n-box in [0, 1]™ and let
C' be defined as in equation (9). Define D : A; — R , where

Ay ={{x1,...,2,) €10,1]" | min{axy,...,z,} € [a1,b1]},

then it is clear that

AY = {{z1,...,z,) €[0,1]" | there exists ¢ € {1,...,n} such thatz; < a1}
U {{z1,...,2,) €[0,1]*|z; > by for every i € {1,...,n}}
= AU (17)

We will observe that in this case A is the union of 2" — 1 n-boxes with disjoint interiors,
which include Ry. Let I1 ; = [a1,b1] and Iy ; = [b1,1] for ¢ € {1,...,n} then

la1, 1" = ([a1,01] U [b1, 1])" = Uy, joeqn2ya Hima Ly i

Therefore,
Ay = a1, 1]"\[b1, 1]"
= Ugy,.gme{tay e I i\ T2 i,
which is a union of 2" — 1 n-boxes with disjoint interiors. Define for every (z1,...,z,) €
Ay

T .
D(xl,...,ma1+(bla1>cl(mm{”“ Joa minden, b ) (18)

by —ay T by —ay

Using the same ideas as above, and the fact that C is n-increasing, it is not difficult to
see that D is n-increasing on A;. So, by a natural generalization of Theorem 1.2, we only
have to see that M (x1,...,2z,) = min{z,...,z,} and D coincide on 6(A;1)Nd(AzUAs3).

Using equation (17), if (z1,...,2,) € 6(A1) N I(Az U A3), then there exists i €
{1,...,n} such that z; = a; and for every j € {1,...,n}\{i}, z; € [a1,1], or there
exists ¢ € {1,...,n} such that z; = b; and for every j € {1,...,n}\{i}, z; € [b1,1]. In
the first case using equation (18) and the frontier conditions of Cy, we have that

D(z1,...,zn) =a1+ (b1 —a1) -0 =ay = min{zy,...,z,},
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and in the second case

by —ax

D($1,...,$n):a1+(b1 7(11)0(1,... 1

) abl_al,l...,l):blzmin{xl,...,xn}.

Therefore, M and D coincide on §(A;) Nd(Az U As) and C defined in equation (9) is an
n-copula. O

Remark 2.2. In the previous Proposition we define R = [a1,b1]". Let us denote by
A = Vuy(R), where M (x4, ...,2,) = min{zy,...,z,}, we will see that A = b; — a;. We
know that using formula , we have that

Vu(R)= Y sgn(e)M(c). (19)
ceVert(Rr)

We observe that if ¢ = (c1,...,¢,) € Vert(R), then for every i € {1,...,n} ¢; = a1 or
¢; = by. So, if there exists i € {1,...,n} such that ¢; = a1 then M(c) = a;, and the
only vertex of R such that M(c) = by is ¢ = (b1, b1,...,b1) =: by. Then using (18), we
have that
A=Vu(R) =b +a > sgn(c). (20)
ceVert(r)\{b1}

Observe that deVert( R) sgn(c) = 0, this follows using the binomial expansion of 0 =
((=1) + 1)™. But, in this case

0= (n417 =3 ()enrar =1 S ()t

k=0

Therefore, >, () (=1)*(1)"~% = —1, and using (20) we get that A = Vas(R) = b1 —as.

Remark 2.3. It is very important to observe that in the case n = 2, the construction
of ordinal sums is made by modifying the copula M only on squares that have opposite
vertices on the main diagonal, namely, if R = [a,b]? C [0,1]? and D is a 2-copula, then
the function C': [0,1]2 — [0, 1] given by

a+ (b—a)D (‘”bfaa, i{‘;’) if (r1,22) € [a,b)?

O(Jil, $2) = {
M(z1,x2) = min{zq, z2} elsewhere

is a copula, see for example Nelsen (2006). If we try to extend directly this idea to

larger dimensions the result is false, that is, if we take any n > 3, D an n-copula and

R = [a,b]™ C [0,1]™ an n-box with opposite vertices on the main diagonal and we define

a function C': [0,1]™ — [0,1] by

a

r1—a Tp—b . n
O(xl,...7l‘n):{a+(b_a)D(b 7""b7a) if (xl,...7xn>e[a7b]

M(zy1,...,z,) = min{zy,...,z,} elsewhere.
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Then C is not necessarily an n-copula. To see this, we give an easy example with n = 3,
D=1 and R = [0,1/3]3. If we define C' as in the above equation, we have that

L1 (321, 312, 323) if (21,29, 23) €10,1/3)3
C(xl,l’z,l'g) = { 3 (21)

M (21, %2, 23) = min{z1, x2, 3} elsewhere.

In this case, if we take (z1,22,23) = (1/3,1/4,1/4), then (x1,2z2,23) is a point on an
upper face of the 3-box R, but

1 1.1 .1 3 1 . 111
31 (33734734) “671" mm{3’474}~
Therefore, by Theorem 1.2, C' in equation (21) is not a 3-copula.
By Proposition 2.1, we know that if we define

lH (min{ml,l/?)} min{z2,1/3} min{$3,1/3})
3 /3 /3 1/3
C1(.131,5€2,l‘3) = if min{$17$2,$3} S [0, 1/3],

min{zq, z2, x3} elsewhere.
(22)

Then C is a 3-copula. Observe that the big difference between equations (21) and (22)
is that in the first line of (21) the region is R = [0,1/3]3, and in the first line of equation
(22) the region is [0, 1]3\(1/3,1]3, that is, the complement of the 3-box (1/3,1]3.

