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Abstract

The paper investigates the singular initial problem

(pt)u' (1)) + q(t) f (u(t)) = 0, u(0) = uo, u'(0) =0

on the half-line [0, c0). Here ug € [Lo, L], where Lo, 0 and L are zeros of
f, which is locally Lipschitz continuous on R. Function p is continuous
on [0,00), has a positive continuous derivative on (0,00) and p(0) = 0.
Function ¢ is continuous on [0,00) and positive on (0,00). For specific
values ug we prove the existence and uniqueness of damped solutions of
this problem. With additional conditions for f, p and ¢ it is shown that
the problem has for each specified uop a unique oscillatory solution with
decreasing amplitudes.

Key words: singular ordinary differential equation of the second
order, time singularities, unbounded domain, asymptotic properties,
damped solutions, oscillatory solutions
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1 Introduction

We investigate a singular boundary value problem motivated by some models
used in hydrodynamics. In [3] it is shown that the study of the behavior of
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non-homogeneous fluids in the Cahn—Hilliard theory can lead to the system of
PDE’s
C dv
o +div(ev) =0, — +V(u(e) —7Ae) =0. (1)
Here o is the density and ¥ is the velocity of the fluid, u(o) is its chemical
potential, v is a constant. If we suppose that a motion of the fluid is zero, then
system (1) is reduced to the equation

yAo = p(0) — o, (2)

where v and pg are suitable constants. When we search a solution with the
spherical symmetry, then equation (2) is reduced to the ODE

2
v (24 20) = o)~ nted 7€ 0.00) Q
Equation (3) with the boundary conditions

0'(0) =0, TILIEO o(r)=:00>0 (4)
describe the formation of microscopic bubbles in a fluid, in particular, vapor
inside liquid. In the simplest model of non-homogeneous fluid, problem (3), (4)
is reduced to the form

(t2u") = AN* 2 (u + Du(u — &), (5)
u'(0) =0,  u(co) =¢, (6)

where A € (0,00) and & € (0,1) are parameters. If there exists an increasing
solution of problem (5), (6) with just one zero, many important physical proper-
ties of the bubbles depend on it. In particular, the gas density inside the bubble,
the bubble radius and the surface tension. For a numerical investigation of the
problem see [3], [6] and [9].

The equation (p(t)u'(t))" = p(t) f(u(t)) is a generalization of equation (5) and
it has been studied in [14]-[18], where all types of its possible solutions have
been described with conditions which guarantee their existence and specify their
asymptotic behavior.

In this paper we continue the generalization and study the problem

(p(t)d' (1) + a(t) f(ult)) = 0, ¢ € (0,00), (7)
uw(0) = ug, u'(0) =0, (8)

where ug € [Lo, L].
In the whole paper we will assume that f, p and ¢ satisfy the following
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conditions.
Lo <0<L, f(Lo)=[f(0)=f(L)=0, (9)
f € Liploc(R)’ (10)
xf(x) >0 forxz € (Lo, L)\ {0}, (11)
F(Ly) > F(L), where F(x / f(z (12)
p € C[0,00) N C(0, 00), =0, (13)
P(t)>0 fort e (0,00), tlggo . tt)) 0, (14)
q € C[0,00), ¢ >0on (0,00). (15)

Definition 1.1 A function u € C1[0, 00) N C?(0, 00) satisfying equation (7) on
(0,00) and fulfilling conditions (8) is called a solution of problem (7), (8).

Definition 1.2 A solution u of problem (7), (8) is called damped, if sup{u(t): t €
[0,00)} < L, where L is of (9).

The aim of our paper is the investigation of damped solutions of problem
(7), (8). The main results are contained in Theorem 2.6, where the existence of
damped solutions is presented, and in Theorem 3.2, Theorem 4.2 and Theorem
4.6 describing asymptotic properties of damped solutions of problem (7), (8).
In particular, Theorem 3.2 is devoted to nonoscillatory solutions, while Theo-
rems 4.2 and 4.6 provide conditions which guarantee that damped solutions of
equation (7) are oscillatory.

