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Abstract. A general class of nonconforming meshes has been recently studied for sta-
tionary anisotropic heterogeneous diffusion problems, see Eymard et al. (IMA J. Numer.
Anal. 30 (2010), 1009-1043). Thanks to the basic ideas developed in the stated reference
for stationary problems, we derive a new discretization scheme in order to approximate the
nonstationary heat problem. The unknowns of this scheme are the values at the centre
of the control volumes, at some internal interfaces, and at the mesh points of the time
discretization.

We derive error estimates in discrete norms [°°(0, T'; Hg (Q)) and W1°(0, T; L?(2)), and
an error estimate for an approximation of the gradient, in a general framework in which
the discrete bilinear form involved in the finite volume scheme satisfies some ellipticity
condition.

Keywords: non-conforming grid, nonstationary heat equation, several space dimension,
SUSHI scheme, implicit scheme, discrete gradient
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1. AIM OF THIS PAPER AND DESCRIPTION OF THE MAIN RESULTS

Let us consider the following heat problem:

(11) ut(xvt) - Au(xat) = f(xat)v ({E,t) € x (OvT)v
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where (2 is an open bounded polyhedral subset in R? with d € N* = N\ {0}, T' > 0,
and f is a given function.
An initial condition is given by

(1.2) u(z,0) =ul(z), x€Q,

and, for the sake of simplicity, we consider homogeneous Dirichlet boundary condi-
tions, that is

(1.3) wz,t) =0, (z,t)€dx (0,T),

where we denote by 92 = Q \ Q2 the boundary of €.

Heat equation (1.1) is typically used in different applications, such as fluid me-
chanics, heat and mass transfer, etc., and it is the prototypical parabolic partial
differential equation which in turn arises, for instance, in many different models like
Navier-Stokes and reaction-diffusion systems. It describes the distribution of heat
(or variation in temperature) in a given region over time. Therefore, parabolic equa-
tions are important from the mathematical viewpoint as well as in practice. For this
reason, many works have been devoted to the numerical approximation of parabolic
equations, see for instance [16, Chapter IV, pp. 837-868], [19], [17, pp. 331-341],
[3], [4], [2], [1], the recent works [7], [8] which are devoted to finite volume element
methods, and references therein.

The present paper is a continuation of our previous contributions [3], [4] which have
been devoted to error estimates for parabolic equations on the so called admissible
meshes given in [16], and it is an extended version of our recent notes [2], [1] in which
we stated some particular cases of the present paper.

The first aim of the present work is to derive a discretization scheme approximating
the nonstationary heat problem (1.1)—(1.3) using the new general class of spatial
meshes which was introduced recently in [12] to approximate stationary problems.
The second aim is to provide and prove error estimates of our discretization scheme
in possible different norms.

The general class of nonconforming multidimensional meshes introduced recently
in [12] has the following advantages:

e The scheme can be applied to any type of grid: conforming or non conforming,
2D and 3D, or more, made with control volumes which are only assumed to be
polyhedral (the boundary of each control volume is a finite union of subsets of
hyperplanes).

e When the family of discrete fluxes satisfies some suitable conditions, the matri-
ces of the generated linear systems are sparse, symmetric, positive and definite.



e A discrete gradient for the exact solution is formulated and converges to the
gradient of the exact solution.

Thanks to the basic ideas of the finite volume scheme developed in [12] to approxi-
mate stationary problems, we shall first derive the new finite volume scheme (4.16)—
(4.17) in order to approximate problem (1.1)—(1.3), see Section 4. The first equation
of the finite volume scheme, i.e. (4.16), is a discrete version for the weak formula-
tion (2.1) of the heat equation (1.1) (with, of course, the boundary condition (1.3)).
Whereas, the discrete initial condition (4.17) of scheme (4.16)—(4.17) is a discrete
version of the weak formulation for the orthogonal projection

(1.4) a(u(0),v) = —(AUO,U)[Lz(Q), Yo € HE ),
where
(1.5) a(w,v) = /QVw(x) - Vo(z) de.

This choice is useful as explained in Remark 6.

Although the scheme (4.16)—(4.17) stems from the finite volume ideas developed
during the last years (that is, integrating over the control volumes and then ap-
proximating the fluxes arising after integration by parts by some suitable numerical
ones), its formulation seems a discrete version for the weak formulation (2.1) and
(1.4)—(1.5). From this point of view, the scheme (4.16)—(4.17) presented in this work
looks like a nonconforming finite element scheme for the heat problem (1.1)—(1.3).

Thanks to the properties of the scheme presented in [12], the scheme we present,
that is (4.16)—(4.17), also has the following advantages:

e The scheme can be applied to any type of spatial grid: conforming or non
conforming, 2D and 3D, or more, made with control volumes which are only
assumed to be polyhedral (the boundary of each control volume is a finite union
of subsets of hyperplanes).

e For each time level n, the scheme results in a linear system (4.16) with a number
of unknowns being equal to card(M)+card(H), the sum of the number of control
volumes and the cardinality of a certain subset of the set of edges of the mesh
equations. So, the present scheme (4.16)—(4.17) has less unknowns than that
presented in [1].

e When the discrete fluxes satisfy some suitable conditions, the matrices generated
by the scheme (4.16)—(4.17) are sparse, symmetric, positive and definite.

e For each level n € [0, N+1], the finite volume solution of (4.16)—(4.17) converges
to u(-,t,) in the [2(2)-norm, see first and fourth items of Remark 5.



e Using the discrete gradient provided in [12] for the stationary case, suitable
discrete derivatives of the finite volume solution of (4.16)—(4.17) can be formu-
lated in order to approximate spatial first derivatives of the exact solution of
problem (1.1)—(1.3), see second and fourth items of Remark 5.

e A discrete time derivative is formulated in order to approximate the time deriva-
tive of the exact solution of (1.1)—(1.3), see third and fourth items of Remark 5.

The convergence analysis of the finite volume scheme (4.16)—(4.17), see Theo-
rem 4.1, is provided in several discrete norms, namely in those which allow us
to get error estimates for the approximation of the exact solution of (1.1)—(1.3)
and its first derivatives. We derive error estimates (4.34)—(4.36) in discrete norms
1°°(0,T; H}(Q)) and WH2°(0,T; L*(Q2)), and an error estimate for an approxima-
tion for the gradient, in a general framework in which the discrete bilinear form
involved in the first equation (4.16) of the discretization scheme (4.16)—(4.17) and
given by (4.30) satisfies ellipticity condition (4.29). We prove in particular, see (4.37),
when the discrete flux is given by (4.25)—(4.28), that the convergence order is hp +k,
where hp and k are the mesh sizes of the spatial time discretization, respectively.
This estimate is valid under the regularity assumption u € C2([0,7];C?(Q)) for the
exact solution w.

The proof of Theorem 4.1 is based on the comparison between the solution of
scheme (4.16)—(4.17) and the new auziliary solution defined by (4.62). As the first
principal part of the proof of Theorem 4.1, we prove Lemma 4.5 and as the second
principal part, we prove Lemma 4.6. The technical Lemma 4.7 will help us to con-
clude the proof of Theorem 4.1. Lemmas 4.1-4.4 are some preliminary technical tools
which are used in the proof of Lemmas 4.5 and 4.6 and Theorem 4.1. Lemma 4.5
provides us with some estimates of the error between the solution of (4.62) and the
exact solution of (1.1)—(1.3), and its proof is based on the proof of [12, Theorem 4.8,
p. 1033] with some special attention to determining the dependence of the constants,
which appear in the estimates, of the exact solution. Lemma 4.6 provides us with
some estimates of the error between the auxiliary solution of (4.62) and the finite vol-
ume solution of (4.16)—(4.17). So, the proof of Theorem 4.1 can be done by gathering
results of Lemmas 4.5, 4.6, 4.7, and the triangle inequality.

