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Abstract. We are interested in an optimal shape design formulation for a class of free
boundary problems of Bernoulli type. We show the existence of the optimal solution of
this problem by proving continuity of the solution of the state problem with respect to the
domain. The main tools in establishing such a continuity are a result concerning uniform
continuity of the trace operator with respect to the domain and a recent result on the
uniform Poincaré inequality for variable domains.
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1. INTRODUCTION

In this paper, we consider a shape optimization formulation to solve the so-called
Bernoulli’s problem. Many physical and industrial applications lead to such a prob-
lem which can be considered as a typical example of free boundary problems. This
class of problems serves as mathematical models in fluid dynamics (see [13]), in insu-
lation and electro-chemistry (see [1]), in electromagnetics (see [9], [10]) and in various
other engineering fields (see [11]). The bidimensional free boundary value problem
of Bernoulli type is stated as follows: Find a doubly connected domain € in R? and
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a function u: € — R such that

Au=f inQ,

Uu=g on I,
(1) u=20 on I

0

a—:j:h on I,

where f, g and h are given functions, v is the exterior unit normal of the domain §2,
T is the interior fixed part of the boundary 02 and I' the exterior free component
of 09 which is to be determined (see Fig. 1).

This problem has received a great deal of attention. The first theoretical results
with elliptic solutions were carried out by Beurling [4]. Later, the problem has been
extensively studied by several authors, see for example [2], [3], [7], [12], [18] and
references therein. Among others, a way to solve this free boundary problem is to
transform it into a shape optimization problem. Such an optimal shape design formu-
lation of this problem was recently considered by Haslinger-Kozubek-Kunisch-Peichl
in [14], where the Neumann boundary condition on I" is included into a suitable least
squares cost functional while the remaining Dirichlet boundary condition on I" is
considered as part of an appropriate state problem. The existence of the optimal so-
lution of this formulation was established in [15], where the C2-regularity of the free
boundaries was used to construct a C!-diffeomorphism of a uniform tubular neigh-
borhood of the boundaries. However, this regularity of the free boundary occurs only
when the given data of the boundary conditions are smooth enough (see [18], [12]).
More recently, another optimal shape design formulation was used in the work of
Ito-Kunisch-Peichl, [17], where the Dirichlet boundary condition on I" was included
into a suitable least squares cost functional while the remaining Neumann boundary
condition on I" was considered as part of an appropriate state problem. A numerical
realization was investigated without theoretical justification of the existence of an
optimal solution. This motivated us to carry out the existence analysis of an optimal
solution for this formulation. This analysis uses a weaker regularity assumption on
the free boundary than [15].

The main idea in our analysis is the construction of a C!-diffeomorphism of a
uniform tubular neighborhood of the boundary by using only the C'-regularity of
the boundary. By the way, this C'-regularity is the basic assumption made by
Kinderlehrer-Nirenberg, [18], to show that, under some additional regularity as-
sumptions on the data, the free boundary is in fact more regular than C'. The
construction of such a diffeomorphism is the main ingredient in establishing the uni-
form continuity of the trace operator with respect to the domain, a result which is
similar to that obtained in [6] for non closed boundaries. Then, we show the main
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result of this paper which is the continuity of the solution of the state problem with
respect to the domain using an appropriate topology on an admissible family of do-
mains. The proof relies on the uniform continuity of the trace operator with respect
to the domain and on the uniform Poincaré inequality established in [5].

The outline of this paper is as follows. In Section 2, the shape optimization
formulation of the free boundary Bernoulli problem is described using a suitable
family of admissible domains. In Section 3, we show the existence of an optimal
solution using the Cl-regularity for the boundaries and assuming the continuity
with respect to the domain of the state problem. Section 4 is devoted to the proof
of such a continuity.

