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Orlicz spaces associated with

a semi-finite von Neumann algebra

SH.A. Avupov, V.I. CHILIN, R.Z. ABDULLAEV

Abstract. Let M be a von Neumann algebra, let ¢ be a weight on M and let ®
be N-function satisfying the (d2, Az)-condition. In this paper we study Orlicz
spaces, associated with M, ¢ and .

Keywords: Orlicz spaces, von Neumann algebra, weight

Classification: 4GL51, 4GL52

Introduction

Construction and investigation of various classes of symmetric spaces of mea-
surable operators affiliated with a von Neumann algebra M is one of important
applications of the non commutative integration theory for a faithful normal semi-
finite trace 7 on the von Neumann algebra M. Examples of such spaces are given,
in particular by non commutative Ly-spaces L,(M,7) [15] and by Orlicz spaces
La(M, 7) associated with an N-function ® [5], [6], [7]. All these spaces are real-
ized as ideal subspaces of the x—algebra S(M) of measurable operators affiliated
with M.

Investigations based on the modular theory for von Neumann algebras enable
to consider non commutative versions of L,-spaces associated with states and
weights (see e.g. the survey [13]). But in these cases in general L,-spaces cannot
be realized as ideal subspaces of S(M). This fact explains in particular why in
their attempt to introduce non commutative Orlicz spaces for states in [1] as a
subspaces of S(M), the authors were unable to prove the completeness of these
spaces with respect to the Luxemburg norm.

In the present paper we introduce a certain class of non commutative Or-
licz spaces, associated with arbitrary faithful normal locally-finite weight ¢ on a
semi-finite von Neumann algebra M. We show that the introduced Orlicz space
Loo(M,p,7),a € [0,1], as a Banach space, is isometrically isomorphic to the
Orlicz space Lg(M,7) considered in [5], [6], [7]. In particular, this implies that
Orlicz spaces Lo(M,11) and Le (M, 72) are isomorphic for arbitrary faithful nor-
mal semi-finite traces 7 and 7 on M. We describe the dual spaces for such Orlicz
spaces and, in the case of regular weights, we show that they can be realized as
linear subspaces of the algebra of LS(M) of locally measurable operators affiliated
with M.
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For the terminology and notations from the von Neumann algebra theory we
refer to [10] and from theory of measurable and locally measurable operators refer
to [8], [14].

Preliminaries

Let M be a von Neumann algebra acting on a Hilbert space H with 1-the
identity operator on H, and let P(M) = {p € M : p = p? = p*} be the lattice of
all projection from M. Denote by S(M) (respectively by LS(M)) the *-algebra
of all measurable (respectively, locally-measurable) operators affiliated with M.
It is well-known that S(M) is a *-subalgebra in LS(M), and M is a *-subalgebra
of S(M) ([8, Chapter 2]).

If € LS(M) and = = ulx| is its polar decomposition, where |z| = (z*z)
and w is a partial isometry such that u*u is the right support of z, then we have
that v € M and |z| € LS(M). It is also known that the spectral family of
projections {ex(z)}rer for a self adjoint operator « € LS(M), always belongs to
P(M), where R is the field of all real numbers.

Given a subset A C LS(M), put A, = {x € A:xz =2*} and A, = {z €
A (2€,€) > 0 for all £ € D(x)}, where D(x) is the domain of the operator
x € LS(M), and (-,-) is the inner product in the Hilbert space H.

Let 7 be a faithful normal semi-finite trace on M. For each real number p > 1
consider the set

L,(M,7) = {ac €S(M): /OOO NP dr(ex(|z])) < oo}.

1/2

It known [15] that L, (M, 7) is a linear subspace in S(M) and the function ||z||, =
(JoZ AP d(7(ex(|z])))*/P is a norm, which turns L, (M, 7) into a Banach space.
A map ¢ : My — [0,00] is said to be a weight if

(@ +y) = (@) +oy), eAx)=2rp(x), (z,y € Mi,A>0, where 000 =0).

