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Abstract. The a priori boundedness principle is proved for the Dirichlet boundary value
problems for strongly singular higher-order nonlinear functional-differential equations. Sev-
eral sufficient conditions of solvability of the Dirichlet problem under consideration are
derived from the a priori boundedness principle. The proof of the a priori boundedness
principle is based on the Agarwal-Kiguradze type theorems, which guarantee the existence
of the Fredholm property for strongly singular higher-order linear differential equations with
argument deviations under the two-point conjugate and right-focal boundary conditions.
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1. STATEMENT OF THE MAIN RESULTS

1.1. Statement of the problem and a survey of the literature. Consider
the functional differential equation

(1.1) ul™ (1) = F(u)(t)
with the two-point boundary conditions

(1.2) uVa)=0 (i=1,....,m), v HD0l)=0(i=1,...,n—m).

This work is supported by the Academy of Sciences of the Czech Republic (Institutional
Research Plan # AV0Z10190503) and by the Shota Rustaveli National Science Founda-
tion (Project # GNSF/ST09.175_3-101).
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Here n > 2, m is the integer part of n/2, —oo < a < b < 400, and the operator F' is
acting from the set of (m — 1)-th time continuously differentiable on ]a, b] functions
to the set Lioe(]a,b[). By uV~Y(a) (uU~1 (b)) we denote the right (the left) limit of
the function «Y=1) at the point a(b).

The problem is singular in the sense that for an arbitrary = the right-hand side of
equation (1.41) may have nonintegrable singularities at the points a and b.

Throughout the paper we use the following notation:

> R =0, +o0[;

> []+ the positive part of a number z, that is [z]+ = 3 (z + |z);

> Lioc(]a, b])(Lioc(Ja, b])) is the space of functions y: ]a,b[ — R, which are inte-

grable on [a 4 €, b — €] for arbitrarily small € > 0;

> Lo g(Ja, b])(L2 s(Ja, b)) is the space of integrable (square integrable) with the

Welght (t— a) (b t)? functions y: ]a,b[ — R, with the norm

b
ol = [ (5= (b= 9)ly(o)]ds

(1stzz, = ([ (s - a6 - %209 ds)m);

> L([a, b]) = Lo,o(la, bl), L*([a, b]) = L§ o(]a, b]);

> M(]a, b]) is the set of measurable functions 7: |a,b[ — ]a, b];
Eiﬂ(]a,b[)(fi(]a,b]) is the Banach space of y € Lioc(]a,b[)(Lioc(]a, b])) func-
tions, with the norm

Illz: , = maX{ [/at@—a)a(/:y(g)dgfds] R a;”}
o[ () o] 25 crc) o

> Ly (]a,b[) is the Banach space of y € Lioc(]a, b[) functions, with the norm

N

Iyllz= :SUP{[(S—G)(b—t)]m_l/Q/ (E=a)" ?My(9)]dé: a<s<t < b} < +o0.

S

> O (Ja, b)), (Cﬁcl(]a b[)) is the space of functions y: |a,b] — R which are
continuous (absolutely continuous) together with y/, 4", ...,y on [a+e, b—¢]
for arbitrarily small ¢ > 0.

> O™ 1™ (], b]) is the space of functions y € CI'-*(Ja, b[), such that

loc
b
(1.3) / |20 (5)|? ds < +o0.
a
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> C"!(]a, b]) is the Banach space of functions y € C!"!(]a, b[), such that

loc

(1.4) lim sup M <400 (i=1 m)
' t—a (t —a)m—it1/2 e
(i=1) (¢
lim sup |2 ® <400 (i=1,...,n—m),

oy (b — t)m—it1/2

with the norm:

(=1 (¢
||az:|C 1—z:sup{|glj ()|:a<t<b},
where a;(t) = (t — a)™ Y2 (b — t)ym—i+1/2,
> C™ !(]a,b]) is the Banach space of functions y € CITC (Ja, b[), such that con-
ditions (1.3) and (1.4) hold, with the norm:

(=1 (¢
lestup{kE )|:a<t<b (/ |2(™) (s) |2ds)

> Dy(Ja,b] x RT) is the set of such functions d: Ja,b] x R* — L,(]a,b]) that
§(t,-): RT — R™T is nondecreasing for every t € |a,b[, and (-, 0) € Ly(]a,b])
for any o € RT.

> Dop—am—22m—2(Ja,b] x RT) is the set of such functions d: Ja,b[ x RT —
Zgn_m_lm_Q(]a,b[) that 6(¢,-): RT — RT is nondecreasing for every ¢t €
la,b], and 6(-, 0) € E%n72m72’2m72(]a, b|) for any p € R™.

> A solution of problem (1.1), (1.2) is sought in the space C™~ %™ (]a, b[).

/2
]

The singular ordinary differential and functional-differential equations have been
studied with sufficient completeness under different boundary conditions, see for
example [1], [3], [4], [5], [6], [7], (8], [9], [11], [12], [13], [14], [16], [21], [22], [23],
[24], [25] and the references cited therein. But the equation (1.1), even under the
boundary condition (1.2), have not been studied in the case when the operator F'
has the form

m

(1.5) F(z)(t) =Y i)V~ (7;(1) + f(2)(8),

=1

where the singularity of the functions p;: Lioc([a, b]) is such that the inequalities
b
(16) [ =@ ) ) ds < o
/ (s —a)" I (b—s)>md Ipj(s)|ds < 400 (j=2,...,m),
a
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are not fulfilled (in this case we say that the linear part of the operator F' is
strongly singular), the operator f is continuously acting from C{”fl(]a,b[) to

inkszz,szz (Ja, b]), and the inclusion

(1.7) sup{f(z)(t): |||

om=1 < 0} € L3, g5 2m-2(]a,b])

holds. The first step in studying the differential equations with strong singularities
was made by R.P. Agarwal and I. Kiguradze in the article [2], where the linear ordi-
nary differential equations under conditions (1.2), in the case when the functions p;
have strong singularities at the points a and b, are studied. Also the ordinary differ-
ential equations with strong singularities under two-point boundary conditions are
studied in the articles of I. Kiguradze [10], [19], and N. Partsvania [20]. In the papers
[18], [15] these results are generalized to linear differential equations with deviating
arguments, i.e., the Agarwal-Kiguradze type theorems, which guarantee Fredholm’s
property for linear differential equations with deviating arguments are proved.