The organization of this paper is as follows: in the second section, we state the
weak formulation of the continuous problem and recall some functional spaces which
will be used throughout this paper. Third section is devoted to recalling the defini-
tion of general nonconforming meshes as well as some discrete spaces given in [12].
In the fourth section, we derive and present the finite volume scheme (4.16)—(4.17)
and the main result of our paper, namely Theorem 4.1. The proof of Theorem 4.1 is
performed thanks to Lemmas 4.5, 4.6, and 4.7. Among the tools used to prove Lem-
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mas 4.5 and 4.6, we used some Lemmas and results from [12]. In fact, Lemma 4.1
and 4.2 are the subject of [12, (4.6), p. 1026] and [12, Lemma 4.2, p. 1026]), respec-
tively, and we recall them here for the sake of completeness. Whereas, Lemmas 4.3
and 4.4 are the subject of [12, Lemma 4.4, p. 1029] and [12, (4.20), p. 1031] in which
the constants in estimates [12, (4.13), Lemma 4.4, p. 1029] and [12, (4.20), p. 1031]
depend on the function under consideration ¢, whereas the constants which appear
in estimate (4.41) of Lemma 4.3 and in estimate (4.53) of Lemma 4.4 are indepen-
dent of the function under consideration . Writing Lemmas 4.3 and 4.4 in which
the constants are independent of the function under consideration ¢ has at least two

roles:

e The application of Lemmas 4.3 and 4.4 serves to get constants independent of
the exact solution in the error estimates, whereas a straightforward application
of [12, Lemma 4.4, p. 1029] and [12, (4.20), p. 1031] leads to constants, which
appear in error estimates, depending on u(-,t,) and, consequently, we obtain
constants depending on the parameters of the time discretization.

e The required regularity in Lemmas 4.3 and 4.4 is ¢ € C?(Q). This regularity
assumption together with the regularity assumptions in Lemmas 4.5, 4.6, and
4.7 yields the regularity assumption u € C2([0,7];C(2)) in Theorem 4.1 for the
exact solution u of problem (1.1)—(1.3). So, we expect that this regularity may
be weakened to W% (0,T; H?(f2)).

So, some efforts have been devoted in order to determine the dependendence of the
constants which appear in the estimates of [12, Theorem 4.8, p. 1033] on the exact
solution.

Finally, the fifth section is devoted to suggesting interesting tasks not resolved in
this work and suitable to work on in the future.

2. WEAK PROBLEM AND PRELIMINARIES

The following theorem, provided in [11], gives a sense for a weak solution for prob-
lem (1.1)—(1.3) (recall that H—'(2) is the dual of H}(f2)), see also [6, Theorem X.1,
p. 205], [6, Theorem X.1, p. 207], and [6, Theorem X.9, p. 218] for more information:

Theorem 2.1 (cf. [11, Theorems 3 and 4, pp. 356-358]). Let f € 12(0,T;12(Q))
andug € 12(2). Then there exists a unique weak solution for (1.1)—(1.3) in the follow-
ing sense: there exists a function u € 12(0,T; H} () such that u, € 12(0,T; H=1(2))
and:



(i) Fora.e 0<t<T
(2.1) (ug,v) + /Q Vu(z,t) - Vo(z)dz = /Qf(x,t)v(x) dz, Vwve Hy(Q);

(ii) For a.e. x € )

(2.2) u(0) = uo.

The convergence of the finite volume scheme we want to present is analyzed using
the space C™ ([0, T];C(2)), where m and [ are integers, of m-times continuously dif-
ferentiable mappings of the interval [0, 7] with values in C!(Q), see [17, pages 47-48].
The space C™([0, T]; C}(£2)) is equipped with the norm

(2:3) [[u

- dJu
cm ([0 Tt () jg[lﬁ}r;,]]{te 0.7] H dti Hc' Q)}

where || - ch(ﬁ) denotes the usual norm of C!(Q).

3. MESHES AND DISCRETE SPACES

This paper deals with a finite volume scheme approximating (1.1)—(1.3) on a gen-
eral class of nonconforming meshes which include the admissible mesh of [16, Defi-
nition 9.1, p. 762]. This general class of meshes is introduced in [12]. An example
of two neighboring control volumes K and L is depicted in Fig. 1. For the sake of
completeness, we recall the general finite volumes mesh given in [12].

Figure 1. Notation for two neighboring control volumes in the case d = 2.



Definition 3.1 (Definition of a large class of finite volume grids, cf. [12, Defi-
nition 2.1, p. 1012]). Let Q be a polyhedral open bounded subset of R?, where
d € N\ {0}, and 99 = Q\ Q its boundary. A discretization of (2, denoted by D, is
defined as the triplet D = (M, &, P), where:

(1) M is a finite family of non empty connected open disjoint subsets of Q (the

“control volumes”) such that @ = |J K. For any K € M, let 0K = K \ K
KeMm
be the boundary of K; let m(K) > 0 denote the measure of K and hg the

diameter of K.

(2) € is a finite family of disjoint subsets of Q (the “edges” of the mesh), such
that, for all ¢ € £, 0 is a non empty open subset of a hyperplane of R?, whose
(d — 1)-dimensional measure is strictly positive. We also assume that, for all

K € M, there exists a subset i of £ such that 9K = |J @. For any o € &,
c€EK
we denote M, = {K: o € Ex}. We then assume that, for any o € &, either

M, has exactly one element and then o C 99 (the set of these interfaces,
called boundary interfaces, is denoted by Eext) or M, has exactly two elements
(the set of these interfaces, called interior interfaces, is denoted by &int). For
all ¢ € £, we denote by z, the barycentre of o. For all K € M and ¢ € £k, we
denote by ng , the unit vector normal to o outward to K.

(3) P is a family of points of 2 indexed by M, denoted by P = (k) ke m, such that
for all K € M, zx € K and K is assumed to be z-star-shaped, which means
that for all z € K, the condition [xx,x] C K holds. Denoting by dx ., the
Euclidean distance between zx and the hyperplane including o, one assumes
that dix,- > 0. We then denote by Di , the cone with vertex xx and basis o.

Remark 1 (Some properties of the mesh). It is useful to mention the difference
between the admissible mesh considered in [16, Definition 9.1, p. 762] and the mesh
considered in Definition 3.1. The class of meshes considered in 3.1 is larger than that
considered in [16, Definition 9.1, p. 762] for the following reasons:

e The control volumes of the class of meshes in Definition 3.1 are not necessarily
convex subsets of €, whereas the control volumes of the class of meshes in [16,
Definition 9.1, p. 762] are convex polygonal subsets of €.

e The class of meshes in Definition 3.1 does not possess the orthogonality prop-
erty (iv) possessed by the meshes considered in [16, Definition 9.1, p. 762].

The discretization of € is then performed using the mesh D = (M, &, P) described
in Definition 3.1, whereas the time discretization is performed with a constant time
step k =T/(N + 1), where N € N*, and we shall denote ¢,, = nk for n € [0, N +1].

For our need, we use the discrete spaces and their norms of the following definition:
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Definition 3.2 (Discrete spaces and norms, cf. [12]). Let Q be a polyhedral
open bounded subset of R and D = (M,&,P) a discretization in the sense of
Definition 3.1. Throughout this paper we use the following spaces and norms:

e The space Xp:

(3.1) Xp = {’U = ((vk)kem; (Vo )oce): vk € R, v, € [R}.

The space Xp is equipped with the semi-norm

(32) =3 Y B, 2

KeMo€e€k 7

e The space Xp :
(33) XD,O = {U = ((UK)KEMv (UU)UEE) € Xp; v, =0,Vo € gext}-

The semi-norm | - |x given by (3.2) is a norm on the subspace Xp ¢ of Xp.
e For a given family of real numbers {35 : K € M, o € &}, with 35 # 0 only
for some control volumes which are “close” to o, and such that

(3.4) 1= Z BE and wx, = Z R 2,

KeMm KeM

we define a space with dimension smaller than that of X'p o. This can be achieved
by expressing the value u, of u on any interior interface o € B, where B C &ipt

as a consistent barycentric combination of the values ux on the control volumes
K e M:

(35) Us = Z Bqu.

KeM

Note that, for any o € &y, there exists an infinity of solutions { 5% } x for (3.4)
when the number of control volumes K € M involved in the two sums of (3.4)
is greater than or equal to d+2. There exists a unique solution {3% } x for (3.4)
when the number of control volumes K € M involved is d + 1 and the corre-
sponding points {zx } x are not contained in a hyperplane, see for instance [9,
p. 66].

We decompose then the set &yt of interfaces into two non intersecting subsets,
that is: &iny = BUH and H = &yt \ B. The interface unknowns associated with B
will be computed by using the barycentric formula (3.5). The unknowns of the



scheme (see (4.16)—(4.17)) will be then the quantities ux for K € M and u,
for o € H. Consider then the space Xp g C Xp o given by

(3.6) Xp = {v € Xp,o such that v, satisfies (3.5), Vo € B}.

The semi-norm | - |x given by (3.2) is a norm on the subspace Xp g of Xp .

e The subspace H((92) of 12(£2) defined by the functions which are constant on
each control volume K € M. We then denote, for all v € Hx(€2) and for all
o € &ng with M, = {K,L}, Dyv = |vg —vr| and d, = dk,» + dr», and for
all 0 € Eex, with M, = {K}, we denote D,v = |vk| and d, = di,,. We then
define the following norm:

(3.7) Yve Hm(), [[v|fom= D Y m(o)dx, (%)2 =3 m(o) (D;:P.