2. FORMULATION OF THE PROBLEM

Let D be a fixed, connected and bounded open subset of R2. Let us consider the
following 2-dimensional exterior Bernoulli problem:

Find Q € D and u € H*() such that
Au=f in ,
(2) u=4g on Fo,
u=0 on I,
% =h onT,

where f € L*(D), g € HY*(Ty) and h € H'(D) are given functions and v is the
outward unit normal vector to I'. An admissible domain 2 will be a doubly connected
Lipschitz open subset of D. The boundary 902 of (2 is the disjoint union of a fixed
part Iy and a free boundary unknown part I'. We assume that I' is exterior to I}
and we denote by K the domain inside of T} (see Fig. 1).

D

Figure 1. The considered domain Q = Q(yp).
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Since two boundary conditions must be satisfied on I" in the boundary value prob-
lem (2), we can reformulate the free boundary problem as an optimal shape design
one as follows: The Dirichlet boundary condition is included into a suitable least
squares cost functional which can be minimized with respect to I', while the remain-
ing condition is viewed as part of a state problem. The customary problem of shape
optimization is then

Minimize J(Q) = / luq|* do for all Q € O,q,
r

where ugq is the solution of

(3) Au=f inQ,
(PE){ =9 on Ip,
ou
Foie h onT.

Here, O,4 is the space of admissible domains. In order to define O,q and to give the
description of an appropriate topology on it, we assume that the free boundary I' is
a parameterized curve defined by

L =T(p) = {p(t) = (p1(t), p2(t)); t € R},

where : R — R? is a C!, 1-periodic and injective function on [0, 1[. We shall also
write 2 = Q(y) to indicate the dependence on the parameterization . In fact, we
shall also view ¢ as a mapping from the quotient space R/Z to R2. It is well known
that R/Z is a compact metric space endowed with the distance d(t + Z,t' + Z) =
inf{lz —2'|/x €t+ 2,2’ €t + 7} =inf{|t — ¢ + k|/k € Z}, t + Z and ' + Z being
two elements of R/Z.
We define Vo4 to be the set of vector functions ¢ € C*(R, R?) such that

(H1) ¢ is 1-periodic;

(Hz) there exist positive constants Cp, C; and Cj such that

lp(t)] < Co, VEER/Z,
Crd(t, 1) < |p(t) — @(t')] < Cod(t,t') for all £,t" € R/ Z;
(Hs) Qy) C D;
(H4) there exists a positive constant ~ such that

dist (T, T(¢)) > 7.
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Clearly, V,q is a closed and bounded subset of C*(R, R?).

Now, the set U,q of admissible functions will be any compact subset of V,4. In
other words, U,q is a subset of V,q whose elements and their derivatives are equicon-
tinuous as it follows from the Ascoli-Arzela theorem. An example of such a set U,q
is that of a closed subset of V,q which is bounded in C*?(R, R?) for some d such that
0<d< 1.

The set of admissible domains is then defined by

Oad = {2 =Q(¢) C D; ¢ € Una}.
We shall also use the larger set
6ad = {Q: Q(@) CD; pe Vad}

to state some intermediate results.

Remark 1. It follows from the assumptions on V,q that the elements of (5ad
(hence, those of O,q as well) are uniformly Lipschitz open sets in R? and so they
satisfy the uniform cone property; see [16], [20].

Remark 2. It is not clear in general whether the shape optimization formulation
(3) is equivalent to the Bernoulli problem (2). However, we can say that it will be
so if the set of admissible domains O,q is so large that it contains the domain which
solves (2). This requires to know some regularity result on (2), that is, to know
what is the regularity of the solution I' of (2). In fact, in such generality, that is,
for such general data f, g, h, we do not know whether one can solve (2). What is
known is that, in the case f = 0, g = 1 and h being a Holder function, I' is of
class C1* for some positive a (Alt-Caffarelli, [3]), and so, it is analytic (Lewy, [19],
Kinderlehrer-Nirenberg, [18]). See also the discussion on this subject in [12]. Hence,
we can state

