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Abstract. We show new results on when a pseudo-slant submanifold is a LCS-manifold.
Necessary and sufficient conditions for a submanifold to be pseudo-slant are given. We
obtain necessary and sufficient conditions for the integrability of distributions which are
involved in the definition of the pseudo-slant submanifold. We characterize the pseudo-
slant product and give necessary and sufficient conditions for a pseudo-slant submanifold
to be the pseudo-slant product. Also we give an example of a slant submanifold in an
LCS-manifold to illustrate the subject.
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1. INTRODUCTION

The differential geometry of slant submanifolds has shown an increasing develop-
ment since B.Y. Chen defined slant submanifolds in complex manifolds as a natural
generalization of both the holomorphic and totally real submanifolds [6]. Many au-
thors have studied such slant submanifolds in almost Hermitian manifolds. In [§],
Lotto introduced the concept of slant submanifolds of a Riemannian manifold into
an almost contact metric manifold. In [1], we defined and studied slant submanifolds
of a Riemannian product manifold.

In [11], N. Papaghiuc has introduced a class of submanifolds in an almost Hermitian
manifolds, called the semi-slant submanifolds, such that the class of proper CR-
submanifolds and the class of slant submanifolds appear as particular cases in the
class of semi-slant submanifolds.

Slant submanifolds of K-contact and Sasakian manifolds have been characterized
by Cabrerizo et. al. in [4].
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Carriazo defined and studied bi-slant submanifolds in almost Hermitian mani-
folds and simultaneously introduced the notion of pseudo-slant submanifolds in S-
manifolds in [5]. The contact version of pseudo-slant submanifolds has been defined
and studied by V. A. Khan and M. A. Khan in [7].

Recently Shaikh [12] introduced the notion of Lorentzian concircular structure
manifolds (briefly, LCS-manifolds), giving an example which generalizes the notion
of LP-Sasakian manifolds introduced by Matsumoto [9] and also by Mihai and Rosca
[10]. Then Shaikh and Baishya ([13]) investigated the applications of LCS-manifolds
to the general theory of relativity and cosmology. The LCS-manifolds are also studied
by Shaikh, Kim and Hui [14].

Motivated by the studies of the above authors, in the present paper we consider
the pseudo-slant submanifolds of a LCS-manifold. The paper is organized as follows.
Section 2 is concerned with preliminaries. Section 3 is devoted to the study of
slant and pseudo-slant submanifolds of LCS-manifolds with the existence of slant
submanifolds in LCS-manifold. We present an interesting example to illustrate the
subject.

2. PRELIMINARIES

An n-dimensional Lorentzian manifold M is a smooth connected paracompact
Hausdorff manifold with a Lorentzian metric g, that is, M admits a smooth sym-
metric tensor field g of type (0,2) such that for each point p € M, the tensor
gp: TpM x T,M — R is a non-degenerate inner product of signature (—,+,...,+),
where T, M denotes the tangent vector space of M at p and R is the real num-
ber space. A non-zero vector v € T, M is said to be timelike (non-spacelike, null,
spacelike) if it satisfies g,(v,v) <0 (< 0, =0, > 0, respectively) [2].

Definition 2.1. In a Lorentzian manifold (M, g), a vector field P is said to be
concircular [15], if the (1,1)-tensor field A defined by

9(X, P) = A(X)
for all X € T'(T'M) satisfies
(VxA)Y) = afg(X,Y) + w(X)A(Y)},

where « is a non-zero scalar and w is a closed 1-form and V denotes the operator of
covariant differentiation with respect to the Lorentzian metric g.

Let M be an n-dimensional Lorentzian manifold admitting a unit timelike concir-
cular vector field &, called the characteristic vector field of the manifold. Then we
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have

(2.1) 9(&,§) = —1L.

Since £ is a unit concircular vector field, it follows that there exists a non-zero 1-form
7 such that for

(2.2) 9(X, &) = n(X)

the equation of the form

(2:3) (Vxn)(Y) = a{g(X,Y) +n(X)n(Y)} (a#0)

holds for all vector fields X,Y € I'(T'M), where V denotes the operator of covariant
differentiation with respect to the Lorentzian metric g and « is a non-zero scalar
function satisfying

(2.4) Vxa = (Xa) = da(X) = on(X),

o0 being the scalar function given by o = —(£«). If we put

(25) X = 2V

then from (2.3) and (2.5) we have

(2.6) pX =X +n(X)¢,

from which it follows that ¢ is a symmetric (1,1) tensor; it is called the structure

tensor of the manifold.