KeMoe€k i oeE

We also need the following interpolation operators:

Definition 3.3 (Interpolation operators, cf. [12]). Let © be a polyhedral open
bounded subset of RY and D = (M, &, P) a discretization in the sense of Defini-
tion 3.1. Throughout this paper we use the following interpolation operators:

e For all v € Xp we denote by IIpv € Ha(€2) the piecewise constant function
from 2 to R defined by IIyv(x) = vk for a.e. z € K and for all K € M.
e For all ¢ € C(2) we denote by Ppy € Xp the element defined by

((So(xK))KeMv (@(ﬂ?a))aes)-

e For all ¢ € () we denote by Pp gy € Xp s the element v € Xp 5 such that

(3.8) vk = p(azk), VK eM,
(3.9) Vg =0, Vo€ Eext,
(3.10) Vg = Z BEo(zk), VoeB,
KeM
and
(3.11) v = p(xs), Vo eH.

e For all ¢ € C(Q) we denote by Pas, € Haq(£2) the element defined by Pap(x) =
p(zk) for a.e. v € K and for all K € M.

In order to analyze the convergence, we need to consider the size of discretization D,
see [12, (4.1), p. 1025], and

(3.12) hp = sup{diam(K): K € M},



and the regularity of the mesh is given by, see [12, (4.2), p. 1025],

dk hi
(3.13) Op = ( max —%  max )
0€E&int, K, LEM, dLJ KeM,oelk dKJ

For a given set B C &y and for a given family (85) ke oce,, satisfying condi-
tion (3.4) we introduce a measure of the resulting regularity by

> 187l — P
L )

.14 0 = 0
(3.14) D.B max< D’KeMIgae%sKmB h2

4. THE DISCRETIZATION SCHEME AND STATEMENT OF THE MAIN RESULT

The scheme we want to consider is to find an approximation for (1.1)—(1.3) by
setting up systems of equations for a family of values ((u%)rxem, (u})see) in the
control volumes and on the interfaces.

Following the idea of finite volume method, we first integrate equation (1.1) over
each control volume K and on each interval (¢,,t,+1), and then we use integration
by parts to get (recall that nk , is the unit vector normal to ¢ outward to K)

(4.1) /t H/K il t)dedt— 3 /t H/U Vu(z,t) - ng.o(z) dy(z) dt

cEEK

tnt1
= / f(z,t) da dt,
tn JK

which gives

(4.2) /K(u(x,tnﬂ)—u(x,tn))dx— Z/"H/ Vu(z,t) - ng.o (@) dy(z) di
seextn IO

tnt1
= / / Sz, t) dedt.
t,  JK

The left-hand side of this equation is the sum of two terms. We will approximate
these two terms.

e The first term [, ((u(z,tny1) — u(z,t,))) dz can be approximated using a zero
order quadrature by

u(r,tng1) — u(Tr, tn)

m(K) -
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e For each n € [0, N], the flux — ftt“fa Vu(z,t) - ng o (z) dy(z)dt is approx-
imated by a function kFx ,(u"*') of the values ((u)x™)xem, (U2 ) ce) at
the “centers” and the interfaces of the control volumes (in all particular cases,
Fr o (u"1) only depends on u! and (u;™), g, ), thus the proposed scheme
is implicit in time. The numerical flux Fi ,(u™"!) satisfies the following con-

servativity:

(4.3) Fro(u™™) + Fp ,(u"™) =0, Vo € &y such that M, = {K,L}.

Therefore, a discrete equation corresponding to (4.2) can be written as

(4.4) m(K)o'ui + > Fro(u') = m(K)fx,

oc€EK

where 0'v™ denotes the value

n n—1
45 R —
(15) e
and
tnt1
(4.6)

The discrete problem for (1.1) is then defined by
A7) mE)u + ) Fro(wt) =m(K)fi, VK€M, ¥ne[0,N]
0€EK

The discretization of the initial condition (1.2) is performed as an approximation
of (1.4)—(1.5) (which is a weak form for (1.2)), that is

(4.8) S Freo(u®) = — / A (z) de
cEEK K
The Dirichlet boundary condition (1.3) can be approximated for all n € [0, N + 1]

as

(4.9) U =0, Vo€ Eox.

o

Equation (4.7) can be written in a weak formulation; multiplying, for any v € Xp g,
both sides of (4.7) by the value vk of v on the control volume, and summing over
K € M to get

(4.10) Z m (K)o o + Z Z Fr o (u" Yok = Z m(K) frvk.

KeM KeMoe€k KeM
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Using (4.3), (4.7) yields the following discrete weak formulation: for any n € [0, N,
find u™ € Xp o such that

(4.11) > m(K)u vk + W) p = Y m(K) frok, Vv € Xp,
KeM KeM

where

(4.12) (woo)p =Y > Frow)(vg —v,).

KeMoelk

In the same way, (4.8) can be written in the following discrete weak form:

(4.13) (u v)p = — Z UK/ Au’(z)dz, Yv € Xpy.
KeM K

It is useful to mention that (4.11) is equivalent to (4.3), (4.7); indeed, setting v € Xp
in (4.11) such that vgk = 1 and v, =0 for all L # K, and v, = 0 for all 0 € &, we
get (4.7). Similarly, choosing v € Xp o such that vxg =0, for all K € M, and v, =1
and v, = 0 for any 7 € &, such that M, = {K, L} leads to (4.3).

In the same way, we can justify that ((4.3), (4.8)) is equivalent to (4.13). This
means that under the conservativity property (4.3), problem (4.7)—(4.9) is equivalent
to problem (4.11)—(4.13).

We may also choose a space with dimension smaller than that of Xp . This
can be achieved by expressing u,, for all ¢ € &, as the consistent barycentric
combination (3.5) of the values u, where {35: K € M, 0 € &y} is a family of
real numbers with S5 = 0 only for some control volumes which are “close” to o, and
satisfies (3.4).

Hence, the new scheme can be written as follows: for any n € [0, N], find u™ €

Xp o such that ue = > BEu for all o € Eing
KeM

(414)  >° m(E)O ui o+ (™t v)p

KeM
= Z m(K)frvk, Yvé€ Xpyo with v, = Z vaK, Vo € &,
KeM KeMm

and find v € Xp o such that ug = > ﬂfu(}( for all o € Eiyy,
KeM

(4.15) (W, v)p = — Z vK/ Au’(z)dz, VYov € Xpay.
KeM K
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Let us decompose the set &, of interfaces into two non intersecting subsets, that
is: &t = BUH and H = &yt \ B. The interface unknowns associated with B will be
computed by using the barycentric formula (3.5).

In terms of the space Xp 5 given by (3.6), we suggest the following composite
scheme, which is based on the ideas of the finite volume approximation of anisotropic
diffusion equations considered in [12]. For any n € [0, N], find u}, € Xp 5 such that

(4.16)  (O'Taupt' TTpmw)iei) + (up v)r = > m(K) frok, Yo € Xpg,
KeM

where f7 is given by (4.6), and find u}, € Xp 5 such that

(4.17) <’U,OD7U>F = — Z UK/ A’U,O(l‘) dJ), Yov e Xpﬁ,
KeM K

where (-,-)i2(q) denotes the L2 inner product, and Iy, for all v € Xp, is the
piecewise constant function from  to R defined by IIyv(z) = vk for a.e. z € K
and for all K € M, see Definition 3.3.

Remark 2 (Choice of B). The choices for the set B include B = ) (hybrid finite
volume scheme) and B = & (completely cell centred finite volume scheme). An
interesting use for the set B arises when considering a more general heat equation
with a matrix diffusion coefficient A (instead of the identity matrix I as in (1.1)),
that is

(4.18) us(x,t) — V- (Ax)Vu(z, t) = f(x,t), (x,t) € Qx(0,T).

In this case, the accuracy of the scheme is increased in practice when the points where

the matrix A is discontinuous are located within the set |J o (even this property is
ocH
not needed in the mathematical study of the scheme), see [12, Remark 2.5, p. 1015].

Therefore, the unknowns of the scheme are the values at the centre of the control
volumes and at the internal interfaces H = &, \ B that may, for instance, be chosen
at the diffusion tensor discontinuities.

4.1. Construction of the numerical flux using the discrete gradient. We
recall here an example of an explicit expression for the numerical flux Fk , given
n [12]. This numerical flux is derived using the discrete gradient and can be calcu-
lated as follows:

(4.19) (wv)p= Y Y Fro(u)(vk —v,)

KeMocék

/VDu(x)~VDv(x)dx, Yu e Xp, Yv € Xp.
Q
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Let us consider the discrete gradient given in [12]:
(4.20) Vou(z) = Vi,ou, a.e. x€ Dk,

where Dk , is the cone with vertex zx and basis o and

(4.21) Vik,ot=Vigu+ Rg sung o,
1
4.22 VKU:— m(o )y — UK )NK o,
(4.22) o) UEK (o)( )
and

(4.23) Riou= 7 (Ue —urg — Vug - (x5 — 2K))
K,o
Let us set
(4.24) Viou= Y (g —ur)y”
o'e€€fk
where

m(a) Vd ~ m(o)
m(K) Moot (1 m(K)
m(o’)

m

/
ngq - (xa - xK))nK,O'7 o =0,
dKO’

)

D gy = — YL
m(K) oo dr -m(K)
Therefore, using (4.20) and (4.24), we obtain

(4.25) 77 =

m(o' gy - (¥ — Tx)NK o, 0 F# 0.

