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PENROSE TRANSFORM AND MONOGENIC SECTIONS

TOMAS SALAC

ABSTRACT. The Penrose transform gives an isomorphism between the kernel
of the 2-Dirac operator over an affine subset and the third sheaf cohomology
group on the twistor space. In the paper we give an integral formula which
realizes the isomorphism and decompose the kernel as a module of the Levi
factor of the parabolic subgroup. This gives a new insight into the structure
of the kernel of the operator.

1. INTRODUCTION

Let us denote by Vg(k,n + k) the Grassmanian of null k-planes in R"*%* with
a quadratic form of signature (n + k, k). This space is the homogeneous model for
a parabolic geometry. For each k > 2 and n > 2k there is a sequence of invariant
differential operators starting with a first order operator called the k-Dirac operator
(in the parabolic setting), see [§]. These sequences belong to singular character and
are interesting from the point of the k-Dirac operator (in the Euclidean setting)
studied in Clifford analysis, see [4].

The sequence starting with the 2-Dirac operator D, consists of three operators

D Do

(1) (V) T(Vs) T(Vs) —%T(Vy) — 0

where D5 is a second order operator while Dy, D3 are first order operators. The
graph of the sequence depends only on k so we suppress the parameter n and talk
about the k-Dirac operator. However, the size of the graph with increasing & grows
rapidly. A recursive formula for constructing these graphs can be found in [5].

The sequences starting with the k-Dirac operator are coming from the Penrose
transform. The Penrose transform is explained in [2] and [I0]. The Penrose transform
for the k-Dirac operator, i.e. the relative BGG sequences and the direct images, is
described in [7]. Similar sequences were obtained by the Penrose transform also in
[1] on quaternionic manifolds.

The Penrose transform lives in the holomorphic category. Thus we have to
replace real groups and spaces by their complex analogues. Let V¢ (k,n) be the
Grassmannian of complex k-dimensional subspaces in C**" that are totally null
with respect to a fixed non-degenerate, symmetric, complex bilinear form. We
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may realize an affine subset of the real Grassmanian Vg(k,n + k) as the set
R™ < C™ with the canonical inclusion where C™ is an affine subset of the complex
Grassmannian V¢(k,n+ k) and m = nk + (]2“) Then a real analytic section defined
over a subset V of R™ extends uniquely to a holomorphic section over a small open
neighbourhood of the set ¥V in C™. This induces a natural bijection between the
set of germs of real analytic sections over R™ and the set of germs of holomorphic
sections over C™. Thus we can naturally interpret results from the holomorphic
category in the real analytic category.

A section ¢ € T'(Vy) such that Di¢ = 0 is called a monogenic section. In this
paper we study the real analytic monogenic sections of the 2-Dirac operator D; in
the case n = 6 over an affine subset of Vg(2,8). In this case we can write down
explicitly the isomorphism given by the Penrose transform between the third
sheaf cohomology group H3(W, 0,) and the kernel of D; over the affine subset.
This is the integral formula which to my knowledge has not been considered
yet. This is a similar formula as the integral formula for the Maxwell equations
given in [2] and [I0]. We will use the Cech definition of H*(W,O,). The third
cohomology group is discussed in some detail in Section 4.1. Moreover we give the
decomposition of the space of homogeneous monogenic sections with respect to a
maximal reductive subgroup of the parabolic subgroup, see Theorem [6.1

1.1. Notation. We will denote by M (k,n,C), resp. M(k,C), resp. A(k,C) the
space of complex matrices of size k xn, resp. k x k, resp. the space of skew-symmetric
matrices of size k X k. The identity matrix in M (k, C) is denoted by 1. We denote
the span of vectors vy,..., v, by (v1,...,v;). If A € M(n+ k,k,C) is a matrix,
then we associate to A the k-plane in C"** which is spanned by the columns of
the matrix A.