Of course we can extend Proposition 2.1 to obtain the multivariate version of ordinal
sums, as in Mesiar and Sempi [I7]. See also the application given in Durante and
Ferndndez-Sénchez [8].

Theorem B. Let {C;};cs be a family of n-copulas, let {[a;,b;]}jes where J =
{1,...,n} or J = {1,2,...}. Assume that for every j € J, 0 < a; < b; <1, and even
more for every j,j+1 € J, b; <ajyi1. Define C: [0,1]" — [0,1] by

min{zq,b;}—a; min{x,,b; }—a;
%+@*%W& g el )

bj—aj bj—aj
C(x) = ifmin{zy,...,x,} € [aj,b;]for j € T
M(x) = min{xy,...,z,} elsewhere.
(23)

Then C' is an n-copula.

Proof. The proof of Theorem B is an easy induction that uses the same arguments

that we used on the proof of Theorem A in [I1]. O
3. A MULTIVARIATE PATCHWORK CONSTRUCTION

In this section we provide a multivariate patchwork construction of n-copulas in n-boxes
by using the regions determined in multivariate ordinal sums. We will start by taking a
3—copula and a 3-box R with (1,1,1) as one of its vertices.
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Theorem 3.1. Let C and C; be two 3-copulas and let R = [ug, 1] X [ug, 1] x [us, 1]
where 0 < u; < 1 for ¢ € {1,2,3} and define 0 = (0,0,0). Assume that A = Vo(R) > 0,
and for every 1 € [u1, 1], for every xo € [ug,1] and for every x3 € [us, 1], define

Rwl = [ul,an] X [UQ,l] X [u:),, 1],
Ry, = [ulvl] X [u27x2] X [U3, 1]7
Rr3 = [’U,l,].] X [’LLQ, 1} X [Ug,fﬂg}.

Let C : [0,1]* — [0, 1] be defined in x = (z1, 22, x3) by

Vo(Rey) Vo(Rey) Vo(Raey) :
é@): )\Cl( o(fey) YolRey) C}\3)+VC([Q,§]\[27§]) ifxeR (24)
C(x), otherwise,
where [a,b] = [a1,b1] X [ag,b2] x [a3,b3] for a = (a1,a2,a3), b = (b1, b2,b3), and u =

(u1,us2,us). Then C is a 3-copula.

Remark 3.2. The 3-box R can be written as R = [u,1] where 1 = (1,1, 1).

Proof. Let D(x) = E(x) + F(x) with E(x) = AC; (VC(f”)7 VC(f”), VC(f”)) and

F(x) = Ve([0,x] \ [u,x]). By Lemma 1.5 E is a 3-increasing function.
To see that D is also 3-increasing, using Lemma 1.4, we just need to prove that F'is a
modular function. Let x € R then,

F(x) = Ve(0,x]) - Ve(u,x])
= Cx) - >  sg(e)C(e)
ceVert([u,x])

= C(x1,x2,x3) — {C(x1,22,23)
—C(uy, xa,23) — C(x1,u2,23) — C(21, 22, u3)
+C(x1,u,u3) + C(uy, x2,u3) — C(u1, uz, x3)
—C(u1,ug,us)}

= C(uy,xe,x3) + C(x1,us,23) + C(x1, 22, U3)
—C(x1,u2,u3) — Cluy, 2, u3) — C(uy, ug, xs3)
+C(uq,uz,us), (25)

but equation (25) is a modular function by the observation just below Lemma 1.3.

Now we will prove that C' is 3-increasing. Let x be a point in one of the lower faces of
R. Without loss of generality let x = (x1,x2,u3) € §(R) with u1 <21 <1l ug <xg < 1.
Then Vo(Ry,) = 0 and D(x) = ACy (Y&, Yellez) )4 ([0, 2] [0, 2] x [0, us]) -
0= C(x). So, D = C in the lower faces of R.

Using the proof of Theorem 1.2, see [L1], we can see that V5 (S) = Ve (SN{[0, 1]*\R})+
Vb(SNR) >0 for any 3-box S C [0,1]® and so C is 3-increasing.

Finally, we prove that C satisfies the boundary conditions of a copula.
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First C(z1,x2,23) = C(xl,xg,:zrg) = 0 if any of the x; = 0 for i € {1,2,3}, and
C(1,1,1) = AC(1,1,1) 4+ Ve ([0,1]%) — Ve ([u, 1]) = A+ 1 — Vo (R) = 1 by the definition
of A. Then, since C = C in [0 1]3\R we just need to see that C(x) = D(x) = ,
for x = (21,1,1),(1,22,1),(1, 1,z > with 2; € [u;,1],¢ = 1,2,3. By the second part of
Lemma 1.5 we have E(x1,1,1) = Vo (Ry, ), E(1,22,1) = Vo (R, ), E(1,1,23) = Vo (Ra,)
for x; € [u,1],7 = 1,2,3. Without losmg generality let us assume x = (x1,1, 1), where
(51 S I S 17 then

D(x) = E(x1,1,1)+ F(z1,1,1)
= Vo(Rz,) + Ve([0,21] x [0,1] x [0,1]) — Ve ([ur, 1] X [ug, 1] X [us, 1])
= Ve(Re) + Cle1,1,1) — Vo(Ra,)
= . (26)