(4.26) /vDu 2) - Vou(a) dz

Z Z Z AUU Ue —UK)(Vor —VK), Yu€ Xp, Vv e Xp,

KeMoelkg o' €€k

where

(427) AUUI = Z AK’UNyU”U . ygugl and AK,U” :/ Zdz.
D

o E€EK K,o!

The identification, using (4.19) and (4.26), leads to

(4.28) Frolu)= Y A7 (ux —uq).
o' €€k

The convergence of the discretization scheme (4.16)—(4.17) is established in the
following theorem.
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Theorem 4.1 (Error estimates for the finite volume scheme (4.16)—(4.17)). Let
Q be a polyhedral open bounded subset of R, where d € N*, and 992 = Q \ Q its
boundary. Assume that the weak solution of (1.1)—(1.3) in the sense of Theorem 2.1
satisfies u € C2([0,T);C%(Q)). Let k =T/(N + 1) with N € N*, and denote t,, = nk
forn € [0, N+1]. Let D = (M, &, P) be a discretization in the sense of Definition 3.1.
Let B C iy be given and let {35 : 0 € B, K € M} be a subset of R satisfying (3.4).
Assume that 0p g, given by (3.14), satisfies 0 > 0p g. Let (Fk o )kem,oce be a family
of linear mappings from Xp into R such that there exists a positive constant o with

(4.29) alvk < (v,v)F, YoveE Xp,
where (-, ) is defined by (4.12), that is

(4.30) (u,v)p = Z Z Fr o) (v —vs), Yu,ve€ Xp.
KeMoelk

Then there exists a unique solution (uf)N2! for problem (4.16)—(4.17).

For a function u € C*(Q2), we define the following expressions:

(4.31) R (u) = Fr.o(Pp s(u /Vu ‘ng o dy(z),
and
1/2
(4.32) <Z > - dK" Ric,q ))2) .
KEMUEEK

Let (uf))2 be the solution of (4.16)—(4.17). For each n € [0, N + 1], let us define
the error e}, € Hp(2) by

(4.33) e = Pamul, ty) — Mpup.

Then the following error estimates hold for positive constants Cy, Cs, and Cs only
depending on Q, d, «, 0, and T':

e Discrete 1°°(0,T; Hi(Q))-estimate: for all n € [0, N + 1]

(4.34)  [lefallr2.nm

<G (jgﬁgf;]] L Ep(&u(-,tm)) + (hp + k)”“”@([o,T];C?(ﬁ)))'
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o Whe2(0,T; 12(2))-estimate: for alln € [1,N + 1]

(4.35) [0 Rz

SO (jgﬁ%ﬂ melN 1] Ep(07u(:, tm)) + (hp + k>|\u|\c2<[o,T];62<ﬁ>>)'

e Error estimate in the gradient approximation: for all n € [0, N + 1],

<Oy(mas o En(@u(- b)) + (ho + K)ules o.rycxca )

Moreover, in the particular case where (Fi »)kem,oce is defined by (4.25)—(4.28),
there is a constant Cy only depending on 6, Q, and d such that, for all j € [0, 2],

(4.37) pehax Ep (& u(-,tm)) < Cahollullez(o 1102 @))-

Remark 3 (Sufficient conditions on the data to get the required regularity of
Theorem 4.1). The required regularity assumption u € C%([0,7];C%(Q?)) in Theo-
rem 4.1 can be reached by assuming sufficient regularity for the data ug, f, and Q2
and some compatibility conditions, see for instance [6, Theorem X.10, p. 219] and
[11, Theorem 5, pp. 360-361], and [11, Theorem 7, p. 367].

Remark 4 (A semi-discretization scheme). The present work is devoted to the
full discretization scheme (which is the more practical) (4.16)—(4.17), i.e. discretiza-
tion in time and space, but the analysis presented here can be extended also to a
semi-discretization scheme, i.e. discretization only in space.

Remark 5 (Some applications of Theorem 4.1). Results of Theorem 4.1 are
useful, since they allow us to get error estimates for approximations for the first
derivatives of the exact solution, of order max  max Ep(d7u(-,t,,))+(hp+k) x
. JE[0,2] me[j,N+1]

[ullezo,ry:c2y); indeed:

o Estimate (4.34) implies that using [12, (5.10), Lemma 5.4, p. 1038] and the

triangle inequality, for all n € [0, N + 1], IIxqu}, approximates u(-,t,) by order

, mat "
jnaxmax | Ep(@7u(tm)) + (ho + B)|ullea o, ry,c2 ), 1 the L(2)-norm,

e Estimate (4.36) implies that, for all n € [0, N + 1], the i-th component of
the discrete gradient Vpuf, defined by (4.20)-(4.23) by replacing u with
uf, approximates the i-th component of the gradient Vu(-,¢,) by order

, . 5
e JnaxEp(07ultm)) & (b + B [ule o, 112 @y, In the 1(€2)-norm.
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e Estimate (4.35) implies that (using the triangle inequality), for all n € [0, N,
(Pruptt — P \up)/k approximates u(-,t,) by order
Ep (07 u(:,tm hp +k 5
jrel%[?,};]] mef[[l;%(“ﬂ (' u(-,tm)) + (ho + k)|ullcz2(o,79:c2@))
in the 12(92)-norm.

o In the particular case where (Fi ») kem,oce is defined by (4.25)—(4.28), Iy ul,
the i-th component of the discrete gradient Vpul, and (PMU%“ — Pmul)/k
approximate respectively u(-,t,), the i-th component of the gradient Vu(-,t,),
and wu(-,t,) by order hp + k in the [2(2)-norm.

Remark 6 (Discretization (4.17) of the initial condition (1.2)). The choice of the
discretization (4.17) of the initial condition (1.2) is useful in the proof of Lemma 4.6,
on which the proof of Theorem 4.1 is based. Indeed, the choice (4.17) implies (4.99)
below, see (4.97)—(4.99) below. The property (4.99) will allow to obtain (4.129) for
the first time step. Error estimates for the finite volume scheme (4.16) with another
choice of discretization for the initial condition (1.2) but different from that of (4.17)
could be studied, see Section 5.

The proof of Theorem 4.1 is performed thanks to several technical lemmas. We
will quote these lemmas and then we prove Theorem 4.1. We begin with the following
lemma which is concerned with some interpolatory relations and norm inequalities.
Results of Lemma 4.1 are given in [12], and we recall them here for the sake of
completeness.

Lemma 4.1 (Some interpolatory relations and norm inequalities, cf. [12, (4.6),
p. 1026]). Let Q be a polyhedral open bounded subset of R?, where d € N* and
let D = (M, E,P) be a discretization in the sense of Definition 3.1. Let B C &ny be
given and let {85 : o € B, K € M} be a subset of R satisfying (3.4).

(1) Interpolatory relations: Let Pa, Pp, and Pp g be the interpolatory operators
given in Definition 3.3, and ¢ € C(§). The following relation holds:

(4.38) Pme =l mPpe =P se.

(2) Norm inequalities: let || - ||1,2,m and |- |x be the norm and the semi norm given
in Definition 3.2. Then the following inequality holds:

(4.39) [T A0

12.m < |vlx, YveE Xpp.

The next lemma, which is the subject of [12, Lemma 4.2, p. 1026], provides us
with the equivalence between the norm of the gradient, given in (4.20)—(4.23), and
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the norm |- |x, given in (3.2). This lemma is useful since it allows us, for instance, to
get the uniqueness (and then the existence) of the solution u%, of (4.16)—(4.17) when
(Fr,0) kem,oce is defined by (4.25)—(4.28), and also to prove the error estimate (4.36)
of Theorem 4.1, see for example (4.81)—(4.82).

Lemma 4.2 (Stability property for the discrete gradient, cf. [12, Lemma 4.2,
p. 1026]). Let Q be a polyhedral open bounded subset of R?, where d € N* and
let D be a discretization of () in the sense of Definition 3.1, and let 8 > 0p be given
(where 0p is defined by (3.13)). Then there exists Cs > 1 only depending on 6 and
d such that

(440) C5_1|U|X < ||VD’UH[L2(Q) < C5|’U|X, Vv e XD,

where Vp is the discrete gradient given in (4.20)—(4.23).