Theorem 1. In the case f =0, g =1 and h € C"*(T}) for some positive «, the
Bernoulli problem (2) is equivalent to its shape optimization formulation (3).
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3. EXISTENCE OF AN OPTIMAL SOLUTION

We first give some notation and definitions which will be used in the sequel.
Let Hr,(€2) be the space defined by

Hr, (Q) = {v € H'(Q);v]r, = 0},
where H'(Q) is the usual Sobolev space equipped with the norm || - ||1.o defined by

[l 2

Lo = (g o + 1Vl o)

1/2
oo = ( [ 1oPas)
Q

The space Hr, () is equipped with the norm

lvlLe = [Vl

We define the bilinear form a in Hr,(€2) by
a(u,v) = / Vu - Vovdz.
Q

Let ug € H(D) be fixed and such that ug = g on I;. Then a variational formulation
of the state problem (PE) is the following:

@ { find w = v — up € Hp, () such that

a(w,v) = —a(ug,v) + [, fvdz + [ hvdo, Vv e Hp,(Q).

Since the given functions f, g and h are smooth enough, the existence and uniqueness
of the solution of the variational problem (4) are ensured by Lax-Milgram’s theorem.
Thus, we can define the mapping 2 — w = w(2) and denote its graph by

F ={(Q,w(Q)); Q2 € Oaq and w() is the solution of (4) on Q}.
Now, the customary problem of shape optimization is
(5) to minimize J(Q) = J(Q,w(f2)) on F.

This minimization problem is usually solved by endowing the set F with a topology
for which F is compact and J is lower semi-continuous. Let us therefore define
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the topology we shall work with. First, we define the convergence of a sequence
(@n)n C Vad by

©n, — @ uniformly on [0, 1],

6 — <=
(6) On — @ { ¢! — ¢ uniformly on [0, 1]

that is, iff ¢,, — ¢ in the C'! topology. Then, the convergence of a sequence (Q,,),, =
(Q2Uon))n C Oaq to 2 =Q(p) € Oaq is simply defined by

(7) Q, — Q<= ¢, — .

If w € H'(Q), we denote by @ a uniform extension of w from Q to the fixed open
bounded domain D. Note that the existence of such a uniform extension is ensured
by the result of D. Chenais, [8], and Remark 1. We can then define the convergence
of a sequence (wy,),, of solutions of (4) on Q(p,) to the solution w of (4) on () by

(8) Wy, — W <= b, — © weakly in H'(D).

Finally, the topology we introduce on F is the one induced by the convergence defined
by

Q, — Q,
(9) (i, wn) = (Q,w) {

Wy, — W.
We can now state

Theorem 2. The minimization problem (5) admits a solution in F.

As already mentioned, the proof of this theorem is reduced to showing the com-
pactness of F and the lower semi-continuity of J.

Concerning the compactness of F with respect to the convergence (9), note first
that the compactness of O,q with respect to the convergence (7) follows easily from
the compactness of U,q and the Ascoli-Arzela theorem. Thus, the compactness of F
will be a consequence of the continuity of the state problem (PE) with respect to the
domain. The proof of this continuity turned out to be non trivial and will be done
in the next section.

The proof of the lower semi-continuity (in fact, continuity!) of the functional .J
on F also uses arguments that will be developed in the next section. Therefore, we
postpone it to the end of the paper.
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4. CONTINUITY OF THE STATE PROBLEM

The proof of continuity of the state problem with respect to the domain is based on
essentially two ingredients that are the uniform Poincaré inequality and the uniform
continuity of the trace operator with respect to the domain. The former ingredient
is precisely

Theorem 3. There exists a constant M > 0 such that

(10) lulloo < M||Vullog Vu € Hp, (), VQ € Oyq.

The proof of this statement is non trivial. Anyhow, because of Remark 1, it follows
from Corollary 3 (ii) of [5] and we refer to that paper.
As for the latter ingredient, it concerns the trace operator and reads as follows:

Theorem 4. Let r be such that % < r < 1. Then there exists a constant K such
that, for all ¢ € U,q and all w in H"(D),

llullo,rep) < Klul

r,D>

where || - ||o,r(,) is the L*(I'(¢))-norm and | - ||, p is the H"(D)-norm.

