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Symmetries of a dynamical system represented by
singular Lagrangians

Monika Havelkova

Abstract. Dynamical properties of singular Lagrangian systems differ from
those of classical Lagrangians of the form L =T — V. Even less is known
about symmetries and conservation laws of such Lagrangians and of their
corresponding actions. In this article we study symmetries and conservation
laws of a concrete singular Lagrangian system interesting in physics. We
solve the problem of determining all point symmetries of the Lagrangian
and of its Euler-Lagrange form, i.e. of the action.

It is known that every point symmetry of a Lagrangian is a point sym-
metry of its Euler-Lagrange form, and this of course happens also in our
case. We are also interested in the converse statement, namely if to every
point symmetry & of the Euler-Lagrange form E there exists a Lagrangian
A for E such that £ is a point symmetry of A. In the case studied the answer
is affirmative, moreover we have found that the corresponding Lagrangians
are all of order one.

1 Introduction

The aim of this paper is to investigate symmetry properties of a singular (degen-
erate) Lagrangian system, when the Euler-Lagrange equations cannot be put a
normal form and rather form a system of implicit second order ordinary differen-
tial equations. While dynamical and symmetry properties of classical Lagrangians
of the form L =T — V (kinetic minus potential energy) have been in the focus of
analytical mechanics and the calculus of variations from the very beginning of the
art, there is still not much known about singular Lagrangian systems.

The problem of investigating singular Lagrangian systems goes back to the
pioneer work of Dirac [4]. Nowadays there are two approaches to this topic, the
first one coming from a generalization of the symplectic geometry [1], [2], [3], [6],
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[7], [8], [9], [10] to mention only a few, and the second (more recent) one based on
the Lepagian theory of Lagrangian systems in jet bundles [12], [13], [14].

The Dirac algorithm is rather heuristic and it is known that applied to a con-
crete Lagrangian system different authors sometimes obtain confusing or even con-
tradictory results. Also the application of the symplectic constraint algorithm in
principle cannot provide complete information on the dynamics of the system and
its symmetries — due to the fact that the image of the constrained dynamics in
the symplectic manifold is not in one-to-one correspondence with the Lagrangian
dynamics.

In this paper we apply the second way to singular systems, based on a model
of a Lagrangian dynamics and the corresponding Hamiltonian dynamics defined in
the same jet bundle [13]. We study a concrete singular Lagrangian interesting in
physics, namely

L=q¢—¢¢+q'¢ (1)
Hamilton equations and symmetries of this Lagrangian were studied e.g. in [15],
[16], [17], with incomplete results. With help of a “direct method” by Krupkové
we described the dynamics of this Lagrangian system completely in [3]. Here
we continue in investigating the symmetry properties. Contrary to the preceding
authors looking for symmetries of this Lagrangian [5] our approach to the problem
is to find a complete solution of the symmetry conditions which take the form of a
system of partial differential equations for the components of the invariance vector
field. In this way we get all point symmetries of the Lagrangian (1) by solving the
Noether equation, and all its generalized symmetries (that is point symmetries of
the corresponding action) by solving the Noether—Bessel-Hagen equation.

It is known that every point symmetry of a Lagrangian is a point symmetry of
its Euler-Lagrange form, and this of course happens also in our case. We are also
interested in the converse statement, namely if to every point symmetry £ of the
Euler-Lagrange form E there exists a Lagrangian A for E such that £ is a point
symmetry of A\. In the case studied the answer is affirmative, moreover we have
found that the corresponding Lagrangians are all of order one.

In this context it is worth mention that in the well-known case of the kinetic en-
ergy Lagrangian, surprisingly, the situation is not so simple. The invariance group
of the action —the Galilei group —also has the property that to every symmetry
there is an invariant Lagrangian, however, not in all the cases the Lagrangian is of
the first order. Namely, for Galilei transformations, one has only a second order
Lagrangian providing the same equations of motion as the kinetic energy [14].

