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Associative and Lie deformations of Poisson algebras

Elisabeth Remm

Abstract. Considering a Poisson algebra as a nonassociative algebra satisfy-
ing the Markl-Remm identity, we study deformations of Poisson algebras as
deformations of this nonassociative algebra. We give a natural interpreta-
tion of deformations which preserve the underlying associative structure and
of deformations which preserve the underlying Lie algebra and we compare
the associated cohomologies with the Poisson cohomology parametrizing
the general deformations of Poisson algebras.

1 Introduction

The Poisson bracket is a multiplication which naturally appears when studying de-
formations of associative commutative algebras. For instance the algebra C>°(R?)
with its ordinary multiplication g = o admits a formal deformation Y o~ t"pu,,
such that the skew-symmetric bracket {a,b} = p1(a,b) — p1(b,a) is the classical
Poisson bracket (recalled in Section 2). This deformation is connected to the star
product and then to the theory of deformation quantization (see Section 1 of [10]).
This naturally leads to study deformations of Poisson algebras. But a Poisson
algebra is usually defined by two multiplications, an associative commutative one
a*b and a Lie bracket {a,b} (also called Poisson bracket) which are linked by the
Leibniz rule {a * b,c} = a*{b, c} + {a, c} *b. The deformations of Poisson algebras
which are classically considered consist of those deforming the Lie bracket while the
associative product remains unchanged. The first studied Poisson algebras were
defined on associative algebras of functions whose product is undeformable. This
explains why this type of deformations, that we call Lie deformations of Poisson
algebras, were first studied. They are parametrized by the Poisson-Lichnerowicz
cohomology. Here we want to give a general approach of deformations of Poisson
algebras, that is, we make deformations where both products are deformed. We
then use the presentation of Poisson algebras in [13] with a single nonassociative
multiplication which capture all informations. Then we find the Lie deformations
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as a particular case of deformations of this single multiplication but also the asso-
ciative deformations obtained by deforming the associative product and letting the
Lie bracket unchanged. We call Poisson-Hochschild the cohomology parametrizing
the associative deformations (see Section 4.2). We then describe the Poisson coho-
mology parametrizing the general deformations of Poisson algebras and study the
interactions between Poisson, Poisson-Lichnerovicz and Poisson-Hochschild coho-
mologies.

2 Generalities on Poisson algebras
2.1 Definition

Let K be a field of characteristic 0. A K-Poisson algebra is a K-vector space P
equipped with two bilinear products denoted by xxy and {z, y}, with the following
properties:

1. The couple (P, *) is an associative commutative K-algebra.
2. The couple (P, {-,-}) is a K-Lie algebra.

3. The products x and {-,-} satisfy the Leibniz rule:

{exy 2zt =zx{y 2} +{z, 2} xy
for any x,y,z € P.

The product {-,-} is usually called Poisson bracket and the Leibniz identity means
that the Poisson bracket acts as a derivation of the associative product.

Classical examples: Poisson structures on the polynomial algebra. The polynomial
algebra A, = Clzy,...,x,] is provided with several Poisson algebra structures.
These examples are well studied, see, for example, [2], [8], [20] for results on clas-
sifications, or [16] for the study of the Poisson-Lichnerowicz cohomology.

2.2 Non standard example: Poisson algebras defined by a contact structure

The first Poisson structures appeared in classical mechanics. In 1809 Siméon Denis
Poisson introduced a bracket in the algebra of smooth functions on R?":

~~(0fdg 0f dg

i=1

This classical example has a natural generalization in symplectic geometry ([3]):
Let (M??,0) be a symplectic manifold. For any Pfaffian form o on M?P, we will
denote by X, the vector field defined by o = i(X, )0, where i(X) is the interior
product by X: (¢(X)0)(Y) = 0(X,Y). The Poisson bracket of two Pfaffian forms
a, on M? is the Pfaffian form {o, 8} = i([Xa, Xg])0. If D(M?P) denotes the
associative commutative algebra of smooth functions on M??, we provide it with
a Poisson algebra structure letting {f, g} = —60(Xqr, Xag). This Poisson bracket
satisfies d({/,g}) = {df, dg}.

We can also define a Poisson bracket in contact geometry ([5]). Let (M?P+1, «)
be a contact manifold, that is, a is a Pfaffian form on the (2p 4+ 1)-dimensional
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differential manifold M?P*! satisfying (a A (da)P)(z) # O for any = € M?P*L
There exists one and only one vector field Z, on M?P*+1, called the Reeb vector
field of a, such that a(Z,) = 1 and i(Z,)da = 0 at any point of M2+l Let
D, (M?PT1) be the set of first integrals of Z,, that is,

Da(M?+1) = {f & DMPHY), Z,(f) = 0}
Since we have Z,(f) = i(Z,)df = 0, then df is invariant by Z,.

Lemma 1. D, (M?*1) is a commutative associative subalgebra of D(M?*+1).

Proof. This is a consequence of the classical formulae

Zo(f +9) = Za(f) + Zalg) and Za(fg) =(Za(f))g + f(Za(9)) -

O

Lemma 2. For any non zero Pfaffian form 3 on M?P+! satisfying B(Z4) = 0, there
exists a vector field Xg with S(Y') = da(Xp,Y) for any vector field Y. Two vector
fields X and Xj with this property satisfy i(Xp — Xj)da = 0.