A weight ¢ is said to be

— normal, if p(z) = sup p(x;)(x; S x; x50 € My);

— faithful, if p(x) =0, x € M, implies that x = 0;

— semi-finite, if the linear span m, of the cone {x € My : p(z) < oo} is
dense in M with respect to the ultra-weak topology;

— locally finite, if

Vee My (x#0) Jye My :y<z,0<¢(y) <oo;
— reqular, if
Vw e (My)y (w#0) ' € (My)y (W #0): 0 <w,w <o,

where (M, ) is the set of all positive ultra-weakly continuous linear func-
tionals on M.
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If the weight ¢ is a trace, i.e. when p(z*x) = p(zz*) for all x € M, the
properties of semi-finiteness and locally finiteness (and respectively of faithfulness
and regularity) of ¢ coincide with each other [12].

For a faithful normal semi-finite weight ¢ on M there exists a uniquely defined
non singular self-adjoint positive operator h, affiliated with M such that ¢(-) =
7(h-), and which is called the Radon-Nikodym derivative of the weight ¢ with
respect to the trace 7 [9].

Recall the following result

Theorem 1 ([12]). Let 7 be a faithful normal semi-finite trace on M and let
¢ = 7(h-) be a faithful normal semi-finite weight on M, where h is the Radon-
Nikodym derivative of ¢ with respect to 7. Then
(i) the weight ¢ is locally finite if and only if the operator h is locally mea-
surable;
(ii) the weight ¢ is regular if and only if the operator h™" is locally measurable.

Now let ¢(-) = 7(h-) be a faithful normal locally finite weight on M. For real
numbers p > 1 and « € [0,1] put

miP = {x e M : h/Peh1=/P ¢ [ (M, 7)};

|2]lp.o = [1RP2hO=PP],,
In [11] it has been proved that m&/? is a linear subspace in M, and Il lp,a is
a norm on me'?. The completion of the normed space (mi/p7 I llp,a) is denoted

by L,(M, ). In [11] it is proved that the Banach space (L,(M, ), | - ||p.a) is
isometrically isomorphic to the space (L,(M,7), || - ||p) for all a € [0, 1].

In order to define the Orlicz space associated with a weight, we need the notion
of N-function.

A continuous non-negative convex monotone increasing function ® on the set
of real numbers R is called N-function [4], if

[t]
w0 = [ ple)as

where p(s) is a non-decreasing function, positive for s > 0 and right continuous
for s > 0, which satisfies the conditions
p(0) =0, p(o0) = lim p(s) = oo.

5—00

For each N-function ®(t) a complementary N-function ¥(t) is defined as

[t]
W(t) = / a(s) ds,

where g(s) = sup{t > 0: p(t) < s}. It is clear that the complementary N-function
for the N-function ¥(t) coincides with the initial function ®(t), and moreover the
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following Young inequality is valid
ts < ®(t) + ¥(s) for all t,s>0.

We say that an N-function ®(t) satisfies the (d2, Ag)-condition, if given any
real k > 0 there exists a positive number r(k) such that ®(kt) < r(k)®(t) for all
t > 0. Examples of N-function which satisfy the (2, Ag)-condition are given by
the function ®(t) = ]l)|1f|p7 p> 1.

Let ®(t) be an N-function and let « € LSy (M) and let {e)} rer be the spectral
family of projections for z, i.e. x = ffo )\deA( ). It is known ([8, §2.3]), that
one can define a self-adjoint operator ®(x f ®(A) dex(x), and moreover
®(z) € LS(M).

Let us extend the faithful normal semi-finite trace 7 from M, to operators
from LSy (M) as

h 00
7(x) :21;;7' </0 Ade;(z)) :/0 Adr(ex(x)).

It is known (e.g. [8, §4.1]), that

7(z) = sup{7(y) 1y € M4,y < x}

for all x € LS (M).
It is clear that 7(|z]) < oo for x € LS(M) if and only if z € Ly(M,7); in this
case T(1 —ex(|z|)) < oo for all A > 0. Further we shall need the following result.

