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Abstract. In this paper, the concepts of m*r-fuzzy g-open Fy sets and m*-fuzzy basically
disconnected spaces are introduced in the sense of Sostak and Ramadan. Some interest-
ing properties and characterizations are studied. Tietze extension theorem for m™*-fuzzy
basically disconnected spaces is discussed.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [13] in his classical paper.
Fuzzy sets have applications in many fields such as information [9] and control [10]. In
1985, Sostak [11] introduced a new form of topological structure. In 1992, Ramadan
[8] studied the concept of smooth fuzzy topological spaces. The concept of g-open
sets was discussed by Rajesh and Erdal Ekici [7]. The concept of fuzzy basically
disconnected spaces was introduced and studied in [12]. The notions of m-structures,
m-spaces and m-continuity were introduced by Popa and Noiri [5], [6]. The concepts
of r-fuzzy Gjs sets and r-fuzzy F, sets were introduced in [3]. In this paper, the
concepts of m*r-fuzzy g-open F, sets and m*-fuzzy basically disconnected spaces are
introduced in the sense of Sostak [11] and Ramadan [8]. Some interesting properties
and characterizations are studied. Tietze extension theorem for m*-fuzzy basically
disconnected spaces is discussed as in [1].

Throughout this paper, let X be a nonempty set, I = [0,1] and Iy = (0,1]. For
(€1, ((r) = (for all x € X. The characteristics function of A\ € I’ is the function
1n: X — I defined by 1)(2) = A\(z), z € X, r € Io.



Definition 1.1 [11]. A function T: IX — [ is called a smooth fuzzy topology
on X if it satisfies the following conditions:

(1) T(0) = T(1) = 1.
(2) T(pr A p2) = T(p) AT (p2) for any i, pz € I¥.

>
(3) T( V. 1) > A T(uj) for any {s;}jer  I*.
el jer

The pair (X, T) is called a smooth fuzzy topological space.

Remark 1.1. Let (X,T) be a smooth fuzzy topological space. Then, for each
r€ly, T, ={uecI*: T(u)>r}is Chang’s fuzzy topology on X.

Definition 1.2 [2]. Let (X,T) be a smooth fuzzy topological space. For each
A€ I*, r € Iy, an operator Cp: I x Iy — IX is defined as follows: Cp(\,r) =
ANp: p= N\ T(1—p) > r}. Foreach A\, € I and r, s € Iy, it satisfies the following
conditions:

(1) CT(O r) = 0.

(2) A< COr(A7).

(3) C ( )V Cr(p,r) = CT(AV 7).
(4) Cr(\ 1) < Cr(\s), if r < s.

(5) Cr(Cr(A,1),r) = Cr(A, 7).

Proposition 1.1 [2]. Let (X,T) be a smooth fuzzy topological space. For each
A € IX, r € Iy, an operator I7: I* x Iy — IX is defined as follows: Ir(\,r) =
V{p: w < \T(u) > r}. For \,u € IX and r,s € Iy, it satisfies the following
conditions:

(1) Ip(1 =, r}—l— (A, 7).
1.

A, 7).

AIp(p,r) = Ir(AA p,r).
> Ir(\s), ifr<s

6) Ir(Ir(\,7),1r) = Ir(A\ 7).

Definition 1.3 [3]. Let (X,T) be a smooth fuzzy topological space, r € Iy. For
any A € IX and r € I°, \ is called

o0
(1) an r-fuzzy Gs set if A = A A; where each J; is such that T'(\;) > r;

i=1

(2) an r-fuzzy F, set if A = \/ \; where each 1 — ); is such that T'(1 — \;) > r.
i=1



Definition 1.4 [8]. Let (X,7) be a smooth fuzzy topological space. For A € IX
and r € I,

(1) A is called r-fuzzy semi-closed (briefly, r-fsc) if A > I (Cr (A, 7),7);
(2) A is called r-fuzzy semi-open (briefly, r-fso) if A < Cr(Ir(A,7), 7).