This means that X3 is uniquely defined up to a vector field belonging to the
distribution given by the characteristic space of da,

A(da), = {X, € T,M**! i(X,)da(z) =0} .

In any Darboux open set, the contact form writes as o = x1dxa+- - - +Top_1dx2p +
dzapy1. The Reeb vector field is Z, = 0/0x2p+1 and the form 3 satistying 5(Z,) =
0 writes as 8 = Zfﬁl Bidz;. Then we have

Xﬁ = i(ﬁzﬁ/aﬁﬂzi—l - 521‘—13/3121) .
i=1
For any f € Do(M?PT1), we writes X for Xgy.
Theorem 1. The algebra D, (M?*+1) is a Poisson algebra.
Proof. (see [5]). Let fi, fa be in D, (M2 1), Since we have
da(Xy,Xy,) =do(Xy, + U, Xy, + Us)
for any Uy, Us € A(dw), the bracket

{f1, f2} = da(Xyp,, Xp,)

is well defined. It is a Poisson bracket. O
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2.3 Poisson algebra viewed as nonassociative algebra

In [13], we prove that any Poisson structure on a K-vector space is also given by a
nonassociative product denoted by xy and satisfying the nonassociative identity

3A(z,y, 2) = (x2)y + (y2)x — (yr)z — (22)y, (1)

where A(x,y, z) is the associator A(z,y, z) = (vy)z—x(yz). In fact, if P is a Poisson
algebra with associative product x * y and Poisson bracket {z,y}, then zy is given
by zy = {z,y} +z *y. Conversely, the Poisson bracket and the associative product
of P are the skew-symmetric part and the symmetric part of the product xy. Thus
it is equivalent to present a Poisson algebra classically or by this nonassociative
product.

If P is a Poisson algebra given by the nonassociative product (1), we denote by
gp the Lie algebra on the same vector space P whose Lie bracket is {z,y} = 5¥*
and by Ap the commutative associative algebra, on the same vector space, whose
product is x x y = w

In [7], we have studied algebraic properties of the nonassociative algebra P.
In particular we have proved that this algebra is flexible, power-associative, and

admits a Pierce decomposition.

Remark 1. A class of Poisson algebras is already defined with a single noncommu-
tative multiplication but starting with a Jordan algebra. In [19], a noncommutative
Jordan algebra is viewed as a Jordan commutative algebra J with an additional
skew-symmetric operator [-,-] : J x J — J such that

[zZ’y] = 2[.18,]]] "L

This definition is equivalent to consider only one multiplication satisfying

(zy)a = z(yz) = (a%y)x — 2*(y2).

A particular class of such algebras for which A(t) is associative corresponds to
Poisson algebras.

2.4 Classification of complex Poisson algebras of dimension 2 and 3

If e is an idempotent of the associative algebra, then the Leibniz rule implies that
it is in the center of the Lie algebra corresponding to the Poisson bracket. In fact
if e satisfies e x e = ¢, thus {e*e,z} = 2e * {e,x} = {e,xz}. But if y is a non zero
vector with e x y = Ay, then

(exe)xy=exy= A y=cx*(exy) = \y.

This gives A2 = ), that is, A = 0 or 1. Since we have e * {e,z} = 27 {e, z}, the
vector {e, z} is zero for any = and e is in the center of the Lie algebra corresponding
to the Poisson bracket. This remark simplifies the determination of all possible
Poisson brackets when the associative product is fixed. In the following, we give
the associative and Lie products in a fixed basis {e;} and the null products or
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the products which are deduced by commutativity or skew-symmetry are often not
written.

Dimension 2

algebra associative product Lie product
P2 e1xe; =¢;, 1=1,2 {ei,e;} =0
€9 x €3 = €9
P2 e1xe; =¢, 1=1,2 {ei,e;} =0
Pz €1 xe; = e {ei,ej} =0
P2 e1xe; = e {ei,e;} =0
P2 eixe; =0 {e1,e2} = €9
P? eixe; =0 {ei,e;} =0

Dimension 3

P e1xe;=e¢€;,1=123 {ei,e;} =0
€9 X €9 = €9
€3 X €3 = €3
P e1xe;=e¢€;,1=1,23 {ei,ej} =0
€9 X €9 = €2

€3 X €3 = €2 — €1

Pg el*ei:ei,izl,Q,S {ei,ej}zo
€9 * €9 = €2

P} erxe; =¢e;, 1=1,2,3 {ei,e;} =0
€3 X €3 = €2

P2 e1xe; =e;, 1=1,2,3 {ea,e3} = e3

P e1xe; =¢,1=1,2,3 {ei,e;} =0

P2 e1xe; =¢€;, 1=1,2 {ei,e;} =0
€ x ey = €9

Pg €1 *e1 = €1 {62,63} = €3

P el xe; = ey {ei,ei} =0

Py e1xe; =e€;, 1=1,2 {es,e;} =0

P e1*er = e {ei,e;} =0
eax ey = €3

P, (b) €1 *xep = e {e1,e3} = ea + bes

Py el xe; = ey {e1,e3} = e3

P3, e1*e1 = ey {ei,e;} =0

Pis e1* e = e {ei,e;} =0

€1 ¥ ey = €3

Pis(a) e;xe; =10 any Lie algebra
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It is also possible to establish this classification in small dimension starting from
the nonassociative product. We can use, for example, technics used in [4] where
we classify all the complex 2-dimensional algebras (and in particular the Poisson
algebras).