In this paper, on the bases of articles [2] and [17] we prove the a priori boundedness
principle for the problem (1.1), (1.2) in the case when the operator has the form (1.5).

Now we introduce some results from the articles [18], [15], which we need for this
work. Consider the equation

(1.8) u™(t) = ipj(t)u(j_l)(q (t)) +q(t) fora<t<b.

j=1

For problem (1.8), (1.2) we assume, that when n = 2m, then the conditions

(1.9) pj € Lioc(Ja,b) (G =1,...,m)

are fulfilled and when n = 2m + 1, along with (1.9), the condition

t
(1.10) limsup |(b — t)2m*1/ p1(s)ds| < 400 (t1 _at b)

t—b t1 2
holds.

By hj: ]a,b] x ]a,b] — R4 and f;: [a,b] x M(]a,b]) — Cioc(Ja,b] x ]a,b]) (j =
1,...,m) we denote the functions and operators, respectively, defined by the equal-
ities

t
(1.11) mit.s) = | [ (€= a2 -1r @l ag
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and

1/2

(1.12) fj(c,Tj)(tvs)—‘ /:<5—a)“m|pj(£>|‘ /;(E)(a—c)“mﬂda d&‘-

Let k =2k; +1 (k1 € N), then we denote

" 1 for k <0,
S )l1-35-..k fork>1.

Now we can introduce the main theorem of the paper [18].

Theorem 1.1. Let there exist numbers t* € la, b[, l; > 0, l_kj 20, and vi; > 0
(k=0,1; j=1,...,m) such that along with

(1.13) By = zm: ( (2m — j)22™ I+ g, 22Nt — a) 10l )
’ 0= S \@m = DIEm =2+ DI (2m - 2j — lI2m - 3)!1,/20;
1
2’
(1.14) B; = zm: ( (2m — j)2*™ Iy, 22 I (b — )00 Ly )
‘ ' S \@m—DIEm -2+ DI 2m—2j - DIEm —3)!1,/27;;
1
2’

the conditions

(1.15) (t—a)*"Ihy(t,s) <loj, (t—a)™ 2 fia,m)(t,5) < lo
fora <t <s<t* and

(1.16) (b= 0" Thy(t,s) <y, (b= 2 f(b, 7))t 8) < Dy

for t* < s <t < b hold. Then problem (1.8), (1.2) is uniquely solvable in the space
Cntm (Ja, b]).

Also, in [15] the following theorem is proved:
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Theorem 1.2. Let all the conditions of Theorem 1.1 be satisfied. Then the
unique solution u of problem (1.8), (1.2) for every q € L3, 5, 5 2m_2(la, b]) admits
the estimate

(1.17) ™2 < rllallzs

—2m—2,2m—2
with

2m(1+b—a)(2n —2m —1) ) Comt1
(l/n—2maX{BO7Bl})(2m_1)”’ 2m — 1, V2am+1 = 5 ,

and thus the constant r > 0 depends only on the numbers ly;, lx;, v&; (k = 1,2;
j=1,...,m), and a, b, t*, n.

Remark 1.1. Under the conditions of Theorem 1.2, for every

qe Lgn—Qm,—Q,Qm—Q(]av b[)
the unique solution u of problem (1.8), (1.2) admits the estimate

(1.18) [l

st < rallglza ,
Cy L3 om—22m—2

with

m 2m—j+1/2
= t X et e
2"(14+b—a)(2n—2m —1)
(v — 2max{ By, B1})(2m — 1)1’

1.2. Theorems on solvability of problem (1.1), (1.2).
Define an operator P: CT"*(Ja,b[) x CT" ' (Ja,b[) — Lioc(]a, ) by the equality

(1.19) Pz, y)(t) = ij(w)(t)y(j_l)(ﬁ (t)) fora<t<b

where p;: C7""'(Ja,b]) — Lioc(Ja,b]), and 7; € M(Ja,b[). Also, for any v > 0 define
a set A, by the relation

(1.20) A, ={z € (a,b]): [|=|

éinfl < ’y}.
For formulating the a priori boundedness principle we have to introduce
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Definition 1.1. Let 7y and 7 be positive numbers. We say that the contin-
uous operator P: C7" *(Ja,b]) x C7* " *(Ja,b]) — Ln(Ja,b) is 70,7 consistent with
boundary condition (1.2) if:

(i) For any z € A, and almost all ¢ € ]a, b] the inequality

(1.21) ley ()Y (75 (1)] < 8(¢, |12

ainfl)”iﬂ éinfl

holds, where ¢ € D, (Ja,b[ x RT).
(if) For any z € A, and q € E%n_Qm_Q,Qm_Q(]a, b[) the equation

m
(1.22) y () = pi(@) )y () +4(t)
j=1
under boundary conditions (1.2) has a unique solution y in the space

C"1m(la, b]) and

(1.23) lyllgrm— <~llallz,

2n—2m—2,2m—2

Definition 1.2. We say that the operator P is y consistent with boundary con-
dition (1.2), if the operator P is 7,7y consistent with boundary condition (1.2) for
any o > 0.

In the sequel it will always be assumed that the operator F;, defined by equality
m
Fp(z)(t) = Z 29 (7)) (t)

is continuously acting from C}"~*(]a, b[) to LL§ o 2(]a, b)), and

(1.24) ﬁp(t, 0) = sup{Fy(z)(t): |z|

cm-1 S OYE L3 2m—2.2m—2(]a, b])

for each g € [0, 4+o0].

Then the following theorem is valid

241



Theorem 1.3. Let the operator P be 7y, consistent with boundary condition
(1.2), and let there exist a positive number gy < o, such that

(1.25) I1F, (-, min{200, 70}) | 72 <X

Sn—2m—22m—2 ~ ’

Let, moreover, for any X\ €]0, 1] an arbitrary solution x € A, of the equation
(1.26) M (t) = (1 = \)P(z,z)(t) + \F(x)(t)

under the conditions (1.2) admit the estimate

(1.27) Il < eo.

Then problem (1.1), (1.2) is solvable in the space C™~ %™ (]a, b]).