Clearly, this claims the uniform continuity of the trace operator with respect to all
the boundaries I'(¢) or, equivalently, with respect to all the domains Q(p), ¢ € Uaq.
The proof of this theorem is based on the construction of a C*-diffeomorphism of a
uniform tubular neighborhood of the free boundary onto a strip in the plane. We
need some lemmas.

We start by showing that the derivatives of the elements of V,q are uniformly
bounded, that is

Lemma 1. If ¢ € V4, then C; < |¢'(t)] < C; for all t € R.

Proof. Let ¢y € [0,1], then we have d(to,to + h) = Ii€n1;|h—|—k| = |hlif |h] < 3.
€
Then

@(to +h) — ¢(to) ’ _ ‘50(750 +h) — »(to)

—— < Cy forall he|-1/2,1/2].
h Ao to 1 1) 2 Iora |-1/2,1/2]

Taking the limit as h — 0, we obtain that |¢'(tg)| < Cs2. By the same argument, we
conclude that |¢'(to)| > Ci. O
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We turn now to the construction of the announced diffeomorphism or, more pre-
cisely, its inverse. To this end, with a given ¢ € U,q, one can associate the function
®; € C'((R/Z) x R, R?) defined by

(11) D;(t, s) = @(t) + s95(1),

where ¥;(t) = [, ¢/(t = 7)"x(j7)jdr, j > 1, ¢ = (—¢h,¢)) and x € C=(R) is
such that x > 0, fodx = 1 and x(t) = 0 if [t| > 1. Recall that ¢'(t)* defines
the normal direction to I' = ¢(R) at ¢(t). Note also that 1; is just a regularized

function of ¢+ and as such it represents a good approximation for the latter as is
well known. More precisely, we have

Lemma 2. Given € > 0, there exists j. such that, for all j > j. and all p € U,q,

19 = @' llpe <.

Note that what will be important in the sequel is that j. is independent of ¢ € U,gq.
Proof. We have

|;(t) lI—‘/ (t — )t — ' () )x(Gr)jdr

(1=3) — e ar

Since U,q is compact, the functions ¢’ are equicontinuous and uniformly continuous

<

X

R

when ¢ describes U,q as follows from the Ascoli-Arzela theorem. So, given € > 0,
there exists . > 0 independent of ¢ such that

(12) Vi, t' € R, |t —t'| <. implies that |¢'(t) —¢'(t')| <e, Vo € Uaa.

Hence, for j such that |7|/j < 1/j <. and all ¢t € R,

(1) — ' (t)* T)dr = €.
WN)@@ISAwUd .

So, we can take j. > 1/7.. O

In the sequel and, in particular, in the next lemma, we shall take j = j. and, for
simplicity, we shall write ¢» and ® instead of ;. and ®; respectively. Of course,
as one can guess, the number £ will be taken sufficiently small to be able to get the
result.
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Lemma 3. There exists a small enough sy > 0 such that sg is independent of
@ € U,q and the following three assertions hold.

(i) The Jacobian J® of ® is such that
1
(13) |J®| > 5012 on R x [—so, So].

(if) There exists Cs > 0 independent of ¢ such that

(14) [@(t,s) — (1, 8)| < Cs(t =1/, s = &),
V(t, S), (tlv S/) €Rx [_507 SO]'
(iii) @ is injective in (R/Z) x [—so, So|, and, more precisely,

(15) B(E,5) — B, )] > T (d(E, 77 + |s — [2)2,

2V2

Y(t,s), (t',s") € R/Z x [—s0, 50],

where C1 is the same constant as that used in the definition of V,q.