2. THE PARABOLIC GEOMETRY

Let {e1,e2,e3,¢€4,€5,¢3,¢4,€5,€1,62} be the standard basis of C!0. Let h be
the complex bilinear product uniquely determined by h(e;,e;) = d;;, h(e;, e;) =
h(ei,e;) = 0 for all 1 < i,j < 5. Let G := {g € Endc(C*) | Vu,v € C1° :
h(gu, gv) = h(u,v),det(g) = 1}. Let 2o := (e1,e2) and let P := {g € G | g(zo) =
xo}. The space G/P is naturally isomorphic to the Grassmannian V¢(2,8). Let
Go be the stabilizer of x§ := (e3, €4, €5,€3,€4,€5) in P. Then Gy is a maximal
reductive subgroup of P isomorphic to GL(2,C) x SO(6,C). Lie algebra g of G
consists of the matrices of the form

A Y Y, Yio
) X, B D -YJ
X, ¢ -BT -y[
X1, XTI —XT AT

where A € M(2,C), B € M(3,C), C, D € A(3,C), Y;, XI' € M(2,3,C), X2,
Y12 € A(2,C). There is a Go-invariant grading

0=2g 2Pg-1DgoD g1 D g2
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such that go is Lie algebra of Gy and Lie algebra p of P is go @ g1 © g2. The
subalgebra gg corresponds to the blocks A, B, C, D, g; to the blocks Y7, Y3, go to
the block Y13, g_o to the block X715 and g_; to the blocks X7, X5. Let us denote
by g- :=g-2®g-1.

Let m: G — G/P be the canonical projection. Let G_ := exp(g_) and let
U = m(G_). The map exp is a biholomorphism between g_ and G_ and the map
7 is a biholomorphism between G_ and Y. Thus U is an affine subset of V¢(2,8)
biholomorphic to M (6,2,C) x A(2,C).

3. THE DOUBLE FIBRATION

Let zp := (e1,...,e5) and set R:={g € G| g(20) = 20}, Q := PNR. Then R
and Q are parabolic subgroups of G. Then we have the diagram of double fibration

G/Q = .+<

® rN
G/R = .—.—< a/P = H%

The twistor space G/R is the connected component of z; in the Grassmannian
V¢(5,5). This is the Grassmannian of self-dual 5-planes. Lie algebra of R is the
subspace of g where the matrices C, X5, X125 from are zero. Let zg = (€1,...,85)
and let Rg := {g € R | g(Z) = Zp}. Then Ry is a maximal reductive subgroup of
R isomorphic to GL(5,C) and its Lie algebra consists of the matrices where A, B,
X1, Y7 are arbitrary and the other matrices are zero.

The correspondence space G/Q consists of the pairs (z,2) with z € G/P,
z € G/R such that z C z. Lie algebra q of Q sits in the blocks A, B, D, Y1, Y, Yio.
Let Qg := Gop N Rp. Then Q is a maximal reductive subgroup of Q isomorphic to
GL(2,C) x GL(3,C). Lie algebra qo of Q corresponds to the blocks A, B.

Let us denote V := 771(U) and let W := (V).

3.1. Projection 7. Let us recall that o = (e1,e2),25 = (es3,...,€5,€3,...,€5)
and zgp = (ej,...,es). Let us notice that xg = zo ® z§ and that the invariant
product h defined on C'° descends to a non-degenerate inner product on xg /o.
The projection 7|y : V — U sends (z,z) — x. The fibre 77! (z¢) is isomorphic to the
set of all null 5-planes in G/R which contains the null 2-plane . Any null 5-plane
z with (z,20) € 77! is contained in :ré- and the projection z — z/x identifies the
fibre 771(zg) with a set of null 3-planes in zg /z. We know that (g, z¢) € 77! (x0)
and zg/xo = yo where yo := (e3,e4,€5). The fibre 771(z) is isomorphic to P/Q
and in particular is connected. We deduce that the fibre is biholomorphic to the
connected component of yg in the space of all null 3-planes in zg /2o = CS. This
connected component is biholomorphic to the family of a-planes in CS.