Definition 1.5 [8]. Let (X,T) be a smooth fuzzy topological space. For A € I*
and r € I,

(1) SCr(\,r) = N{p € IX: u > A\ p is r-fuzzy semi-closed} is called the r-fuzzy
semi-closure of A;
(2) SIz(\7r) = \/{p € I*: p < A\ p is r-fuzzy semi-open} is called the r-fuzzy

semi-interior of \.

Definition 1.6 [1]. Let (X,T) be a smooth fuzzy topological space. For any
A€ IX and r € Iy, A is called

(1) r-fuzzy g-closed if Cr(A,r) < p whenever A < p and p is r-fuzzy semi-open.
The complement of an r-fuzzy g-closed set is said to be an r-fuzzy g-open set;

(2) r-fuzzy *g-closed if Cp(A\, 1) < p whenever A < p and p is r-fuzzy g-open. The
complement of an r-fuzzy *g-closed set is said to be an r-fuzzy *g-open set;

(3) r-fuzzy #g-semiclosed (briefly r-f*gs-closed) if SCr(\,7) < p whenever A < u
and p is r-fuzzy *g-open. The complement of an r-fuzzy # g-semiclosed set is
said to be an r-fuzzy # g-semiopen set (briefly r-#fgs-open set);

(4) r-fuzzy g-closed if Cr(A\,7) < p whenever A\ < p and pu is r-fuzzy #fgs-open.
The complement of an r-fuzzy §-closed set is said to be an r-fuzzy g-open set;

Definition 1.7 [5], [6]. A subfamily mx of the power set P(X) of a nonempty
set X is called a minimal structure (briefly, m-structure) on X if ¢ € mx and
X € mx. By (X,mx) we denote a non-empty subset X with a minimal structure
myx on X and call it an m-space. Each member of mx is said to be mx-open (or
briefly, m-open) and the complement of an mx-open set is said to be m x-closed (or
briefly, m-closed).

Notation 1.1. Let (X,T) be a smooth fuzzy topological space, r € Ij.

(1) The family of r-fuzzy § open sets in (X, T') is denoted by gO(X,T).
(2) The family of r-fuzzy F, sets in (X,T) is denoted by F,(X,T).



2. M*-FUZZY BASICALLY DISCONNECTED SPACES

In this section, the concepts of m*r-fuzzy g-open F, sets and m*-fuzzy basically
disconnected spaces are introduced. Some interesting properties and characteriza-
tions are studied.

Definition 2.1. Let X be a nonempty set and IX a collection of all fuzzy sets
in X. A subfamily mx of IX is called a minimal structure (briefly, m-structure) on
Xif0emx and 1 € mx.

Definition 2.2. Let (X,T) be a smooth fuzzy topological space, r € Iy. Then
the collection of the families gO(X,T') and F,(X,T) which is finer than the smooth
fuzzy topology T on X is a minimal* structure (briefly, m*-structure) on X, denoted
by m%. A nonempty set X with an m*-structure m% on X is denoted by (X, m%)
(or briefly, (X, m*)) and it is called an m*-smooth fuzzy space. Each member of m%
is said to be m*r-fuzzy g-open F, and the complement of an m*r-fuzzy g-open F,
set is said to be m*r-fuzzy g-closed Gj.

Definition 2.3. A minimal structure m% on a nonempty set X is said to have
property B if the union of any family of m*r-fuzzy g-open F, sets belonging to m%
belongs to m%, r € I.

Definition 2.4. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m’% determined by T and let m% have property B. For any A € I and
r € Iy, the mir-fuzzy §Gs-closure of A and the m% r-fuzzy gF, interior of A are
defined as follows:

(1) Cpr (A1) = A{p: A< py pis m*r-fuzzy g-closed Gs};
(2) I+ (A,r) = V{p: A= p,pis m*r-fuzzy g-open F,}.

Remark 2.1. Let (X,T) be a smooth fuzzy topological space, r € Iy. For any
A€ IX if m% =T, then
(1) Crp» (>‘7 T) = CT(Av T);
(2) Im=(A\,r) = Ip (A, 7).