Proposition 1 ([3]). If z,y € LS+ (M), then

(i) 7(f(z)) < 7(f(y)) for x < y and each continuous monotone increasing
function f : [0,00) — R with f(0) =

(i) 7(f(Az+ (1 —=Ny)) < M (f(x)+ (17 ) (f(v)) fra]])\ € [0,1] and each
convex monotone increasing function f with f(0) =

Let ® be an N-function. The set Kg = {x € S(M) : 7(®(Jz|)) < 1} is an
absolutely convex subset in S(M) [5]. The linear subspace Lo(M,7) = U, nKo
equipped with the norm

. T
(1) ||:U||q>:1nf{)\>0:X€Kq>},

is a Banach space [5] which is called the Orlicz space associated with M, 7 and ®.
If the N-function ® satisfies the (d2, Ag)-condition, then

Lo(M,7)={x € LS(M) : 7(®(|z])) < oo},

moreover the linear subspace mf = {x € M : 7(®(|z])) < oo} is dense in
(Lo (M, 7). [| - |l2)-
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Note that
(2) mr ={z € M :7(]z]) < 00} C m%.

Indeed, from the equalities

®()
lim——= =1 =
tlfgl " tlingp(t) 0

it follows that ®(¢) <t for sufficiently small ¢ > 0.
Therefore for x € m. there exists tg > 0 such that

T(®(|zler (|2]))) = /0 " o() dr(ea(fe)

< [ vdrtealal) = r(lalenel) < .
Since 7(1 — e, (|z|)) < 0o, we have that
T(@(z|(1 = et,))) < ([[2[|m)T(1 = ety (|2])) < o0,

where || - [|ar is the C*-norm on M. Therefore 7(®(|z|)) < oo, i.e. x € m},.

Proposition 2. If the N-function ® satisfies the (02, As)-condition, then m., is
dense in Lo(M,T).

PROOF: Since m, C m} (see (2)) and m} is dense in Ly(M, 1), it is sufficient
to prove that m. is dense in mg. Moreover since each element of mj is a finite
linear combination of positive elements from m} it is sufficient to show that every
element from = € (m})4 belongs to the closure of m, in Lg(M, 7). First, let us
show that

xn=x(l—e1) € m,,

where ey = ey (x) is the spectral family of projections for x. From

o(D)r (o) (3 (20-e))
n " n "
<r (<I> (:r (1 - ei))) < 7(®(x)) < o0,
it follows that 7(1 — e1) < oo and the inequality 0 < (1 —e1) < ||z||m(1 —ex)
implies that
xn:x(l—el) cm,.

Since 0 < we1 | 0 when n — oo, it follows that 7(®(Lze1)) | 0 for any
e > 0. In particular, there exists n(e) such that 7(®(1ze1)) < 1 for n > n(e),
ie. ||zex|le < e. This means that ||z — z,||le — 0, i.e. m, is dense in mJ. O
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Let ¥ be the complementary N-function for the N-function ® satisfying the
(02, Ag)-condition. In this case given any y € Lg(M,7) the function f,(z) =
T(2y),x € Lo(M,T), defines the general form of continuous linear functionals on
Lo (M, T) [5], moreover

[fyll = sup{|r(zy)| : = € Lo (M, 7), [[zlle <1} = [[yllw.
Further we shall need also two inequalities from the following proposition.

Proposition 3. Let 7 be a faithful normal semi-finite trace on a von Neumann
algebra M. Then
(i) (I8, §3.4]). Given any x,y € LS(M) there exist two partial isometries
u,v € M such that

|z +yl < wlafu + v ylo.

(ii) [2]. For every N-function ®, arbitrary operator z € M with ||z||» < 1,
and for each x € LS (M) we have the following inequality

T(P(2*x2)) < 7(2"P(x)2).
Orlicz spaces associated with a weight

In this section an approach is suggested for the construction of Orlicz spaces as-
sociated with a faithful normal locally finite weight on a semi-finite von Neumann
algebra for an N-function satisfying the (2, Ag)-condition. For these spaces the
dual spaces are described. In the case of regular locally finite normal weights the
constructed Orlicz spaces are represented as spaces of locally measurable opera-
tors.

Let 7 be a faithful normal semi-finite trace on a von Neumann algebra M.
From now on ¢ denotes a faithful normal locally finite weight on M. Therefore
the Radon-Nikodym derivative h of the weight ¢ with respect to 7 is a positive
locally measurable non singular operator.

Given an N-function ® and a real number « € [0, 1] put

Ux) =Ug () = (@7 (h)*x(27 (h)' ™", = € LS(M).

It is clear that U(x) € LS(M) and ®(|U(x)|) € LS(M).
Consider the functional on LS(M) defined by

Og.0(x) = 7(2(|U(2)])),
and put
mg7, = {w e M:0gL () < .