3.2. The family of a-planes in the Grassmanian V¢(3,6). It will be conve-
nient to make the following identifications. We identify zg /zq = A2C* such that
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the basis {es, e4, €5, €3, €4, €5} goes to the basis

(4) {foNfifo N fas fo N fa, fo N fas =fi A fa, fi A fa)

of A2C* where {fo, f1, f2, f3} is the standard basis of C*. Under this identification,
the quadratic form on C® goes to the quadratic form @ on A2C* which is determined
by aAa = Q(a)fo A fi A fa A fs for all a € A2C*. The natural action of SL(4,C) on
A2C* preserves this quadratic form and it turns out that this identifies SL(4, C) &
SPIN(6, C). The corresponding isomorphism s((4,C) = s0(6,C) is determined by

A1 FEys 0 0
(5) Eyy Ay Ey 0 .
0 FEz As Esy

0 0 FEy3 A4

AL+ A FEss3 0 0 0 0
0 FEy3 A+ Ay 0 —FEs 0
0 0 0 —A; — Ay —Fs3o 0
0 0 —Eo — K3 —Ay — A3 —Ey3
0 FEoq 0 0 —Fsy —A — Ay

The Grassmannian V¢(3,6) is the disjoint sum of two families. The first family,
called the family of a-planes, can be identified with CP® by the following mapping.
Let v € C* be a representative of 7 € CP? . Let {v,v1,v2,v3} be a basis of
C*. We assign to 7 the 3-plane (v A v, v A va,v A wz),i = 1,2,3. It is easy to
see that the 3-plane is null and that the map is well defined. The other family,
called the family of 3-planes, can be identified with P(C*)* by the assignment
[w] € P(CYH* — (v A wvg,v1 Awvs,va Avz) where {v1,ve,v3} is a basis of Ker(w).
One can easily check that this map is well defined.

3.3. Affine coordinates on the family of a-planes. Since the family of a-planes
is biholomorphic to CP? we know that there is an affine covering {Up, ...,Us} of
the family of a-planes. Let us write down the affine charts on Uy and U;. Let
v = (v, v1,v2,v3) € C* be a non-zero vector and let us assume that vg # 0, resp.
vy # 0. Let wg := vo_lv = (1,¢1, (o, G3), resp. wy := vy 'v = (p1, 1, p2, p3). Then
{wo A fr,wo A f2,wo A f3}, resp. {—w1 A fo, w1 A fo, —wy A f3} is a unique basis
of the a-plane corresponding to [v] such that the matrix whose columns are the
coefficients of the vectors with respect to the preferred basis has the form

1 0 0 1 0 0
0 1 0 P2 p1 0
0 0 1 ps 0 —p
6 . resp.
(6) 0 ¢ G | TP I
(3 0 —(1 0 0 1
- G 0 0 1 0

Thus we see that (1, (2, (3, resp. p1, p2, p3 give natural coordinates on the set Uy,
resp. U;. Similarly for vz # 0 and vy # 0. The change of coordinates between Uy
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and U, is
(7) Gl=p1,G0 ! =2, GG = s

3.4. The set W. The set V := 77 1(U) is biholomorphic to 77! (z¢) x U such that
7:V — U is the canonical projection on the second factor. Then {V; :=U; x U |
1 =20,1,2,3} is an affine covering of V. For ¢ = 0,1,2,3 put W; := n(V;). Then
W :={W,|i=0,1,2,3} is an affine covering of W = n(V). A full discussion to
this can be found in [9]. Then each self-dual 5-plane in Wy, resp. W; has a unique
basis given by the columns of the matrix of the form

(8)

1 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 w31 ws2 P2 P1 0
0 0 0 0 1 , Tesp. W1 W22  pP3 0 —pP1
zi1 221 0 -G G wip wor 0 —p3 —p2
Zo1 o2 (3 0 -G 0 0 0 0 1
231 z32 —G2 (1 0 0 0 0 1 0
0 20 —211 —221 —231 0 wy  * * *
—Z20 0 —Z21 —RX22 —Z32 —Wo 0 * * *

where * are determined by the other entries. We write the left matrix from in
the block form

15 0
0 13 _ 0 20
Bl BQ ,BO - (ZO 0) ’
(9) By —Bf
0 -G ¢
By = (zj),B2=| (3 0 -G
IS 0

The change of coordinates on Wy N W is
wo = 20 + 23222107 " — 202231(1 "
win = 211 + 231637+ 221Gy
W1z = 212 + 232031 T + 22202C1
wij = (—1)'¢ iy, 1=2,3, j=1,2

(10)

and those in .