Notation 2.1. Let (X,T) be a smooth fuzzy topological space with an m*-
structure determined by T'. For r € Iy, any A € IX which is both m*r-fuzzy §-open
F, and m*r-fuzzy g-closed G is denoted by m*r-fuzzy g-COGF.

Definition 2.5. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m% determined by 7" and let m?% have property . The m*-smooth fuzzy
space (X, m*) is said to be m*-fuzzy basically disconnected if the m*r-fuzzy §Gs-
closure of every m*r-fuzzy g-open F, set is m*r-fuzzy g-open F,, r € Iy.



Proposition 2.1. For a smooth fuzzy topological space with an m*-structure
on X determined by T where m% has property B, the following conditions are
equivalent:

(a) (X,m™*) is an m*-fuzzy basically disconnected space.
(b) For each m*r-fuzzy g-closed G5 set A, L« (A, r) is m*r-fuzzy g-closed Gs, r € I.
(c¢) For each m*r-fuzzy g-open F, set A,
Con» (A1) + Crpe (1T = Cppe (A, 1)), 1) = 1, 1 € 1.
(d) For every pair of m*r-fuzzy g-open F, sets A\ and p with Cyp«(\,7) +p = 1, we
have Cyy+ (A, 1) + Crps (p,7) = 1, 7 € I.

Proof. (a)= (b). Let A € I* be any m*r-fuzzy g-closed Gs set. Then 1 — \
is m*r-fuzzy g-open F,. Now, Cpp« (1 = A\, 7) = 1 — I« (A, 7). By (a), Cpp= (1 = A\, 1)
is m*r-fuzzy g-open F,, which implies that I« (A, r) is m*r-fuzzy g-closed Gs.

(b) = (c). Let A be any m*r-fuzzy g-open F, set. Then

(21) C’m* (>‘7 7“) + C’m* ((i - Cm* (>‘a T))a T) = C’m* (>‘7 7“) + C’m* ((Im* (I - >‘7 T))v T)'

Since \ is m*r-fuzzy g-open F,, 1 — X is m*r-fuzzy g-closed Gs. Hence by (b),
L+ (1 — X\, 7r) is m*r-fuzzy g-closed Gs. Therefore, by (2.1)

Crr (A7) + Cpps (1 = Crpe (A, 7)), 1) = Crps (A7) + (L= (1 = A, 7))

Therefore, Cpp« (A, ) 4+ Crpr (1 = Crp= (A, 7)), 7) = 1.
(¢) = (d). Let X and p be m*r-fuzzy g-open F, sets with

(2.2) Con= (A7) + 1= 1.

Then by (c) we have 1 = Cppe (A, 7) 4+ Crx (1= Clrpx (A, 7)), 1) = Crx (A, 1)+ Cop= (1, 7).

Therefore, Cy,« (A, 1) + Crps (1, 7) = 1.

(d) = (a). Let X\ be an m*r-fuzzy g-open F, set. Put =1 — Cp=(\,7). Then
Crr(A\,7) + p = 1. Therefore by (d), Cpp (N, 7) + Cppx(p,7) = 1. This implies that
Cx (A1) is m*r-fuzzy g-open F, and so (X,T) is m*-fuzzy basically disconnected.

O



Proposition 2.2. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m% determined by T and let m’% possess property B. Then (X,m*) is
m*-fuzzy basically disconnected if and only if for all m*r-fuzzy g-open F, sets A and
m*r-fuzzy §-closed sets p such that A < pt, Cox (A, 1) < L= (u,7), 7 € .

Proof. Let A be m*r-fuzzy g-open F, and let y be m*r-fuzzy g-closed G5 with
A < p. Then by (b) of Proposition 2.1, I« (u,r) is m*r-fuzzy g-closed Gs. Also,
since A is m*r-fuzzy g-open Fy, Cpp= (A, 1) < Lps (1, 7).