2 Symmetries and conservation laws

We consider a fibred manifold 7: ¥ — X, dim X =1, dimY = m 4+ 1 and its jet
prolongations 7y : J'Y — X, mp: J?Y — X. In what follows, we denote by 0¢ the
Lie derivative with respect to a vector field &.

Definition 1. Let £ be a w-projectable vector field on Y. Let A be Lagrangian on
JYY. A vector field ¢ on Y is called point symmetry of ), if

Ak = 0. (2)
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This equation is called Noether equation.

In fibred coordinates, the Noether equation reads:

a0 oL , oL oL ~
Li _— — &9 — L9 —
a Tat Tt Tagt =Y 3)
where
oo A
“a a

In this paper we shall use the Noether equation to solve the following problem:
Given a Lagrangian, find all its point symmetries and the corresponding first

integrals. In this case one has to solve the Noether equation with respect to the

vector field. First integrals are then found on the basis of the Noether Theorem:

Theorem 1. Let \ be a Lagrangian defined on an open subset W C J'Y, let 0y
be its Cartan form. Let a m-projectable vector field £ on Y be a point symmetry
of the Lagrangian A. Let v be an extremal of \ defined on 71(W) C X. Then

i1y o J'y = const.

Definition 2. A vector field £ is called point symmetry of the Euler-Lagrange form
Ey, if
Oyl =0. (4)

This equation is called the Noether—Bessel-Hagen equation.

We shall use the Noether—Bessel-Hagen equation to solve the following problem:

Find (all) infinitesimal transformations of Y which leave given Euler-Lagrange
expressions (a giwven Euler-Lagrange form) invariant. In this case (4) is considered
as a system of PDE’s for symmetries £ of the given Euler-Lagrange form. (Solving
this problem one gets all point symmetries of the corresponding action).

2.1 Symmetries of a singular Lagrangian
In what follows we shall be interested in symmetry properties of the following
Lagrangian
L=q¢'¢ - +d'¢"
With help of the Noether equation we shall find point symmetries of the Lag-
rangian (1).
We get:

0=(d"¢® — ®¢® + ¢'¢®)&o + €' — P + ' + P + (¢* — )€
and then:

. . de® . g (detde°
_ (1.3 2.3 1.3 3¢l 1302 1¢3 3. o
0=(4¢ qq+qq)dt+QE CE+TE+4q (dt Uy

e ,Bng)

~1_2'
+ (¢ —q%) (dt Uy
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where 50 = gO(t) a 50 = ga(t7£17£27§3)‘
More explicitly:

-1-3d750 2.3d¢° p 5dg° ~387§1 1308

0=4'¢’— -4’7~ +d'q g+q351—q3€2+q1€3+q or Tt

5.5 08! 3008t gdeY 088 1,008,088 5088

2 -3 3\2 _ 1.3 1 1\2 1.2 1-3

+4°q faq2+(q ) a8 g Ty +(q) g Ti0 5 T1 g
. .5dg? o¢? 4083 5083 5083 odg0

— ¢ dft _qzai _qquajl _q2q28§2 _q2q3823+q2q3 dft

From this equation we obtain a system of equations for components of £ as follows:

3 0
S S S

oqt  0¢®>  dt

651 2655 2
o ¢ qu,*ﬁ =0
1 3[60

Xy +¢*¢ +¢'¢ =0

where £0 = &°(t), &' =¢'(t,q"), &€ =&(t,¢",¢*, ), &€ =&(¢*).

Solving these equations we get:

Theorem 2. Point symmetries of Lagrangian (1) are generated by two vector fields:
0 0 0] 0
a7 q1ﬁ+q272—q373~
ot dq Jdq dq

To the time translation generated by % there corresponds the first integral

F=(d¢"-¢'¢)=-H,

where H is the Hamiltonian. To qla%l + qQQ%Z — q38%3 there corresponds the
conserved function

B=¢¢"—(G'+¢) ¢ =pm ¢ —ps- &,
where

m=¢, p=0, p3=q¢"—¢

are momenta.