Proof. The proof of assertions (i) and (ii) is not difficult and uses the same
arguments as those used to prove Lemma 1 of [6]. So, we refer to that paper.
Let us show (iii). Let (%,s), (¢, s') be in R/Z x [—so, so]. We have

(16) O(t,5) — @t s") = p(t) — p(t) + (s — s)b(t) — &' (P(t) — Y (t))-

Now, let 1 be a small enough parameter to be determined later. We distinguish two
cases:
First case, if |s — s'| < nd(t,t'), we have

A7) [®(Es) — @(t',s")| > Crd(t,¥') — nd(E, )|l L= — soll¢l|L=d(t,¥).
In fact, for the last term we have
[(t) =) = [t + k) = pE)] < |9 |L|t —t' + k| forall k € Z;

hence
[(t) — ()] < [[¢'||L=d(E, ).
Therefore,
|®(t,5) — ®(t', s")| = Crd(t, ') — nd(t,#)[¢]lL — sollY' | L=d(E, T)
> (C1 — nCo — s0Cake||X/|| £1)d(E, 1)

1 11 1/2
_ ! ) - 7\2 - 12
(€= (0 + skl 12)Co) (501 + 5 5ls =)

WV
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Assuming that n < 1, we obtain

_ . 1
|D(t,s) — @(t,s")| = E

Second case, if |s — s'| = nd(t,t'), we can write, for all k € Z,

(C1 = (n+ soke X[l L) C2)(d(T, )% + |5 — ') /2.

O(t,s) — (', s') = — ((t' —t+ k) (t)+ ' —t+k)

< [ ) - sO’(t))dT) (s — )P0
0
(s — 0B — (01 + £ 060 — Bt + K)).

We know that ||t/ —¢'* || < . On the other hand, it follows from the compactness
of U,q and the Ascoli-Arzela theorem that there exists . independent of ¢ such that
for all t,# € R such that d(f,t') < 7., we have |¢'(t) — ¢'(t')] < e. Hence, if
|s — s'| < nve, we have

‘/Ol(w’(HT(t’ —t+k)—¢')dr| <e.

Indeed, if k is such that |t — ' + k| = d(,t’), we have

}n£|t+7(t'—t+k)—t+l| < }n£(|7| |t —t+ k)| + 1)) < |7 —t+ k)| < dET) < 7e.
S S

Therefore, if sg < %n'ya, we have

|®(F,5) — ®(F,8)| > (' — t+ k)¢ (t) + (s — 5')¢(£) |
—elt! —t+ k| —els — 8| — s0Cake||X || 1]t —t + K
> (|t =t + kPl (O +1s = /Pl (1))
— (e + 50C2ke X lLo) [t —t + k| —els — |
> Cy(d(E, )% + |s — s'|*)1/?
— (e + 8002k |IX ||t — t + k| —els — &)

Now, we take the inf with respect to k to obtain

|(I)(t_a S) - (I)( ,781)|
Hd(E, )% + |s = '*)? = (e + s0Cake X[ L1)d(E, ) — e]s — o]

=
> (C) — 2e — s0Cake || X' || 1) (d(E, T)? + |5 — &'|?)Y/2.
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The constants €, 1 and sg can be chosen, for example, such that

C C 1
(ns0Cake||X'|| 1) Ca < 71 2e + soCake||X'|| 11 < 71 and 5o < 5.
Hence, it suffices to take
= ﬂ £ = ﬁ and sp = min { Ce 9 }
a0y 8 0 8Cy " 8Cok. X' 1

This shows that there exists sg independent of ¢ such that ® is injective in R/Z x
[—50, So] and

|q)(t_,8) - q)({/a 3/)| > (d(ﬂfl)Q + |S - Sl|2)1/27 V(t_, S)a (Ela 3/) € R/Z X [_50750]'

G
2v/2
O

Corollary 1. The function ® defines a C' diffeomorphism from (R/Z) x ]—sg, so[
onto an open neighbourhood of T' = ¢(R/Z). In particular, it is by restriction a
diffeomorphism from |0, 1[ X ]—so, So[ onto a neighbourhood of T\ {¢(0)}.