Conversely, let y be any m*r-fuzzy g-closed Gs set. Then I« (u,r) € I is m*r-
fuzzy g-open F,, and I~ (u,r) < p. Therefore by assumption, Cy,» ((Ln+ (1, 7), 7)) <
Iy (p, 7). This implies that Iy, (u,r) is m*r-fuzzy g-closed Gs. Hence by (b) of
Proposition 2.1, it follows that (X, m*) is m*-fuzzy basically disconnected. O

Remark 2.2. Let (X, m*) be any m*-fuzzy basically disconnected space. Let
{X\i,1 — p;/i € N} be collection such that ;s are m*r-fuzzy g-open F, and yu.s are
m*r-fuzzy g-closed Gs, and let A and p be m*r-fuzzy g-COGF sets. If \; <A < gy
and \; < p < pj for all 4,5 € N, then there exists an m*r-fuzzy g-COGF set «y such
that Cppe (i, 1) < v < Ippe (g, 7) for all 4,5 e N, r € .

Proof. By Proposition 2.2, Cppx (i, 7) < Crox (A7) A L= (11, 7) < Ippr (115, 7)
for all 4,57 € N. Therefore, v = Cppx (A, 1) A Lypx(,7) is an m*r-fuzzy g-COGF set
satisfying the required conditions. ([

Proposition 2.3. Let (X, m*) be any m*-fuzzy basically disconnected space.
Let {\}ieq and {1u}ieq be monotone increasing collections of m*r-fuzzy g-open F,
sets and m*r-fuzzy g-closed Gs sets of (X, m*) and suppose that Ay, < 14, Wwhenever
g1 < q2 (Q is the set of all rational numbers). Then there exists a monotone increasing
collection {7 }1eq of m*r-fuzzy g-COGF sets of (X, m*) such that Cp,« (Ag,,7) < Ygo
and g, < I+ (lg,,7) Whenever g1 < qa, 7 € Io.

Proof. Let us arrange all rational numbers into a sequence {g,} (without
repetitions). For every m > 2, we shall define inductively a collection {7, /1 <
i <n} C I¥ such that

(Sn) Cpmr(Agy7) <7vq if g < qi, Yoo < L+ (pg,r) ifqi<gq, foralli<n

By Proposition 2.2, the countable collections {Ciy,- (Ag, r) and {1« (uq, )} satisfy
Cox(Agys7) < I (phge,7) if @1 < g2. By Remark 2.2, there exists an m*r-fuzzy
g-COGF set 61 such that Cpp«(Ag,,7) < 01 < Ip= (e, 7). Setting 7,4, = 1, we get
(S2).

Define ¢ = \/{vg;: i <n,qi < qu} Vg, and o = A{vg;: J < n,q5 > g} A piy, -
Then we have Cyu= (7,,7) < O (¥, 1) < I (7g;,7) and Cpn=(7g,,7) < I+ (0, 7) <
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L (7g;,7) whenever ¢; < ¢, < q; (i,j < n), as well as Ay < = (¢, 1) < pg and
Ay < I+ (o, 7) < pg whenever ¢ < g, < ¢’. This shows that the countable collections
{901 <nai < gy U{Ng: ¢ < qn} and {40 7 < nyq5 > an} U{pg: ¢ > qn}
together with ¢ and ¢ fulfil all the conditions of Remark 2.2. Hence, there exists an
m*r-fuzzy g-COGF set J,, such that Cp«(5n,7) < pg if gn < g, Ay < Ipp=(0p, 1) if
q < Gn, Cox (Vgs»7) < L= (00, 7) if @i < @nCrx (00, 7) < L= (g, 7) if g, < ¢ where
1<i,5 <n—1. Now, setting v,, = d, we obtain the fuzzy sets v4,,V4ss Vgss- - - » Van
that satisfy (Spi1). Therefore, the collection {74 : ¢ = 1,2,...} has the required
property. O

3. PROPERTIES AND CHARACTERIZATIONS OF m*-FUZZY BASICALLY
DISCONNECTED SPACES

In this section, the concept of m*-fuzzy continuous functions is introduced. In this
regard, various properties and characterizations are discussed.