In the literature, the permanent attention has been devoted to oscillatory so-
lutions of second order nonlinear differential equations. See e.g. the monograph
[5] containing a lot of nice results about asymptotic properties of solutions. Let
us mention also the papers [13] and [19] which investigate Emden—Fowler equa-
tions. Further extensions of these results have been reached for more general
equations, see e.g. [1], [2], [4], [7], [8], [20]. Nonlinearities in equations in the
cited papers have similar globally monotonous behavior. We want to emphasize
that, in contrast to these papers, the nonlinearity f in our equation (7) needs
not be globally monotonous. Moreover, we deal with solutions of (7) starting at
a singular point ¢ = 0, and we provide an interval for starting values ug giving
oscillatory solutions, see Theorem 4.2 and Theorem 4.6. Therefore theorems
from the papers cited above cannot be applied to singular problem (7), (8) sat-
isfying assumptions (9)—(15). For example, the same equation (7) is studied in
[2] but in the regular setting, that is function p in equation (7) must be strictly
positive on [0,00). One of basic assumptions in [2] is convergence or divergence

of the integral
<1
I, = / .
"o p(t)



110 Martin Rohleder

In our paper, a typical choice in equation (7) is p(t) = t%, a > 0. Then clearly
I,, = co and therefore theorems in [2], which require I, < oo, cannot be applied.
Other important assumption in [2] concerns function f in equation (7) and has
the form
liminf |f(x)| > 0. (16)
|z] =00
In our paper, function f has three zeros Ly < 0 < L and an arbitrary behavior
for < Lo and & > L. Consequently, (16) need not be fulfilled and theorems of
[2] requiring (16) cannot be applied here, as well.

2 Existence of damped solutions
In order to prove our first existence result we provide some lemmas.

Lemma 2.1 Let u be a solution of equation (7).
a) Assume that there exists t1 > 0 such that u(t;) € (0,L) and v'(t;) = 0.
Then

u(t) > 0=u'(t) <0 forte€ (t1,601], (17)

where 01 1is the first zero of u on (t1,00). If such 61 does not exist, then (17) is
valid for t € (t1,00).
b) Assume that there exists to > 0 such that u(te) € (Lo,0) and u/(t2) = 0.
Then

uw(t) <0=u'(t) >0 forte (ta, 0], (18)

where 05 is the first zero of u on (ta,00). If such 05 does not exist, then (18) is
valid for t € (ta,00).

Proof a) First, let us show that u(t) < L on [t1,00). Assume on the contrary
that there exists t2 > t; such that

u(t) € (0,L) for t € (t1,t2) and wu(te) = L. (19)

Then, by (7), (11) and (15), (pu’)'(t) < 0 for t € (t1,t2) and pu' is decreasing on
(t1,t2). Since (pu')(t1) = 0, we get (pu’)(t) < 0 for t € (¢1,t2), and, due to (13)
and (14), we have u/(t) < 0 for t € (¢1,t2), that is u is decreasing on (t1,%2),
contrary to (19). We have proved that u(t) < L on [t1,00).

Let u(t) > 0 on [t;,00). Working on (¢1,00) instead of (¢1,%2), we get as
before that u/(¢) < 0 for ¢ € (¢1,00).

Finally, assume that there exists §; > t; such that u(t) > 0 on [t1,60;) and
u(f1) = 0. Then we obtain as before that u/(¢t) < 0 on (t1,61). Further, since
pu’ is negative and decreasing on (t1,61), we obtain

(pu')(s) < (pu')(t) <0 fort; <t <s<b.

Letting s — 61, we get (pu')(01) < 0 and hence (17) is valid.

b) We argue similarly as in a). O
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Since F'(0) =0, F(Lo) > F(L) > 0 and F is continuous on R, we obtain, by

(12),
3B € (Ly,0): F(B) = F(L). (20)

Define auxiliary functions
~ f > ], ~ T
f(x) — f(x) or r =~ Lo, F(l‘) — / f(Z) dZ, reR
0 for x < Ly, 0

and consider the equation

!