Theorem 1.3 with gy = 7y immediately yields

Corollary 1.1. Let the operator P be 7,7 consistent with boundary condition
(1.2), and

)

(1.28) [F(x)(t) = ij(af)(t)x(j_”(Tj(t))(t)l <, |||

for x € A, and almost all t € a, b[, and

(1.29) In(70)ll 2 <,

2n—2m—2,2m—2 ¥

where 1 € Day—2m—2.9m—2(Ja,b] x RT). Then problem (1.1), (1.2) is solvable in the
space C"~ 1™ (Ja, b[).

Corollary 1.2. Let the operator P be «y consistent with boundary condition (1.2),
let inequality (1.28) hold for x € C7*~*(Ja,b]) and almost all t € ]a,b[, where (-, 0) €
L3, om—2.9m_2(]a,b]) for any o € R, and

. 1 1
(1.30) timsup{ln(- o) 7 <

0—+00 2n—2m—2,2m—2

Then problem (1.1), (1.2) is solvable in the space C™~ %™ (]a, b]).
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When we discuss problem (1.41), (1.2), and n = 2m + 1, we assume that the
continuous operator py : Cm Y(Ja,b]) = Lioc(Ja, b]) is such that

a—i—b)

(1.31) lim sup 5

t—b

(b— t)2m*1 / p1(z)(s)ds

ty

< 400 (tl =

for any = € C™ ! (Ja, b]).
Now define operators h;: C;"'(Ja,b]) x Ja,b] x Ja,b[ — Ry, f;: C7"'(Ja,b]) x
[a,b] x M (Ja,b]) — Lioc(Ja,b] x ]a,b]) ( =1,...,m) by the equalities

W) s = | e e @
h]‘(x,t,S): ‘/ (5_ n 2m df‘ "7m)7
and
(1.33)
t 2
fi(z,e,m5)(t,8) = ‘/ (€ —a)"?"|p;(x) |‘/ (&1 — c)2m= ])d& d§‘~

Theorem 1.4. Let the continuous operator P: C" '(]a,b]) x CT" *(Ja,b]) —
Ly, (a,b|) fulfil the condition (1.21) where 6 € Dy (Ja,b[x R"), 7; € M(]a,b[) and the
numbers o, t* € Ja,b], lgj > 0, l; >0, 7%; >0 (k=0,1; j = 1,...,m), are such
that the inequalities
(1.34)  (t—a)*™Ih;(z,t,5) <loj, limsup(t— @)™ 30 fi(z,a,7)(t, s) < loj
t—a

fora <t <s<t¥, ||x|\51n,_1 < 7o,

(1.35)  (b—t)*™7hj(x,t,8) <lyj, limsup(b— t)m*%*““ffj(x, b, 7)(t,s) <l
t—b

for t* < s<t<b, |z gm-1 < 70, and conditions (1.13), (1.14) hold. Let moreover
the operator F and a function n € Day,_2m—2.2m—2(]a, b[x RT) be such that condition

(1.28) and inequality

0
(1.36) 10 1z, <X

2n—2m—2,2m—2 Tn

are fulfilled, where

m 2m7j+1/2
1+Z — >
(X
2m(1+b—a)( n—2m—1)
(v, — 2max{ By, B1})(2m — 1)1’

Then problem (1.1), (1.2) is solvable in the space C™~ %™ (]a, b]).
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Theorem 1.5. Let the operator F' and the function n be such that conditions
(1.28), (1.30) hold and the continuous operator P: C7~*(Ja,b]) x CT**(Ja,b]) —
L,(]a,b]) fulfils condition (1.21) where 6 € D,,(Ja,b[ x R"). Let moreover measurable
functions 7; € M(]a,b]) and numbers t* € Ja,b, ly; > 0, ly; > 0, 7; > 0 (k =
0,1; j =1,...,m) be such that the inequalities

(1.37)  (t—a)*" T hj(z,t,5) <lo;, limsup(t — a)m_%_Wj fi(x,a,7i)(t,8) < lo,

t—a
fora <t<s<t*,zeC" (a,b]),

(1.38)  (b—t)>" I h(x,t,5) <lyj, limsup(b—t)™ 2779 f;(z,b,7;)(t, s) < Iy,
t—b

fort* < s<t<b x € éfnfl(]a,b[), and conditions (1.13), (1.14) hold. Then
problem (1.1), (1.2) is solvable in the space C"~ 1™ (]a, b]).

Remark 1.2. Let 79 > 0, let the operators o (t)p;(z)(t) (j = 1,...,m) be
continuously acting from the space C"'(]a,b[) to the space L,(]a,b[), let there
exist functions 6; € D, (]a,b]) such that for any z € A,

(1.39) |p;(z) ()| (t) < 6t ||z 51”71) for a <t <b,

and constants kK > 0, € > 0 such that

(1.40) |75 (t) — k(t—a) (j=1,...,m) fora<t<a+e,

kb—t) (j=1,...,m) forb—e<t<h.

Then the operator P defined by equality (1.19), continuously acting from A., to
the space Ly (]a, b[), and there exists a function § € D,,(Ja, b[) such that item (ii) of
Definition 1.1 holds.

Now consider the equation with deviating arguments
(1.41) u™(t) = ft,ulm (), u (1o(t)), ..., u™ D (1, (1)) fora <t <b,
where —o00 < a < b < 400, f: ]Ja,b] x R™ — R is a function satisfying the lo-

cal Caratheodory conditions and 7; € M(Ja,b[) (j = 0,...,n — 1) are measurable
functions.
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Corollary 1.3. Let the functions 7; € M(]a,b]) and the numbers t* € ]a,b],
kK >0,e>0 I >0l >0 7,; >0 (k=12 =1,...,m) be such that
conditions (1.13), (1.14), (1.15), (1.16), (1.40) and the inclusions

(1.42) a;p; € Lp(la,b)) (j=1,...,m)

are fulfilled. Let moreover

(143) |f(t,2(r(8), 2/ (ra (1)), ..,V Z 20 (1, (0) (1)
AL

for z € C7""'(Ja,b]) and almost all t € ]a,b], where 1(-, 0) € E%n72m72!2m72(]a,b[)
for any o € R, and let condition (1.30) hold. Then problem (1.41), (1.2) is solvable
in the space C"~ 1™ (]a, b]).

Remark 1.3. Conditions (1.42) do not imply conditions (1.6).