Lemmas 4.3 and 4.4, given below, provide us, respectively, with an error estimate
for the gradient approximation and a consistency result. They are the subject of [12,
Lemma 4.4, p. 1029] and [12, (4.20), p. 1031] with some slight modifications on the
r.hs. (right-hand side) of [12, (4.13), Lemma 4.4, p. 1029] and [12, (4.20), p. 1031].
Indeed, the constants which appear in these formulas depend on the function ¢, so
when we apply these formulas directly, for instance, to (4.88)—(4.89) or, respectively,
to (4.84)—(4.85), we get constants depending on u(z,t,) and then on n, whereas the
application of Lemmas 4.3 and 4.4, given below, leads to constants independent of
the discretization parameters. In addition to this, the application of Lemmas 4.3
and 4.4 below helps us to see clearly which regularity is required to get the results
of Theorem 4.1.

Lemma 4.3 (Consistency result for the discrete gradient, see [12, Lemma 4.4,
p. 1029]). Let D be a discretization of ) in the sense of Definition 3.1, and let
0 > 0p be given (where 0p is defined by (3.13)). Then for any function ¢ € C?(Q),
the following estimate holds:

(4.41) IVoPpy — Vol (1 (0))e < Cehp max D¢l

where Vp is the discrete gradient given in (4.20)—(4.23) and Cs = d®0 + d7/%6% +
d*20 + 1.

Proof. Using the triangle inequality and the definitions (4.21) and (4.23), we
get

(4.42) IVi.oPpe — Vo(zk)| < [VkPpyp — Vo(rk)| + |Rk,o Ppyl.
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We then estimate each term on the r.h.s. of the previous inequality; thanks to (4.22)
and the Taylor expansion we obtain

(4.43) VikPpp = m m(o)(p(zs) — o(rx))nK o
o€k
1 T

+dh max ID%¢llea) ) 0K,

where (1, — x5 )" denotes the transpose of x, — rx € R%.

We use the following geometrical relation, which is the subject of [12, (2.17),
p. 1017]:

(4.44) Z m(o)ng o (t, —2x)’ =m(K)Z, VK€M,

c€EK

where 7 is the d x d identity matrix. (Recall that (z, — xx)T is a 1 x d matrix and
ng . is a d x 1 matrix, therefore the product ng ,(z, — rx )T is meaningful, namely
ng . (s — )T

Therefore, (4.43) with (4.44), and the definition (3.13) of p, yield that

is a d x d matrix; consequently equality (4.44) makes sense.)

d?hbp
DYl o5 .
m(i) 1Dl D m(o)di,q

oK

(4.45) IVEPpy — Ve(zk)| <

Thanks to the assumption that K is zx-star-shaped, the following equality holds,
cf. [12, (4.3), p. 1025]:

(4.46) > m(o)dk o = dm(K).

oK

Consequently, (4.45) with (4.46) and the fact that 6p < 6 imply that

(4.47) IVkPpy — Vo(zk)| < mox DY@l ¢ cpyd*Ohg.

Let us proceed to estimating the second term on the r.h.s. of (4.42); using defini-
tion (4.23) combined with (4.43) and (4.47), we get for some values gg » such that
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lok,o| < d? max 1D%¢llc@):
|a|=2

(4.48) |RKk,oPpy|
Vd

= d ((,0(1[,‘0) - SD(SUK) - VKP’DSD . (xo' _ xK))‘
K,o
- d\]/f ((xo — 2x) - Vo(rK) + hik oK. — VEPpY - (15 — xK))‘
= d\f/ﬁ (s — 2K) - (Vo(zk ) — VKPp) + hi 0K o)
Vd

< o Da A 2 o Da re)
P (9dK, ‘Iglfgl\ Olled Ohk + d"hibd, lrg‘gll s0||c<g>)

= Vdd*0 max 1Dl ey (0d + 1h.
Combining then inequalities (4.42), (4.47), and (4.48), we get
(4.49) \Vi,oPpy — Volrr)| < max ID*lle ) Vdd>0(Vd + 0d + 1)hg.
It is easily seen that, since |vx — x| < hg for all z € Dk, and for all o € £k,
(4.50) IVe(zk) = Vo(z)| (Lo (D )yt < max 1D%@lle@yh-

Using the triangle inequality combined with (4.49)—(4.50), we get for all o € Ex
and for all K € M,

(4.51) IVi.oPpe = V(@) (L~ (D))
S ax D@l ey (20 + d7/26% + d°/20 + 1)h,

which implies, since hx < hp for all K € M

(4.52) [V oPpe—Vp()|l (Lo )y < ﬁ?‘i};HD%Hc(ﬁ)(d39+d7/292+d5/29+1)h7"

This concludes the proof of the desired inequality (4.41). O
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Lemma 4.4 (see [12, (4.20), p. 1031]). Let 2 be a polyhedral open bounded
subset of R%, where d € N* and let D = (M, &, P) be a discretization in the sense
of Definition 3.1. Let B C &yt be given and let {ﬁff: o € B,K € M} be a subset
of R satisfying (3.4). Let ¢ be a function satisfying ¢ € C?(Q2). Then the following
estimate holds for all K € M and for all 0 € £ N B:

(4.53) |p(20) = ol < d* max D¢ g 0p,8R

lex]

where 0p i is given by (3.14) and

(4.54) oo = 3 Blolar).

LeM

Proof. Thanks to a Taylor expansion, for ¢ € C%(Q) we have

(4.55) o(zr) = p(zs) + Vu(zs) - (zL — o)

1
+/ H@) (ko + (1 — D)) (ar — 24) - (21, — 20) dt,
0

where H(p)(z) denotes the Hessian matrix of ¢ at the point z.
This implies, due to (3.4),

(4.56) Z ﬂfsﬁ(%) = Z ﬂfw(%) + Z @fVu(xg) (2p — o) + Lo

LeM LeM LeM
= p(zs) + (Z Brar— Y 55%) -Vu(zs) + Lo
LeM LeM
= p(x,) + (( Z ﬁfﬂﬁL) — a?g) -Vu(ze) + Ly
LeM
= 410(1"‘7) + ‘CU)

where

1
(4.57) Lo = Z b’ﬁ/ H(p)(tze + (1 —t)xr)(zr — 205) - (z1 — z) dt.
LeM 0

It is easily seen that

(4.58) ol < & max |ID%llemy D |87ker = wal”
LeMm
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But, using (3.14), for all K € M and for all 0 € Ex N B we have

(4.59) Z |ﬂ£|l‘L - J)g|2 < 9@75]1%(.
LeM

This with (4.58) implies that

(4.60) |Lo| < @ max 1D ¢lle 0 51

||

which gives

(4.61) p(ro) = D Bre(er)| < d* max | D¢lleiqfp R
LeM =2
This completes the proof of Lemma 4.4. O

To analyse the convergence of the finite volume scheme (4.16)—(4.17), we need to
use the following auxiliary scheme: for any n € [0, N + 1], find @}, € Xp g such that

(4.62) (Wh,v)p = — Z vK/ Au(z,t,)dz, Yve Xppg.
KeM K

Note that, taking n = 0 in (4.62) with (1.2) leads to

(4.63) (%, v)p = — Z vK/ Aul(z)dz, Vv € Xpg,
KeM K

which together with (4.17) implies, when the condition (4.29) is satisfied (and then
the uniqueness of the solution of (4.63) holds)

(4.64) up = ub,

where u, is given by (4.17).

The following lemma concerns the convergence of the auxiliary scheme (4.62). The
proof of Lemma 4.5 is based on the use of the proof of [12, Theorem 4.8, p. 1033]
with special attention to the constants which appear in the error estimates in the
isotropic case.
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Lemma 4.5 (Some error estimates for the auxiliary scheme (4.62), see [12, Theo-
rem 4.8, p. 1033]). Let Q be a polyhedral open bounded subset of R, where d € N*
and 0Q = Q\ Q is its boundary. Assume that the weak solution of (1.1)—(1.3) in the
sense of Theorem 2.1 satisfies u € C([0,T];C*(Q)). Let k = T/(N + 1), with N € N*,
and denote t,, = nk for n € [0, N +1]. Let D = (M, E,P) be a discretization in the
sense of Definition 3.1. Let B C &y, be given and let {35 : o € B, K € M} be a sub-
set of R satisfying (3.4). Assume that 0p 3, given by (3.14), satisfies 0 > 6p . Let
(Fr,0)Kem,oce be a family of linear mappings from Xp into R such that (4.29) holds
for some positive constant o. For a function u € C*(Q), we define the expressions
Ri,-(u) and Ep(u) given respectively by (4.31) and (4.32) in Theorem 4.1.