(p(t)d' (1)) + a(t) f(ult) = 0. (21)

We see that f satisfies conditions (9)—(12) and so Lemma 2.1 is valid for equation
(21), as well.

Lemma 2.2 Assume that
pq is nondecreasing on [0, 00). (22)

Let u be a solution of problem (21), (8) for ug € (Lo, L). Assume that there
exist a > 0, 8 > a such that

u(a) € (0,L), u'(a)=0, (23)
w(@) =0, wu(t)>0 fortela,b). (24)

Then u has one of the following properties:
u'(t) <0 forté€ (a,00), tlim u(t) € (B,0), (25)
3b e (0,00): u(b) € (B,0), v'(b) =0, u/'(t) <0 forte (a,b). (26)

Proof By (17), «/(t) < 0 holds for ¢ € (a,f]. Let us suppose that neither (25)
nor (26) occur. Assume that there exists b; > 6 satisfying u(b;) = B, v’ < 0 on
(a,b1). Multiplying equation (21) by pu’, integrating this over (a, b;) and using
the Mean value theorem, we get & € [a, 0], &2 € [0, b1] such that

b1
/ (p(t)u' () p(t)u’ () dt =
% N by }
=~ [ st e ai— [ poa o a

6 by
= —(g)(&) / Flu(t)d (1) dt — (pg)(€2) /9 Flu(tyy (1) .

Hence, by (22),
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Therefore F(u(a)) > F(B). By virtue of (12) we get
F(B) = F(B) < F(u(a)) = F(u(a)) < F(L)

which contradicts (20). Therefore, if there exists b > 6 such that «/(b) = 0 and
u/(t) < 0 for t € (a,b), then u(b) € (B,0) and (26) holds.

Let u/(t) < 0 for t € (a,00). Due to above arguments, lim; ., u(t) > B.
Assume that lim;_,, u(t) = B. Then, by 0 < u(a) < L, we obtain

F(u(a)) < F(L) = F(B) = lim F(u(t)).

t—o00

Thus there exists s* > a such that F(u(a)) < F(u(s*)), u(s*) < 0. From the
Mean value theorem we have &; € [a, 0], & € [0, s*] such that

< @EIE

— (pa) (&) (F(u(a)) ~ F(u(6))) + (pa) (€2) (F(u(0)) ~ Plu(s")
< (p0)(&) (F(u(a) = Flu(s")) <0,
a contradiction. Hence lim;_, ., u(t) € (B,0) and (25) holds. O
We can prove the following lemma analogously.

Lemma 2.3 Let (22) be satisfied and let u be a solution of problem (21), (8)
for ug € (Lo, L). Assume that there exist b > 0, £ > b such that

u(b) € (B,0), u'(b) =0, (27)
w(€) =0, u(t)<0 forte][b). (28)

Then u has one of the following properties:
uw'(t) >0 forte (b,00), tllglo u(t) € (0, L), (29)
Je € (§,00): ule) € (0,L), u'(c) =0, u'(t) >0 forte (bc). (30)
Lemma 2.4 Assume that
3CL € (0,00): —CpL < f(x) <0 foraz>L. (31)

Let u be a solution of problem (21), (8) for ug € (Lo, B]. Assume that there
exist 0 > 0, a > 0 such that

u(@) =0, wu(t)<0 fortel0,0), (32)
uw'(a)=0, u(t)>0 forte(6,a). (33)

Then
u(a) € (0,L), '(t)>0 forte (0,a). (34)
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Proof By (18) and (33) we have «/(¢) > 0 on (0, a) and hence
(pu')(t) >0 fort e (0,a). (35)

Let us assume that u(a) > L. We derive a contradiction. By (10), the final
value problem (21), u(a) = L, v/(a) = 0 has the unique solution u;, = L on
[0, a]. Since our solution u is not constant on [0, a], we have u(a) > L. Therefore

there is ag € (6, a) such that u(t) > L for ¢t € (ap, a] and, by (31), f(u(t)) <0
for t € (ap,a]. Integrating equation (21) on [ag, a], we get