4. SECTIONS OF THE BUNDLE O, OVER THE SET W

Let Cy be an one-dimensional R-module with highest weight (g, %, %, %, %) Let

O, be the sheaf of holomorphic sections of the line bundle Cy := G xy C,. Let
M C G/R be an open subset. Let Oy (M) be the space of holomorphic sections of
the bundle Cy over M and let O(M) be the space of holomorphic functions on M.
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Let z € Wy and let {v1,...,v5} be the preferred basis of z from ({§]). Then
{v1,...,vs,€3,84,€5,€1,e} is null orthogonal basis of C1°. Let g € End¢(C?) be
the linear map such that for all 1 < i < 5: g(e;) = v;, g(€;) = &;. Then g € G
and the map z — pg(z) := g is a section of the principal R-bundle over W,. We
define similarly for ¢ = 1,2,3 sections p; over W;. Let us write the transition
function of the bundle Cy on Wy N W; in the preferred trivializations pg and p;.
Let fo € OWy), f1 € OWs). Then fo, fi defines an element of Ox(Wo U W) iff

(11) fo(20, 25, Gi) = ¢ ° f1(wo, wij, pi)

on Wy N Ws. All the transition functions are rational functions and thus we can
also consider rational sections of Cy over W.

4.1. Cohomology groups. There is a spectral sequence which relates the sheaf
cohomology H*(W, O,) to the cohomology of the sequence starting with the 2-Dirac
operator over U, for more see [2]. On the first page of the spectral sequence appears
the direct images of the relative BGG sequence living on the correspondence space.
These direct images can be found in [7]. The spectral sequence converges on the
second page. In particular for k = 2, n = 6, we conclude that

(12) P: H*(W,0)) = Ker(Dy,U)

where the bundles from are V; = G xp (C, ®Sy), V2 = G xp (C, ®Sy)
where the GL(2, C)-module C,, resp. (Ci has highest weight (g, g), resp. (%, g)
and S; & C* S_ = (CY* as SL(4, C)-modules.

The Leray theorem states that H'(W, Oy) = H (20, 0)) where H*(20,0)) are
the Cech cohomology groups computed with respect to the affine covering 20, see
for example [10]. The co-chains groups are C7(23,0,) = 0, j > 0,C3(20,0,) =
{(ﬂf’zo Wi, f) | f e OA(H?ZO W)}, C?(20,0,) = .... In particular notice that
from this follows that for £ = 2, n = 6 the sequence starting with the 2-Dirac opera-
tor is locally exact. By definition we have that H3(20, 0,) := C3(20, 05)/ Im(6?)
where 62 is the Cech co-differential. We will denote the cohomology classes by [ ].
Let us make some simple observations about H 3(20,0,). We will work with the
affine chart on W, from .

Let us first notice that (;,_q 1,3 Wi = {2 € Wo | (1 # 0,2 # 0,(3 # 0}. Thus
if fe (9>\(ﬂi2071’273 W;) is a holomorphic section then f is the converging sum of
rational sections f(so, sij,7%) = 20° [, zfjJ ¢ "¢ ¢ "™ where sg, s;; > 0 and 7,
T, 13 € Z. It is easy to see that [f(so, S:j,7)] = 0if 1 <0 or rp <0 or r3 < 0.
From the formula follows that if 5+ 59+ si; > 11+ 12+ 73 then f(so,sij, %)
extends to a rational section on Wiy NWoNWs and thus [f(so, si;,7x)] = 0. However
notice that this does not characterize H3(20,0,). For example the cohomology
class of the section 24, ¢ (5 '¢5® is trivial for any i > 0 although the relation does
not hold. The full characterization of the H3(20, ©,) will be given in Theorem
where we give it as a direct sum of Gg-modules.
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5. THE CORRESPONDENCE z € U +—no7 Y (z) C W

Let us write the correspondence on Wy. Then

15
X1
Xip — HXT Xy + XI X))
1y 0
0 13
Cc W,
Xo — (X, ¢ 0

Xio+ 3(XT X1 — X{Xo)+ X{¢Xy —XT —X][¢

where the blocks of the matrix in the second row are those from @D In particular
X1,X5 € M(3,2,C), X152 € A(2,C),¢ € A(3,C). Notice that the set & := no
7=1(2) € W is biholomorphic to CP? for each = € U.

