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Distinguished Riemann-Hamilton geometry in the
polymomentum electrodynamics

Alexandru Oana, Mircea Neagu

Abstract. In this paper we develop the distinguished (d-) Riemannian dif-
ferential geometry (in the sense of d-connections, d-torsions, d-curvatures
and some geometrical Maxwell-like and Einstein-like equations) for the
polymomentum Hamiltonian which governs the multi-time electrodynam-
ics.

1 Introduction

Let M™ be a smooth real manifold of dimension n, whose local coordinates are
x = (a%) i~Tm» having the physical meaning of “space of events”. In order to justify
the “electrodynamics” terminology used in this paper, we recall that, in the study
of classical electrodynamics, the Lagrangian function L: TM — R that governs
the movement law of a particule of mass m # 0 and electric charge e, placed
concomitantly into a gravitational field and an electromagnetic one, is expressed

by
.92 )
Liz,y) = mepi; (@)y'y’ + —Ai(2)y’ +P(a), (1)

where the semi-Riemannian metric ¢;;(x) represents the gravitational potentials
of the space M, A;(x) are the components of an 1-form on M representing the
electromagnetic potential, P(x) is a smooth potential function on M and c is the
velocity of light in vacuum. The Lagrange space L™ = (M, L(z,y)), where L is
given by (1), is known in the literature of specialty as the autonomous Lagrange
space of electrodynamics. A deep geometrical study of the Lagrange space L™
is now completely done in Miron-Anastasiei’s book [15]. More general, in the
study of classical time-dependent electrodynamics, a central role is played by the
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autonomous time-dependent Lagrangian function of electrodynamics:
i, 2e i

where L: R x TM — R. Note that the non-dynamical character (i.e., the indepen-
dence on the temporal coordinate ¢) of the spatial semi-Riemannian metric ¢;;(z)
determines the usage of the term “autonomous” in the preceding definition.

Let (T™, hav(t)) be a “multi-time” smooth Riemannian manifold of dimension
m (please do not confuse with the mass m # 0), having the local coordinates
t = (t°) and let J1(T, M) be the 1-jet space produced by the manifolds 7°
and M.

c=1m>

Remark 1. The use in our work of the “multi-time” terminology was lent by us
from Dickey’s monograph [6]. However, it is important to note that “multi-time”
does not mean a “multidimensional time”, but has the sense of a “multi-parameter”
or “many parameters”.

By a natural extension of the preceding examples of electrodynamics Lagrangian
functions, we can consider the jet multi-time Lagrangian function

2% ,
L(t°, 2%, 2%y = meh®® (t) ;i (2) 2l x] + EeAEi)) (t, )zl + P(t,z), (3)
where AE?)) (t, ) is a d-tensor on JY(T, M) and P(t,z) is a smooth function on the
product manifold T x M.

Remark 2. Throughout this paper, the indices a,b,c,... run from 1 to m, while
the indices i, j,k,... run from 1 to n. The Einstein convention of summation is
also adopted all over this work.

The pair EDML?, = (JY(T,M), L), where L is given by (3), is called the au-
tonomous multi-time Lagrange space of electrodynamics. The distinguished Rie-
mannian geometrization of the multi-time Lagrange space EDM L}, is now com-
pletely developed in the Neagu’s works [17] and [18].

Via the classical Legendre transformation, the jet multi-time Lagrangian func-
tion of electrodynamics (3) leads us to the Hamiltonian function of polymomenta

1 . . e .. 62
H—_——_ ijoa, b ij (b) a 2
4mchab(p PiP; m%hab(p A(J)pl + mac A P, (4)

where H: J™(T,M) — R, and

2 ] a b
JAIP (t,2) = hare AL AL).