@MXM—OMNWQ=—/ﬂﬂ@ﬂM@ﬁbzo

Consequently (pu')(ag) < 0, contrary to (35). O

Theorem 2.5 (Existence and uniqueness) Assume (22), (31) and

lim % /Olq(s) ds = 0. (36)

t—0t p

Then, for each uy € [Lg, L], problem (7), (8) has a unique solution w. This
solution u satisfies

u(t) > B forug € (B, L], t € [0,00), (37)

u(t) >ug forug € [Lo, B], t € [0,00). (38)

Proof Let uy € [Lo, L].
Step 1 (Existence and uniqueness of a solution of problem (21), (8))
Equation (21) has an equivalent form

t 1 s N
u(t) = ug _/0 1@/0 q(7)f(u(r))drds, te0,00).

By (10) and (31)
IM > 0: ‘f(x)‘gM, zeR. (39)

Put A := max{|Lg|, L}. By (10) there exists K > 0 such that

()~ f@) < Kla—yl, Vaye [-A—1A+1] (40)
Put ¢(t) = ﬁ fot q(s)ds for ¢ > 0. Then conditions (15) and (36) give
0<p(t)<oo forte (0,00), lim o(t) = 0. (41)
t—0t

Therefore we can find n € (0, 00) such that

/017 o(t)dt < min {%, %} . (42)
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Consider the Banach space C|0,7] with the maximum norm and define an op-
erator F: C[0,n] — CI0, 7] by

(Fu)(t) = o — / = / " g(r) F(u(r)) drds.

From (39) and (42) it follows that
7
[Fullcton <A+M [ plo)ds<A+1, ue Clo,
0

hence F maps the ball B(0,A + 1) = {u € C[0,7]: |ulcjoy <A+ 1} on itself.
Choose arbitrary wuy,us € B(0,A +1). Then, by (40) and (42), we obtain

17 - Fuslown < [ [ )] falr) - Fua(r|ards

n 1
< Kllug — U2||c[o,n]/ p(s)ds < §||u1 —uz|cro.n)
0

thus F is a contraction on B(0,A + 1). The Banach fixed point theorem yields
a unique fixed point u of F in B(0, A + 1). Therefore

= [ ao ey tea @)

p(t

Since |u/(t)] < Mp(t), it holds lim;_,g+ w'(t) = 0. From (43) it follows

u(0) = ug, u'(t) = —

(p(t)u' (1) = —q(t) f(u(t), t € (0,n),

thus the fixed point u is a solution of problem (21), (8) on [0,7]. According to

(39), f(u(t)) is bounded on [0,00) and hence, by [5], Theorem 11.5, u can be
extended to [0,00). Since f € Lipio.(R), this extension is unique.

Step 2 (Estimates of solutions of problem (21), (8))
Let ug € (0,L). If w > 0 on (0,00), then (37) holds. Assume that there exists
01 > 0 such that u(0;) = 0, u(t) > 0 for ¢ € [0,6,). Using Lemma 2.2, where
a =0 and 0 = 0, we obtain that u satisfies either (25) or (26). Condition (25)
gives (37). Let condition (26) be valid, that is

3b € (61,00): u(b) € (B,0), u'(b)=0, '(t)<0on (0,b).

If w < 0 on (b,00), then, by (18), u is increasing on (b, 00) and (37) is valid.
Assume that there exists 62 > b such that u(f3) = 0, u(t) < 0 for ¢ € [b,02).
Using Lemma 2.3, where £ = 05, we get that u satisfies either (29) or (30).
Condition (29) gives (37). Let condition (30) be valid. Then we use previous
arguments.

Let ug € (B,0). If u < 0 on (0, 00), then, by (18), u is increasing on (0, c0)
and (37) is valid. Assume that there exists 63 > 0 such that u(f3) = 0, u(t) < 0
for t € [0,603). Using Lemma 2.3, where b = 0 and & = 63, we obtain that u
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satisfies either (29) or (30). Condition (29) gives (37). Let condition (30) be
valid, that is

de € (A3,00): u(c) € (0,L), u'(c)=0, ' (t)>0 on (0,c).