Then for each n € [0, N + 1] there exits a unique solution @}, for the auxiliary
scheme (4.62). In addition to this, the following error estimates hold:

e Discrete (0, T; H}(Q))-error estimate, for alln € [0, N + 1]

(4.65) a||Ppmul(c, tn) — pqup|

< ma Ep(u(-,tn)).
L2MS A p(ul, tm))

o Wi7°(0,T;3(Q))-error estimate, for all j € [0,2]: for all n € [j, N + 1]

(4.66) )| (Pl tn) — )iz < Cp  max  Ep(du(-,tm)),
me[j,N+1]
where we have denoted 9°v™ = v, 9v™ is given by (4.5), and §%*v" =

k=10 — 9tom~1), and Cp is the constant which appears in the Sobolev
inequality [12, (5.10), Lemma 5.4, p. 1038].

e Error estimate in the gradient approximation: there is a constant C7 only de-
pending on 0, d, ), and « such that, for all n € [0, N + 1],

(4.67) [Vpup — Vul,tn)ll 12
<Or(| max  En(ultn) + hollulep ey

Moreover, in the particular case where (Fk »)kem,occe is defined by (4.25)—(4.28)
and u € C%([0,T];C?(%Y)), there is a constant Cy only depending on 6, 2, and d such
that, for all j € [0, 2],

T4 (- —
(4.68) A Ep (& u(-,tm)) < Cahollullez (o 1102 @))-
Proof. Let us first remark that, thanks to the regularity assumption u €

C([0,T];C3(2)), equation (4.62) is meaningful.
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1. Proof of existence and uniqueness: For each n € [0, N + 1], equation (4.62) is
equivalent to a linear system of N unknowns, namely {(a%,a?): K € M,o € H},
and N equations, where N = card(M) + card(H) (recall that H = &y \ B and

U, = Y. BEig for all o € B where the set {3X: o € B, K € M} satisfies (3.4)).
Kem
For a fixed n € [0, N + 1], assume that the r.h.s. of (4.62) equals to zero, taking

vp = U}, and using (4.29) yields that @}, = 0. This uniqueness implies the existence.
2. Proof of estimate (4.65): Using integration by parts yields that

(4.69) — Z ’UK/ Au(z,ty)de = — Z Z vK/Vu(a:,tn)-nKJ(x) dy(x).
KeM K KeMo€Ex o
Since v, = 0 for all 0 € E. and fg Vu(z,t,) - ng o (z) dy(z) + fa Vu(z,t,) -
nz, () dy(z) =0 for all o € € such that M, = {K, L} (it stems from the fact that
ng, = —nr ) we have

(4.70) - Z Z va/Vu(a:,tn)-nKJ(a:) dvy(z) = 0.

KeMoe€lx

This with (4.69) leads to

(4.71) - Z UK/KAu(a:,tn)da:

KeM

= — Z Z (v —vg)/Vu(a:,tn) ‘ng o (z) dy(z).
KeMoelk g
Substituting this in (4.62) and multiplying both sides of the resulting equation
by —1, we get for all n € [0, N + 1]

(4.72) —(up,v)p =Y > (UK—UU)/vu(x,tn)-nK,g(x)dy(x), Vv e Xpg.

KeMoelk g

Adding >~ > Fk.o(Ppsu(-ts))(vKk —vs) to both sides of the previous equal-
KeMoe€lx
ity and using definition (4.30), we obtain for all v € Xp

(4.73) (Ppsu(tn) — i, v)p = Y > Rio(ul-tn))(vk —vy),

KeMocék

where R, is given by (4.31).
Taking Pp pu(-,tn) = v + @} € Xp p (therefore, v = Pp pu(-,t,) — u}) in the
previous equality, we get for all n € [0, N + 1]

(4.74) wo)p= Y Y Rro(ulta))(vK —vo).

KeMoe€lx
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The previous inequality with the coercivity (4.29), the Cauchy-Schwarz inequality,
and the definitions (3.2) and (4.32) yield

(4.75) alvlxy < Ep(u(s,ty)).
This implies, since v = Pp pu(-, t,) — U},

(4.76) a|Pp pul(-,tn) — @pla < Ep(u(-,tn)).
Using now (4.39), (4.76) implies

(4.77) a|[lpmPp sul-, tn) = Matip 1,20 < Ep(ul-tn)).
This with (3.38) of Lemma 4.1 yields

(4.78) APt tn) — Tagly 1.2, < Ep(u(- ),

which implies the required estimate (4.65).

3. Proof of estimate (4.66): Estimate (4.78) with the Sobolev inequality [12, (5.10),
Lemma 5.4, p. 1038] (by taking p = 2 in [12, (5.10), Lemma 5.4, p. 1038]) implies,
since Ppu(-,ty) — Il € Ha(Q) (see Definition 3.3), for all n € [0, N + 1]

@79) Pl tn) - Maaith i) <Cp | max | En(ul ).

which is the required estimate (4.66) when j = 0.
Using the definition of &’ and (4.62) and the fact that (,-)r is a bilinear form, we
deduce that for any n € [j, N + 1], 8742, € Xp 5 is the solution of the problem

(4.80) (&7 ap - > vk / Ad u(z,t,)dz, Yo € Xpp.
KeM

Therefore, we can apply estimate (4.79) to get (4.66), for any j € {1,2}.
4. Proof of estimate (4.67): Using the triangle inequality, we get

(4.81) VoPpu(:,tn) — Vpup|li2(0)a
< |[VoPpul(s,tn) — VoPp,sul:s tn)li2(0)e
+[[VoPp su(:, tn) — Voup|i2(q)e-

The second term on the r.h.s. of the previous inequality can be written as
Vo (Pp sul-,tn) — wp)l L2(q)ye; combining (4.40) of Lemma 4.2 and (4.76) leads to

C
(4.82) IVoPp su(:, tn) — Vpup||i2() < _5 Ep(u(:,tn)).
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The first term on the r.h.s. of (4.81) could be written as ||Vp(Ppu(-,tn) —
Pp,su(:,tn)) | £2(0)e; using then (4.40) of Lemma 4.2, we get

(4.83) HVDPDU - VDPD,BUH[B(Q) C5H77Du( ) PD Bu( )”X

On the other hand, using definition (3.2) of the norm |- |x, we have

(4.84) Poul, tn) = Posul,t)l3 = ) Z

KeM UES}(F‘\B

Using the fact that u? = > BLu(zp,t,) and estimate (4.53) of Lemma 4.4
LeM
yields, since 0p 5 < 6,

(4.85) [Ppul-,t)=Posulta)y < d'lulleqorre:a i D D, ==

KeM UEEKQB
Using (3.13) and (4.46), the previous inequality implies that
(4.86) [Ppu(-t) — Ppsul(-,tn)|3 < HU|\C([o,T];CZ(ﬁ))94d5m(Q)h%~
This with (4.83) implies that

(4'87) ||VDPDU( ) VoPp Bu( )||[L2(Q)d
~ C5Hu|‘c([07T];c2(ﬁ))92d5/2\/ m(Q)hD

Combining now (4.81), (4.82), and (4.87) yields that

(4.88) HVDPDU( ) VDUD||[L2(Q)d
< Cslulle o ryc2 @y 074 * v/ m(Q)hp

C
+ —Ep(ul tn))-
a
This with (4.41) of Lemma 4.3 and the triangle inequality implies

(4.89) [Vu(-,tn) — Voupliz(a)a
< Osllulleqpo,rycaany8?d®* vVm(Q)hp + & > Ep(u(-,1n))

+ Cshollulle o, ry;c2@)) VM),
which leads to (4.67).
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5. Proof of estimate (4.68): Estimate (4.68), when j = 0, is given in [12, (4.27),
Theorem 4.8, p. 1033] but with a constant depending on w. Thanks to the proof
of [12, (4.27), Theorem 4.8, p. 1033] and the previous techniques, we can prove that
there exists a constant Cy only depending on 6, Q, and d such that for all j € [0, 2]

(4.90) Ep(07u(-t,)) < Cahp |07 u(:, 1)l c2(q) -
On the other hand,

(4.91) ||0ju(-,tn)||82( = max sup | D@ u(x,t,)| = max sup |07 (Du(z, t,))).
|| <2 e lor] <2 zeQ

For j = 0, the previous inequality leads to

(4.92) 107w (s tn)llez ey < Nulleo.rycay-

For j =1, we remark that

(4.93) 9 (D%u(z, tn)) = % / " (Du)(a, t) dt,

tn—1

which implies that

1 tn
@94) |0 (D%u(at)] < + / sup |(D%u)(x, )]
tn—1 x€N

max sup |(D%u)s(z, t
s s (D" 0)

N

= HuHCl([O’T];CQ(ﬁ)), Vo € N satisfying |o] < 2

For j = 2, we remark that

tn
(4.95) O*(D*u(z, ty, k;2/ / (D%u)(x, t) ds dt,

which yields, thanks to the technique used to prove (4.94), that
(4.96) |0%(D*u(z, t,))| < lullezo,mcz@y: Ve € N? satisfying |a| < 2

Gathering now (4.90)—(4.96), we get the desired estimate (4.68). O
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The previous lemma gives error estimates for the auxiliary finite volume ap-
proximation (@ )nefo,n+1], given by (4.26). We proceed now to compare the ap-
proximation (@)nepo,n+1] With the solution (w)neqo,n417 of our finite volume
scheme (4.16)—(4.17). For this reason, we set for all n € [0, N + 1]

(4.97) np = Up — Up.
Equality (4.97) means that

(4.98) Ng =Uxg —ux, VKeEM and n) =1y, —ul, Vo€,
where we have denoted v}, = ((u}%) kem, (Ul)oece) and @h = (%) kem, (G2)ocs)-
When (4.29) is satisfied, (4.64) implies that

(4.99) 7% = 0.