Definition 3.1. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces with the m*-structures mj and mj determined by 7" and S respectively, and
let both mj and m3 have property B. A function f: (X,m}) — (Y, m3) is called
m*-fuzzy irresolute if f~1(\) € IX is m*r-fuzzy g-closed Gy, for every m*r-fuzzy
closed §-Gs set A € IV, r € I,.

Definition 3.2. Let Let (X,T) and (Y, S) be any two smooth fuzzy topological
spaces with the m*-structures mj and mJ determined by T and S respectively, and
let both mj and mj have property B. A function f: (X,m}) — (Y, m3) is called
m*-fuzzy open if f(\) € IV is m*r-fuzzy -open F,, for every m*r-fuzzy g-open F,
set e IX, reIy.

Proposition 3.1. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces with the m*-structures m} and m% determined by T and S respectively, and
let both m; and mJ have property B. A function f: (X, m}) — (Y, m}) is m*-fuzzy
irresolute iff f(Cpyx(\, 7)) < Cro (f(N),7), for every A € I, r € 1.

Proof. Supposethat fis m*-fuzzy irresolute and A € IX. Then C,,-(f(\),r) €
IY is m*r-fuzzy g-closed Gs. By hypothesis, f~1(Cp,-(f()\),7)) € I is m*r-fuzzy
g-closed Gs. Also, A < f=1(f(\) < f~YCpm=(f(N\),7)). Hence by the definition of
the m*r-fuzzy gGs closure, Cpp (A, 1) < f71(Crmx (f(A),7)). That is, f(Cpx (A, 7)) <
Cr+ (f(N), 7).

Conversely, suppose that A € IV is m*r-fuzzy j-closed Gs. Now by hypothesis,
F(Crs (f71(N), 7)) < Con (F(f~1(N)), 7). This implies Cyp (f~1(N),7) < f71(A). So

7



YA = Cr= (f71(N), 7). That is, f~1(\) € I¥ is m*r-fuzzy g-closed G5 and so f
is m*-fuzzy irresolute. O

Proposition 3.2. Let Let (X,T) and (Y, S) be any two smooth fuzzy topological
spaces with the m*-structures mj and mj determined by T' and S respectively, and
let both m; and mj have property B. Let f: (X,m3) — (Y,m5) be an m*-fuzzy
open surjective function. Then f~1(Cppx (A, 7)) < Cp=(f1(A), 1) for every X € IV,
r € I.

Proof. Let A € IV and let u = f~Y(1 — A). Then I,-(f~Y(1 - \),r) =
Ly (11, 7) € IX is m*r-fuzzy g-open F,. Now, I, (u,7) < . Hence, f(Ly-(i,7)) <
f(w). That is, Ly«(f(Im=(1,7)),7) < Ip~(f(p),r). Since f is m*-fuzzy open,
f(Ly(u,7)) € IY is m*r-fuzzy g-open F,. Therefore, f(Ly«(i,7)) < L~ (f(1),7))

L« (1 =\, 7). Hence, Ly« (f~1(1—=N),r) = L= (p,7) < f~ (L= (1 = N), 7). There-
fore, 1 — Iy« (f7Y1 = N),7) = 1 — Ly« (7)) = 1 — f= (L= (1 — A\),7). Hence,

1

FY = Ly (1= A),7r) < Cop (1 — f75(1 — N)),7). Therefore, f=1(Cpx(A, 7)) <
Con (f7H(N), 7). O

Proposition 3.3. Let (X, m}) be any m*-fuzzy basically disconnected space and
let (Y,S) be any smooth fuzzy topological space with an m*-structure mj} deter-
mined by S where m} has property B. Let f: (X,m}) — (Y, m}) be an m*-fuzzy
irresolute, m*-fuzzy open and surjective function. Then (Y, m}) is m*-fuzzy basically
disconnected.