3 Deformations of Poisson algebras

In this section we recall briefly the classical notion of formal deformations of a
K-algebra. These deformations are parametrized by a cohomology, called deforma-
tion cohomology, which is often difficult to define globally and to compute explicitly.
But using the operadic approach, we can sometimes obtain this cohomology using
the associated operad: when the operad is Koszul, which is the case for the op-
erad associated to Poisson algebras. When the operad is non Koszul the operadic
and deformation cohomologies differ and the last one is even more complicated
to describe see [14]. Using the Markl-Remm definition of a Poisson algebra, we
describe the formal deformations. So in this section, we mean by Poisson algebra
a K-algebra defined by a nonassociative product satisfying Identity (1).

3.1 Formal deformations of a Poisson algebra

Let R be a complete local augmented ring such that the augmentation ¢ takes
values in K. If B is an R-Poisson algebra, we consider the K-Poisson algebra
B = K®g B given by a(8®b) = af ® b, with o, 3 € K and b € B. It is clear
that B satisfies (1). An R-deformation of a K-Poisson algebra A is an R-Poisson
algebra B with a K-algebra homomorphism

0: B— A.

A formal deformation of A is an R-deformation with R = K][[¢]], the local ring
of formal series on K. We assume also that B is an R-free module isomorphic to
R® A.

Let K[X3] be the K-group algebra of the symmetric group 3. We denote by

7;; the transposition exchanging i and j and by ¢ the cycle (1,2,3). Every o € X3
defines a natural action on any K-vector space W by:

D, : we’ — we

T1 QT2 RT3 — Tp(1) D Te(2) @ To(3)-

3

We extend this action of X3 to an action of the algebra K[X3]. If v = X;a;0; €
K[Zg,}, then
(I)v = EiaZv‘I)m.

Consider vp the vector of K[Xs]
vp = 3Id — Tog3 + T2 — C+02.

Let P be a Poisson algebra and pg its (nonassociative) multiplication. Identity (1)
writes as

(po o1 o) © Py — 3(po 02 p10) =0



Associative and Lie deformations of Poisson algebras 123

where o1 and oy are the comp; operations given by

(o1 i) (x,y,2) = p(i' (z,y), 2),
(oo p')(x,y, 2) = plx, 1’ (y, )

for any bilinear maps p and p'.

Theorem 2. A formal deformation B of the K-Poisson algebra A is given by a
family of linear maps
{pi : A A— A, i e N}

satisfying
(i) po is the multiplication of A,

(ii) (Dy): Z (i o1 ) o ®y, =3 Z i o2 pt; for each k > 1.
i+i=k, i+i=k,
4,520 ,7>0
Proof. The multiplication in B is determined by its restriction to A ® A ([1]). We
expand p(z,y) for z,y in A into the power series

w(z,y) = po(z,y) + tua(z,y) + Cpo(z,y) + -+ " un(z,y) + -+

then p is a Poisson product if and only if the family {u;} satisfies condition (Dy)
for each k. O

Remark 2. As R is a complete ring, this formal expansion is convergent. It is also
the case if R is a valued local ring (see [6]).

Let K = C or an algebraically closed field. If {ej,...,e,} is a fixed basis of K™,
we denote by P, the set of all Poisson algebra structures on K™, that is, the
set of structure constants {I'};} given by pu(e;,e;) = Y7 _; I'}jex. Relation (1) is
equivalent to

> (8T4, T = BU3TY, — DIy, — D45 + T T + DI, =0,
=1

Thus P, is an affine algebraic variety. If we replace P, by a differential graded
scheme, we call Deformation Cohomology, the cohomology of the tangent space of
this scheme.

Remark 3. This cohomology of deformation is defined in same manner for any
K-algebra and more generally for any n-ary algebra. If we denote by Hger(A) =
@D,,>o His(A) the deformation cohomology of the algebra A, then H (A4) = K,
Hj (A) is the space of outer derivations of A and the coboundary operator &, 7
corresponds to the operator of derivation, and the space of 2-cocycles is determined
by the linearization of the identities defining A. Thus, in any case, the three first
spaces of cohomology are easy to compute. But the determination of the spaces
H7 (A) for n > 3 is usually not easy; we cannot deduce for example H3 (A)
directly from the knowledge of H2 ;(A). However we have the following result:
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Proposition 1. Let P4 be the quadratic operad related to A. If P, is a Koszul
operad, then Hg.f(A) coincides with the natural operadic cohomology.

For example, if A is a Lie algebra or an associative algebra, the corresponding
operads Lie and Ass are Koszul and Hger(A) coincides with the operadic cohomol-
ogy, that is, respectively, the Chevalley-Eilenberg cohomology and the Hochschild
cohomology. Examples of determination of Hger(A) in the non-Koszul cases can
be found in [9], [17]. A theory of deformations on non-Koszul operads in presented
in [14].