5.1. Integration. The isomorphism is given by integrating over the fibres
of the correspondence . Let f € C3(W,0,). We write f = f(Bo, B1, Ba)
where (By, By, Bs) are the matrices from @ Then the integral formula expresses
P(f)(X12, X1, X2) as

(14) ﬁ f(sl)B(lv C17 CQv C3)f(X12 + %(X’2TX1 - XIITXQ)
+X{ (X2, Xa — (X1, ¢) d1 dCa dCs

where d(1d(2d(s is the holomorphic top form on & which is homogeneous of degree
4 in the homogeneous coordinates. The section f is homogeneous of degree —5
in the homogeneous coordinates. Thus the integrand is homogeneous of degree
zero and the integration does not depend on the choice of trivialization on Z. For
example

(15) PG G =

1 (17C1ac27C3)dC1d<2d<3
=(1,0,0,0
Lo, (1,0,0,0)

(2mi)3 G1¢2C3

is a constant spinor on U. Let us recall at this point that SPIN(6,C) = SL(4,C)
and that the spinor representation Sy of SPIN(6,C) is isomorphic to the standard
representation of SL(4,C). Thus we can view the right hand side of as a
section of I'(G xp (C, ® S;)) over Y. Lemma 8.6.1 in [9] shows that the integral
formula really gives monogenic spinors.

6. DECOMPOSITION OF MONOGENIC SECTIONS INTO IRREDUCIBLE Gg-MODULES

It is convenient to introduce a grading on the space of all polynomial spinors

-1

on U. We trivialize the P-bundle over U by the map U ‘Tr—> G- — G. We write

coordinates on g_ and thus also on U as X; = (x;]);zllé?’, X, = (x”);illg‘s,
—T12 0

same letters as the coordinates.

X9 = ( 0 xu). We will denote polynomials on the affine space g_ with the
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Let us first define the weighted degree of linear polynomials by setting deg,, (x12) :=
2, deg,, (:v”) = deg, (z};) := 1. Let us extend it to the set of monomials in
Clz12, 245, @ ] by requiring that deg,, is a homomorphism of (Clz12, x;;, :v;»j], -) and
(Z,+). Let Nk be the vector space generated by the monomials of the weighted
degree k. Finally, let M} be the space of monogenic spinors whose components
belong to Ni. If we extend this gradation naturally also to I'(Vs) over U, then the
operator Dj is homogeneous of degree —1.

We denote by W, 3y, resp. V(g p.c,q) an irreducible GL(2, C), resp. SL(4, C)-module
with highest weight (a,b), resp. (a, b, ¢,d). The space of linear monogenic spinors is
a Gg-irreducible module isomorphic to W(%,%) ® V(2,1,0,0)- As a particular case of
Theorem [6.1] we write down the decomposition of the space of quadratic monogenic
spinors M2 which is Mg = W(g’é) ® V(3,270,0) ©® W(%’%) ® V(37171,0) S¥) W(%’%) ®
V(1,0,0,0)- The proof of Theorem gives a way how to find highest weight vectors
of these modules viewed as elements of H3(20, 0) which we write as in Section
as rational functions of coordinates from the left hand side in . Let us write
the dimension of the modules, the highest weight vectors and the corresponding
monogenic spinors on U obtained by using the formula . We have the following
table

Ws 5) ® V(3,200 : 180, ,(#11,0,0,0),
T GGG C C
211222 — 212221
Wi ® Vi : 36, Ta(xlleQ_x21x12707070)7
162G3
<0 222231 — 221232
%% 77y ® \Y% 1,0,0,0 —
G ®Vaoon ihrr g CFCaCs
| 211232 — 212231 212221 — 211222
GGG G16¢3 7
3
(3w + 3 2(3621901‘2 — Ti1lyy), X132 — T31 T2, T31L12 — T11L32, L11L22 — L21L12) -
i—1

In general we have the following theorem.