Definition 1. The pair EDMH?, = (J'*(T,M), H), where H is given by (4), is
called the autonomous multi-time Hamilton space of electrodynamics.
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But, using as a pattern the Miron’s geometrical ideas from [16], the distinguished
Riemannian geometry for quadratic Hamiltonians of polymomenta (geometry in the
sense of d-connections, d-torsions, d-curvatures and geometrical Maxwell-like and
Einstein-like equations) is constructed on dual 1-jet spaces in the Oand-Neagu’s
paper [21]. Consequently, in what follows, we apply the general geometrical re-
sult from [21] for the particular Hamiltonian function of polymomenta (4), which
governs the multi-time electrodynamics.

2 The geometry of the autonomous multi-time Hamilton space
of electrodynamics EDMH

To initiate our Hamiltonian geometrical development for multi-time electrodynam-
ics, let us consider on the dual 1-jet space E* = J'*(T, M) the fundamental vertical
metrical d-tensor

wy) _ 1 °H
where h*,(t) := (4mc) " - hay(t). Let x&(t) (respectively v5;(x)) be the Christof-
fel symbols of the metric hqp(t) (respectively ¢;;(x)). Obviously, if ;(gc are the

= hap ()" (),

Christoffel symbols of the Riemannian metric h}, (), then we have )*djc =Xt
Using a general result from the geometrical theory of multi-time Hamilton
spaces (see [2] and [21]), by direct computations, we find

Theorem 1. The pair of local functions Ngp = (N(a) N@

Vi & (l)j) on the dual 1-jet

space E*, which are given by

A gAl®)
N@ _—a o f N (@) r|2€ 4(a) a € @) ()
1 (@b~ XefPis Vi [ A P } m | OxI * ort |’

s (@i = Vig | ) T Pr

represents a nonlinear connection on E*. This nonlinear connection is called the
canonical nonlinear connection of the multi-time Hamilton space of electrodynamics

EDMH?,.
Now, let
6 o6 0 ,
—,—,=— ¢ C x(E"), dt®,dz', opft C x* (E”
{&a?%“ap?} X (E") {at*,da*,6pf } C X" (EY)
be the adapted bases produced by the nonlinear connection Ngp, where

o0 _0 Nyno 0 _ 90 9
5ta  9ta 1 (”“ap{ J Sri Oxt 2 (m@p,’f J
opf = dp + N Shatf + N hdar.

(®)

Working with these adapted bases, by direct computations, we can determine
the adapted components of the generalized Cartan canonical connection of the
space EDM H . together with its local d-torsions and d-curvatures (for details, see
the general formulas from [21]).
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Theorem 2. (1) The generalized Cartan canonical linear connection of the au-
tonomous multi-time Hamilton space of electrodynamics EDM H)' is given

by
o i i i(k
CF(N) = (Xbm Ajc’ jks CJEC))> ’

where its adapted components are

c c 4 i i i(k
Hop =Xap, Aje=0, Hjp =", ngc)):(), (6)

(2) The torsion T of the generalized Cartan canonical linear connection of the
space EDM H)' is determined by three effective adapted components:

. f
R(T')ab - Xgabp!?Z ’

o o
0Agy | OAG

(H __2€ s 4 €
R(T){lj - m’YTjA(S)W + m OxJ ox" ’
. (7)
() )
RO _ars [26 400 ] e |%a 4G
(i = 7rid |y ) T s | T | T oz’ ’

i

where x§,,(t) (respectively 9‘{”]( x)) are the classical local curvature tensors of
the Riemannian metric hq,(t) (respectively semi-Riemannian metric ¢;;(x)),
and “,” and “j” represent the following generalized Levi-Civita covariant

derivatives:

e the T-generalized Levi-Civita covariant derivative:

T def% FTIO0b  H )

GW)(f)-wsa ota i ()(f)-. Xga F()(f)... Xga
bi(d)(r)... bi(d)(r)...