Now for illustration of our results consider on ]a, b| the second order functional-
differential equations

U k
(1.41) W) =~ () + a(@)()
sin u®
(1.45) u'(t) = —%MT(@) + q(@)(t),

where A,k € R, the function 7 € M(Ja,b]), the operator q: C;" '(la,b]) —
L3 o(Ja, b]) is continuous and

n(t; 0) = sup{lg(x)(®)]: |||

gm-1 S o} € E(Q),o(]%b[)-

Than Theorems 1.4 and 1.5 yield

Corollary 1.4. Let a continuous operator q: C1"~*(|a,b[) — E(Q) o(Ja, b)), a func-
tion T € M(]a,b[), and numbers g > 0, A > 0, k > 0, be such that

(1.46) r(t) — 1] < { (t—a)¥? for a<t<(a+b)/2

(b—1)32 for (a+b)/2<t<b,

1 (h—a)?— k —a)/4
(1.47) |77(t,70)||zg)0<<1+1/b3a) G >2(11+6Abvf<;)(+b[3<2)2 W
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and

(b—a)

(1.48) < 32051+ 20— )]

Then problem (1.44), (1.2) is solvable.

Corollary 1.5. Let a continuous operator q: C{"~*(Ja,b[) — E(Q) o(la, b)), a func-
tion 7 € M(]a,b]), and a number X > 0 be such that inequalities (1.30) with n = 2,
(1.46) and

(b—a)?
32(1+ [2(b — a)]V/1)’

(1.49) A<

hold. Then problem (1.45), (1.2) is solvable.

2. AUXILIARY PROPOSITIONS

2.1. Lemmas on some properties of the equation z(")(t) = \(¢).

First, we introduce two lemmas without proofs. The first lemma is proved in [2].

Lemma 2.1. Leti € 1,2, z € Clrgc Y(Jto, t1[) and
. t1
(2.1) 20D =0 (G =1,...,m), / 1207 (5)[2 ds < +o0.
to
Then
=D (s 1/2 gm—j+1 /2
(z (m) (s)[2
(2.2) ‘/t pa—— 2m 2]+2ds S @m = 2‘7_'_1”/|x |ds

fOTtogtgtl.

This second lemma is a particular case of Lemma 4.1 in [11].
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Lemma 2.2. If z € C"_*(Ja,a1]), then for any s,t € |a,a1] the equality

loc

(—1)nm / (€ — @)™ (€)2(E) dE = wn(@)(t) — wn(£)(s) + v / 2™ (©)[2 de

is valid, where v, = 1, Vomi1 = %(Qm +1),

wam (z)(t) = Z(—l)m+j_1$(2m_j) (t)z(t),
wamia (@)0) = Y ()™ = @l () - g (1))a )
t—a, 9
- T|$( ‘(1)

Lemma 2.3. Let numbers a; € |a,b|, tox € la,a1|, and ik, €5, Bk, B € RT, k € N,
i=1,...,n —m be such that

(2.3) lim tor = a, lim B =0, lim ;1 =e;.
k—+o0 k—+o0 k—+o0

Let, moreover,
(2.4) A€ L%n72m72,0(]a7 ai))
be a nonnegative function, ;, € C"~1™(]a,b]) a solution of the problem

(2.5) 2™ (t) = BrA(t),
2.6) 20 V() =0@G=1,....,m), 2 V(a) =g (i=1,...,n—m),

and x € C"1™(Ja, b]) a solution of the problem

(27) 2™ (t) = BA),

2.8) 2 V)=0(i=1,....m), 20 Y(a)=¢ (i=1,...,n—m).
Then

(2.9) lim ngl)(t) = x(j_l)(t) (j=1,...,n) uniformly in ]a,a;].

k——+oo

Proof. First, let us prove our lemma under the assumption that there exists
a number r; > 0 such that the estimates

(2.10) / |J?](€m)(8)|2 ds<ry, keN

tok
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hold. Now, suppose that t1,...,t, are such numbers that tor < t1 < ... < t, <
ay (k € N), and g;(t) are polynomials of (n — 1)-th degree, satisfying the conditions
gi(t;)=1,9;(t;) =0 (i #34;4,5=1,...,n). Then if x} is a solution of problem (2.5),
(2.6), and z is a solution of problem (2.7), (2.8). For the solution = — zj of the
equation d™(z(t) — xx(t))/dt™ = (8 — Bk)A(t), the representation

(2.11)

w(t) —an(t) = 3 ((m(m () - % / (k- )" A (s) ds) 95(t)

=1

5_ﬂk ¢ n—1
+(n_1)!/t1(t—s) A(s)ds keN for tor <t<aq

is valid. On the other hand, in view of inequality (2.10), the identities

i 1 ! m—1,.(m .
x,i 1)(t>:m/t%(t—s) a:; )(s)ds (i=1,2, keN)

by Schwartz inequality yield
(2.12) 2 (0] <ot —a)™ 2 fortop <t <ay (i=1,2, keN),

where ro = 71/(m —i)!v/2m — 2i + 1. By virtue of the Arzela-Ascoli lemma and
(2.3), (2.12) the sequence {x;}{5 contains a subsequence {zy, };"5 which is uni-
formly convergent in ]a,as]. Suppose liifrnoo x, (t) = xo(t). Thus (2.11) by (2.3)
yields the existence of such r3 > 0 that

VO <7+ 29D (G=1,...,n) for tor, <t < ay,
and then without loss of generality we can assume that

(2.13) lim V() =2f V() (j=1....,n) uniformly in Ja,ai].

l—+o0

Then in virtue of (2.3), (2.11), and (2.13) we have

n

2(t) — 2o(t) = 3 (((t;) — wo(t;))g; () for a <t < ar.
j=1

From the last two relations by (2.10) it is clear that z(™ = a:(()n) and g €
C"=tm(Ja,b[). So, the function zg € C"~1™(]a,b[) is a solution of problem (2.7),

(2.8). In view of (2.4) all the conditions of Theorem 1.1 are fulfilled, thus problem
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(2.7), (2.8) is uniquely solvable in the space C"~1™(Ja,b[) and = = zy. Therefore
(2.13) implies

(2.14) l lim x,(i_l)(t) =2U=Y(1) (j=1,...,n) uniformly in]a,a].