Definition 2.2. The Lorentzian manifold (M, g) together with the unit timelike
concircular vector field &, its associated 1-form 7 and a (1,1) tensor field ¢ is called
a Lorentzian concircular structure manifold (briefly, LCS-manifold), [12].

For the sake of brevity, we denote the Lorentzian concircular structure manifold
by the LCS-manifold in the rest of this paper.

LCS-manifolds, as a special case, if we take @ = 1, then we can obtain the LP-
Sasakian structure of Matsumoto [9].
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In a LCS-manifold (n > 2), the following relations hold,;

2.7) n(€) =-1, p€=0, n(eX) =0, gleX,¢Y)=g(X,Y)+n(X)nY),
2.8) ¢’ X = X +n(X),
2.9) S(X,€) = (n—1)(® — o)n(X),
2.10) R(X,Y)¢ = (a® = 9)[n(Y)X —n(X)Y],
) R(&,Y)Z = (o = 0)[g(Y, 2)¢ —n(Z)Y],
2.12) (Vx)Y = afg(X,Y)E+ 2n(X)n(Y)E +n(Y) X},
) (Xo) = do(X) = Bn(X),
) R(X,Y)Z=@R(X,Y)Z+ (o — 0){g(Y, Z)n(X) — g(X, Z)n(Y)}¢

for all X,Y,Z e T'(TM) [12].

Let M be a submanifold of a LCS-manifold M with the induced metric g. Also,
let V and V= be the induced connections on the tangent bundle TM and the normal
bundle T+ M of M, respectively. Then the Gauss and Weingarten formulae are given
by

(2.15) VxY =VxY +h(X,Y)
and
(2.16) VxV =—-AvX + V%V

for all X,Y € I'(TM) and V € I'(T*+M), where h and Ay are the second funda-
mental form and the shape operator (corresponding to the normal vector field V'),
respectively, for the immersion of M into M. The second fundamental form h and
the shape operator Ay are related by

for any X,Y € [(TM) and V € T(T+M).
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3. PSEUDO-SLANT SUBMANIFOLDS OF LCS-MANIFOLDS

Let M be a submanifold of a LCS-manifold M. Then for any X € I'(T M) we can

write
(3.1) X =17X+rvX,

where 7X is the tangential component and v X is the normal component of pX.
Also, for any V € T(T+M), ¢V can be written in the following way:

(3.2) OV =tV +nV,

where tV and nV are also the tangential and normal components of ¢V, respectively.
From (3.1) and (3.2) we can derive that the tensor fields 7, v, ¢ and n are also
symmetric because ¢ is symmetric.

Throughout the paper, we consider ¢ to be tangent to M. The submanifold M is
said to be invariant if v is identically zero, i.e., 9X € I'(T M) for any X € I'(TM).
Also, M is said to anti-invariant if 7 is identically zero, that is ¢ X € T(T+M) for
any X € I'(TM).

Furthermore, for submanifolds tangent to the structure vector field &, there is
another class of submanifolds which are called slant submanifolds.

Definition 3.1. Let M be a submanifold of a LCS-manifold M. For each non-
zero vector X tangent to M at x, the angle 6(z), 0 < 6(z) < 37 between ¢ X and 7X
is called the slant angle or the Wirtinger angle. If the slant angle is constant, then
the submanifold is also called the slant submanifold. Invariant and anti-invariant
submanifolds are particular slant submanifolds with slant angle § = 0 and 6 = %n,
respectively. A slant submanifold is said to be proper if the slant angle 6 lies strictly
between 0 and 37, i.e., 0 <6 < i [3].

Now, we will give the definition of the pseudo-slant submanifolds which are a gen-
eralization of the slant submanifolds.

Definition 3.2. Let M be a LCS-manifold and M an immersed submanifold in
M. We say that M is a pseudo-slant submanifold of a LCS-manifold M if there exist
two orthogonal distributions D and D+ such that

(i) TM admits the orthogonal direct decomposition
TM =D @D+, ¢eTl(D),

(ii) the distribution D is slant with slant angle 6 # 0, that is, the angle between
(D) and D is constant,
(iii) the distribution D~ is anti-invariant, that is, ¢(D+) C (T+M).
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From the above definition, it is obvious that if # = 0 or § = %n, then the pseudo-
slant submanifold becomes a semi-invariant submanifold or an anti-invariant sub-
manifold, respectively. On the other hand, if we denote the dimensions of D and D+
by di and ds, respectively, then we have the following cases:

(i) if dy = 0, then M is an anti-invariant submanifold,
(ii) if d2 and @ = 0, then M is an invariant submanifold,
(iii) if do = 0 and € # 0, then M is a proper slant submanifold. A pseudo-slant
submanifold is called proper if di.dy # 0, 6 # 0 and 6 # %n.
Now, let M be a pseudo-slant submanifold of a LCS-manifold M. The orthogonal
complement of ¢ D+ in the normal bundle T+ M is an invariant subbundle of T+ M
and is denoted by p. We have the direct decomposition

(3.3) T+M = pD* & p.