Similar results as (26) hold if x = (1,22,1) or if x = (1,1,23). On the other hand
if x = (x1,1,1) where 0 < 7 < wuq, then C’(;) = C(x) = x1, since C is a 3-copula.
Similar results are obtained for x = (1,x2,1) and x = (1,1,23) when 0 < 23 < uy and
0 < 3 < uz. Therefore, C in equation (24) is a 3-copula. a

Remark 3.3. If we let u; = 0 for some ¢ € {1,2,3} in the previous Theorem the result
still holds. For example if u; = 0, then R = [0,1] X [ug, 1] X [us, 1], and if we take
x = (0, z9, x3) where us < o < 1 and ug < 3 < 1, then by definition (24) we have that

Clg = acy (Felfnm) Yellin) JelEa)) 4 vi(0.x) - Ve(lux)

= 0+ VC([0,0] X [0,332] X [0,333]) — Vc([0,0] X [UQ,Z‘Q] X [U3,l‘3])
= 0.

Clearly, Theorem 3.1 can be generalized easily to larger dimensions.

Theorem 3.4. For every n > 3 let C' and C7 be two n-copulas and let R = [ug, 1] X
[ug,1] X -+« X [tup, 1] where 0 < u; < 1 fori € {1,...,n}. Assume that A = Vo(R) > 0,
and for every ¢ € {1,...,n} and for every x; € [u;,1] define R,, = [u1,1] x -+ x
[i—1, 1] X [ug, ;] X [wig1, 1] X - X [up,1]. Let (C'lH, C1) : [0,1]" — [0, 1] be defined in
X = (21,...,2) by :

VC(Rm ) VC(Rzr ) 3
AC 1, 2 Ve(10, x|\ [u,x fx eR,
C(x), otherwise,
where [a,b] = [a1,b1] X -+ X [an,by] for a = {(a1,...,a,),b = (b1,...,b,), and u =
(ui,...,un). Then (C'lY, C1) is an n-copula.
Proof. It follows the same steps as the proof of Theorem 3.1. |

Remark 3.5. For every n > 3 and for every n-copula C' we can obtain from equation
(27) every n-copula C;. Let C and C; arbitrary n-copulas and let R = [0, 1]", then
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Vo(R) =1 = A, and for every i € {1,...,n} and for every x; € [0,1], R;, = [0,1] x
[0,1] x [0,2;] x [0,1]--- x [0,1]. So, Vo (Rs,) = x; for every i € {1,...,n} and u = 0.
Therefore, from equation (27) we have that (C'l#, C1)(x) = C1(x) for every x € [0, 1]™.

Using Theorem 3.4 we can construct many different new n-copulas. Observe that
in the construction of the copula (C'l#,,C1) on R = [u, 1], given in equation (27), the
copula C remains fixed on [0,1)™\R, and on R we have a rescaled version of the copula
(. Using Theorem 3.4 we have the following

Definition 3.6. Let C™ be the family of all n-copulas for some n > 3, for every fixed
u € [0,1)", the function 4, : C" x C" — C" defined by

e, c) = CUQ (28)

is an operator.

Lemma 3.7. Let n =3, u € (0,1)% and II the product 3-copula and let C; and Cs be
3-copulas. Then

(i1l Cr) =11 (29)
if and only if C; = Cy, =11

Proof. Letn =3, uc (0,1)% and R = [u,1]. First, assume that C; = Cy = II, then
A=Vn(R) = (1—u1)(1—ug)(1—u3). Now, we will see that Vir(R,,) /A = (x;—w;)/(1—u;)
for every ¢ € {1,2,3}. Without losing generality we will assume that ¢ = 1. Since
Ry, = [U1,Z‘1} X [Ug, 1] X [U,g, 1] then

Vin(Re,)  (z1—uw)(I —uz)(1 —u3) (21— w)

A n (1—U1)(1—UQ)(1—U3) N (1—U1) '
So, using equations (24), (25) and Definition 3.6, we have that for x € R

ey = am (i) Yt Tlie)) 4 i 0,50\ o)

D D

— (-%'1 - Ul) (l‘g — u2) (xg — U3) N s
- AH( (T—wy)’ (1—wuz) (1—u3) ) + Vu ([0, x] \ [u,x])

(21— ur)(v2 — u2) (w3 — uz) + 12223 — (21 — u1) (T2 — u2) (3 — u3)
= T1X2T3
II(x).
Conversely, assume that equation (29) holds for some C; and Cy 3-copulas, then from
equation (24) it is clear that C; must be IT in [0, 1]3\R. Then A = (1—u1)(1—u2)(1—u3)
and Ve, ([0, %]\ [u,X]) = z12223 — (21 — uy) (22 — uz)(x3 — uz). But, from equations (24)
and (29) this implies that Cy = II. O

Of course, Lemma 3.7 also holds for n > 3.
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Example 3.8. Let n = 3, let

Cr9) = exp (= (= ) + (= In(a2))” + (- InGe))"] ")

for some 6 > 1, which is a member of the Gumbel-Hougaard Archimedean family, see
Example 4.23 in Nelsen [I8], and let C' =1II. Let R = [1/2,1] x [1/2,1] x [3/4,1], then
A =Vu(R) = 1/16, and Vii(Ry,) = (1/8)(z; — 1/2) for ¢ = 1,2 with z1,29 € [1/2,1],
and Vii(Rg,) = (1/4)(zs — 3/4) with x5 € [3/4,1]. Besides, Vi1([0,X]) = z12223 and
since u = (1/2,1/2,3/4) then Vn([u,x]) = (1 — 1/2)(x2 — 1/2)(x5 — 3/4). Therefore,
using Theorem 3.1 if we define C' = (C'l, C1) then

012wy — 1,225 — 1,423 — 3) + w1223 — (x1 — 1/2) (22 — 1/2) (w3 — 3/4)
C(x) = ifxeR

T1X2T3 otherwise.