2.2 Symmetries of the Euler-Lagrange form of L

Now let us determine point symmetries of the action of L, that is solutions of the
Noether—Bessel-Hagen equation. Since

oL d 0L

"= o dog
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where 0 = 1,2,3 we get from L (1) the following Euler-Lagrange expressions:
Ev=¢—§ Ey=—¢ Es=q +¢—i" (5)
Substituting the second jet prolongation of &:

0 0 ~ 0 = 0
2¢ _ 07 o_~ T o___
JE=¢ at+€ aq0+€8qg+€ P
where

=6~ 7€, =8 27" — 7,
we obtain the Noether—Bessel-Hagen equation in the following form:

agu aEU 0 an- v 8E‘7 an‘ “Vf oy '07 v 0N
" 0q° 8t§+8qV§+8qV aq-y(f 2¢V¢" —¢7¢") = 0.

B, 4+ B0+ (€ —q"€)+

Substituting the Euler-Lagrange expressions (5), we get:

3. 06Y 50€? i o, 063 .3, 0€°
3 .3 .3 1 . 2 3 .3
(¢ q)faq1 f3q1+(q q +q)faq1+(q @)t
d2 3 . 80 ) 82 0
g 061 L 0e2 20088 500 [de® L0¢°
3 _ =3\ZS  _ 3YS 1_ .1 2 _ 375 =0 23S _
(¢ q)aq2 qaq2+(q q Jrq)aq2 05 il i 0
3,088 082 L .9, 083 v .9, 080
(q3—q3)8—§1— 3723+(q1—q1+q2)8f§3+(q1—q1+q2)%+§1+
g ,9¢° aeet 080 0%
+(dt_q8t “ar e e ) 70

where &' = ¢ (t,¢', 6%, %), € = E2(t, ¢, 4%, ¢%), € =&3(t, ¢', ¢, ¢*). More explic-
itly,

38751 _ C']'?’aifl _ 438752 +q187§3 _ 518753 +q287£3 +q387£0 _ ('1'38750f
oqt Oqt oq! oqt Ogt oq! ot ot
823 ) 823 ) 823 ] 823 823 ) 823 )
— 52 —2¢" 51 - 2¢* 52 - 2¢° 53 - %(ql)2 - %(QQ)Q*
ot 0tOq Otoq 0toq A(qh) d(q?)
P 5 PE PE 4 P’E 5 4 3 08"
_ IS B2 o9 ) —9 2§32
a(qg)z(q ) a0l C " 2ag0p0 0 ~ 2ppapd e T Gt
SR 098 08, o,

3., . 06 1 96 2 0S5 .3
+§° +¢ gz agl " agl " apt 0
36751 _(']'3875 _ q'387§2 qﬁi’) _('1'18753 +C]287§3 _438750 _ 6753_
9q? 0q>? 0q? 0q¢> 0q? 0q? ot ot
o¢3 ¢’ o¢3 o¢°
_iql — ti — iqﬁ +q3£ =0
oq! 0q? 0q3 ot
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Y LY. SN ST S| ST S

q g q 94 q 94 q aq3—éja—+q 0 +q 5 QE-F
By ;; fe 5‘;; - a?f) (@) - a?f) ()~

From these equations we get conditions for components of £ as follows:
fl :k‘l -et+k2-e_t—02q1
&€ =C3-Cy-¢*+b(q*)

§3 — 02 . q3
=0
Hence, we obtained:
_ A0 t —t 1, 9 2 3y 9 3 0
5_018t+(k1 el +hy-e ! — Oyq )aq1 +(C3—Ca-q* +b(q ))aq2 +Coq 9P

where C1,Cy, C3, k1, ko are constants and b(¢?) is a function depending only on ¢3.
This result can be formulated as follows:

Theorem 3. Point symmetries of the Euler-Lagrange form of Lagrangian L (4) are
generated by the following vector fields:
0 0 0 30 0 _, 0

PR — — 37
ok qaq +q a2 Tag o ¢ ag b(q)8q2, (6)

where b(q®) is an arbitrary function of the variable ¢°.
The corresponding first integrals are

FL=-H
for the transformation %,
B =pq' —p3¢’

for the transformation qla%l + q28%2 — q3aiqs’
Fy=p;-e
for the transformation eta%l,
Fy=p e’
for the transformation e*t% and
=0

for the transformation b(q?’)a%g.
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Theorem 2 and 3 demonstrate the known fact that every symmetry of Lag-
rangian A is a symmetry of its Euler-Lagrange form (or the corresponding action).
In the sequel we shall be interested in the converse problem, namely, if to every
point symmetry of the action (that is of E) there exists a Lagrangian A for E such
that £ is a point symmetry of A.