The covariant derivatives V7 and Vv are defined by

(34) (VxT)Y:VXTY—T(VXy)
and
(3.5) (Vxv)Y = VxvY — v(VxY)

for all X, Y € I'(T'M). The canonical structures 7 and v on a submanifold M are
said to be parallel if V7 = 0 and Vv = 0, respectively.
Now, we put @ = 72; then VQ can be defined by

(3.6) (VxQ)Y =VxQY —QVxY
for any X,Y e T'(T'M).
By using (3.4)_and (3.6) it can be easily shown that for a submanifold M of
a LCS-manifold M, if there is a function A on M such that
(3.7) (Vx7)Y = Mg(X, V) + 2n(X)n(Y)§ +n(Y) X}
for any X,Y € T(T'M), then we have
(3.8) (VxQ)Y = Mg(X, V)¢ +n(Y)rX}.
Furthermore, taking into account (2.12), (3.1), (3.2), (3.4) and (3.5), we can find
(3.9) (Vx1)Y =a{g(X,Y)E +2n(X)n(Y) + n(Y) X} + Ay X +th(X,Y)
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and
(3.10) (Vxv)Y =nh(X,Y) — h(X,7Y)

for any X,Y e T'(T'M).
Also, by using (2.10), (3.7) and (3.9), it can be proved by direct calculation that

(3.11) (Vx7)Y =a- Mg(X,Y)E 4+ 2n(X)n(Y)E +n(Y)X}

if and only if
(3.12) Ay X — A,y =227
« o

where « and ¢ can be given by (2.4).
Similarly, from (3.5) and (3.8), we can derive that

(3.13) (Vxv)Y =n(X)vrY +n(Y)vrX
if and only if
(3.14) AwY — AytY = g(Y, 1tV)E + n(Y) 1tV

for any X,Y € [(TM) and V € T(TM™1).

Here we note that invariant and anti-invariant submanifolds are special cases of
pseudo-slant submanifolds. We know that the case v = 0 implies that ¢ = 7 and
so 72 = I +n ® £. For an anti-invariant submanifold of a LCS-manifold M we have
7 =0. If M is a proper slant submanifold in a LCS-manifold M, we will prove that
72X = cos? (X + n(X)E) for any X € I'(TM). This relation includes the invariant
and anti-invariant case for § = 0 and 0 = %n, respectively.

Theorem 3.1. Let M be a submanifold of a LCS-manifold M such that ¢ is
tangent to M. Then M is a slant submanifold if and only if there exists a constant
A € ]0,1] such that

(3.15) = \NI+n®¢).

Moreover, if 0 is the slant angle of M, then it satisfies A = cos? 6.

Proof. If M is a slant submanifold with slant angle 6, then we have

9(eX.7X) _ |I7X|
leXTIXT ~ x|

(3.16) cosf =
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for any X € I'(T'M). On the other hand, for any X € I'(T'M), taking account of 7
being symmetric and (3.16), we have

g(TQX, X)=g(rX,7X) = cos? Og(pX, pX) = cos? 0g(X, <p2X)
— cos?0g(X, X + n(X)¢).

Since g is a Riemannian metric, this implies that 72 = cos? (I +n ® ¢). If we put
A = cos? 6, we get our result that ) is also constant because 6 is constant.
Conversely, we now assume the relation (3.15) holds. Then from (2.7) and (3.1),
we obtain
9lpX,7X) _ g(rX,7X) _ g(7*X, X)

cosf(x) = = -
leX =X XX [leX X

_ )\g(XvX+77(X)€) _ )\g(X,X)—f—nQ(X)

leX =X leX[IIX|
_ 9(eX,0X) _\ leX]l
leX =X X

Also, by using (3.16), we conclude that cos? §(x) = A, where 6(z) is constant because
A is a constant, and so M is slant. O

Corollary 3.1. Let M be a slant submanifold of a LCS-manifold M with slant
angle 6. Then for any X,Y € T'(T'M) we have
(3.17) 9(TX,7Y) = cos® 0[g(X, V) + n(X)n(Y)],
(3.18) g(wX,vY) =sin (X, Y) + n(X)n(Y)).

Proof. Taking account of 7 being symmetric and Theorem 3.1, direct cal-
culation gives (3.17). To prove (3.18), it is enough to take into account (2.7) and
(3.1). O

Proposition 3.1. Let M be a slant submanifold of a LCS-manifold M. Then
VQ = 0 if and only if M is an anti-invariant submanifold of M.