Then C is a 3-copula, which behaves like a rescaled version of the Gumbel-Hougaard
family on the upper 3-box R and on the rest is the product copula. It is also clear that
C is not an ordinal sum.

Example 3.9. We will see that even for n = 3 and a simple 3-box of the form R =
[0,v1] X [0,va] X [0,v3] C I3, if we take two 3-copulas C' and D such that A = Vo (R) > 0
and we define R,, for z; € [0,v;] as in equation (24) of Theorem 3.1, for every i €
{1,2,3}, and taking

B(x) = AD (Vc(Rm) Ve (Ra,) VC(RH))’

A ’ A ’ A

which is 3-increasing by Lemma 1.5. We can find functions Fj 2(x1,22), F1,3(z1,23),
F» 3(x9,x3) from [0,1]? into R, and functions Hi(z1), Ha(z2) and Ha(xs) from [0, 1]
into R, such that if we define for every x € R

p(x) = F12(x1,22) + F13(z1,23) + Fo3(72,73) + Hi(21) + Ha(z2) + H3(23),
then the function Q : [0,1]® — [0, 1] defined by

[ E®)+ex) if xeR
Q(X)—{C(x) 7 it  xel0,1*\R

satisfies that @ is continuous. However @) is not in general a 3-copula.

We know that the function ¢ defined above is a modular function by Lemma 1.3, and
by Lemma 1.4 the first row in the definition of @ is also 3-increasing. Besides, since C
and D are 3-copulas we also know that F(x) is continuous. The idea now is try to find
an appropriate continuous function ¢, such that it makes @) continuous.

First we observe that J(R) is given by the union of {x € R| there exists i € {1, 2,3}
such that x; = 0} with {x € R| there exists i € {1,2,3} such that x; = v;}. Since C' is
continuous we only have to find ¢ such it makes coincide the first row with the second
row of (Q on the upper faces of R, that is, on

{x € R| there exists i € {1,2, 3} such that z; = v;}.
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In this case we want to find adequate functions in the definition of ¢ such that the

following three conditions hold

Q(vi,xo,x3) = C(vy,x9,23) forevery (xa,xz3) € [0,v2] X [0,v3],

Q(z1,v2,23) = C(x1,v9,23) for every (xy,x3) € [0,v1] x [0,v3],
and

Q(x1,x2,v3) = C(x1,22,v3) for every (x1,x29) € [0,v1] X [0, v3].

We define for (x1,z2) € [0,v1] X [0, v2]

VC(RJCl ) VC(RQCQ)

F172(33‘1,.132) = —/\D ( ,1) + C(.Tl,xg,’vg),

A A
for <$1,$3> S [0,1}1] X [0,1}3]
F173($1,.T3) — _\D (VC(}\Rxl)’l’ VC(?QLB)) + C(xl,UQ,afg),

and for (xq,x3) € [0,v2] X [0, vs]

Vo (sz) VC(RI:»,)
A ’ A

F273(l‘2,l‘3) =-\D (1, ) + C(Ul,l‘g,xg).

We also define for z1 € [0,v1], 22 € [0,v2] and z3 € [0, vs]

Hl(xl) = VC(RJH) - 0(1‘1,1}2,1}3), Hg(l'g) = VC(Rmz) - C(UlaanUZ’))
and
Hs(z3) = Vo (Ry,) — C(v1,v2, 23).

Then if we take (v1, 2, z3) € R, we observe that R,, = R, A = Vo(R) = C(v1, v2,v3),

and using the frontier properties of D, we have that

Vo(Ry,) Vc(Rx3)>
XA

Q<U1,$2,$3) = D (17

—-\D <1, @, 1) + C(v1,w2,v3)

Vc(/\%)) + C(v1, 02, 73)

_\D <1’ VC(sz) VC’(Rms)

—\D <1,1,

SO )+C(U1,$27$3)

+Ve(Ry,) — C(v1,v2,v3) + Vo (Ry,) — C(v1, 22, v3) + Vo (Ry,)

—0(017 V2, 563)

= —Ve(Rs,) — Ve(Ryy) + C(v1, w2, 23) + A — A+ Vo (Ry,) + Vo(Re,)

= O(Ul,ZEQ, 133).
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Therefore, the first condition above holds. Analogously it is easy to see that the other
two conditions also hold with the same definition of ¢ which is clearly continuous. Hence,
Q is continuous.

Now, if x € R is such that z; = 0 for some ¢ € {1,2,3}, then it is clear that
Ve (Rz;) = 0 and since D and C' are 3-copulas then F(x) = 0 = C(x). However, if we
take x = (0, z2,x3) with x2 € (0,v2] and z3 € (0, vs], then FE(x) = 0, F12(0,22) = 0,
F1,3(O,x3) = 0, F2’3(.’E2,£L'3) = —)\D(].,VC(RIQ)/)\, VC(Rxg)/A) + 0(01,1'271'3),
Hy(0) = 0, Ho(x2) = Ve (Ry,) — C(v1,22,v3) = C(v1,22,v3) — C(v1,29,v3) = 0 and
H3($3) = Vc(RI3) — C(Ul,’l)g,xg) = C(Ul,’Ug,l‘g) — C(Ul, U2,l‘3) =0. SO,

o(x) = =AD(1,C(v1, z2,v3) /A, C(v1,v2,23)/A) + C(v1, 22, x3), which in general is not
zero. Therefore, @) is not a 3-copula even if it is continuous.