Proof of Theorem 4. Let us denote Z = ]0,1[ and J = ]—so, So[ and let us
consider u € H"(D) where % <r < 1. We have

u(p(t)) =urop(t), VteR,
and, on the other hand,
u(@(t)) = u(@(t, s))ls:O = U(tv S)\s:Ov vVt € R,

where @ is the function studied above and v = wo ®. From Corollary 1 we have that
® is a C! diffeomorphism from (R/Z) x J onto an open subset of R? which is some
tubular neighborhood of T', and thus v € H"(Z x J). Now,

[ullo.rie) < Calluoplloz = Callv(t, s)js=olloz,

and, according to the standard result on the continuity of the trace operator from
H"(T x J) to L*(Z x {0}), there exists a constant (3, independent of v, such that
llvjs=ollo,z < Bl|v|lrzxs for all v € H"(Z x J). Hence,

llullo,r(p) < C2 Bv]lrzx7-

Using the same arguments as in [6], we can show that there exists a constant Cj
independent of ¢, such that

lvllrzx7 < Callullr,p-

This completes the proof of the theorem. O
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Now, as a consequence of Theorem 4, we state and prove the following convergence
result which will also be needed for the continuity of the state problem.

Corollary 2. Let (p,), C Vag be a sequence such that ¢, — ¢ in the sense
of (6), that is in the C* topology, and let u,h € H'(D). Then

lim wop, =uoy in L*([0,1]),

n—oo

and lim uh do :/ uh do.
T'(en) N

n—oo

Proof. The first assertion is proved by using essentially a density result and
the Lebesgue convergence theorem. Since it is proved in [6], Corollary 1, we refer to
it.

As for the second assertion, we have

‘ / uhdo — / uh do
T(pn) T(p)

_ \ [ e enite envle o] - (how)(t)(uw)(t)lso'(t)ldt‘

1 1
<\/ (hoson—hom(uoson)houdt\+\/ <uoson—uoso><hoson>|so;|dt\
0 0

1
+| o oot - Iw'l)dt‘
<V |ulloriglIh o wn —hollopi + v Callhl
 suplg!, — |l
C1 o]

0,T(n) WO P — UO 80||0,[0,1]

+

0,F(<p)”h| 0,I'(p)*

It follows from the first part that
lim [luoy, —uoplo,y = lim ||how, —howpl|yiy=0.
n—o0 n— 00

Thus, Corollary 2 follows by applying Theorem 4 and using the C! convergence of
(¢n) to @. O

In what follows, we shall prove the continuity of the state problem.

Let (©,) = (Q(pn)) be a sequence in O,q such that §2,, converges, in the sense
of (7), to 2 = Q(¢) € Oaq and let w, = w(§2,) be the solution of the problem (4)
on €2, that is,

find wy, € Hr,(£2,) such that
(18) § Jo, Vwn - Vvda = — [, Vuo-Vodz + [, fodz+ fr(%) hv do,
Vv € Hr, ().
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Now, we state the result on the continuity of the state problem.

Theorem 5. (i) There exist an extension w, of w, to H*(D) and a constant C
independent of n such that

[[@n|

1,0 < C.

(ii) There exists a subsequence of (), which is weakly convergent in H*(D) to a
limit, denoted by w, which is the extension of the solution w of (4) to .

Proof. (i) Let w, be the solution of (18). Using D. Chenais’s result, [8], there
exists 0, an extension of w,, to H'(D) and a non negative constant C' independent
of n such that

(19) [@nll1,p < Cljwn|

1,Qn-

Let us show that ||wy]|1,0, is bounded with respect to n. Taking v = w,, in (18), we

can write

/ an'andx:—/ Vuo-andx—f—/ fwn—f—/ hw,, do.
Qn Qn Qn T(¢en)

Hence,

(20)  |wali g, <lluollplwalie, + [Ifllo,pllwnllog, + llAllor, lwalo.r,,

where T}, stands for I'(¢,,). Now, it follows from Theorem 3, inequality (19) and
Theorem 2 that

lwallo,r, < Kll@nlhp < KCllwalie, < KCV1+M?|wa|10,,

so that
(21) w10, < lluollt,p + M| fllo,p + C2K2CV/1 + M2|h|1,p.
Hence,

(22)  lwalhe, < V14 M2(|luol

which establishes the first part.