Consider on the set m‘g’; the functional

2], = inf {)\ >0:087 (%) < 1}.
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Theorem 2. If the N-function ® satisfies the (02, Ag)-condition, then the set
my' is a linear subspace in M.

In order to prove this theorem we need the following inequality.

Lemma 1. For the N-function ® and real number \ € [0,1] the following in-
equality is valid

(3) T(@(|U(A2)])) < Ar(2(|U(2)]))
for all x € mﬁ;’,;.

PRrROOF: By the linearity of the map U we have
T(@([UA2)])) = 7(2AU(2)]))-
From the inequality (ii) in Proposition 1 with y = 0, we obtain

T(2([U(A2)])) < Ar(2(|U()]))- 0

PROOF OF THEOREM 2: The inequality (3) above implies that mg, is closed
under the multiplication by complex number v with |y| < 1. Let us show that for
z € my,, and any complex number v with |y| > 1 we have that vz € mg, i.e.
T(2(|U(v2)])) < oo

Since ® satisfies the (d2, Ag)-condition, given any positive number || there ex-
ists a positive number r(|y|) such that ®(|y|t) < r(]y|)®(t) for all ¢ > 0. Therefore

(02, Ag)-condition implies that

T(@(U(2)])) = 7(@(W|[U(@))) < r(v)r(@(|U(2)]) < oo,

i.e. the set mq)’; is closed under multiplication by any complex number.

Now let us prove that the sum of any two operators from m%7 also belongs
to mg,. Let z,y € mg7, ie 7(®(|U(2)])) < oo and 7(®(|U(y)[)) < co. The
inequalities (i) and (ii) from Proposition 3, the linearity of the operator U, the
convexity of @, the tracial property of 7 and the fact that mg’; is closed under

the multiplication by complex numbers imply:
T(@([U(z +y)))) = 7(2(|U () + UW)])) < 7(2(u|U(x)|u+ v |U(y)|v))
<7 (5@ee U@ + 220U )

(7 (2(u™2|U(2)[u)) + 7(2(0"2[U(y)|v))

IN

(r(u* QU (2)[)u) + 7(v" 22U (y)[)v))

IN
N =N =N =

(r(@[U(2)]) + (22U (y)])))
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1
= 5 (T(2[U(22)]) +7(2|U(2y)])) < o0,

le.z+yemyl. O
Remark 1. If M is a non-atomic commutative von Neumann algebra and (1) <

oo then the condition of linearity of the set m‘g”; implies the (2, Az)-condition

for ® ([4, Chapter II, §8]). Therefore, if there exists a projection p € P(M)
with ¢(p) < 400 such that the von Neumann algebra pM p has a non-atomic
commutative von Neumann subalgebra, then the set mq) is a linear space if and

only if the N-function ® satisfies the (d2, Ag)-condition.
Theorem 3. The set

Kyl ={zeM:0g5](z) <1}
is absolutely convex and absorbing in mg,.

PROOF: Let us prove the convexity of Kg'7. Let z,y € Kg'| and A € [0,1]. In
view of Proposition 3(i) there exist partial isometries v and v in M such that

AU () + (1 = NU ()| < Au*|U(@)|u+ (1= Ao [U(y)]v.

From the inequalities of Propositions 1 and 3 and from the tracial property of 7
we obtain

T(QAU () + (1 = MU (y)]) < Ar((u”|U(z)[u) + (1 = )7(2("|U(y)|v))
< A (u (U (z)|u) + (1 = N (|U(y)|)v)
S AT(R([U(2)]) + (1 = N)7(2(|U(y))),
ie.
O+ (1= Ny) <A0g7 () + (1 = NOZ(y),
which implies the convexity of K¢,
The inequality (3) shows that the set K g:; is balanced, and hence is absolutely
convex.
Finally let us prove that Kg'/ is absorbing in mg7,. If x € mg'],, then there

exists ¢ > 1 such that O’ (z) < t. Let v be a complex number and |y| > t. By
Lemma 1 we have that

1
05 (Z) < —0gT —0W <1,
@,a(,y) = |,y| ‘I’,a( ) a( )

Le. £ € Kgi (2). O

Corollary 1. The Minkowski functional of the set Kg',, defined as

T s _
(4) =] 7, = inf {)\ >0: % S e K }
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is a norm on the linear space mg’,.