Proof. Let A € IV be any m*-fuzzy §-open F, set. Since f is m*-fuzzy
irresolute, f~1(\) € I is m*r-fuzzy g-open F,. Therefore by an assumption on
(X,m3), it follows that Cy,«(f~1()\),r) € IX is m*r-fuzzy j-open F,. As f is m*-
fuzzy open, f(Cpx(f~1(N\),7)) € IY is m*r-fuzzy g-open F,. By Proposition 3.2,
F7HCme (A1) < Cpe(f71(N),7) and hence, f(f~H(Cmx(A,7))) = Crn=(A,7) <
F(Com(f7EN), 7)) < Co(f(f7Y(N),7)) = Cp=(A,7) by Proposition 3.1. Thus
Crm+(\, 1) = f(Crx (f1(N), 7)) and therefore, Cpp (A, 7) € IY is m*r-fuzzy g-open
F,, proving that (Y, m3) is m*-fuzzy basically disconnected. O

Definition 3.3. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m% determined by 7" and let m% possess property B. A function f: X —
R(I) is called lower (upper) m*-fuzzy continuous if f~(R;)(f~1(L;)) is m*r-fuzzy
g-open F, (m*r-fuzzy g-open F,/m*r-fuzzy g-closed Gs), for each t € R, r € Iy.



Proposition 3.4. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m’ determined by T and let m%, have property B. For \ € IX andr € I,
let f: X — R(I) be such that

1 ift <0,
fl@)(t) =< M) fOo<t<],
0 ift >0

for allz € X. Then f is lower (upper) m*-fuzzy continuous iff \ is m*r-fuzzy g-open
F, (m*r-fuzzy g-open F,/m*r-fuzzy g-closed Gs), r € Iy.

Proof.
1 ift<O,
FHR) =< XN ifo<t <,
0 ift>1

implies that f is lower m*-fuzzy continuous iff A\ is m*r-fuzzy g-open F.

1 ift <0,
ULy = N ifo<t<T,
0 ift>1
implies that f is upper m*-fuzzy continuous iff A is m*r-fuzzy g-closed Gjy. O

Proposition 3.5. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m% determined by T and let m% have property B; let A\ € I’X. Then 1, is
lower (upper) m*-fuzzy continuous iff \ is m*r-fuzzy g-open F, (m*r-fuzzy §-open
F, /m*r-fuzzy g-closed Gs), r € Iy.

Proof. The proof follows from Proposition 3.4. U

Definition 3.4. Let (X,T) and (Y,S) be any two smooth fuzzy topological
spaces with the m*-structures m; and mJ determined by 7" and S respectively and
let both mj and mj have property B. A function f: (X,m}) — (Y, m3) is called
strongly m*-fuzzy continuous if f~1(\) € IX is m*r-fuzzy g-open F,/m*r-fuzzy
g-closed G, for every m*r-fuzzy g-open F, set A € IV, r € .

Proposition 3.6. Let (X,T) be a smooth fuzzy topological space with an m*-
structure m% determined by T and let m% possess property B. Then for r € Iy, the
following conditions are equivalent:

(a) (X, m*) is an m*-fuzzy basically disconnected space.



(b) If g,h: X — R(I) where g is lower m*-fuzzy continuous, h is upper m*-fuzzy
continuous, then there exists f € Cgy,+ (X, m*) such that g < f < h.
[Com= (X, m*) = collection of all strongly m*-fuzzy continuous functions on X
with values in R(I)].

(c) If 1 — X\, u are m*r-fuzzy g-open F, sets such that i < )\, then there exists a

(

<
strongly m*-fuzzy continuous f: X — IX such that u < (1 —L1)f < Rof < A

Proof. (a) = (b). Define Hy = Lyh and Gy, = (1 — R)g, k € Q. Thus we
have two monotone increasing families of m*r-fuzzy g-open F, sets and m*r-fuzzy g-
closed sets of (X, m*). Moreover H, < G, if k < s. By Proposition 2.3, there exists a
monotone increasing family {Fj; }req of m*r-fuzzy g-COGF sets of (X, m*) sets such

that Cy,+ (Hg,7) < Fs and Fy, < I« (G, ) whenever k < s. Letting V;, = A (1—Fy)
k<t
for all t+ < R, we define a monotone decreasing family {V;: t € R} C IX. Moreover,