3.2 The operadic cohomology of a Poisson algebra

Let Poiss be the quadratic binary operad associated with Poisson algebras. Recall
briefly its definition. Let E = K[35] be the K-group algebra of the symmet-
ric group on two elements. The basis of the free K-module F(E)(n) consists of
the “n-parenthesized products” of n variables {x1,...,2z,}. Let R be the K[X3]-
submodule of F(E)(3) generated by the vector

u=3x1(x223) — 3(x122)x3 + (T123)x2 + (X223)21 — (T2w1) T3 — (T3271)X2 .

Then Poiss is the binary quadratic operad with generators E and relations R. It
is given by
F(E)(n)

R(n)
where R is the operadic ideal of F(E) generated by R satisfying R(1) = R(2) =0,
R(3) = R. The dual operad Poiss' is equal to Poiss, that is, Poiss is self-dual.
In [18] we defined, for a binary quadratic operad £, an associated quadratic operad
& which gives a functor

Poiss(n) = (F(E)/R)(n) =

ERESE.

In the case &€ = Poiss, we have & = Poiss' = Poiss. All these properties show that
the operad Poiss is a Koszul operad (see also [12]). In this case the cohomology
of deformation of Poiss-algebras coincides with the natural operadic cohomology.
An explicit presentation of the space of k-cochains is given in [15]:

CHP,P) = ﬁin(POiss(n)! @y, VE V) = End(P%*, P)

where V' is the underlying vector space (here C™). The cohomology associated with
the complex (C*(P,P), %), where 6% denotes the coboundary operator

ok k(P P) = CHY(P,P),

is denoted by Hp(P,P). We will describe the coboundary operators §% in Subsec-
tion 3.3 and &% in Section 5.

Consequence: The deformation cohomology of a Poisson algebra. If P is
a Poisson algebra, then Hger(P) is the operadic cohomology Hj(P,P) or briefly
Hy(P).
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3.3 Some relations on the coboundary operator 6%

Let P be a Poisson algebra whose nonassociative product po(X,Y’) is denoted by
X Y. Let gp and Ap be its corresponding Lie and associative algebras. We denote
by H¢ (gp, gp) the Chevalley-Eilenberg cohomology of gp and by Hj; (Ap, Ap) the
Hochschild cohomology of Ap. A important part of this work devoted to describe
the coboundary operator and its links with the Chevalley-Eilenberg and Hochschild
coboundary operators. We focus in this section on the degree 2 because it is related
to the parametrization of deformations. The condition (D7) writes as

(po 01 p11 + 1 01 o) © Doy = 3(pa0 02 p1 + 1 02 fio) 5

that is,

3pa(po(@, y), 2) — 3pa(z, po(y, 2)) — pa(po(z, 2), y) — pa(po(y, 2), @)
+ w1 (po(y, @), 2) + pa (o2, ), y) + 3po (1 (2,y), 2) — 3po(, pa(y, 2))
— po(p1(, 2),y) — po(p1(y, 2), ) + po(p1(y, ), 2) + po(p (2, 2),y) =0
for any z,y,z € P. If ¢ is a 2-cocycle of H3 ;(P), this implies

5pp = (p o1 p+ o1 p)o®y, —3(pos i+ 102 ¢) 0 Pry.
Recall that vp = 3Id — To3 + T12 — ¢ + 2.

Let ¢: P®* 5 P be a bilinear map and p be the nonassociative multiplication

of the Poisson algebra P. We denote by ¢, = 5% and ¢, = %‘Z the skew-
symmetric and symmetric parts of ¢ with ¢(X,Y) = ¢(Y, X). We consider the
following trilinear maps:

1
Lo(p) = 5lporno Prarere—ra—mg—ms T (WO1 9 =102 0) © Prgperer],
1
Lu(p) = 5lnorpo®@ra—c— 10290 Prg—c2 + 90110 Prasriy =02 10 Pratny].
If ¢ = g, that is, if ¢ is skew-symmetric, then Lo (pq) = 65 { }%a Where 62 is
the Chevalley—Ellenberg coboundary operator of the cohomology of the Lie algeﬁra
gp associated with P. Similarly if ¢ = s, that is, if ¢ is symmetric, then Ly (¢s) =
0% .5 where 6%, is the Hochschild coboundary operator of the cohomology of the
associative algebra Ap associated with P. Since no confusions are possible we will
write 67 and d}; in place of 627{‘,‘} 0.~ Then for any bilinear map ¢ on P*" with
skew-symmetric part ¢, and symmetric part ¢, we obtain
40%pa = (o1 @+ po1 i — progp+ oy pi) o by
with V:Id—le—T13—723+C+C2,
ALc(ps) = (mo1p —pog ) o Pw + (po1 p+ oy p)o by
with W = Id+ 115 + 713 + To3 +C+02,
4Lk (pa) = o1 90 Pra—riptrig—c T 10200 P 1a 1y iryyte
+porpo q)1d+T12+T13+C +pogpo (I)—Id—T13—7'23—C2 )
4(5%[()03 =porpo ®1d+712—7'13—c +tpozpo q)71d+T13*723+C2
+©01 O Pratry—riz—ct PO2 O L _Tairisrogte? -
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At least we introduce the following operators, £ which acts on the space of
skew-symmetric bilinear maps and Lo which acts on the space of symmetric bilinear
maps on P:

4L1(pa) =po1@o®r 1o ez + 10200 P 14 iy imte
+porpo®@riyry, +poapo (I)—Tlg—cza

ALy (ps) = 101 90 Porgior,—ris—rag—c—cz THO2P 0P ritr, riste
+ o1 o Prayri,q2ms—de + P02 O P _4rdtr st 2mmstc2-

Lemma 3. We have L1(v,) = 0 if and only if ¢, is a skew derivation of the
associative product associated with u, that is:

alrxy,2) =% 0a(y, 2) + walz,2) xy.
Proof.