— 400
Now suppose that relations (2.9) are not fulfilled. Then there exist § € ]0, (a1 — a)[,
€ > 0, and an increasing sequence of natural numbers {kl}ltof such that

(2.15) max{ZLxU D) — 20D )] a+5<t<a1}>e (1 eN).

By virtue of the Arczela-Ascoli lemma and condition (2.10) the sequence {xg — ey
(j =1,...,m), without loss of generality, can be assumed to be uniformly converging
in Ja 4+ d,a1]. Then, in view of what we have shown above, equality (2.14) holds.
But this contradicts condition (2.15). Thus (2.9) holds if the conditions (2.10) are
fulfilled.

Let now the conditions (2.10) be not fulfilled. Then there exists a subsequence
{tor, };=°° of the sequence {tox}{ =5, such that

(2.16) / M (s)Pds > 1 (L€ N).

tok

Suppose that 3 = (fal |z (m)( )2 ds)f1 and v;(t) = ug, (t)5;. Thus in view of (2.16)
and our notation

(2.17) / ™ (s)?ds =1 (leN), lim B =0,
tokl ' =00

(2.18) v (t) = BA),

(2.19) o (b)) =0 (i=1,...,m),

vz(i_l)(al) =cigb (@=1,...,n—m, LeN).

From the first part of our lemma it follows by (2.17) that the limit lli_an u(t) =
—400

vo(t) exists, and vy is a solution of the homogeneous problem corresponding to
(2.18), (2.19). Thus v9 = 0. On the other hand, from (2.17) it is clear that
ta; |1)(()m)(s)|2 ds = 1, which contradicts v9 = 0. Thus our assumption is invalid
and (2.10) holds. O

Analogously one can prove
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Lemma 2.4. Let numbers by € |a, b|, tox € |b1,0[, and €k, €;, Bk, B € RT, k € N,
i=1,...,n—m be such that

lim t()k = b, lim 61@ = 5, lim ik = &4
k—-+o0 k—-+o0 k—-+o0

Let, moreover, A € E%7Qm_2(]bl,b]) be a nonnegative function, z;, € C"~ 4™ (]a, b])
a solution of the problem (2.5) under the conditions

Vb)) =i (i=1,...,m), 20 V() =0 (i=1,...,n—m),
and z € C"~1™(]a,b) a solution of the equation (2.7) under the conditions
(2.20) Vb)) =¢ (i=1,...,m), z0VB)=0 (i=1,...,n—m).
Then the equalities (2.9) hold.

Lemma 2.5. Let a < a; < by < b, ¢; € Rt and let
A€ Egnfszz,o(]av a]) (A€ E(Q),szz(]bla b))

be a nonnegative function. Then for the solution z € C"~1™(]a,b[) of the problem
(2.7), (2.8) ((2.7), (2.20)) with 8 =1, the estimate

(2.21) / |2(™) (5)]2 ds < ©1(z, a1, \)
b
( |2(™) ()2 ds < 92(x,b1,)\)> (k € N)
b1

is valid, where

(2.22) O1(w,a1,A) = 2fwn () (a1)| + A%, ,
LZn—Zm,—Z,O(]a7a1])
(Oa(z, b1, \) = 2wy (z)(b1)] + 72||)‘||2E§,2m,2(]b1,b]))’

and

= (Bt D o, (E et ey

Proof. Suppose that xy is a solution of problem (2.5), (2.6) with g, = 1,
gik = &;. Then in view of Lemma 2.3, relations (2.9) hold. On the other hand, by
Lemma 2.2 we get

(2.23) Vn /(L1 |xl(€m) (3)|2 ds < —wn(a:k)(al) + /al (S — a)n_Qm/\(S)|l‘k(5)| ds.

tok tok

250



Now, on the basis of Lemma 2.1, Schwartz’s and Young’s inequalities we get

‘ /t: (s — a)" 7" A(s)zx(s) ds

“aR(s) i

21 2m 4+ 1) ([ )y e\
< ([ O a) W e

]. ay (m) 9 1 2m 1(2m+1)
<z -
<3 / o s+ 5 (F 2 YINZ, o e

Thus from (2.23) by the definition of the numbers v, we immediately obtain the

estimate
a@ 2m=1(2m + 1)
/ o ()] ds < 2w ) @)l + (T ) I, oy (6 €N

By (2.9) from the last inequality (2.21) and (2.22) follow. Thus the lemma is proved
for problem (2.7), (2.8).

Analogously, by using Lemma 2.4 one can prove the case of problem (2.7), (2.20).

O

2.2. Lemmas on Banach space 5{”_1(]a,b[).

Definition 2.1. Let o € R and let the function 1 € Lioc(]a, b[) be nonnegative.
Then S(g,n) is a set of such y € C*~*(Ja, b[) that

loc

(i—1) a+b < o
(2.24) ‘y ( 5 )‘ <o (i=1,...,n),
¢
(2.25) Iy =D () — y" Y (s)] < / n(€)d¢ fora<s<t<b,
and
(2.26) v V@)=0 (i=1,...,m), y" Dl)=0(i=1,...,n—m).
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Lemma 2.6. Let for a function y € C"~1™(]a,b[), conditions (2.26) be satisfied.
Then y € C"'(Ja,b[) and the estimates
/ 6P ds|

i=1,...,m, hold for k = 1,2, where ¢c; = a, ca = b.

/2

t m—i+1/2
| Ck | for a <t <b,

Proof. First note that in view of inclusion y € C"~ 1 (]a, b]), the equality

(2.28) y(i_l)(t) — Zuy(j_l)(c)

= -0

+ L /t(t )iy (s)ds fora<t<b

(l—l)' c
fori=1,...,1,1=1,...,n, holds, where
(1) c€la,bifl<m
(2) c€la,bifl=m+1and n=2m + 1;
[

(3) c€la,blif I > m,
and there exists r > 0 such that

b
(2.29) / ly™ (s)[2ds < r.

Equality (2.28) with | = m, ¢ = a and with | = m, ¢ = b by conditions (2.26), (2.29)
and the Schwartz inequality yields (2.27). From (2.27) and (2.29) it is clear that
y € " (Ja, b)) 0

Lemma 2.7. Let 9 € RT, and let n € L2, o, 2,2m— 5(Ja,b[) be a nonnegative
function. Then S(p,n) is a compact subset of the space C’m Y(a, b]).