The following lemma provides us with some estimates concerning 77 given
by (4.97). These estimates together with that of the previous lemma will help us to
get some estimates for the solution u%, = (u%) ke, (ul)sce) of the scheme (4.16)—
(4.17).

Lemma 4.6 (Some error estimates for 0y, given by (4.97)). Let 2 be a polyhedral
open bounded subset of RY, where d € N*, and let 92 = Q \ Q be its boundary.
Assume that the weak solution of (1.1)—(1.3) in the sense of Theorem 2.1 satisfies
u € C%([0,T);C%(Q)). Let k = T/(N +1) with N € N*, and denote t,, = nk for
n € [0, N +1]. Let D = (M, E,P) be a discretization in the sense of Definition 3.1.
Let B C &ing be given and let {35 : o € B, K € M} be a subset of R satisfying (3.4).
Assume that 0p g, given by (3.14), satisfies @ > 0p p. Let (Fk »)kem,occs be a family
of linear mappings from Xp into R satisfying (4.29) for some positive contant c,
where (-, -)p is defined by (4.30).

Then, for each n € [0, N + 1], there exists a unique solution @} for the auxiliary
scheme (4.62), and there exists a unique solution (u%)nejo,n+1] for the finite volume
scheme (4.16)—(4.17). Let %, n € [0, N + 1], be given by (4.97).

For a function u € C'(2), we define the expressions Ri ,(u) and Ep(u) given
respectively by (4.31) and (4.32) in Theorem 4.1 and we define the following new
expressions, for j € {0,1,2}:

4.100 S; = Ep(du(-,tm)),
(4100) 5= e Ep (@l tm))

where we denote 0°v,, = v,,, 0'v,, is given by (4.5), and 0%v,, = %(5‘1% — 0 y_1).
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Let us consider the following expressions for alln € [2, N + 1]:

(4.101) m(E)T% = /Ka?u(x,t x——/ 0! (/ " Aue, t)dt)d

m(K)0Pu(wx, tn) + / Ad ulz, ) da,
K
with
(4.102) TE =0, Vne{0,1},

and, for alln € [1, N + 1],

1 tnt1
(4.103) m(K)K% = / 81u(m,tn)da:——// Au(z,t)dt dz
K

—m(K)o u(zk, t / Au(z,ty,)
with
(4.104) K% =0,

where u € C2([0,T];C?(Q)) is the solution of (1.1)—(1.3).

Set
1/2
(4.105) T (KZM K75
and
1/2
(4.106) K:neﬁﬁ?vxﬂﬂ <K§4 m(K)( ;g)2> .

Then, the following error estimates hold:

e Discrete (0, T; H}(Q))-estimate: for all n € [0, N + 1]

C? 02
(4.107) al|[TTammp 1 2.m < <2 LS, —|—T— So +2C, K +TC,T,

where C,, (the letter “p” for Poincaré) is the constant which appears in [12,
(5.10), Lemma 5.4, p. 1038] when p = 2.
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o Whe2(0,T; 12(2))-estimate: for alln € [1,N + 1]
1 n CP Cp
(4108) H8 H/\/l,ﬂDH[Lz(Q) < ;Slﬂ-T;SQ-l—T—H—-FK

e Error estimate in the gradient approximation: for all n € [0, N + 1]

02 2
(4.109) OéHV'D’I]%H[Lz(Q) < 205;13 S+ TC5XP So + TC5CPT + 205CpK,

where Cy is the constant which appears in (4.10) of Lemma 4.2.

Proof. 1. Proof of existence and uniqueness results: The existence and unique-
ness of the solution @l, for each n € [0, N + 1], for the auxiliary scheme (4.62) is
provided in Lemma 4.5.

To prove the existence and uniqueness of the solution (uf),efo,n+17 for the com-
posite scheme (4.16)—(4.17), we set fi = 0 and u}% = 0, and taking v = ujy""
in (4.16) yields, thanks to (4.29), u/s™ = 0. This yields the uniqueness of the so-
lution wy™ for (4.16) for given {fK K € M} and u}. The existence of uf"!
follows immediately, since (4.16) is a finite dimensional linear system with respect
to the unknowns {(u%,u): K € M,o € H} (with as many unknowns as many
equations). This with the existence and uniqueness (thanks to Lemma 4.5) of u,
implies, successively on n, the existence and uniqueness of v, for all n € [0, N + 1].

We first prove (4.108) and then we prove (4.107) and (4.109).

2. Proof of estimate (4.108): Let us write equation (4.62) in the step n, for all
n € [0, N]:

(4.110) (u ”*1,1) Z vK/ Au(z,tpt1)de, Vv e Xpp.
KeM

Subtracting (4.16) from (4.110) and using (4.97)—(4.98), we get for all n € [0, N]

(4.111) (O T pmis T TLaw)i2 o) + (™ 0) P
= — Z (m(K)f}é—i—/ Au(x,tnﬂ)dx)v;{
KeM

(81HMu HMU)[Lz(Q), Vo e XD,B~

Applying the discrete operator 9! to both sides of the previous equality, we get for
all n € [1,N]

(4.112) (82HM77 HM’U)L2(Q) + <alﬂ%+1, >F
= — Z ( K)o fi + / A u(x tn+1)dx)vK
KeM

+ (O T T 0) 2 (), Vv € Xp .
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Substituting f by u; — Au (subject of equation (1.1)), and recalling that f} is given
by (4.6) yields

(4.113) m(K)o'f3 = % /K o' ( /t e dt> do

1 tnta
= / O*u(w,tyyq)de — — / ot (/ Au(x,t) dt) dz.
K k Jk tn

Due to (4.113) and (4.101), we can write

(4.114) m(K)0' fi + / A u(z, ty 1) de = m(K)TE + m(K)0%u(rr, tnir)-
K

Inserting this in (4.112) yields that for all n € [1, N
(4.115) (82HM77%+1, HM’U)[Lz(Q) + <8177%+1, ’U>F

= — (0TI Taw)i2(0) — Z m(K) T vk,
KeMm

where &7 is given for all n € [0, N + 1] by

(4.116) €8 = Ppul-, ) — Wp.

Taking v = 9'ny"" (this is possible since 7} € Xp g, n € [0, N + 1], see (4.97))
in (4.115), using (4.29), and the Cauchy-Schwarz inequality leads to (recall that
PPnptt = (O st — a'niy) /k), for all n € [1, N]

(@17 Oy sy < 19" Tae, iy + ML sy + AT.

By virtue of

(4.118) OmPpe = Pup, Vo eC(Q),

using (4.116) one deduces that

(4.119) & = Prgu(-, tn) — Mpqipd,

and therefore, using (4.66) and (4.100), for all n € [1, N], we have

(4120) 16T ey < 25,
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where C, is the constant which appears in the Sobolev inequality [12, (5.10),
Lemma 5.4, p. 1038] when p = 2.
This together with (4.117) implies that for all n € [1, N]

C
(4.121) 10 T 2y = 10 Taanip [li2(0) < kzp Sz + kT.
Taking into account that for all n € [1, NJ

(4.122) ||81HM77n+1||L2(Q) - H31HM77713||[L2(Q)

_ Z 10 s izge) — 10 TLarrhliz () )

using (4.121) one deduces

n Cp
(4.123) H81HMn +1|||L2(Q) HE) HMUDH[Lz(Q) + k‘n— So + knT,
which gives, since nk < T,
C
(4129) [0y ey < 10" aanb iz + T2 S5 + 7T,

Let us estimate the first term on the r.h.s. of the previous inequality; set n = 0
in (4.111) to get for all v € Xp i

(4.125) (0" L, )12 () + (0> V) P

_ _K;A<m(K)f?(+/KAu(x,t1)dm>vK

+ (81HM17,1D, HM’U)[Lz(Q).