This last example shows that it is not easy to find a modular function ¢, such that
the function @ satisfies being a 3-copula. The problem is to find a modular function ¢
such that the first and second rows in the definition of ) coincide on the lower and upper
faces of R. It seems that we can make them coincide if we take only the lower faces or
only the upper faces, but not both at the same time, in order to get a 3-copula. Maybe
if we define a different function ¢ we could obtain a 3-copula, but this still remains an
open problem.

3.1. Patchwork Construction Method for Dimensions Larger Than or Equal
to Three

We first observe that the construction of new copulas in Theorem 3.4 is restricted to
n-boxes of the form R = [u,1] C [0,1]" where u = (uy,...,u,) and 1 = (1,...,1). The
question here is, how to do a construction of a new copula when we want to modify a
base n-copula C' on an arbitrary n-box R = [u,v] C [0, 1]™ by another rescaled n-copula
D?

In order to answer this question we will propose a new methodology which is based
on Theorem 3.4.

Let us assume that R = [u,v] C [0,1]™ is a non trivial n-box such that for every
i€ {l,...,n} 0 < u; <wv; <1. Let Vert(R) be the set of vertices of R. We will
first establish an order in this set of vertices. Let ¢ € Vert(R), define a bijection
f: Vert(R) — {1,2}" given by f(c) = (l1,1l2,...,l,) € {1,2}", where [; = 1 if ¢; = u;
and l; = 2 if ¢; = v;. Define Qo) = {k € {1,...,n}| f(c)r = 2}, where f(c)i is the kth
coordinate of f(c). Now we define the composition ¢ : Vert(R) — {1,2,...,2"} given
by

o(f(c) =1+ Z 2"~k for every c € Vert(R).
keQf(e)

Of course, Q (o) = 0 if and only if ¢ = (u1, u, ..., uy,) and in this case @(f(u1, uz, . .., un))
= 1. Also observe that if ¢ = (v1, va,...,v,), then o(f(vi,v2, ..., v,)) = 14> 17—, n—hk —
1 +Z?:_01 27 = 27, It is easy to see that ¢ is a bijection which establishes an order among
the vertices of R, in fact, this order gives the number one to the “lowest” vertex and the
number 2" to the “highest” vertex.
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Let C be an n-copula which we will call base copula, let D be an n-copula which we
will call modifying copula, and let R = [u,v] C [0,1]™ be a non trivial n-box. Then
inductively define

e Let C7; = (C E-JHD) where 1 = ¢(u).

e Given Cj for 1 < k < 2", let ¢ € Vert(R) such that ¢(c) = k + 1 and define
Cr+1 = (Cr W, O).

e The n-copula Cyn is our target copula.

Observe that if we follow this construction, then in the first step in C'y we introduce
the rescaled version of the n-copula D on [u,1], and in the remaining steps we keep
unaltered C; at least in the semi open n-box [u,v) = I, [u;, v;).

Example 3.10. Let us assume that n = 3 and that we want to construct a 3-copula
C which has a desired behavior in each of the eight vertices of I3 := [0,1]3. We will
use the 3-box given by R = [0,1/2]3 as an auxiliary tool. We first establish a bijection
h : Vert(I?) — Vert(R), among the vertices of I3 and the vertices of R. If c € Vert(I?)
then the coordinates of h(c) are given by

0 if c, =0

for i = 1,2,3. Using the order established at the beginning of this subsection we have
Table 1:

c fle) Qf(e) e(f(c))
{0,0,0) | (1,1,1) 0 1
(0,0,1) | (1,1,2) {3} 1+253=2
0,1,0) | (1,2,1) {2} 1+252=3
0,1,1) | (1,2,2) | {2,3} 14237242373 =4
(1,0,0) | (2,1,1) {1} 1+25°1=5
(1,0,1) | (2,1,2) | {1,3} 1+23° 14233 =6
1,1,0) [ (2,2,1) | {1,2} 1+25° 142372 =7
(1,1,1) | (2,2,2) | {1,2,3} | 14231423724 233 =38

Tab. 1. Order of the vertices of I°.

Of course, the order of the vertices of R is the same, that is,

o(f(h(c))) = p(f(c)) for every c € Vert(I®).

Assume that we have selected eight 3-copulas {C} }?zl, such that if ¢ € Vert(I3) and
it satisfies that ¢(f(c)) = j, then C; has the desired behavior near the vertex c, for
every j € {1,...,8}. Now we proceed with the construction of a 3-copula which satisfies

the desired properties using the 3-box R:
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j = = [ 1]3 and define D; = C7 on R!, then D; is exactly C; near
QG ( ), 0 GVert(IS) and p(f(0)) = 1.