= Tginch). Xea = Tejy(g). Xfa =

e the M-generalized Levi-Civita covariant derivative:

@ (). d faTblézd)g)) (@)(r). @)(s)...
bi(d)(r)... e cj bs(d bi(d)(s r
Teiy - ok T Tgww. Ykt Tgm.
bi(d)(r)... s bi(d)(r)... s
= Tesy(y. ik — ch<s><f>..%k -

(3) The curvature R of the Cartan canonical connection of the space EDM H,
is determined by the following four effective adapted components:

d _ . d
Habc = Xabc Rzgk ngk

and

(d)(s (d)(1) d
“R{ape = 0iXaber Ry = ~0a%R0
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3 Electromagnetic-like model on the multi-time Hamilton space
of electrodynamics EDMH

In order to describe our geometrical electromagnetic-like theory (depending on
polymomenta) on the multi-time Hamilton space of electrodynamics EDM H | we
underline that, by a simple direct calculation, we obtain (see [21]).

Proposition 1. The metrical deflection d-tensors of the space EDM H)), are ex-
pressed by the formulas:

(1) * _ G _ i ) i
Aayp = [h % pr} Pt I = [ plll) —habw .
(4 * € ir | 4() D)
A(a)] [h f(p pr]| - W af(p |:A(’I")j + A(] 7‘:| s
where “,,”, “;7 and “ (;); 7 are the local covariant derivatives induced by the

generalized Cartan canonical connection CT (N) (see [20] and [21]).

Moreover, taking into account some general formulas from [21], we introduce
Definition 2. The distinguished 2-form on J'* (7, M), locally defined by

F = F),0p; Adat + f0ope A opl, (9)

i =3 [0, 80 =i frere [40 460}

OG0 _ L0600 _
fayv = [%)(b) - %)(b)} =0,

(10)

is called the polymomentum electromagnetic field attached to the multi-time Hamil-
ton space of electrodynamics EDM H),.

Now, particularizing the generalized Maxwell-like equations of the polymomen-
tum electromagnetic field that govern a general multi-time Hamilton space M H
we obtain the main result of the polymomentum electromagnetism on the space
EDMH, (for more details, see [21]):

Theorem 3. The polymomentum electromagnetic components (10) of the auto-
nomous multi-time Hamilton space of electrodynamics EDM H!, are governed by
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the following geometrical Maxwell-like equations:

) _ ) _ € hay (r) G | o irs 4
Flayir = Flayin = Fmze (43, 5w T Bar 2075 A Gy
b
i i haf ; ;
Z F(a)'k: Z F(a) ik : Z {|:<psrm;’kigpw f‘k p{+
figky OIE T Gy (@ 8me (i 5 ! !

" 940
L€ i Lo a0 [P 24w
m? RO T Togk T fa

i) () _
(@il =

(11)
where Ay, j represents an alternate sum, ) | {i,j,k} Tepresents a cyclic sum, and we
have 0

W _ i _
(a)jl(c) api :

4 Gravitational-like geometrical model on the multi-time Hamil-
ton space of electrodynamics

To expose our geometrical Hamiltonian polymomentum gravitational theory on

the autonomous multi-time Hamilton space of electrodynamics EDM H),, we recall

that the fundamental vertical metrical d-tensor

@EZ))((JZJ)) = hay ()" ()

and the canonical nonlinear connection

_ (a) (a)
New = (N5 ()
of the multi-time Hamilton space EDM H produce a polymomentum gravitational
h*-potential G on E* = J*(T, M), locally expressed by

G = hjydt® @ dt® + pijda’ ® da’ + hiy,e" 6p¢ @ oph. (12)

We postulate that the geometrical Einstein-like equations, which govern the
multi-time gravitational h*-potential G of the multi-time Hamilton space of elec-
trodynamics EDM H)),, are the abstract geometrical Einstein equations attached
to the Cartan canonical connection CT'(N) and to the adapted metric G on E*,

namely
Sc(CT
Ric(CT) — %)G = KT, (13)
where Ric(CT') represents the Ricci tensor of the Cartan connection, Sc(CT) is
the scalar curvature, KC is the FEinstein constant and T is an intrinsic d-tensor of
matter, which is called the stress-energy d-tensor of polymomenta.
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In order to describe the local geometrical Einstein-like equations (together with
their generalized conservation laws) in the adapted basis