Yal®*y,2) — T x@a(y,2) — pa(x,2) *y

= 2 (pa(@y + yz,2) — 20a(y, 2) — Ca(y, 2)T — 0a(T, 2)y — ypa(z,2))
= 2 (@a(@y, 2) + Qa(yz, 2) + 2Pa(2,Y) + Pa(2,Y)T + a(z, 2)y + ypa(2, 7))
= i‘cl(@a)('xa Y, Z)
O
Proposition 2. For every bilinear map ¢ on P, we have
550 = 2(680a + Lo () + 670s + La(wa) + L1(0a) + L2(05)) - 2)

Corollary 1. Let ¢ be a bilinear map and ¢, and ¢ the skew-symmetric and the
symmetric parts of p. We have:

125%@“ = 612380 ° c1)101*7'12*‘Flsf‘r23+c+c2 (3)
and
125%‘1905 = 612390 OQrgrigprag—c2- (4)

4 Particular deformations: Lie and associative deformations of
a Poisson algebra

In this section we study two particular types of deformations. Usually, only Lie
deformations of Poisson algebras are considered. This is a consequence of the
classical problem of considering Poisson algebras on the associative commutative
algebra of differential functions on a manifold. In this context, the associative
algebra is preserved when we consider deformations of Poisson structures on this
algebra, for example in problems of deformation quantization. Moreover, such an
associative structure is rigid, so it is not appropriate to consider deformations of this
multiplication. As consequence, the corresponding deformation cohomology is the
Poisson-Lichnerowicz cohomology [11]. So the first particular type we consider, the
Lie deformations, is when we deform the Poisson bracket and let the associative
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product unchanged. We study a second special case which is non classical, the
associative deformations. It consists in deformations of the associative product
with a preserved Poisson bracket. Such deformations appear naturally when the
Poisson bracket is a rigid Lie bracket. These deformations are parametrized by a
cohomology defined by a subcomplex of the Poisson complex. We called it Poisson-
-Hochschild cohomology and describe it explicitely.

4.1 Lie deformations

Definition 1. We say that the formal deformation p of the Poisson multiplication
Lo is a Lie formal deformation if the corresponding commutative associative mul-
tiplication is conserved, that is, if

po(w,y) + po(y, ©) = p(z,y) + pu(y, )

for any x,y.

As p(z,y) = po(@,y) + 30,51 "k (2, y), if pis a Lie deformation of uo, then

plw ) (@) = po(,y) + 0w, 2) + D 8" (@) + in(0,2))
n>1
So

n>1
and
fin (€, Y) + pin(y, ) = 0
for any n > 1. Each bilinear maps u, is skew-symmetric. In particular p is
skew-symmetric and (u1)s = 0. As §%u1 = 0, Relation (2) writes as

6em + La(pa) + L1(p1) =0.

But, from (3), 6%p1 = 0 implies 621 = 0. Thus we have Ly (u1) + L1(u1) = 0.
Since 1 is skew-symmetric:

Lr(pm)(z,y,2) =pi(z,y) *z —zxp(y, 2) + p(x*y, 2) — pa (2, y * 2)
=—pi(w,y*2) + p(z,y) x 2 +y* pa(z,2) + pa(z *y, 2)
—zxpui(y,z) — (e, 2) *y
=Li(p1) (2, y, 2) + L1(p1)(y, 2, 7).
So
Lg(p) = Li(p1) o Praye-

We deduce that
Lg(p)+ Li(p) = Li(pr) © Pordte

and Ly (p1) + £1(p1) = 0 implies £1(u1) = 0.
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Theorem 3. If p(z,y) = po(x,y) + >, ~1 t"tn(x,y) is a Lie deformation of the
Poisson product pg, then p is a skew-symmetric map satisfying

{ 5%,“1 =0,
L1(p1) = 0.

Recall that Poisson-Lichnerowicz cohomology [11] is associated with the com-
plex
(C;;L (P7 ,P)a 66)

where the cochains are the skew-symmetric multilinear maps P x --- x P — P
satisfying the Leibniz rule in each of their arguments (such maps are called skew-
symmetric multiderivations of the algebra P). The coboundary operators coin-
cide with the Chevalley-Eilenberg coboundary operator denoted by 5. Of course
Ch. (P, P) is a vector subspace of CE(P,P). The previous theorem shows that if
¢ is a 2-cochain of C%, (P, P), thus its classes of cohomology in H%, (P, P) and
H%(P,P) are equal.

4.2 Associative deformations of Poisson algebras
Definition 2. We say that the formal deformation p of the Poisson multiplication

1o is an associative formal deformation if the corresponding Lie multiplication is
conserved, that is, if

po(z,y) — po(y, x) = p(z,y) — uy, )
for any x,y.