\Or‘

et

e Letj =2 R?=10,1]x[0,1]x[1/2,1], u® = (0,0,1/2) € Vert(R), then ¢(f(h(u?)))
= 2 = j. Define Dy = (D, LﬂEQ C3), then from equation (27), Do behaves like Cy
near 0 and like Cy near (0,0,1) = ¢, where ¢(f(c)) =2 = j.

e Inductively, given D;_; for 3 < j <8, let R/ = [c{, 1] x [0327 1] x [}, 1], where w/ =
(¢, cb, ) € Vert(R) is such that (f(h(u’))) = j. Define D; = (D;_ 1, Cj),s

then from equation (27), D; behaves like Cy near cf € Vert(I®) for every k =
{1,2,...,j}.

e Then if we define C' := Dg, C has the desired properties.

The last example has of course generalizations to larger dimensions, and it is of great
importance because it allows to model tail dependence, see for example Joe [12] and
Nelsen [18]. In fact, in Finance and Risk Theory one of the biggest problems is to model
tail dependence for economic variables using copulas, see for example Embrechts et al.
[9], Cherubini et al. [3], McNeil et al. [I6], Malevergne et al. [14], Zhang [21], just to
mention some references. The use of copulas for modeling dependence has been also
used in other areas such as ecology, hidrology, medicine, etc., see for example Dorey
and Joubert [4], Erdely and Diaz-Vieira [10] or Salvadori et al. [I9]. The last example
provides a method for modeling the tail dependence in dimensions larger than or equal
to three.

Of course this methodology also allows us to study the multidimensional versions of
the horizontal and vertical sections of 2-copulas and the construction of 2-copulas with
given horizontal or vertical sections, see for example see Nelsen [I8], Durante et al. [5]
or Klement et al. [I3]. For n > 3, we can analyze the structure of the n — 1 dimensional
faces of an m-copula, of the form

Ci(x) ={C(x1,...,Ti—i, @i, Tit1,...,%n) | x; € [0,1] for every j € {1,...,n}\{i}},

where a; € [0,1] is fixed and 7 € {1,...,n}; which are clearly equivalent to the horizontal
and vertical sections of a 2-copula.

Example 3.11. Let us assume that n = 3 and R = [0, 1/2]® in Example 3.10, and let us
select the first six copulas as C; = - -+ = Cg = I, C7 = M and Cg is a Gumbel-Hougaard
copula with parameter § = 2, that is,

Cs(x) = exp {— [(Inz1)? + (Ina)® + (In2s)?] 1/2} .

If we proceed with the order given in Table 1 and the steps of Example 3.10, we get that
Dy =Dy =---=Dg=1I by Lemma 3.7, so, we can start at the seventh step.

Let u” = (1/2,1/2,0) € Vert(R), R” = [1/2,1] x [1/2,1] x [0,1] and define D7 =
(Dg 7 C7), after some calculations we have that Az = Vii(R") = 1/4,

Vi(RL) =x1/2 = 1/4, Vu(RL,) =22/2—1/4, Vu(RL,) = z3/4,
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Vi([u”, x]) = z120w3 — (1/2) (2223 + 2123) + 23/4

and
Drx) %min{%jl — 1,229 — 1,23} + %(l’gxg + x123) — %Ig if xe R
7\X) =
T1T2T3 otherwise.
For the last step we have u® = (1/2,1/2,1/2) € Vert(R), R® = [1/2,1]x[1/2,1]x[1/2,1].
Define Dg = (D7 #,s Cg), then we get A\g = Vp, (R®) = 1/8
Vp,(RE) =21/2—1/4— C7(2z1 — 1,1,1/2) /4,
Vp,(RE,) = 22/2 —1/4— C7(1,222 — 1,1/2) /4,
Vp,(RS,) = 23/4—1/8,
VD7([U8,X]) = D7($1,$2,$3) — 07(21‘1 — 1, 21‘2 — 1, 1/2)/4 + 1‘3/4 — (.1321,‘3 + m1x3)/2
and
:Cs (41 — 2 — 2min{2z) — 1, 3}, 422 — 2 — 2min{2zs — 1, 5}, 225 — 1)
—l—% min{2z; — 1,2x9 — 1, %} — %atg + %(1'21‘3 + x123) if x € R®
Dg(x) = %min{lz:l —1,2z2 — 1,23}
+3(z2m3 + T123) — 23 if x€[1/2,1] x [1/2,1] x [0,1/2]
T1T2L3 otherwise.

We can see that this last copula behaves similar to the copula M in the vertex (1,1, 0)
and similar to a Gumbel-Hougaard copula near the vertex (1,1, 1).

4. AN ALTERNATIVE PATCHWORK USING GLUING COPULAS

In Siburg and Stoimenov [20] a new methodology of constructing n-copulas is proposed.
The main idea is to glue two rescaled copulas on adjacent n-boxes of [0, 1]” whose union
is [0,1]™, two n-boxes R and S are adjacent if their intersection is a common face. Their
main result is the following:

Theorem C. Let n > 2 and let C1,C5 be two n-copulas. Let 0 < # < 1 and define
Ry =10,1] x -+ x[0,1] x [0,6] x [0,1] X -+ x [0,1], where the interval [0, 6] is located
on the ith coordinate, for some i € {1,2,...,n}, similarly define R}, = [0,1] x --- x
[0,1] x [#,1] x [0,1] X --- x [0, 1]. Define for every x = (x1,...,Z4,...,2Tpn) € [0,1]"

901(.2?17...,%,...7.’1,‘”) if;ERéﬂ
<Clx®=902> (K) - (1—9)02 <"E1,...,%700,...,£En) +901($1,...,1,...,$n)
if;ER;fa.