(ii) It follows from (i) that (@), is a bounded sequence in H'(D). Therefore,
we can extract a subsequence, denoted again by (wy,),, which weakly converges in
HY(D) to a limit denoted by w. Note that w = w|q is in Hr,(Q2) as follows from the

0.0 + CoK2C/1 4+ M2||h|1,p),

1,0+ M| f|
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boundedness of the trace operator. To prove that w is the solution of (4) on Q, it
suffices to show that w satisfies the equation

(23) /Vw'Vvdx:—/VuO'Vvdx—i—/fvdx—i—/ hvdo, Vv e Hr (9).
Q Q Q I'(p)

In fact, it suffices to show that the variational equation (23) holds for all v €
Hr, (D) = {¢ € HYD);¢ = 0 on I,}. Note that, since for all v in Hr, (D), the
restriction v|g, is in Hp, (€,) for all n, we have

n

(24) / Vw,-Vvdz = —/ Vuo-Vvda:—f—/ fvdaH—/ hvdeo, Yv € Hr, (D).
Q, Q, Q T(pn)

Now, we obtain (23) from (24) just by passing to the limit. Indeed, for v € Hr, (D),
let us define I, I, Is and I by

11:/ Van'Vvdx—/ V- Vodz
= / xo(Vi, — Vi) - Vo de +/ (xq, — xa)V, - Vvdz,
D D
.[2:/ Vu0~Vvdx—/ Vug - Vodzx
Q Qo

:/ (xe2. — xa)Vuo - Voda,
D

13:/ fvdx—/ fvdx

~ [ (o, xalfods,
D

N :/ hvda—/ hvdo.
L) L (en)

Clearly, Corollary 2 implies that lim I; = 0. As for the others, it follows from the
n—oo
convergence
W, —w in H*(D)-weak,

the convergence of characteristic functions, due to Pironneau [16], [20],
Xa, — xa in L(D)-weak*,

and the fact that (w,) is bounded in H'(D), that lim I; = lim I» = lim I3 =0.

n—oo n—oo n—oo

This proves Theorem 5. (]

To complete the proof of Theorem 2, let us establish
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Theorem 6. The functional J(Q,u) = [1. |u|* do is continuous on F in the topol-
ogy induced by the convergence (9).

Proof. Let ((£y,un))n be a sequence in F, Q,, = Q(¢,), and assume that
(anun) - (Qa u) as n — oo,

where = Q(p) and (Q,u) € F. In what follows, the functions under consideration
are of course the uniform extensions i, @, € H'(D), but for simplicity we shall drop
the tilde. To show that J(Q,,u,) — J(Q,u), let us prove that \/J(T,un) —
V/J(Q,u). Letting ||.|| stand for the L? norm on [0, 1], we can write

(25) |V ( Qs un) — /T (Q, 1)
= |llun 0 @n - |2l = lluo @ - |¢'|Y2])|
<m0 @n - @) Y2 —uwo @ V2]
< | (un 0 on = wo @)@l |2 + (w0 o — wo )|, |2
+ o o(lgn |2 = ||V
< lun = ullor, + v/ Calluopn —uo g

1/2 1/2‘

+ L Jullo.rsup |12 — I
VvCi [0,1]

1
< Kllun — ullr,p + V2| (w0 on —uo )| + Q—CIIIUIIO,F[SUP] | — &'l
0,1

where we have used Theorem 4. Then, Theorem 6 follows from Corollary 2 and the
compactness of the injection of H*(D) into H" (D), of course by taking 1 < r < 1.
Il
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