Proof. Condition (2.25) yields the inequality |y™ (¢)| < n(t). Thus there exists
such a function m € L3, 5, 59, »(]a,b]) that

(2.30) y M () =mi(t), fora<t<b,
|

(2.31) [m1(2) (t) fora<t<b.

From Theorem 1.1 it follows that problem (2.30), (2.26) has a unique solution y €
C"~bm(Ja,b]), i.e. there exists r > 0 such that the inequality (2.29) holds.

For any y € S(p,7n), from equality (2.28) with I = n, by (2.24), (2.30) and (2.31)
we get

(2.32) lyCV@)| <~(t) fora<t<b (i=1,...,n),
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where
1 ! n—i .
%<t>=gi+m\/c<t—s> ps)ds| (i=1,...,n).

Let now yi € S(o,n) (K € N). By virtue of the Arzela-Ascoli lemma and condi-
tions (2.25), (2.32) the sequence {y;}/>; contains a subsequence {y, };-> such that

{y,ii_l)}i';of (¢t = 1,...,n) are uniformly convergent on ]a,b[. Thus without loss of
generality we can assume that {y,(j*l)}zg (i=1,...,n—1) are uniformly convergent

on Ja,b[. Let kmf ye(t) = yo(t), then yo € C"-*(Ja, b]) and

loc

(2.33) i 1ir_ir_1 y,(ffl)(t) = y(()ifl)(t) (¢=1,...,n) uniformly on ]a,bl.
— 400

From (2.33) in view of the inclusions y, € S(p,n) it immediately follows that

(GT—M)’SQ (t=1,...,n),

(2.34) ‘y((f*”
235 y @) =0 (G=1,....m), ySP®)=0(G=1,....n—m),

and

t
@30) W0 < [ n©ds fora<s<i<h

From (2.34), (2.35), (2.36) it is clear that yo € S(o,n). To complete the proof we
must show that

(2.37) Jim [l (®) —yo(@®)llgpr =0
and
(2.38) S(e,n) € C7*"*(Ja, b]).

Let, 2, = yo — yr and a1 € ]a,b], by € Ja1,b]. Then it is clear that x; € S(o',7’)
where o' = 29, ' = 2n. Thus for any x;, there exists 7y € L3,,_o,, 2 9m_2(]a,b[) such
that

(2.39) ) (8) = m (1),
240) 2 V@ =0(@G=1,...,n), 2@ =0 (i=1,...,n—m)

(2.41) Ine ()] < 2n(t) fora <t <b(keN).
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On the other hand, from (2.27) with y = xy, in view of (2.40) we get

) t 1/2 ‘
(2.42) 12 (@) < ( / 2™ ()2 ds> (t—a)™ Y2 fora <t <as,
1/2 .
|z (/ 2™ ()2 ds> (b—t)™ Y2 for by <t <b,
fori=1,...,m.

Let now w,, be the operator defined in Lemma 2.2 and ©1, O, the functions defined
by (2.22) with A = n. Then conditions (2.33) yield

(2.43) lm wp(zg)(ar) =0, lm wy(zg)(b) =0 (ke N),

k——+oo k——+oo

and from the definition of the norm || - || = iz (2.41) and (2.43) it follows that for any
€ > 0 we can choose a1 € ]Ja, min{a + 1 b}[ b1 € lmax{b— 1,b},a1[ and ko € N such

that
(2.44) O1(xk,a1,2n) < =(b—b1)" 2 (k > ko),

O (wx, b1,2n) < =(a1 — ) V2 (k > ko).

(=] RU RG]

By using Lemma 2.5 for zy, in view of (2.42) and (2.44) we get

a b
eas) [ aePds<s [P < (> k),
a b1
IO .
2.4 —— =< — f ; ; I<i<m, k2 ko).
(2.46) o) 5 for t€la,a1]Ub1,b] 1<i<m, k> ko)

Also, in view of (2.33) without loss of generality we can assume that

2y~ (#)]

(2.47) T@S% for a1 <t<b (1<i<m, k> k),
and

b1 e
(2.48) / e ()P s < S (> o)

From (2.45), (2.46), (2.47), (2.48), equality (2.37) immediately follows.
Let now y € S(g,m) and yx = dry, where klir_{l 0 = 0. Then by (2.33) it is
—+00

clear that yo = 0 and then (2.37) implies y € 5{”71(]a,b[), i.e. the inclusion (2.38)
holds. O
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Lemma 2.8. Let 7; € M(]a,b]), « > 0, 8 > 0 and let there exist 6 € |0,b — a|
such that

(2.49) ITi(t) —t| < k1 (t —a)’ fora<t<a+d.

Then

T(t) k1 []_ -+ k‘l(sﬁil]a(t — a)O‘*ﬁ for ﬂ
/ (s—a)*ds| <
¢ k1[0Y 7P 4+ k]*(t — a)*PHP for 0

fora<t<a+d.

Proof. First note that

7(t)
‘ / (s —a)*ds
t

and max{7(t),t} <t+|7(t) —t| for a <t < a+ 4. Then in view of condition (2.49)
we get

7(t)
‘ / (s —a)*ds
t

The last inequality yields the validity of our lemma. O

< (max{7(t),t} —a)¥|7(t) —t| fora<t<a+9d,

<Ekt—a)+ kit —a)’]*(t—a)® fora<t<a+o.

Analogously one can prove

Lemma 2.9. Let 7; € M(]a,b]), @ > 0, 8 > 0 and let there exist 6 € ]0,b — af
such that

(2.50) I7j(t) —t| <ky(b—1)7 forb—8 <t <b.
Then

)

7(t) 1
b—t)%ds
‘/t ( ) 08<1

forb— 6 <t <b.

o kq [1 + kléﬁ_l]a(b — f,)(y-"_ﬁ for B >
S B [508 4 k)b — )8 for 0 <

2.3. Lemmas on the solutions of auxiliary problems.
Throughout this section we assume that the operator

P: G Ja, b)) x 7" (Ja, b)) — Ln(]a, b])
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is 70,y consistent with boundary condition (1.2), and the operator q: C{"~*(Ja, b[) —
L%n72m7272m72(]a, b]) is continuous.