(30)
Then C) ®,,=¢ C is an n-copula.

Proof. Observe that the first row in equation (30) it is simply C rescaled on Ré,e and
the second row is Cs rescaled on I, plus the value of the rescaled C1 in (x1,...,1,...2p).
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It is clear that C ®4,—¢ C> satisfies the frontier conditions of an n-copula. Using that
Rl 4 and R}, are adjacent n-boxes with common face R;p = {x € [0,1]" | z; = 0}, and
observmg that on R; ¢ both rows of equation (30) coincide, it is clear that C ®,,—¢ Ca
is an n-increasing function. Therefore, C1 ®,,—¢ C is an n-copula. O

Of course, the binary operation ®,,—¢, where ¢ € {1,...,n} and 6 € [0, 1], is defined
on the family C™ of all n-copulas. Of course, ®,,—¢ is not a commutative operation.
In Proposition 3.1 of Siburg and Stoimenov [20], it is shown that if IT is the n-product
copula, i € {1,...,n} and 0 € [0,1]. Then

Ci ® Cy=1I ifandonlyif C;=Cy=1IIL (31)

ibize
This result follows directly from equation (30).

Remark 4.1. For dimension n = 2 the constructions proposed in Theorem A in Section
1 and the one given in Theorem C are quite different. Let C' = M, J = {1}, R; =
[0,1/2,1] x [0,1] and C; = II in Theorem A. Then A\ = Vy(R1) = 1/2, R, =
[0,2] x [0,1], R1, = [0,1/2],]0,y] for every x € [0,1/2] and for every y € [0,1]. So,
Var(Ri ) = x and Vi (R ) = min{1/2,y} and oM (z,y) = hd! (x)+v! (v)—R{T(0) = 0.
Therefore, using equation (6)

Clay) = { 312z, 2min{1/2,y})  if (x,y) € [0,1/2] x [0,1]
min{z, y} if (2,y) € [1/2,1] x [0,1].

- { 2x - min{1/2,y} if (z,y) €[0,1/2] x [0,1]

= min{z, y} if (x,y) €[1/2,1] x [0,1].

On the other hand, if we let C; =11, Cy = M and 6 = 1/2 in Theorem C, then using
equation (30), we get that

(H . M) ) { ?H(‘Qas’y) o ?f (m,y) €10,1/2] x [0,1]

x=1/2 smin{2z — 1y} + 5 mm{l y} i (z,y) € [1/2,1] x [0,1].
_ { zy if (z,y) €[0,1/2] x [0,1]
%min{2x+y—l,2y} if (x,y) € [1/2,1] x [0,1].

Of course, C' # (H ®p—1/2 M)

Example 4.2. We will see that even for n = 3 the patchwork construction given in
Theorem 3.1 is also different from the gluing proposal in Theorem C. In the case where
IT is the base copula they may coincide, but in general they are different. Let us glue IT
with some 3-copula C; in 21 = 1/2, using equation (30) we get

1/211(1/2,@,953) if x € [0,1/2] x [0,1] x [0, 1]

<Hx1£®1/201) (K) - (1 — 1/2) ( 1 71/2 71‘2,173)
+1/211(1, 22, 23) if x €[1/2,1] x [0,1] x [0,1]
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T1X9T3 if x €10,1/2] x [0,1] x [0,1]
=9 3C1 (221 — 1,20, 23) (32)
+izaws if x € [1/2,1] x [0,1] x [0, 1].

Now, using Remark 3.3, let us patch the 3-copula C; in R = [1/2,1]x]0, 1] x[0, 1] with the
3-copula IL. In this case, u = (1/2,0,0), A = Viu(R) = 1/2, Vii(Ra,) = 21— 3, Vii(Ry,) =
%7VH(R$3) = %7 VH([Q7§D = H(le,l‘g,zg) and VH([EvX]) = VH([1/27I1] X [O’IQ] X
[0,23]) = (x1 —1/2)xoxs, for every x1 € [1/2,1] and for every z2,x3 € [0,1]. Then using
equation (24) in Theorem 3.1 we have that

II (21, 22, x3) if x €10,1/2] x [0,1] x [0,1]

HL‘UCl (x)= %Cl (x11_/12/27 1-12//227 1-13//22) + (21, 22, 3)
u —VH([1/2,$1] X [0,1‘2] X [0,1‘3])
if x € R=[1/2,1] x [0,1] x [0,1]

T1Tox3 if x €[0,1/2] x [0,1] x [0,1]
= (33)
101 (221 — 1,29, 23) + 2a023 if x e R=1[1/2,1] x [0,1] x [0, 1].

Then from equations (32) and (33), clearly, (Il ®;,=1/2 C1) = (IIlY, C1). But if we

reverse the order and we glue some copula C;, say C; = 2 with IT in = = 1/2 we

2
get from equation (30) that

10 (%,xz,xg) if x€0,1/2] x [0,1] x [0, 1]

C ) (x)= o ,
( L8, >(x) (1-1/2)11 (1_711/22,@,353) if xe[1/2,1] x [0,1] x [0, 1]
+1/201(1,.’E27$3)