As p(z,y) = po(2,y) + 32,51 " a2, y), if p is an associative deformation of
Lo, then

(. y) = py, z) = po(x,y) — po(y, @) + > " (pn(,y) — pin(y, 2)) -

Thus
>t (n(w,y) = pn(y,2) =0

n>1

and
(2, y) — pin(y, ) =0

for any n > 1. Each bilinear maps ., is symmetric. In particular p; is symmetric
and (p1), = 0. Since 621 = 0, Relation (2) writes as

Lo(p) + 63 + La(pn) = 0.
But, from (4), 6341 = 0 implies 6% 1 = 0. Thus

Lo(pa) + La(pa) = 0.
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Lemma 4. When ¢ is a symmetric map with 6%¢ = 0,

‘CC(@)(*’E’ Y, Z) = {cp(:v,y), Z} + {so(y, 2)71'} + {So(zvx)vy}
+e({z,y}t,2) +o{y, 2}, 2) + o({z, 2} ,y),
Lo()(x,y,2) =Ly o(x, 2)} — {z,0(x,y)} + 30(z,{z,y}).

This is a direct consequence of the definition of L&(ps) and L2(ps) when ¢ is a
symmetric bilinear map, replacing uo(z,y) — po(y, ) by 2{z,y}.
We deduce

(Lo(pr) + La(p)) (2,9, 2) = 2{p(x, ), 2} + {1y, 2), 2} + ({2, v}, 2)
+ m({z, 2} y) + 2u1 ({2, 9}, x)
=2{p1(2,y), 2} — 211 ({y, 2}, 7) — 2 ({, 2}, )
+{m(y, 2),2} — m({y, 2}, 2) —m({z,2},y)
=2Apq(z,y,2) + Aps (y, 2, x)

with
Aﬂl(‘r>y72) = {M1($,y)72} - :ul({ywz}?x) - Ml({x7z}7y) .

We deduce that
(Lo(pr) + La(pr)) = Apg o Porase

But ®574. . is an invertible map on PO Then (Ec(ul) + Eg(ul)) =0 if and only
if
Api(z,y,2) = {m(z,y), 2} — i ({y, 2}, 2) — ({2, 2}, 9) = 0.
Definition 3. Let P be a Poisson algebra and let {z,y} be its Poisson bracket.
A bilinear map ¢ on P is called a Lie biderivation if
{p(x1,22), 23} — (21, {22, 23}) — ({21, 23}, 22) = 0
for any x1,x2,x3 € P.

We deduce that pq, which is a symmetric map, is a Lie biderivation.

Theorem 4. If pu(x,y) = po(z,y) + 3,5, t"in(z,y) is an associative deformation
of the Poisson product i, then uy is a symmetric map such that

2. pp is a Lie biderivation.

In case of Lie deformation of the Poisson product ug, we have seen that the relations
concerning p1 can be interpreted in terms of Poisson-Lichnerowicz cohomology. We
propose a similar approach for the Lie deformations of .

Recall that x xy the associative commutative product associated with the Pois-
N’O(mv y) + /j‘O(yv QC)
5 .

son product pg, that is zxy =
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Lemma 5. Let ¢ be a symmetric bilinear map on P which is a Lie biderivation. If
82, is the Hochschild coboundary operator, we have

62 0(x1, 20, 13) = 21 * (T2, T3) — (T1 * T2, x3)
+ p(x1, 22 * x3) — (x1,T2) * T3
and
(0% (w1, 22, 3), 24} = 6fp({w1, 24}, w2, 23) + SFrp(@1, {w2, 24}, 23)
+ 83rp(w1, o, {73, 74})
for any x1,x2,x3,x4 € P.
Proof. As ¢ is a Lie biderivation, we have
{e(@1,22), 23} — @(@1, {72, 23}) — ({21, 3}, 22) = 0.
Thus, using the definition of 6%, we obtain
{051, 20, 23), w4} = {@1 % p(w2, w3), 24} — {p(x1 % 22, 23), 4}
+{p(z1,m2 * x3), 24} — {p(T1,T2) * T3, T4}
= a1 x {p(x2,23), 24} — x5 * {p(x1,22), 24}
+ o(x9, x3) * {x1, 24} — (21, 22) * {23, 24}
—{p(z1 * 22, 23), 24} + {p(x1, 22 * x3), 24}
As ¢ is a Lie biderivation,
{62 0(x1, 20, 23), 24} = 21 % p({xa, 24}, 23) + T1 % ©(22, {73, 24})
—x3x o({x1, T4}, x2) — 3 * (21, {22, T4})
+ (w2, x3) x {z1, x4} — (T1, T2) * {T3, 74}
— @(xy % {x2, 24}, 23) — (a2 * {z1, 24}, 23)
— (1 * xa, {x3,24}) + ({1, 24}, T2 * 3)
+ p(z1, 22 x {3, 24}) + p(x1, 3 * {X2,24}) .
But
She({wr, wa}, wo,x3) = {1, x4} % p(x2, 23) — ({1, 24} * 22, 23)
+ o({z1, 24}, T2 * x3) — p({w1, T4}, T2) * T3
62 (w1, {wa, 24}, x3) = 21 * o({x2, T4}, 23) — (21 * {22, 24}, 23)
+ p(z1, {z2, 24} * x3) — (21, {T2, T4 }) * T3
Shp(ar, w2, {23, 4}) = 21 % p(x2, {23, 24}) — (21 * 2, {23, 24})
+ o(x1, e * {x3,24}) — (1, 22) * {3, 24} .
As the product * is commutative, we deduce
{0510(21, 22, 25), 24} = 6Frp({z1, 24}, w2, 23) + 05 0(21, {2, w4}, 23)

+ 5%<p(x17m2, {$3,$4}) .
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Observe that the last identity is not a consequence of the symmetry of ¢. It is
satified for any bilinear Lie biderivation. Now, we can generalize these identities.