Proof. We denote the slant angle of M by 6. For any X,Y € I'(T'M), since
Q = 72 and M is a slant submanifold, we have

(3.19) Q(VxY) = cos> 0{VxY 4+ n(VxY)}.

On the other hand, differentiating covariant derivative of QY = cos? §[Y +n(Y)] in
the direction of X and using (2.3) and (2.5), we obtain

(320)  VxQY =cos?0{VxY + Xn(Y)é +n(Y)Vx&}
=cos? {VxY + ag(eX,Y)E+n(VxY)E+n(Y)apX ).
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On the other hand, from (3.6), (3.19) and (3.20) we have
(3.21) (VxQ)Y =VxQY — QVxY = acos’0{g(tX,Y)é +n(Y)TX},

which implies that VQ = 0 if and only if 7 =0 or 6 = %n. Both the cases verify that
M is an anti-invariant submanifold. O

Lemma 3.1. Let M be a pseudo-slant submanifold of a LCS-manifold M. Then
at each point p of M, Q, has only one eigenvalue A = cos? 6.

Proof. The proof is similar to that in [8], so we omit it. O

Theorem 3.2. Let M be a submanifold of a LCS-manifold M such that ¢ €
I(TM). Then M is a slant submanifold if and only if

(1) The endomorphism Q|p has only one eigenvalue at each point of M.
(2) There exists a function A\: M — (0,1] such that

(3.22) (VxQ)Y = a- Mg(X,7Y)§ +n(Y)rX}

for any X,Y € T'(TM). Furthermore, if § is the slant angle of M, then it satisfies
A= cos? 6.

Proof. If M is a slant submanifold of a LCS-manifold M with slant angle 6,
then Lemma 3.1 and (3.21) imply that the relations (1) and (2) are satisfied.

Conversely, let A(p) be the only eigenvalue of Q|p at each point p € M. Moreover,
let Y € T'(D) be a unit vector associated with A, that is, QY = AY. Then by virtue
of (2) and differentiating the covariant derivative of QY = AY in the direction of X

we have
VxQY =Vx(\Y),

(VxQ)Y + Q(VxY) = X(\)Y + AVxY,
Mot X, )+ n(Y)TX} + Q(VxY) =X(N)Y + AVxY.
So we arrive at
X(N)g(Y)Y) = —g(AVxYY) +g(QVxY.Y)
— g(ViY,AY) — g(VxY,QY) =0,
that is, A is a constant function. In order to prove that M is a slant submanifold,
it is enough to show that there is a constant pu such that Q@ = u(I + n® ). For
X € I(TM) we can write X = X +n(X)¢, where X = X —n(X)¢ € T'(D). So we have
QX = QX and QX = AX because Q|p = A, that is, QX = AX = AM(X — n(X)E).
Taking A\ = u, we get the desired assertion. O
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Theorem 3.3. Let M be a pseudo-slant submanifold of a LCS-manifold M. Then
the anti-invariant distribution D™ is integrable if and only if

(3.23) AoV =AU
for any U,V € T'(D4).
Proof. By using (2.12), (2.16) and (3.1), we have

(Vup)V =VyeV — oVyV
ag(U, V)¢ = =AU + VvV — VvV — oV V — ph(U,V)

for any U,V € T'(D*). From the tangent components of this last equation we obtain
—ag(U, V)¢ =AU +7VyV +th(U,V),

which is equivalent to
f(U,v]) = A,uV — Ay U.

This proves our assertion. Il

Theorem 3.4. Let M be a pseudo-slant submanifold of a LCS-manifold M. Then
the slant distribution D is integrable if and only if

(324) TA,,UX = AVUTX

for any U € T'(D+) and X € T'(D).

Proof. For any X,Y € I'(D) and U € I'(D%), by direct calculation we have

g([Xa Y]v U) g(vXYa U) - g(va, U) = g(va,X) - g(va, Y)
9(@VyU,oX) — g(eVxU, oY) = g(VyoU,oX) — g(Vx U, ¢Y)
g

(VyvU,vX) + g(VyvU,7X) — g(VxvU,vY) — g(VxvU,7Y).