Theorem 6.1. Let us keep the notation as above. Then the space My of monogenic
spinors of weighted degree k on U decomposes into irreducible Ggo-modules

(16) M = @ W(%+l+a+b,%+l+a) ® V(2a+b+1,a+b,a,0) .
a,b,0>0,2a+b+2l=k

In particular, the decomposition of algebraic monogenic spinors into trreducible
Go-modules is multiplicity free.

Proof. Let us recall that the sections are in bijective correspondence with equi-
variant functions on the total space and that the action of Go on H?(20,0)) is
induced by the left action on the total space of the parabolic geometry. Thus Lie
algebra go of Gg acts by the right invariant vector fields, i.e. let X € go and let Ry
be the corresponding right invariant vector field then for any equivariant function f
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the action is (X f)(g) = %|Of(e’txg) = —Rx f(g). Let us now compute the weight
of

0 51]

THTZ] L e C}(W,0,).

123

(17) f=

Let us denote for j = 1,2: ¢;j := s1; + S5 + 834, for i = 1,2,3 1 5; := 551 + 552 and
let 7 :=ri4+ro4rs, s := s1+ s2+ s3. We write weights as gl(2, C) ®sl(4, C)-weights.
Then the formulas (2), (5)), (8) give that the weight of f is

5 5
(18) (61+80+*,62+80+§>EB(5+8—7“,7“1+81,T2+82,T3—|—83).

2

Let us denote the R-module structure on Cy by o. Let A5 be a standard positive

root in sl(2, C). The action of gy on the space of polynomials on W) is determined
by

Ei1220 = 222231 — 201232, E12215 = —(Q2225 — (3235, Fi2zk; = 2k;C1,
E12G = (i1, Ar2zie = zi1, Fa3(i = —(2,
(19) Eo3z0j = 215, E34Co = —(3, E34235 = 205, E01(1 =1,
Es0215 = 205, E32Ce = —(1, F43(3 = —C2, Ey3205 = 235,

where i = 1,2,3, j = 1,2, k = 2,3 and all other terms are zero. Since f € O\(W))
is a section, we have take into account also the vertical part of the right invariant

vector fields corresponding to E, € go. We denote the action of the vertical part of
Rg, by ¢(E,). We find that

(20) 0(Er2)f =5C1f, 6(Ar2)f =6 (E23)f =6(E3)f =0.

This and the Leibniz rule allows us to compute the action of gg on C3(203,0,). In
particular, with respect to A2, Fa3, F34, f behaves as a usual function while when
differentiating with respect to E12 there is the additional term 5(; f appearing. For
example

E12(211/C1) = 5211 — (Caz21 + (3231)/C1 — 211 = 4211 — (Coz21 + (3231) /(1 -
O

Lemma 6.1. Let f be a qo-highest weight vector in the space of polynomials on
the block B1 in @, i.e. f € Clzjl. Then f is A(z11222 — 291212)%28, for some
AeC,a,b=0,1,2,...

Proof. See Theorem 5.2.7. on GL(k,C) x GL(n, C)-duality from [6]. O

Lemma 6.2. Let f be the rational section from such that the weight of f
is dominant and so = 0,7; > 1. Then the class [E]3 T 3 ERts=2grs=l (] ¢
H3(20,0,) is non-zero.
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Proof. We have that
Hij ZUJ
CRCSa e
L. 25
B——2 " L G+,
C1T1+T2+T3_2C243 2 3

H”zf]” -2 -2 -2
6ol +GC)FGC )G,

where ... denotes sections where (; appear only in denominators and
A= (=D)""try(rg +1) ... (rg + 173 —2),
B= (=122 (ry + 1) ... (r + 79+ 13 — 3)A,
C=AB(sa+s3+5—r)(sa+s3+5—(r—1))...(s2+s3+1).