{ 1 min{2z1, 20, x3} + S2im0zs  if x€[0,1/2] x [0,1] x [0,1]
= (34)

oy wgwy — T2Ea 4 Wl iy e [1/2.1] % [0,1] x [0, 1],

and using Theorem 3.1 and Remark 3.3 again, if we patch the same copula C; in
R =1[1/2,1]x[0, 1] x[0, 1] with IT we have that u = (1/2,0,0), A = V¢, (R) = C1(1,1,1)—
01(1/23 1, 1) = 1/23 Veu (R”ﬂl) - Ol(xlvlvl) - 01(1/27171) = T1 - 1/27 Ve, (RTQ) =
Cl(]., o, 1)—01(1/2, o, ].) = (ng—min{l, 2562})/4, VC1 (Rm3) = Cl(]., ]., .’Eg)—cl(]./Q, 1, fE3)

= (3x3—min{1,2x3})/4, Ve, ([0, x]\[u, x]) = C1 (21, z2, 23)—(C1 (21, 22, 23)—C1(1/2, 22, x3))

= C1(1/2, 9, x3), for every x1 € [1/2,1] and for every zo,23 € [0,1]. So, by equation
(24) in Theorem 3.1 we have that

Ci (21,22, 23) if x €[0,1/2] x[0,1] x [0, 1]

Cq|HII X )= 1 z1—1/2 (3z2—min{l,2z 4 (3xz—min{l,2x: 4
W) =1 1 U2 Grammin{lan /4 (Grswin] ;}>/>

+C1(1/2, zox3) elsewhere

u
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tmin{xy, w2, 23} + Lz12023 if x € [0,1/2] x [0,1] x [0,1]

- % (x1 — %) (3z9 — min{1, 229}) (3x3 — min{1, 2z3})
+1 min{1/2, 20, 23} + Laozs if x € [1/2,1] x [0,1] x [0,1]
(35)

If x = (1/4,1/4,1/4) then from equations (34) and (35), (C1 ®,,—1/2 IT)(x) = 9/128,
but (C1 4, II)(x) = 9/64. So, gluing and patching copulas do not always yield the
same result. This example also shows that the operators gluing and patching are not
commutative.

4.1. Proposed Methodology Using Gluing Copulas

Let R = I, [u;,v;] C [0,1]™ be a non trivial n-box, we want to define an n-copula C,
such that on R it behaves as a rescaled version of another n-copula C. We propose to
take as a background copula II(z1,...,2z,) = x122 -2, the n-product copula and to
give a rescaled version of C7 on R. In order to do so, we can use the gluing method as
follows:

e Since R is non trivial then for every i € {1,...,n}, 0 < u; < v; < 1, then there
exists a; € [0, 1) such that a;v; = u;.

e Define T} = I ®,,—4, C1, then T} is an n-copula such that for z; € [0, a;] behaves
like I, and for 1 € [aq, 1] behaves like a rescaled version of Cj.

e Inductively, let T, = U ®,,—q, Tk—1 for every k € {2,...,n}, then T} is an n-
copula such that for xy, € [0, ax] behaves like II.

e Define inductively T, yj = Tiyj—1 ®z,=o, 11 for every j € {1,2,...,n}.
e Let C =Ty,, then C has the desired properties.

Example 4.3. We will see that this proposed methodology does not yield to the ordinal
sum. In order to do so we will consider the copula II. Let us define

B _f min{zy, 322} if (z1,32) € [0,1/2] x [0,1]
Tily,@2) = (M%S@l/ZH) (w1,22) = { T1Z2 if (z1,29) € [1/2,1] x [0,1].
In the next step we glue M with the copula T} at x5 = 1/2, that is, we define
To(w1,72) =

min {1z, 25} if (x1,22) €10,1] x [0,1/2]
= (M ® T1> (z1,22) = { min {z, 2208222211 (4 25) € [0,1/2] x [1/2,1]
2=1/2 1T if (z1,22) € [1/2,1] x [1/2,1].

The resulting copula Ty behaves like IT on [1/2,1]%, on [0,1] x [0,1/2] has support the
line joining (0, 0) and (1,1/2) with mass 1/2 and on [0,1/2,1] x [1/2, 1] has support the
line joining (0,1/2) and (1/2,1) with mass 1/4, see Figure 2 below.
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On the other hand the ordinal sum of IT on [1/2,1]? is given by

2010 —x1 — X2 + 1 if <£U1,£E2> S [1,2, 1]2
min{zy, 22} otherwise.

C(.Il, 1‘2) = {
Of course, the gluing copula T5 is different from C' the ordinal sum.

T2

Fig. 2. Support of the gluing copula 7T5.

5. FINAL REMARKS

In this paper we give a new multivariate patchwork construction of n-copulas using
a base n-copula C and an n-box R C [0,1]" and a function D : R — [0,1] which is
easily proved to be n-increasing on R, then we try to construct a modular function F
on R such that C = D + E on the frontier of R, 6(R). Of course, this procedure can be
carried out in many different ways, and in this paper we explore just a few possibilities.
However, other proposals may lead to different solutions that the one given in this paper.

The construction described in Section three for arbitrary n-boxes is sequential and
it is more complicated than the one given in Durante et al. in [7]. The reason for
this complication is related to the dimension n, and this problem is very common with
multidimensional generalizations.

Of course we can construct new n-copulas composing our methodology with the gluing
copulas of Siburg and Stoimenov [20] or its generalization given in Mesiar et al. [I5],
because as we noticed in our examples both constructions are not necessarily equivalent.

The study of tail behavior and the multivariate generalization of horizontal and ver-
tical sections of dimension two can also be studied using our methodology, but it goes
beyond the goal of this article.

(Received February 15, 2012)
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