PRroOF: It is sufficient to prove that ||z|§7 = 0 implies that 2 = 0. Indeed,
if )55 = 0 then OF (%) < 1 for all X € (0,1). By Lemma 1 we obtain that
1050 (x) <O5(5) <1forallX e (0,1),ie. OF7 () = 0. Faithfulness of 7 then
implies that ®~!(h)*z®~1(h)!=* = 0. Since h € LS, (M) (see Theorem 1(i)) and
h is a non singular operator, we have that ®~1(h)®, ®~1(h)!=* € LS, (M) and
®~1(h)*, ®~1(h)1 = are non singular operators too. Let {ex}rer be the spectral
family of projectors for ®~1(h), i.e. ®~1(h) = fooo Adey.

Put
= /n Ade = / 1 Ade
Ln L ) X Yn L ) A-

It is clear that x,,y, € M for all n. Using

2, @ N h)* =€, —¢

(enfe%)x(enfe%) =0.

Since ®~1(h) is a non singular operator, it follows that (e, — e1) 1 1, when
n — oco. Consequently, z = 0. O

—_ (I)fl(h)lfayn

3=

we see that

Denote by Lo o(M, ¢, ) the Banach space obtained as the completion of m@/,
in the norm || - [|§'7, and call this completion the Orlicz space constructed by the
N-function ® on the von Neumann algebra M with respect to the faithful normal

locally finite weight . It is clear that if ¢ is a trace or M is a commutative

von Neumann algebra, then the norm | - [|3'7, and the space Lg (M, ¢, 7) do not
depend on « € [0, 1].
Note also that in the case where ®(t) = 1[t[’, p > 1, the norm || - [|§7, and the

space L o(M, p,7) do not depend on the choice of the faithful normal semi-finite
trace T and of « € [0, 1] [11].
For general N-functions ® this is not true even in the commutative case.

Example 1. Take M = I, fi = {0,...,0,1,0...}, where 1 is on the i-th
position, and put ®(¢) = [¢t|*(In |t| + 1), t # 0, B > 1, ®(0) = 0. In [4, Chapter I,
84] it is proved that ® is an N-function satisfying the (02, Ag)-condition. Consider
the trace v on I, defined as v(f;) = i%((eiZ)Qﬂ(ZiQ +1))~t. Put

h={f" @+ 1)}, f=0 ' (h) = {" ).

Now define the trace p on lo as u(-) = v(h-).
Let us show that in this case the norms || - |4 and || - || are not equivalent
on the ideal E of all finite sequences from I (it is clear that E C mf” and

E C mi"). For this it is sufficient to find a sequence {z,} of elements from

527
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(KEY)NE such that {z,} ¢ MK} for all A > 0. Let 2, = >, e’ fi. It is clear
that for commutative algebra M = [, one has

051 () = v(2(|2~" (h)x]))

and
(5) 03y (z) = p(®(|zl)).
Therefore
O (xnfi) = v(®(fzafi)) = v(®((e* £1)?)) = ()P (2% + Vv (f;) = le
and
©)  Ofi(an) = (@ e ) = v (P02 + D) = 3o 5 <1,

Le. z, € K for all n. Let us show that {z,} ¢ MK/ for all positive real \.
From (5) we have

Og'l (xn fi) = p(®(2n fi)) = v(h®(zn)f;)

o 2 1
= (e )*7(2i" + 38 + D (fi) > (e)Pi(2 + D (fi) = -
i
Therefore O (x,) > .7, +, and hence
(7) {zn} € AKY
for all positive A. From (6) and (7) it follows that the norms || - ||} and | - [|§}

are not equivalent on E. In particular the identity mapping from F into E cannot
be extended to an isomorphism between Lo o (loo, 4, V) and Lo (loc, thy 1t)-

At the same time by following theorem the Orlicz spaces (La,o (M, ¢, 7), [|-[157,)
and (Lo (M, 7),| - |o) are isometrically isomorphic.

Theorem 4. Let the N-function ® satisfy the (2, As)-condition, « € [0,1]. Then
the Banach space Lo (M, ¢, T) is isometrically isomorphic to the Banach space
Le(M,7) = Lo (M, T,7).