6 § 0
{XA}_{(StG" E7 8]7?}’

let CT(N) = (X;b,O,fy;k,O) be the generalized Cartan canonical connection of
the space EDM H . Taking into account the expressions of its adapted curvature
d-tensors on the space EDM H | we immediately find (see [21]):

Theorem 4. The Ricci tensor Ric(CT') of the autonomous multi-time Hamilton
space of electrodynamics EDMH) is characterized by two effective local Ricci
d-tensors:

Xab = ngf ) 9%ij = 9%’irjr .
These are exactly the classical Ricci tensors of the Riemannian temporal metric
haep(t) and the semi-Riemannian spatial metric ¢;;(x).

Consequently, using the notations y = h®y,; and R = ¥ Rij, we get

Theorem 5. The scalar curvature Sc(CT') of the generalized Cartan connection CT
of the space EDM H]}, has the expression (for details, see [21])

Sc(CT) = (4me) - x + R,

where x and R are the classical scalar curvatures of the semi-Riemannian metrics
hap(t) and @;;(x).

Particularizing the generalized Einstein-like equations and the generalized con-
servation laws of an arbitrary multi-time Hamilton space M H)! , we can establish
the main result of the geometrical polymomentum gravitational theory on the au-
tonomous multi-time Hamilton space of electrodynamics EDM H}?, (for more de-
tails, see [21]):

Theorem 6. (1) The local geometrical Einstein-like equations, that govern the
polymomentum gravitational potential of the space EDM H,},, have the form

(4me) - x + R

Xab — S hab = ICTab
me
dme) - x+ R
o, - (el x )2X pij = KTy (14)
(4me) - x + R

A AT ij ()
- Sme happ'? = K:T(a)(b),

— — — (@
0 —Taia O—Tim O_T(a)b

) g @) g )
0=T,), 0=Tg), 0=T,);

(15)

where Tapg, A, B € {a7i7 ((;))} , are the adapted components of the polymo-

mentum stress-energy d-tensor of matter T.
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The polymomentum conservation laws of the geometrical Einstein-like equa-
tions of the space EDM H)), are expressed by the formulas

=0

tame) x|

2
(16)

(4me) - x Jriﬁar} ~0,
|r

oy -

where Xz{ = hflx g4, and Ry = " NR,;.

Acknowledgements

The authors of this work would like to thank Professor Gh. Atanasiu for our use-
ful geometrical discussions on this research topic. Special thanks go to Professor
M. Francaviglia whose very pertinent observations helped us to improve the previ-
ous version of our paper.

References

[1]

2]

3

[4]

5

[6

7

8

[9]

(10]

(11]

(12]

G.S. Asanov: Jet extension of Finslerian gauge approach. Fortschr. Phys. 38 (1990)
571-610.

Gh. Atanasiu, M. Neagu: Canonical nonlinear connections in the multi-time Hamilton
geometry. Balkan J. Geom. Appl. 14 (2009) 1-12.

D. Christodoulou, M. Francaviglia, W. M. Tulczyjew: General relativity as a generalized
Hamiltonian system. J. Gen. Relativ. Gravit. 10 (1979) 567-579.

D. Chruscinski: Hamiltonian structure for classical electrodynamics of a point particle.
Rep. Math. Phys. 41 (1998) 13-48.

S. Coriasco, M. Ferraris, M. Francaviglia: Non linear relativistic electrodynamics. In:
A.S. Alves, E. J. Craveiro and J. A. Pereira da Silva eds.: Geometria, Fisica-Matematica
e outros Ensaios — volume in honour of A. Ribeiro Gomes. Coimbra (1998) 101-118.