Consider for any z € C7"~!(Ja,b[) € C7"~'(]a, b) the nonhomogeneous equation

m

(2.51) y () = pila) Oy (1) + a(x)(2),

i=1
and the corresponding homogeneous equation

m

(2.52) y"(t) = Zpi(x)(t)y(i_l)(ﬁ(t)),

i=1

and let E™ be the set of solutions of problem (2.51), (2.26).

From inequality (1.23) of item (ii) of Definition 1.1 it follows that the boundary
problem (2.51), (2.26) has a unique solution y in the space C"~>™(]a,b[). But in
view of Lemma 2.6 it is clear that y € C™ !(Ja,b]). Thus E™ N C™ (Ja,b]) # 0,
and there exists the operator U': 5171—1(]% b)) — E™N 5{”_1(]% b[) defined by the
equality

Lemma 2.10. U: 6’{”71(]% b)) — E™N 5{”71(]% b]) is a continuous operator.
Proof. Letxy € 5{”71(]a,b[) and yx(t) = U(zg)(t) (k=1,2), y = y2 — y1, and
let the operator P be defined by (1.19). Then

y™ (t) = P(x2,y)(t) + qo(z1, 22)(t)

where go(x1, 22)(t) = P(x2,y1)(t) — P(z1,y1)(t) +q(x2)(t) — q(x1)(t). Hence, by item
(ii) of Definition 1.1 we have

1U(z2) = U(z1)llgp— < llgo(x1,22) | 22

2n—2m—2,2m—2

Since the operators P and ¢ are continuous, this estimate implies the continuity of
the operator U. O
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3. PROOFS

Proof of Remark 1.1. Let 2 be a solution of problem (1.8), (1.2), then inequal-
ities (2.27) imply the estimate

(b= )t — ) 1/2 o g \meiviy2
(31) 2] < (=)

(m)

—a
for a <t < b. This estimate, by the definition of the norm in the space C™*(]a, b])
and estimate (1.17) immediately yields (1.18). O

Proof of Theorem 1.3. Let § and A be the functions and numbers appearing in
Definition 1.1. We set

(3.2) n(t) = 6(t,v0)v0 + Fp(t, min{200,70}),
1 for 0 < s < 00,

(3.3) X(s) = 2—s/00 for oo < s < 20,
0 for s > 20,

(3-4) q(z)(t) = x|zl gm-2) Fp () (?).

From (1.24) it is clear that the nonnegative functions ﬁp, 71, admit the inclusion

(35) ﬁp(-,min{Zgo,’yo}), ne Egn72mf2,2m72(]a7 b[)7

and for every z € A,, C C7""(Ja,b[) and almost all ¢ € ]a, b[ the inequality

(3.6) lg(z)(t)] < Fp(t, min{200,7v}) fora <t<b

holds.

Let U: A,, — E"NC7 Y(Ja,b]) be the operator appearing in Lemma 2.10, from
which it follows that U is a continuous operator. On the other hand, from items
(i) and (ii) of Definition 1.1, (1.25) and (3.6) it is clear that for each 2 € A, the
conditions

t
ollapr <00 "0 -y )< [ ©ds fora<i<o
S

hold. Thus in view of Definition 2.1 the operator U maps the ball A, into its own
subset S(o1,7). From Lemma 2.2 it follows that S(o1,7) is a compact subset of the
ball A, € C;""*(]a,b]), i.e. the operator u maps the ball A into its own compact
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subset. Therefore, owing to Schauders’s principle, there exists € S(g1,1m) C Ay,
such that
x(t) =U(x)(t) fora<t<b.

Thus by (2.51) and notation (3.4), the function = (z € A,,) is a solution of problem
(1.26), (1.2), where

(3.7) A= x([l]

Gne).

If 49 = 0o then in view of condition = € A, by (3.3) we have that A = 1, and then
in view of (2.51) and (3.4) the function « is a solution of problem (1.1), (1.2) which
admits the estimate (1.27).

Let us show now that « admits estimate (1.27) in the case when gg < 9. Assume
the contrary. Then either

(38) 0 < llelgp1 < 20
or
(3.9) |2l g1 > 200.

If condition (3.8) holds, then by virtue of (3.3) and (3.7) we have that A € ]0,1],
which by the conditions of our theorem guarantees the validity of estimate (1.27).
But this contradicts (3.8).

Assume now that (3.9) is fulfilled. Then by virtue of (3.3) and (3.7) we have that
A = 0. Therefore x € A, is a solution of problem (2.52), (1.2). Thus from item
(ii) of Definition 1.1 it is obvious that & = 0, because problem (2.52), (1.2) has only
the trivial solution. But this contradicts condition (3.9), i.e. estimate (1.27) is valid.
From estimate (1.27) and (3.3) we have that A = 1, and then in view of (2.51) and
(3.4) the function z is a solution of problem (1.1), (1.2) which admits the estimate
(1.27). O

Proof of Corollary 1.2. First note that in view of condition (1.30) there exists
such vy > 20¢ that condition (1.25) holds, and in view of Definition 1.2 the operator
P is vp,~ consistent.

On the other hand, (1.30) implies the existence of a number gy such that

(3.10) Y-, 0)l 72 <o for o> po.

2n—2m—2,2m—2

Let z be a solution of problem (1.26), (1.2) for some A € ]0,1[. Then y = z is also
a solution of problem (1.22), (1.2) where ¢(t) = A(F(x)(t) — P(z,z)(t)). Let now
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0 = ||z||zm-1 and assume that
1
(3.11) 0> 00

holds. Then in view of the y-consistency of the operator p with boundary conditions
(1.2), inequality (1.23) holds and thus by condition (1.28) we have

o= lzllgm-r <7lla@)llz,

2n—2m—2,2m—2

<ol , L.
But the last inequality contradicts (3.10). Thus assumption (3.11) is not valid and
0 < 0o. Therefore for any A € 0, 1[ an arbitrary solution of problem (1.26), (1.2)
admits the estimate (1.27). Therefore all the conditions of Theorem 1.3 are fulfilled,
from which the solvability of problem (1.1), (1.2) follows. O