PROOF: For every x € myg’;, we have
U(z) = (7 (h))*z(®7 " (h))' ™ € La(M, 7).
Therefore from definitions (1) and (4) of the norms we obtain

l2ll5:5 = (@71 (h)*=(@~ 1 (h) '~ ls.
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This means that the map U defined as
8) mgT 5 L (@71 (h) x(@ 7 (h) " € Lo (M, T)

is a linear isometry. Let us show that the U(mg) = (271 (h))*mg 7, (@71 (h))—*
is dense in Lo (M, 7).
Let h = [;° Adex(h) and ¢, = [ dex(h), (n=1,2,...) . Consider the set

o0
U qmMrgn.

m,n=1

Since g, < @ni1, it follows that F is a linear subspace in m, and by (2)
F CLs (]\47 T).

Firstly, let us prove that F is dense in Lg (M, 7). From the (42, Az)-condition
it follows that for y € Lg (M, 7) (where ¥ is the complementary N-function for ®)
the functional f(z) = 7(zy), * € Le(M, 7), defines the general form of continuous
linear functional on L¢ (M, 7).

Let y € Ly(M,7) and suppose that f(¢mzg.) = 7((gmzgn)y) = 0 for all
x € m; and m,n =1,2,... . In order to prove that F is dense in Lg(M,7) it is
sufficient to show that y = 0.

From the tracial property of 7 we have that 7(z¢,yg.) = 0 for all z € m..
By Proposition 2 m., is dense in L¢(M,7) and hence ¢,yg, = 0 for all m,n =
1,2,... . Since g, /1 as n — oo, this implies that y = 0. Therefore F is dense
Lq> (M, T).

Now let us show that F C U(m‘é:;). For this it is sufficient to prove that given
any r € m, and m,n = 1,2,..., there exists y € mg'], such that g,,zg, = U(y).

Since the operators (®71(h))~“gy, and (®~*(h))* g, belong to M, the opera-
tor y = U~ (gmagn) = (271(h)) " %(gmzqn) (@71 (h))*~ ! also belongs to M. From
(2) and from T(|gmxqn]) < oo we obtain that 7(®(|U(y)|)) = 7(®(|gmzan|)) < oo,
i.e. y € mg7,. This implies that 7 C U(mg,).

Now since mygy, is dense in (La,o(M,¢,7),[ - [5,) and U(mg?,) is dense
in (Lgy(M,7),|| - [l&) the isometry U : mg7 — Lq;(M, 7) defined in (8) can
be uniquely extended to an isometric isomorphism between Lg o (M, @, 7) and
Lo(M,T). O

Since every faithful normal semi-finite trace 7 on M is a locally finite weight
[12], Theorem 4 implies the following

Corollary 2. If 71 and 75 are faithful normal semi-finite traces on a von Neumann
algebra M, ® is an N-function satisfying the (d2, As)-condition, then the Orlicz
spaces Lo(M, 1) and Lo (M, 12) are isometrically isomorphic.

Theorem 4 and Corollary 2 together imply the following theorem

Theorem 5. Let  and 1o be faithful normal semi-finite traces on a von Neumann
algebra M, and let @1, 2 be faithful normal locally finite weights on M. Suppose

929
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that ® is an N-function satisfying the (62, As)-condition, o, 8 € [0,1]. Then the
Orlicz spaces Lg o(M, p1,71) and Le g(M, 2, T2) are isometrically isomorphic.

Theorem 4 implies also the following

Corollary 3. Let ® be an N-function satisfying the (2, Ag)-condition and let
U be the complementary N-function for ®, and «, € [0,1]. Then the dual
space (Lg o (M, @, 7))* for the Orlicz space Ly (M, @, T) is isometrically isomor-
phic to the space Ly (M, 7). If moreover ¥ also satisfies the (d2, As)-condition
then (L o (M, p,T))* is isometrically isomorphic to Ly g(M, ¢, T) and the Banach
space Lo o (M, ¢, T) Is reflexive.

Now let us give a representation of the space Lo o(M, ¢, T) by locally mea-
surable operators in the case where ¢ is a regular locally finite weight, and the
N-function ® satisfies (2, Az)-condition.