L. A. Dickey: Solitons Equations and Hamiltonian systems. Advanced Series in
Mathematical Physics 12, World Scientific, Singapore (1991). Chapter 17: Multi-Time
Lagrangian and Hamiltonian Formalism.

J. Eells, L. Lemaire: A report on harmonic maps. Bull. London Math. Soc. 10 (1978)
1-68.

M. Francaviglia, M. Palese, E. Winterroth: A new geometric proposal for the
Hamiltonian description of classical field theories. In: D. Krupka et al. eds.: Proc. of the
8" Int. Conf. “DGA 2001 — Differential Geometry and Its Applications”. Silesian
University (2002) 415-423.

G. Giachetta, L. Mangiarotti, G. Sardanashvily: Covariant Hamiltonian field theory.
arXiv:hep-th/9904062v1.

M. Gotay, J. Isenberg, J. E. Marsden, R. Montgomery: Momentum maps and classical
fields. Part I. Covariant field theory. (2004). arXiv:physics/9801019v2 [math-ph]

I. V. Kanatchikov: On quantization of field theories in polymomentum variables. AIP
Conf. Proc. 453 (1998) 356-367.

O. Krupkova: Hamiltonian field theory. J. Geom. Phys. 43 (2002) 93-132.



Distinguished Riemann-Hamilton geometry in the polymomentum electrodynamics 145

[13] O. Krupkova: Hamiltonian field theory revisited: A geometric approach to regularity.
In: L. Kozma, P. T. Nagy and L. Taméssy eds.: Proc. Colloq. Diff. Geom. “Steps in
Differential Geometry”. Debrecen University (2001) 187-207.

[14] O. Krupkovd, D.J. Saunders: Affine duality and Lagrangian and Hamiltonian systems.
Int. J. Geom. Methods Mod. Phys. 8 (2011) 669-697.

[15] R. Miron, M. Anastasiei: The Geometry of Lagrange Spaces: Theory and Applications.
Kluwer Academic Publishers, Dordrecht (1994).

[16] R. Miron, D. Hrimiuc, H. Shimada, S. V. Sabdu: The Geometry of Hamilton and
Lagrange Spaces. (2001).

[17] M. Neagu: Riemann-Lagrange Geometry on 1-Jet Spaces. Matrix Rom, Bucharest
(2005).

[18] M. Neagu: The geometry of autonomous metrical multi-time Lagrange space of
electrodynamics. Int. J. Math. Math. Sci. 29 (2002) 7-16.

[19] M. Neagu, C. Udrigte, A. Oan&: Multi-time dependent sprays and h-traceless maps.
Balkan J. Geom. Appl. 10 (2005) 76-92.

[20] A. Oana, M. Neagu: The local description of the Ricci and Bianchi identities for an
h-normal N-linear connection on the dual 1-jet space J'* (T, M). (2011).
arXiv:1111.4173v1 [math.DG].

[21] A. Oani, M. Neagu: From quadratic Hamiltonians of polymomenta to abstract
geometrical Maxwell-like and Einstein-like equations. arXiv:1202.4477v1 [math-ph].

[22] R.K. Sachs, H. Wu: General Relativity for Mathematicians. Springer-Verlag, New York,
Heidelberg, Berlin (1977).

[23] D.J. Saunders: The Geometry of Jet Bundles. Cambridge University Press, New York,
London (1989).

[24] C. Udriste, L. Matei: Lagrange-Hamilton Theories (in Romanian). Geometry Balkan
Press, Bucharest (2008).

Authors’ address:
UNIVERSITY TRANSILVANIA OF BRASOV, DEPARTMENT OF MATHEMATICS AND INFORMATICS,
BLvp. TuLiu MANIU, NO. 50, BRASOV 500091, ROMANIA

E-mail: alexandru.oana@unitbv.ro, mircea.neagu@unitbv.ro

Received: 18 November, 2012
Accepted for publication: 1 December, 2012
Communicated by: Olga Rossi



		webmaster@dml.cz
	2013-10-22T12:27:05+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