Since the weight of f is by assumption dominant, then 5+ s—7 > r; +s; > 0 and
thus 5 + s9 + s3 — r > 0. It follows that C ;é 0 and thus also

(2]_) 'P(E{“é-l‘?“z-l-?“g—3E£§+7’3—2E§i 1 CH Sij 0,0, 0

1]’

By f=A +GA),

rot+r3—2 prg—1p __
E23 E34 f_

r1+r2+r3—3 pro+r3—2 pra—1
E12 E23 E34 f C

where ... denotes some spinors whose first components are different from [[;; z
In particular we get that the cohomology class is non-zero.

Lemma 6.3. Let

(22) f= ng, where g = —1E_,

1',
- i 5%

be a highest weight vector in H(20, 0y) such that all fi € Clzi;]. Then K = r} =
1

ri=ri=1and f; is a qo—maximal polynomial given in Lemma .

Proof. Each bummand in (22) satisfy the abbumptlonb of Lemma . Let us
notice that from follows that forall 1 <j, k< K:r]+r)+ r3 =7k + rh 4 rk
and that deg(fj) = deg(fk) We can order the summands in in such a way
that for all k > 1 the following holds: r > r§ or r} = r¥ and r% >k or rl =y
and r3 =75 and rl > k.

Let us assume that ririri > 2. Let E = EI%+T%+T§73E;§+T§72E§3171. The
formula reveals that P(E(g1)) # 0. Similar manipulations give that P(E(g1)) #
—P(E(f — g1) and thus P(Ef) # 0 and thus f is not a highest Weight vector.
Thus the only possibility is that K =7} =r} =3 =1 and f = =L with f; a

C1¢2G3
qo-highest weight vector from Lemma [6.2] O

Lemma 6.4. Let
(23) f= Zzso =z fot 20 A+

be a maximal highest weight vector such that f; € C*(20,O,) are rational sections
which do not depend on zy and [fo] # 0. Then fy is also a highest weight vector
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and f is uniquely determined by so and fy. Conversely given a non-zero highest
weight vector fo € C3(20,0,) that does not depend on the variable zy and so > 0,
then there exists a unique highest weight vector f of the form as in for some
fi; i=1,...,5

Proof. We easily check that if f is highest weight vector then also fy is highest
weight vector. Thus fy is a multiple non-zero of z{, (211222 — zmzm)bglglgl
for some a,b > 0. Let us check uniqueness of f given fo and sg. Let f f be two
hlghest weight vectors of the same Welght such that f = z;°fo + 250_ (...) and
F=200fo+2071(. ). Then f:= f — f—20°f0+z L +... with ty < sg has to
be a highest weight vector with the same weight as f and f’. Thus fo is a multiple
of 2§, (211222 — 212z21)d§1‘1<;1gl for some ¢,d > 0. But the formula shows
that then a = ¢, b = d and thus also ty = s¢. Contradiction.

Let us consider a filtration {F; | i > 0} of C3(20,0,) given by the degree of
20, L. Fy:= {g € C3(2W,0,) | 8i3'g = 0} where 0y is the coordinate vector field
corresponding to the variable zy. From table , we conclude that the action
of Go preserves this filtration. Let fiop = 23° fo be the highest part of f. Let
V =Go- fiop = {Z] 195 Jrop | 95 € Go, M < oo}. Then clearly V is the smallest
Go-module which contains the vector fiop. Moreover V' C Fy, and from the table
follows that V/F,, _1 is spanned by fi,,. We have that V' = &,V; for some
irreducible Gg-modules V;. Let h; be a maximal vector of V;. Since the filtration
F; is Go-equivariant, there exists ¢ such that h; = fiop + l.0.t. where l.0.t. means
lower order terms in zg-variables. From the uniqueness we have that h; is up to a
multiple the unique highest weight vector with the leading term z;° fo. ([l

Thus we have that any highest weight vector is uniquely determined by its leading
term fiop with respect to the variable zg. If fiop = 2 (211222 — 212201)%2%,, then f
is highest weight vector of the module W(%Jra%ﬂo)%ﬁﬁb) ® V2a+b+1,a+b,a,0)-
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