Consider the following subset in the algebra LS(M) of locally measurable op-
erators affiliated with the von Neumann algebra M:

Loo(M,p,7) ={z € LS(M): Og,(z) < oo},

and for each x € Lg,o(M, p, T) put

|27, = inf{A >0:087 (;) < 1},

It is clear that
mg:; = Mnﬁ':b,a(Ma ©, T)'

Repeating the proof of the Theorems 2 and 3 and of Corollary 1 we obtain
that Lo o(M,p,7) is a linear subspace of LS(M) and that || - [|§7, is a norm
on Lg,o(M,p,T).

Theorem 6. Let ¢ be a regular locally finite normal weight on M and suppose
that ® is an N-function satisfying the (82, As)-condition and a € [0,1]. Then
(La,o(M,,7), | - |57) is a Banach space and my’, is dense in (Ls o (M, p,T),

- 11&0)-
To prove Theorem 6 we need the following criterion for the local measurabil-

ity of a closed operator affiliated with a von Neumann algebra M (see [8, §2.7,
Proposition 2.3.4]).

Lemma 2. Let x be a closed linear operator affiliated with a von Neumann
algebra M and let {ex(|x|)}remr be the spectral family of projections for the
operator |x| = (x*x)'/2. Then 2 € LS(M) if and only if for any sequence of
positive numbers A\, T oo there exists an increasing sequence {z,}52, of the
central projections in M, such that sup,,~; z, = 1 and z,(1 — ey, (|z])) are finite
projections for alln =1,2,... . B
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PrROOF OF THEOREM 6: Let h be the Radon-Nikodym derivate of the weight ¢
with respect to the trace 7. From Theorem 1 it follows that the operators h and
h~! are locally measurable.

Since the N-function ® is strictly increasing on [0, 00), ®([0, 00)) = [0, 00), and
the support of the operator h is equal to 1 and ®~*(h) € LS, (M), then for
the spectral family of projections {ex(h)}rer and {ex(®~1(h))}rer the following
equalities are valid:

1=supen(h)(1—es(h)) = sup{h <np{h> }

= sup(@1 () < @1 HO (1) > 07 ())
—Slilz% l(n)(‘b (h))(l_equ(%)( (h)))

Therefore, there exists the inverse operator a = (#~!(h))~! with dense domain
D(a), moreover this operator is a closed self-adjoint positive and affiliated with
the von Neumann algebra M.

Let us show that a € LS(M). Since h=* € LS, (M), by Lemma 2, there
exists a sequence of central projections {z,}52, in M such that z, T 1 and
2n(1—ey, (h™1)) are finite projections for all n = 1,2,..., where \,, = ﬁ 1 00.

Since

1 en(@) = {a>n} = (@7 (0) 7 > n} = (27 () < -}

_{h<c1>( )} ={n! =1—ey, (b,

1
()
Lemma 2 implies that a € LS (M).

Consider the linear map U from Lo, (M, ¢, 7) into Le(M, ) defined by (8),
ie.

Ux) = (@71 (h)* (@7 (h)' ™%,z € Lo.o(M, 0, 7).

As in the proof of Theorem 4, we see that U is an isometry. Now we show that
U is a surjection. Let y € Lo (M, T) and

z=a%ya' " = (@71 () ") (@7 (h) ™)'
It is clear that x € LS(M) and
Oga(@) = 7(2(|(@7 (h)*@(@~" () ~*)) = 7(2(|y]) < o0

ie.z € Loo(M,p,7)and U(z) =
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Thus U is a linear isometry from (Ls o (M, ¢, 7), ||-[[37,) onto (La (M, 7), |- ||e)-

Therefore, the normed space (Lao(M,p,7),|| - [lg,) is isometrically isomor-
phic to the Banach space (Lao(M,p,7), || - [I37,), in addition, mg7 is dense
in (‘C‘I’@(Mv(PaT)a || ’ | g:;) U

Theorem 6 implies that in the case where h and h~! are locally measur-
able operators and the N-function ® satisfies (2, Az)-condition, the Orlicz space
Lo,o(M,p,7) can be described by locally measurable operators in the following
form

Loo(M, ¢, 7) = Loa(M,p,7) = (27 (h))"*La(M,7)(®7' (h))* ™" C LS(M).

In the case of N-function ®(t) = %|t|p, p > 1, the assertions of Theorems 4
and 6 were proved in [13].
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