If u > 0 on (¢,00), then (37) holds. Assume that there exists 64 > ¢ such that
u(fy) =0, u(t) > 0fort € [c,04). Using Lemma 2.2, where a = c and 0 = 6, we
get that u satisfies either (25) or (26). Condition (25) gives (37). Let condition
(26) be valid. Then we use previous arguments.

Let ug € (Lo, B]. If u < 0 on (0,00), then u is increasing on (0,0c) and
(38) is valid. Assume that there exists 05 > 0 such that u(65) = 0, u(t) < 0
for t € [0,05). If u > 0 on (#5,00), then (38) holds. Assume that there exists
d > 05 such that v/(d) = 0, v/(t) > 0 for t € (05,d). Using Lemma 2.4, where
0 = 05 and a = d, we have that (34) is valid. Now we have analogous situation
as in case ug € (0, L), so we argue similarly.

Step 3 (Existence and uniqueness of a solution of problem (7), (8))
We have proved that estimates (37) and (38) are valid. By virtue of definition
of f, the solution u of problem (21), (8) satisfies equation (7) on (0, 00).
Suppose that there exists another solution @ of problem (7), (8). We can
prove as in Step 2 that @ fulfils (37) and (38). It means that @ satisfies equation
(21) on (0,0), too. Therefore, by Step 1, u = a. O

For close existence results, see also Chapters 13 and 14 in [11] or Chapter 8
in [12].
Now we can prove the main result of this section.

Theorem 2.6 (Existence of damped solutions) Let (22) and (36) be sat-
isfied. Then, for each ug € (B, L), problem (7), (8) has a unique solution. This
solution is damped and fulfils (37).

Proof Define a function

vy ) flx) forxz<L,
J) = {O for x > L,

and consider the equation

(p()u' (1)) + a(t) f*(u(t)) = 0. (44)

Then f* satisfies condition (31) with f = f*. Due to Theorem 2.5 there exists a
unique solution u of problem (44), (8), where ug € (B, L). In addition u fulfils
(37).

(i) If up =0, then u =0. It is clear that u is damped.

(ii) Let up € (0,L). If w > 0 on (0,00), then Lemma 2.1 yields ' < 0
on (0,00) and hence u is damped. Let & > 0 be the first zero of u. By (17),
u < 0on (0,0. If u <0 on (f,c0), then u is damped. Let & > 6 be the
second zero of u. Then there is b € (6,&) such that u'(b) = 0. Due to (37),
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u(b) € (B,0). By (18), ' > 0 on (b,&]. If w' > 0 on (b, c0), then, by Lemma
2.3, limy oo u(t) € (0, L) and so u is damped. Let there exist ¢ > & such that
u’(¢) = 0. Then Lemma 2.3 gives u(c) € (0, L) and we can continue as before
working with u(c) instead of wp.

(iii) Let ug € (B,0). Working with uy in place of u(b), we can use the
arguments of part (ii). O

3 Properties of damped solutions

Since we will work with damped solutions of problem (7), (8), we will assume
that all assumptions of Theorem 2.6 are fulfilled. To sum it up we will assume
in the whole section that conditions (9)—(15), (22) and (36) hold.

Definition 3.1 Let u be a solution of problem (7), (8). Then w is called os-
cillatory, if the set of isolated zeros of u is unbounded. Otherwise, w is called
nonoscillatory. Further, u is called eventually positive (eventually negative), if
there exists to > 0 such that u(t) > 0 (u(t) < 0) for t € (g, 00).

Clearly (cf. (10)), each nonoscillatory solution of (7), (8) is either eventu-
ally positive or eventually negative. Papers [14]-[18] provide examples which
demonstrate that equation (7) can have both oscillatory damped solutions and
nonoscillatory ones.

In our study of damped solutions we will distinguish two cases according to
the convergence or divergence of the integral floo ﬁds.