Definition 4. Let ¢ be a k-linear map on P. We say that ¢ is a Lie k-derivation if

k
{(z1,. ) zna} = Y oz, {z o}, )
i=1

for any x1,...,25+1 € P, where {x,y} denotes the Lie bracket associated with the
Poisson product.

For example, from the previous lemma, if ¢ is a Lie 2-derivation (or biderivation),
then §% ¢ is a Lie 3-derivation.

For any (k — 1)-linear map on P, let 5’;{_1gp the k-linear map given by

5’;{190(%1, v ) =x k(T xE) — (X kX9, - k) + (T, To x T3, 0, Tg)
+ -+ (_1)k71¢(zlax27 ey Tp—1 X Ik)
+ (=D Pp(21, 20, Th—1) * Ths.

This operator is the coboundary operator of the Hochschild complex related to the
associative operad Ass.

Theorem 5. If ¢ is a Lie k-derivation of P, then 6% is a Lie (k + 1)-derivation
of P.

Proof. Tt is analogous to the proof detailed for £k = 3. It depends only of the
symmetry of the associative product z * y. (]

Recall that a k-linear map ¢ on a vector space is called commutative if it satisfies
oy, =0 where Vy =3 v e(0)o =0.

Lemma 6. For any k-linear commutative map ¢ on P, the (k+ 1)-linear map 612190
is commutative.

Proof. In fact, consider the first term of % p(z1, ..., T11), that is,
Ty k(T2 Thy1) -
We have

Z €(0)Ti * P(To(1)s -+ s Ta(im1)s To(it1)s - - s To(kt1)) = 0

o€}

because ¢ is commutative, where ¥}, = {0 € Xj41,0(i) = i}. The same trick
vanishes the last terms, that is,

Z (,0(1‘0(1),.130(2)7 T ama(k)) * xa(kJrl) .
oceXk+1

The terms in between vanishes two by two when we compose with ®y, . O
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Let C% . (P, P) be the vector space constituted by k-linear maps on P which are
commutative and which are Lie k-derivations. From the previous result, the image
of the C (P, P) by the map % is contained in CHE(P,P). As these maps
coincide with the coboundary operators of the complex, we obtain a complex
(Ck (P, P), %) whose associated cohomology is called the Poisson-Hochschild
cohomology.

Theorem 6. Let P be a Poisson algebra whose (nonassociative) product is denoted
po. For any associative deformation pn = - t'p; of jo, the linear term p, is a
2-cocycle for the Poisson-Hochschild cohomology.

4.3 Example: Poisson structures on rigid Lie algebras

Such Poisson structures have been studied in [8], [7]. We will study these struc-
tures in terms of Poisson-Hochschild cohomology. Consider, for example, the
3-dimensional complex Poisson algebra given, in a basis {ej, e, e3}, by

€162 = 262, €1e3 = 7263, €g2€3 — €1 .

If {-,-} and * denote respectively the Lie bracket and the commutative associative
product attached with the Poisson product, we have

{e1,e2} =2es, {e1,e3} =—2e3, {ez,e3}=0¢e

and
e;xe; =0,

for any ¢, j. If ¢ is a Lie biderivation, it satisfies
{eleisej) et = p({ei e}, e5) + p({ej, ex}, ei) .

This implies ¢ = 0 and the Poisson algebra is rigid.

5 Coboundary operators of the general Poisson cohomology

In this section, we describe relations between the coboundary operators 6% of the
Poisson cohomology (the operadic cohomology or the deformation cohomology) of
a Poisson algebra P and the corresponding operators of the Poisson-Lichnerowicz
and Poisson-Hochschild cohomology of P.

5.1 Thecasesk=0and k=1
e k=0. We put

H%(P,P)={X € P such that VY € P, X-Y =0}.
e k=1. For f € End(P,P), we put
Spf(X,Y)=f(X)-Y +X-f(Y)~ f(X-Y)
for any X,Y € P. Then we have

Hp(P,P) = Hi(op, 9p) N Hiy (Ap, Ap) .
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5.2 Description of 6%
In Section 4, we have seen that

§po(x,y,2) =3p(x -y, 2) = 3p(z,y-2) —p(x-2,y) — oy - 2,2)
+oy-z,2) +9(z-2,9) + 3p(z,y) - 2 — 32 - 9(y, 2)
—p(r,2) Yy —oy,2) -z +ey,r) 2+ 9(z2) Yy
and

500 = 2(62¢a + Lo(ps) + 05105 + Lu(¢a) + L1(0a) + La(ps)) -

Let us compare this operator with the corresponding Poisson-Lichnerowicz and
Poisson-Hochschild ones.

Example 1. Assume that the Poisson product is skew-symmetric. Then {z,y} =
z-yand zxy = 0. If o € C3(P,P) is also skew-symmetric, then
Spp(e,y,2) = 20(z -y, 2) + 20(y - 2, 2) — 2p(x - 2,y)
+20(z,y) - 2+ 20(y, 2) - 2 — 20(,2) -y
= 6123L<p(x7 Y, Z) )

that is, the coboundary operator of the Poisson-Lichnerowicz cohomology.