we have Cp« (Vi r) < Iy (Vi,7) whenever s < t. We have

V=V AT = VA

teR teR k<t teR k<t
_\//\9 (Rr) =g~ (\/Rt):i.
teR k<t teR

Similarly, A V; = 0. We now define a function f: X — R(I) possessing the required

teR
properties. Let f(z)(t) = Vi(z) for all x € X and ¢ € R. By the above discussion it
follow that f is well defined. To prove f is strongly m*-fuzzy continuous, we observe

that
\/ Vs = \/ L (Vs; ’I“) and
s>t s>t
/\ Vs = /\ Ckn*(v;7r)
s<t s<t
Then f~YR) = V Vs = V Lu-(Vs,r) is m*r-fuzzy g-COGF. And f~Y(L}) =
s>t s>t

A Vs = A Cos(Vi,r) is m*r-fuzzy g-COGF. Therefore, f is strongly m*-fuzzy
s<t s<t
continuous. To conclude the proof it remains to show that ¢ < f < h. That is,

g Y 1—-L) < fF'A-Ly) <h Y1 -1Ly) and g7 Y (Ry) < f7YRy) < hY(Ry) for
each t € R. We have

g A-L)=Ng'0-L)= N\ N\ 9" (Re)

s<t s<tk<s
~AANTC-Go< A\ ANO-
s<t k<s s<t k<s
= AVei=/s"'(1-L) and
s<t
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fFra-ry=Av.= A N0-F)

s<t s<t k<s
SANNA-H)=N\N\r'0-L)
s<t k<s s<tk<s
= Ar'(01—Ls)=h"'(1-Ly).
s<t

Similarly, we obtain

R =V (R =\ Vg (R

s>t s>t k>s

=V Va-e)<\/ N0-F)
s>t k>s s>t k<s

= \/ Vi=f"YR) and
s>t

D=VVv.=V Al-F)

s>t s>t k<s

<\/ Va-g)=\ Vnr'i-L)
s>t k>s s>t k>s

=\/ 7 (Ro) = b7 (Ry).
s>t

Thus, (b) is proved.

(b) = (c). Suppose that A is m*r-fuzzy g-closed G5 and p is m*r-fuzzy g-open
F, such that p < A. Then 1, < 1, where 1,, 1, are lower and upper m*-fuzzy
continuous functions, respectively. Hence by (b), there exists a strong m*-fuzzy
continuous function f: X — R(I) such that 1, < f < 1,. Clearly, f(z) € IX
forall z € X and p = (1 — L1)1, < (1 —Ly) Rof < Roly = M. Therefore,
p<(I=Ly)f <Rof <A

(c) = (a). (1 —L1)f and Ryf are m*r-fuzzy g-COGF sets. By Proposition 2.2,
(X, m*) is an m*-fuzzy basically disconnected space. O

NN

4. TIETZE EXTENSION THEOREM

In this section, Tietze Extension Theorem for m*-fuzzy basically disconnected

spaces is studied.
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Proposition 4.1. Let (X, m*) be an m*-fuzzy basically disconnected space and
let A C X be such that 14 is m*r-fuzzy j-open F,. Let f: (A,m*/A) — I* be
strong m*-fuzzy continuous. Then f has a strong m*-fuzzy continuous extension
over (X,m*), r € .

Proof. Letg,h: X — IX besuch that g= f = hon A and g(z) =0, h(z) =1
if x ¢ A. We now have
peAla ift <0,
Rig = .
1 ift<0

where p; is m*r-fuzzy g-open F, and is such that /A = R, f and

MALy ift<1,
Lo — t N 1a
1 ift>1

where \; is m*r-fuzzy g-COGF and is such that A\;/A = L;f. Thus, g is lower m*-
fuzzy continuous and h is upper m*-fuzzy continuous with g < h. By Proposition 3.6,

there is a strong m*-fuzzy continuous function F': X — IX such that ¢ < F < h.
Hence F' = f on A. O
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