CASE I Let us assume that the function p in equation (7) fulfils
<1
/ ——ds < oo. (45)
1 p(s)
A simple example of such function is p(t) = ¢t*, o > 1. Condition (45) with
p >0 (cf. (14)) give

fim s = 0. (46)

In order to prove the existence of oscillatory solutions in this case we will need
the following theorem about asymptotic behavior of nonoscillatory solutions.

Theorem 3.2 Assume (45) and
1 t
liminf—/ q(s)ds > 0. 47
mRw ) 1 (47

Let u be a damped solution of problem (7), (8) with ug € (Lg,0) U (0, L) which
is nonoscillatory. Then

lim u(t) =0, lim «/(t) =0. (48)

t—o0 t—o0
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Proof Assume that w is nonoscillatory damped solution of problem (7), (8)
with up € (Lg,0) U (0,L). Then u is either eventually positive or eventually
negative.

Step 1 Let u be eventually positive, i.e. there exists t; > 1 such that
u(t) > 0 for t € [tg, 00).

Assume that ' > 0 on [tg, 00). Then u is increasing on (tg, 00), u(tg) > 0 and
limy o0 u(t) =: €y € (u(ty), L). Denote mg = min{f(z): z € [u(to), %]} > 0.
By virtue of (7) we get

(p(t)u' (1)) = —a(t)f (u(t)) < —a(t)mo, t € [to,0).

Integrating it over (to,t), we obtain

PO (1) — plto)u (to) < —mo ( /1 Cg(s)ds — /1 * ) ds), ¢ € [to, 00).

This together with (46) and (47) yield

’ 1 / fo 1 K
0<u(t) < @ (p(to)u (to) erg/l q(s) ds) mop(t)/1 q(s)ds, t € [tg, 00),

1t
0 < liminf v/ (t) < —mg lim inf —/ q(s)ds <0,
1

i RSy
which is a contradiction. Thus there exists t; > ty such that
u'(t1) <0. (49)

From (7), (11) and (15) it follows

(pu') <0 on [t,0). (50)
Therefore pu’ < 0 on (t;,00) and

u'(t) <0, te€ (t;,00). (51)
Consequently w is decreasing on (¢1,00) and there exists

tlgrolo u(t) =: 41 € [0,u(ty)).

Assume that ¢; € (0,u(t1)). Denote m; = min{f(x): z € [¢1,u(t;)]} > 0. By
virtue of (7) we get

(p(D)u' (1) = —q(8) f(u(t)) < —q(tyma, t € [tr,00).

Integrating it over (t1,t), we obtain

p(t)u (t) = p(t)u'(t1) < —my (/ltq(S) ds — /jl q(s) dS) , € [t,00).
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This together with (49) yield

! Lo Ryl s)ds o)
—u(t)Z—mlw/l q(s)ds—i—mlp(t)/lq()d, t € [t1,00).

Letting ¢ — oo and using (46) and (47), we get

1 t
liminf(—u/(t)) > mq lim inf ()/ q(s)ds > 0.
1

t—o0 t—oo p(t
Therefore there exist to > t1 and ¢ > 0 such that
—u'(t) > mic>0 fort>ts.
Integrating it over (to,t), we obtain

u(t) < ulte) —mic(t —tz2) fort > to.

Letting t — oo, we have lim;_, o, u(f) = —oo which contradicts ¢; € (0,u(t1)).
Therefore ¢; = 0. We have proved
flinolo u(t) = 0. (52)

Now, we will prove that lim;_,, v'(t) = 0. Assume that liminf; . v'(¢) < 0.
Then there exist a sequence {t,} and € > 0 such that

lim ¢, =00, lim u/(t,) = —c.