The results of the previous sections imply:

Theorem 7. Let ¢ be in C%(P,P), ps and ¢, be its symmetric and skew-symmetric
parts. Then the following propositions are equivalent:

1. 6% = 0.

5 { i) 6&a =0, 0fps =0,
’ i) Lo(ps) + Lu(pa) + L1(pa) + La(ps) = 0.

Applications. Suppose that ¢ is skew-symmetric. Then ¢ = ¢, and ¢, = 0. Then
620 = 0 if and only if 62¢ = 0 and Lg(p) + L1(p) = 0. Morever if we suppose
than ¢ is a biderivation on each argument, that is, £1() = 0, then §%¢ = 0 if and
only if Ly (¢) = 0. But we have seen in Section 3 that

Lu(p) = L1(#) © Prae-
Thus Lz (p) =0 as soon as L1(p) = 0.

Proposition 3. Let ¢ be a skew-symmetric map which is a biderivation, that is,
¢ is a Poisson-Lichnerowicz 2-cochain. Then ¢ € Z%,(P,P) if and only if ¢ €
Z3(P,P).

Similarly, if ¢ is symmetric, then §%p = 0 if and only if 6%¢ = 0 and Lco(p) +
L2(p) = 0. If v be a skew-symmetric map which is a Lie biderivation, that is, if ¢ is
a Poisson-Hochschild 2-cochain, then ¢ € Z% (P, P) if and only if p € Z%(P,P).
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5.3 Thecase k > 3

Let P be a Poisson algebra and Hjj, ;(P) or Hp (P, P) its operadic cohomology. We
propose here to describe Hi(P,P) for n > 3. Let ¢ be a n-cochain of C%(P,P),
that is, a n-linear map on P. Its skew-symmetric part is the skew-symmetric n-
linear map

1
Pa = PO Dy,
n!
with V,, = dezn g(o)o; its symmetric part is the symmetric n-linear map

1
s = —podw,
n.

with W,, = ZUEZn 0. We denote by 03,d¢ and 07 respectively the coboundary
operators associated with the Poisson cohomology of P, the Chevalley-Eilenberg
cohomology of gp and the Hochschild cohomology of Ap.

The formulae (3) and (4) can be generalized as follows

2(n+ )16, = dppody,, (5)
2(n + 1)105rps = 0y 0 Py, (6)

where Upn =3 ey, , 0+ (=1)" Y cx, 0 With 5, = {0 € ¥,,,0(1) = i}.

Proposition 4. Let ¢ be a n-cochain of the Poisson complex of the Poisson alge-
bra ‘P. Then
0¢pa =0,

2o=0=
P {5;;%:0.

Let us consider £; ,, acting on the skew-symmetric n-linear map by
2(” - 1)!£1,n@a = Z 5(U)<P 00—1(1) Mo (I)(Id+712)oc7

o €S iv1,n

+ (_1)”‘71 Z 6(0-),” o1 po0 (I)(Id-i-rlz)oo
oc-leX,

- Z E(O'),LL G2 YO (I)(Id+7'12)ocr
0'71621,71

where ¥; 41, = {0 € X,,,0(1) =4,0(2) =i+ 1}.

Lemma 7. o, is a skew-symmetric n-derivation, that is, a skew-symmetric n-linear
map which is a derivation for the associative product x x y on each argument, if
and only if L1 npq = 0.

Now we define the operator Ly ,which acts on the the skew-symmetric n-linear
map by
Lan$a = LinPa© ‘I’Id+cn+ci+~~+c::t*2

where ¢, € ¥, is the cycle (1,2,...,n).
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Proposition 5. Let ¢ be a skew-symmetric linear map on P®". Then Opp =0 if
and only if 08¢ = 0 and L1, = 0.

We find again the classical result: the associative deformations of a Poisson
algebra are parametrized by the Poisson-Lichnerowciz cohomology.

Assume now that ¢ is a symmetric n-linear map. We have seen that:
0pp=0=0Fps =0He =0.

Consider the operator V™ acting on the symmetric n-linear maps by:

V@1, @ng1) = {o(@1, -, 2n), Tna} — o({21, Tnga b, 22, 20)
- w(x17 {$2,$n+1} sy L3y .- '7‘7;71)
-t @(xtha oy Tn—1, {mnaxn+l}) .

Then ¢ = s is a Lie n-derivation if and only if V"4 = 0.
Now we consider the following operator acting also on the symmetric n-linear
maps by:

Léps = poypo Q_eperpo g (—nyntientt + 0290 Pricy2 g (—1)nen

t@orpo (D21§1‘,,_7‘5n+1(*1)'”]*101‘1'

) _ 1 2 3 oo cereee el ool 1
where c¢;; 1sthepermutat10n(i I TR R R n+1>and
L3, defined by:

LEps + Lyps = Vo0,

with u € K[%,,] equal to 712 + 713 + - - - + T1,,. Since @, is invertible, the equation
Gps + L3, = 0 implies V", = 0 and we find that the Poisson-Hochschild
cohomology coincides with the Poisson cohomology when ¢ = ;.
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