To this end we shall represent our Lagrangian system in the form of the equiv-
alence class of Lagrangians for F; the equivalence relation is given by

df
L~TL iff L'=L+—
' + dt’
where f is a function.
This means that
df

IJ/:q'lq'B_qu'3_|_q1q3_|_Ey

where f = f(t,q", ¢% ¢%).

Substituting L’ to the Noether equation we shall try to determine f for every
symmetry (6)

(a) If{zeta%l:>§1 =
we get

0 [(d : : 0 (d . .
q3§1+(%1<£>§1+q3<§1_q~150)+aql<d{) (51—4150)20.

From this equation we get equations:

*f
(9q')?
0% f
0q10q?
0%f
0q'oq3
*f 5 Of
gt~ T agt

having the solution
f=alt,d®,¢*) —a¢'¢> + Cre™'q’,
where a(t, ¢?, ¢%) is arbitrary function of variables t, ¢*> and ¢®. C} is a constant.

(b)IfE=etghr = ¢ =e!
we get

d . . d . .
q3€1+(fql<£>€1+q3(51q1€0)+821<d{) (5174150):0‘
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From this equation we get equations:
0*f
(0q')?
0% f
0q'0q?
0% f
0qloq3
o*f 3
agat ¢ Ty

of

having the solution
f=alt,q®,q*) + ¢'¢* + Cae'q’,
where a(t, %, ¢%) is arbitrary function of variables ¢, ¢*> and ¢®. Cy is a constant.

(c) It € = b(¢*) 52 = €% = b(q?)
we get

)+ s () e =0
and from this equation we get a equations:

o*f

920q"

*f

(962
o*f

020g°
0% f

920t

having the solution
f=alt,q",¢*) + ¢,
where a(t, q', ¢3) is arbitrary function of variables ¢, ¢* and ¢>.
Summarizing, we obtained the following result:

Theorem 4. For every point symmetry £ of the Euler-Lagrange form
E=(¢* - §®)dg" Adt — ¢*dg® Adt + (¢* + ¢* — " )dg® A dt (7)

there exists a first order Lagrangian X' such that £ is a point symmetry of \'.
Explicitly:
o For & = eta%l it holds
f=alt.d®,¢%) — ¢'¢> + Cre7'q",

ie I'=d'¢’ = ¢*¢* +¢'¢’ + § (alt. ¢ ¢*) — ¢'¢* + Cre™'q").
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e For & = e’ta%l it holds

f=alt,¢* ) +q'¢* + Cae'q’,
ie. I'=¢'¢* — @ + ' + & (alt, ¢*, ¢®) + ¢* ® + Caelq") .
e For¢ = b(q?’)a%2 it holds

f=altq" . ¢*) + ¢,
ie. I' =¢'¢ — @@+ ¢'¢® + & (alt, ¢', ) + ¢°¢%) .

By the above theorem, the set of point symmetries of the class of equivalent first
order Lagrangians for E locally coincides with the set of point symmetries of the
Euler-Lagrange form (7).

Remarkably, in this case, all the invariant Lagrangians are of order one. It is
worth note that in the most often considered case of the Lagrangian L = %va
(free particle of classical mechanics) this is not the case. Namely, one can prove
that [14]:

— to every point symmetry £ of the Euler-Lagrange form E (E; = mi') there
exists a Lagrangian L for E such that £ is a point symmetry of L

— such a Lagrangian need not be of order one: in case of Galilei transformations
L is a second order Lagrangian, equivalent with the kinetic energy.
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