Using once again the fact that f = u; — Au (subject of equation (1.1)), and
recalling that f3, for all n € [0, N], is given by (4.6), we obtain

(4126)  m(K)fp = l/ (/W Fla,t) dt) de

tﬂ+1
/8uxtn+1 a:——// u(z,t) dt da.
tn

From (4.126) and (4.103) we obtain

(4.127) m(K)f}é—f—/KAu(x,th)dx:m(K)K"KH—l—m( V0 u( g, tott)-
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Setting n = 0 in the previous expansion and inserting the result in (4.125) yields
that

(4.128) (0" TLvnp, T )i2(a) + (1p, V) P

= (31HM§1137HMU)[L2(Q) - Z m(K)Kkvg.
KeM

Taking v = d'n} in (4.128), using (4.29) and the Cauchy-Schwarz inequality leads
to (recall that 9'nk, = (nh, —n%)/k = nh/k since n% = 0, thanks to (4.99)),

(4.129) 10 T ramp lli2(0) < 10" T 2oy + K.

Thanks to (4.119) and (4.66), the previous inequality implies

1 1 Cp

(4.130) 0" TIrnp llize) < 381 + K.

This with (4.124) implies that for all n € [1, N]

1 n+1 Cp Ch
(4131) ||8 HMUD H[Lz(Q) < T; So + E S1+TT+ K.
Combining the previous two inequalities yields that for all n € [0, N + 1]
1 n Ch Ch

(4132) Ha HMUDH[Lz(Q) <T; S + ;Sl-i-T—ﬂ—-l— K.
This is the required estimate (4.108).

3. Proof of estimate (4.107): Let us turn to (4.111); inserting (4.127) in (4.11)

leads for all v € Xp

(4.133)  (O"TLwn™, TTa) iz + (15T, 0) F
= — (0'Im&RT Thpmv) 12 () — Z m(K)Ki vk
KeM

Taking v = 77%+1 in the previous inequality and using the Cauchy-Schwarz inequality

yields that for all n € [0, N]

(4.134) it st e <MBTH Tamp iz,
where
(4.135) MBT = [0 TLvun ™ iz + 10 TIMES ™ iz + K.
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Inequality (4.134) with estimate [12, (5.10), Lemma 5.4, p. 1038] when p = 2, (4.29),
and (4.39) (recall that TLynpt! € Xp s C Xp o since (3.6) yield that

(4.136) allnp™ e < CoMBT.

Estimate (4.136) with the expressions (4.135), (4.132), (4.60) and the fact that
n% =0 (see (4.99)) implies that for all n € [0, N + 1]

02 2
(4.137) alnplla < sz So +TC,T 4+ 2C, K + 2;p Si.

This together with (4.39) yields that for all n € [0, N + 1]

C2 2
(4.138) al|[TTammpll12.m < sz S, +Tcpw+2;p Sy + 20K,

which is (4.107).
Proof of estimate (4.109): Thanks to (4.40) of Lemma 4.2, (4.137) implies that for
all n € [0, N +1]

02 2
(4.139) allVonplliz@) < TCs;p Se 4+ TC5C, T + 2C5C K + 2055’ S1,

which concludes the proof of (4.109), and thus the proof of Lemma 4.6 is completed.
O

The following lemma is devoted to estimating T™ and K™ defined respectively
by (4.105).

Lemma 4.7 (A technical lemma). Let Q2 be a polyhedral open bounded subset
of RY, where d € N*, and let 9Q = Q\ Q its boundary. Assume that the weak
solution of (1.1)—(1.3) in the sense of Theorem 2.1 satisfies u € C%([0,T];C%(2)).
Let k = T/(N +1) with N € N*, and denote t,, = nk for n € [0, N + 1]. Let
D = (M,E&,P) be a discretization in the sense of Definition 3.1.

Let {T%: n € [0,N 4+ 1], K € M} and {K%: n € [0,N + 1], K € M} be the
sets of expressions given by (4.101)—(4.102) and (4.103)—(4.104), respectively.

Then the following estimates hold:

(4.140) T < (hp+Ek)y m(Q)dHUHc?([o,T];c2(ﬁ))’
and
(4.141) K < (hp + k) vm(Q)d|ullero.7).c2(0))

where T and K are given respectively by (4.105) and (4.106).
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Proof. We first remark that for all n € [1, N + 1]

(4.142) ‘/ O*u(z, t,) de — m(K)*u(zr, tn) Sth(K)dHf)Qu(-,tn)||cl(§).

This together with the representation (4.95) implies that

(4.143) ‘/ O%u(w, t,) dr — m(K)0*u(z i, tn)| < hom(K)d|ullea (o 1101 @)

On the other hand, we have

tn
(4.144) l/ ot (/ Au(z,t) dt) dz —/ A u(z,t,) dz
k K tn—1 K

k;z// 1/t7L , Adp (z,1)dl ds dt du,

which implies that

tn
(4.145) 'l/ o (/ Au(x,t)dt) dx—/ A u(z,ty,) dz
k K tn—1 K

< km(K)HUHC2([0,T];C2(§))'

Combining (4.101)—(4.102), estimates (4.143), and (4.145), and the triangle inequal-
ity, leads for all n € [0, N + 1] and for all K € M

(4.146) [Tk | < (hp + K)dl|ullc2 (o, 7y,c2@)) -

This together with (4.105) implies (4.110).
A similar reasoning to that presented in (4.142)—(4.146) implies (4.141). O

Proof of Theorem 4.1. The results of Theorem 4.1 can be justified easily using
Lemmas 4.5, 4.6, and 4.7 together with the triangle inequality. O
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5. CONCLUSION

We considered the nonstationary heat equation with homogeneous Dirichlet
boundary conditions on a polygonal domain of any space dimension. The scheme
we presented, that is (4.16)—(4.17), can be applied to any type of spatial grid: con-
forming or non conforming, 2D and 3D, or more, made with control volumes which
are only assumed to be polyhedral (the boundary of each control volume is a finite
union of subsets of hyperplanes). The estimates obtained, i.e. (4.34)—(4.36) allow to
get error estimates for approximations for the exact solution u of (1.1)—(1.3) and its
first derivatives, see Remark 5.

The first equation of the finite volume scheme, i.e. (4.16), is a discretization of
the weak formulation (2.1) of the heat equation (1.1) (with, of course, the boundary
condition (1.3)), whereas the discrete initial condition (4.17) is a discrete version of an
orthogonal projection (1.4). From this point of view the discretization scheme (4.34)—
(4.36) can be viewed as a nonconforming finite element method although the scheme
stems from finite volume ideas. The choice of the discretization (4.17) for the initial
condition (1.2) is useful as explained in Remark 6.

It is worth discussing the case when the discretization of initial condition (1.2) is

performed using the following obuvious choice (recall that u% = ((u%) ke, (ul)secs)

is an element of Xp o):

(5.1) u =u'(zg), VK €M,
and
(5.2) ud =u’(x,), Vo€k&.

Concerning the finite volume scheme (4.16) with (5.1)—(5.2), we could only prove the
following estimates for some positive constants C' only depending on T, €2, d, and 0,
see the case of an admissible mesh [4, Section 3, pp. 239-240]:

e Discrete 12(0,T; Hi(Q2))-estimate

N
(5.3) D EIPamu(, o) = T 17 5 a0
n=0

N
< C<Z k([ED(u('atn+1)))2 + (hD + k)2|u|32([07T];C2(Q))>;
n=0
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e discrete semi-norm H!(0,T; [%(12))-estimate:

S e = gy
Ga Y m(K)k;(T>
n=0 KeM
N
hp +k)?
< (@t tuea) + E2E oy )

n=0

So, in the case when (Fk ») ke m,oce is defined by (4.25)—(4.28), estimates (5.3)—(5.4)
become thanks to (4.37)

e discrete 12(0,T; H}(f2))-estimate

N 1/2
(5.5) (Z E[Pactletgr) HMu%“m,M) < Clh + llullen o zrcoy
n=0

e discrete semi-norm H!(0,T; [%(12))-estimate:

N n+l _ _n (9 1/2 h
e e p+k
(5.6) (Z Z m(K)k(KTK) ) < 07 lulle2(jo, 7y;c2@)-

n=0 KeM

Therefore, there are many investigations to take care of in the future, and among
them we quote:

(1) Although the efficiency of the finite volume schemes arising from the new class
of general meshes was proved numerically in the stationary case in [12], it is
worth justifying numerically Theorem 4.1 and estimates (5.5)—(5.6).

(2) It is worth considering the task if it is possible to weaken the regularity assump-
tion u € C%([0,T];C%(Q)) of Theorem 4.1.
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