Proof of Theorem 1.4. Let r, be the constant defined in Remark 1.1. First
we prove that the operator P is 7,7, consistent with boundary conditions (1.2).
From the conditions of our theorem it is obvious that the item (i) of Definition 1.1
is satisfied. Let now x be an arbitrary fixed function from the set A,, and let
p;(t) = pj(x)(t). Thus in view of (1.34), (1.35) all the assumptions of Theorem 1.1
are satisfied, and then for any g € E%n_Qm_Q,Qm_Q(]a,b[) problem (1.22), (1.2) has
a unique solution y. Also in view of Remark 1.1 there exists a constant r,, > 0 (which
depends only on the numbers ly;,lx;, v (kK = 0,1; j = 1,...,m) and a, b, t*, n)
such that estimate (1.23) holds with v = r,,. So, the operator P is g, r, consistent
with boundary conditions (1.2). Therefore all the assumptions of Corollary 1.1 are
fulfilled, from which the solvability of problem (1.1), (1.2) follows. O

Proof of Theorem 1.5. Let r, be the constant defined in Remark 1.1. First we
prove that the operator P is r,, consistent with boundary conditions (1.2). From the
conditions of our theorem it is obvious that the item (i) of Definition 1.1 is satis-
fied. Let now 9 be an arbitrary nonnegative number, x an arbitrary fixed function
from the space A, and let p;(t) = p;(z)(t). Then in view of (1.37), (1.38) all the
assumptions of Theorem 1.1 are satisfied and then for any ¢ € E%n_Qm_QQm_Q(]a, b))
problem (1.22), (1.2) has a unique solution y. Also in view of Remark 1.1 there
exists a constant 7, > 0 (which depends only on the numbers lj;, ij, e (k=0,1;
j=1,...,m) and a, b, t*, n,) such that estimate (1.23) holds with v = r,,. So, the
operator P is 7y, r, consistent with boundary conditions (1.2) for arbitrary ~o > 0.
Thus by Definition 1.1, the operator P is r, consistent with boundary conditions
(1.2). Therefore all the assumptions of Corollary 1.2 are fulfilled, from which the
solvability of problem (1.1), (1.2) follows. O
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Proof of Remark 1.2. By Schwartz’s inequality, the definition of the norm
llyl| m-1 and inequalities (1.39), (2.2) for any z,y € A, and z = y — = we have
1

(312)  |pi () (&)=Y Y (m(0)] = Ips () OV (O + Ips (y I‘/ (j)(w)dw‘

a;u|pj<y><t>|aj<t>(1+ ajl(ﬂ( /t”“( b ot dw>1/2)

for @ <t < b. On the other hand, from the conditions (1.40) by Lemmas 2.8 and 2.9
it is cleat that

< =l

75 (s) 1/2
a;t(s) </ (€ —a)>™=2% d{) < M for s € Ja,a+¢€]U[b—e,b],

J em—j+1/2

75 (8) 1/2 b 1/2
oo [ cmapniae) <o [eapnoriag)

(b _ a)m—j+1/2

T V2m—2j t Le2m-2i+1

for sela+¢e,b—el.

Then if we put

_ ptr)  (b—a)m it
(3.13) Ko = 1%@;@{ em—it1/2 "\ [am — 2j + Le2m—2i+1

from (3.12) by the last estimates we get the inequality

(3.14) Ip; (y) (0291 (7 (1)

am-1(1+ ro)lp; (y)(1)] e ()
am-1(1+r0)d;(t [ly|

Sy

for a < t < b. Analogously we get that

(25 () (1) = ps (@) ()2 (75 (0)] < g (1 + ko) p; (9) (1) — pj () (E)] s (1)

for a < t < b. From (3.14) and the last inequality it is obvious that the operator
P defined by equality (1.19) is continuously acting from A., to the space Ly(]a, b[),

m
and the item (ii) of Definition 1.1 holds with 6(¢, o) = (1 + ko) D J;(¢, 0). O
j=1

Proof of Corollary 1.3.  From conditions (1.42) and (1.40) by Remark 1.2 we
obtain that the operator P defined by equality (1.19) with p,(x)(¢) = p;(t) is contin-
uously acting from A, to the space L, (]a,b]) for any vy > 0, i.e., it is continuously
acting from 5{”_1(]@, b[) to the space Ly(]a, b[).
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Therefore it is clear that all the conditions of Theorem 1.5 are satisfied with
F(z)(t) = f(t,x(r(t), 2/ (12(t)), ..., 2™ V(1 (1), 6(t,0) = (1+k0) > |p;(t)],
j=1

where the constant o is defined by equality (3.13). Thus problem (1.41), (1.2) is
solvable. O

Proof of Corollary 1.4.  Let the operators F,p;: C™ 1(Ja,b]) — Lioc(]a,b]),
and the function 7: ]a,b] x RT™ — R be defined by equalities

Alz(t)[* Alz(t)|*

F@)0) = ~ 7=y — g T @0, n@) = G50

Then it is easy to verify that in view of (1.46), (1.47), (1.48), conditions (1.13), (1.14),
(1.28), (1.34), (1.35), (1.36), (1.37), (1.38), (1.39), (1.40), (1.41), (1.42), (1.43) are
satisfied with

"\ It — Lo — 4ykN T — [ — 1695\
[(t_a)(b_t)]Qv 01 — llf(b_a)Q; 01 — llf(b_a)Qﬂ

B [ 2 2(1+b—a)(b—a)?
2= <1 + b— a) (b—a)2 — 16 MyE(1 + [2(b — a)]1/4)’

16\ a+b
(b—a)? 27

(3.15)4(t, 0) =

By=DB, = 1+ [20-a)), t*=

1
Yo1 = V11 = 1

Thus all the condition of Theorem 1.4 are satisfied, from which solvability of
problem (1.44), (1.2) follows. O

Proof of Corollary 1.5.  Let the operators F,p;: C™ (Ja,b]) — Lioc(]a,b[),
and the function 7: Ja,b[ x RT™ — R be defined by equalities

sin 2"
F@)() = ~ s Osalr(0) + )0, m(a)(0) = -

A sin 2 (¢)]
[(t = a)(b— )]

Then it is easy to verify that in view of (1.30), (1.46), and (1.49), all the conditions
of Theorem 1.5 are fulfilled, where 6, lo1, lo1, 72, Bo, B1, t*, o1, 711, are defined by
(3.15) with o = 1, 79 = 1, which implies solvability of problem (1.44), (1.2). O
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