On the other hand, from (2.12), (2.15) and (2.16) we have

(vxw)U = ?XgaU — gonU
—A,uX + VU = 17VxU + vVxU + th(X,U) + nh(X,U),

that is,
(3.25) —A,uX =7VxU +th(X,U)
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and
(3.26) (Vxv)U = nh(X,U).
Also, by using (3.5) and (3.26), we conclude that

g([X,Y],U) = g(A,uX,7Y) — g(AuY,7X) + g(VivU,vX) — g(VxvU, vY)
=g(tAuX,Y)— g(AutX,Y)+ g(Vyr)U + v(VyU),vX)
—g((Vxv)U +v(VxU),vY)
TAuX — AutX,Y)+ gw(VyU),vX) — gv(VxU),vY)
TAuX — A,utX,Y) +5sin?0{g(VyU, X) — g(VxU,Y)}
TAuX — A,urX,Y) +5sin? 0{g(VxY,U) — g(Vy X,U)}
TAuX — A,urX,Y) +sin?0{g([X,Y],U)}.

So we conclude
cos? 0g([X,Y],U) = g(tA,u X — AuTX,Y),

which verifies our assertion. O

Next we will give an example of a slant submanifold in a LCS-manifold M to
illustrate our results.

Example 3.1. Let R7 be the semi-Euclidean space endowed with the usual semi-
Euclidean metric tensor g = — dt? + da? + dz3 + da? + dy? + dy3 + dy3 and with
coordinates (t,x1, 2,3, y1,Y2,ys). We define the Lorentzian concircular structure
on R7 by

“"(%)_ ) ‘p(ai) aii’ “"(azz)__a(z/ S1s3
d
" §=%, n = dt.

Then for any vector field Z = \0/0t + p;0/0x; + v;0/0y; € T(R) we have
9(0Z,9Z) = pi + v}, 9(Z,2) =N +pi+v, n(€)=-1

and

9 9
QZ 1 1
Mg T Viay

which implies that g(¢Z, 0Z) = g(Z, Z) + n*(2).

Z +n(2),
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Now, we consider the subspace M of R” given by
X(s,u,v) = (s,u,v,ksinu, ksinv, —k cosu, —k cosv),

where k is a non-zero constant and s,u and v denote arbitrary parameters. By
a direct calculation, we infer that the tangent space of M is spanned by

0 V1:i—l—kcosui—|—lfsinui ngi—l—kcosvi—l—ksinvi

&= o’ 0x- Oxs Oys’ 0x- oy Oyz”

Furthermore, we obtain

0 0
—kcosu— —ksinu=—, ¢Vo=— —kcosv— — ksinv—

i 9
= Oxa Ox3 0y Oz oy dys’

So we conclude that

1— 2
cosg = IV o) g(Va,pVe) _ 1-k

leVall il lleValllIVall — 1+ &2

that is, M is a slant submanifold of R” with slant angle 6 = cos™((1 —k?2)/(1+k?)).
For a pseudo-slant submanifold M of a LCS-manifold M, if the distributions D
and D+ are totally geodesic in M, then M is called the pseudo-slant product of D
and D+.
The following theorem characterizes the pseudo-slant product.

Theorem 3.5. Let M be a pseudo-slant submanifold of a LCS-manifold M.
Then M is a pseudo-slant product if and only if the second fundamental form h of
M satisfies

(3.27) th(X,Z)=0
for any X € T'(D) and Z e T(TM).
Proof. Forany X,Y € I'(D) and U,V € I'(D") we have

g(VxY,U) = —g(VxU,V) = —g(VxU, V) = —g(pVxU, V)
= —g(VxeU,9Y) = —g(VxvU,7Y) — g(VxvU,vY)
= g(AVUTYa X) - g(l/(VXU), VY);

that is,
(3.28) cos?0g(VxU,Y) = —g(h(X,7Y),vU).
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In the same way, we obtain

= —g(VveX,oU) = —g(VyvX,vU) — g(VvrX,vU)
= —g(h(rX,V),vU) — g((Vyv)X + v(Vy X),vU)
U)

= —g(h(rX,V),vU) —sin?g(Vy X, U),
that is,
(3.29) cos? 0g(Vy X,U) = g(h(X,V),vU),
which proves our assertion. ([

Theorem 3.6. Let M be a pseudo-slant submanifold of a LCS-manifold M. If
v is parallel on D, then either M is a D-geodesic submanifold or h(X,Y) is an
eigenvector of n? with eigenvalue cos? é.

Proof. Since (Vxv)Y =0 for any X,Y € I'(D), from (3.10) we have
nh(X,Y) = h(X,7Y).
On the other hand, since D is a slant distribution and 7§ = 0, we obtain
n?h(X,Y +n(Y)¢) = nh(X,7Y) = h(X,7?Y) = cos® Oh(X,Y + n(Y)E).

This implies that either h vanishes on D or h is an eigenvector of n? with eigenvalue
2
cos” 6. 0
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valuable comments and suggestions.
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