Having in mind (cf. (50)) that pu’ is decreasing on [t1,0), we can find ng € N
such that

W (tn) < —g, PO (1) < pta)d (tn), t> tn, 1> no,
and hence 1
") < —Zpltn)——~, t>t,, n>
Integrating it over (t,,t), we get
b1
u(t) —u(tn) < —=p(tn — t>1ty, n2>n
() = u(tn) < ~5p) [ s ;
Then, by (52) and (45), we obtain for ¢ — oo
1
—u(t,) < — / ( n > ng.
Using 'Hospital’s rule, (52), (45) and ( ) we get
0=— lim u(t,) < —= li € timp(t) [ ——d
= = Jlim u(ta) < =5 lim —3 ) [ ads
_ (t) _

2 HDQO;D ()
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a contradiction. Therefore lim inf;_, . v'(¢t) = 0 which together with (51) yield
lim;_, oo u/(t) = 0.

Step 2 Let u be eventually negative, i.e. there exists ty > 1 such that
u(t) < 0 for t € [tg,00). Assume that u’ < 0 on [tg,00). Then u is decreasing
on (tg, ), u(ty) < 0 and lim; o u(t) =: f5 > min{B,ug}, by Theorem 2.5.
Hence ¢ € (Lo, u(tp)) and if we denote mgo = min{|f(x)|: x € [l2,u(to)]}, we
get my > 0. Therefore, analogously as in Step 1, we can derive that ¢ = 0 and
lim; o0 v/ (t) = 0, as well. O

The next lemmas discuss conditions leading to oscillatory solutions.

Lemma 3.3 Assume (45),

q(t)

htrglogf o) >0, (53)
im 2@ S o) (54)
z—0t X
p(t)

p € C?(0,00), limsup

t—o0

< 0. 95
P'(t) ’ (5)
Let u be a solution of problem (7), (8) with ug € (0,L). Then there exists 61 > 0
such that

uw(d) =0, u'(t) <0 forte (0,8]. (56)

Proof Let us show that condition (53) implies that (47) holds. According to
(53) there exist ¢ > 0 and ¢; > 0 such that ¢(t) > ep(t) for t > ¢;. Consequently,
by (14), (46) and I'Hospital’s rule,

. 1 ¢ . 1 ¢ .
tlggom/l q(s)ds > ctlggom/l p(s)ds =c¢ lim
which yields (47).

Now, suppose that such d; satisfying (56) does not exist. Then u is positive
on [0, 00). In addition, u is damped due to Theorem 2.6. Therefore, by Theorem
3.2, u satisfies (48).

We define a function v(t) = /p(t)u(t), t € [0,00) and use the arguments of
the proof of Lemma 2.7 in [14]. O

For negative starting values ug we can prove a dual lemma by similar argu-
ments.

Lemma 3.4 Assume (45), (53), (55) and
lim @
z—=0- T

Let w be a solution of problem (7), (8) with uo € (Lo,0). Then there exists
01 > 0 such that

> 0. (57)

w(@) =0, u'(t)>0 forte(0,60q]. (58)
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If we argue as in the proofs of Lemma 3.3 and Lemma 3.4 working with a4,
A; and by, B in place of 0, ug, we get the next lemma.

Lemma 3.5 Let (45), (53)—(55), (57) be satisfied and let u be a solution of
problem (7), (8) with ug € (Lo,0) U (0,L).
I Assume that there exist by > 0 and By € (Lg,0) such that

u(by) = By, u/(by) =0. (59)
Then there exists 6 > by such that
w@) =0, u'(t)>0 forte (by,0]. (60)
II.  Assume that there exist a; > 0 and A; € (0, L) such that
u(ay) = Ay, u/'(a1) = 0. (61)
Then there exists § > aq such that

w(d) =0, u(t)<0 forte (ay,d]. (62)

4 Main results

The goal of this section is to give sufficient conditions for the existence of oscil-
latory solutions of problem (7), (8).

Definition 4.1 Let u be an oscillatory solution of problem (7), (8). Denote
{an} ({bn}) sequences of local maxima (minima) of u. Assume that either
Gp < by < apgy1 < bpy1,n €N, or b, <a, <byt1 < apy1, n € N. Then the
numbers u(a,) — u(by,), n € N, will be called amplitudes of w.

Theorem 4.2 (Existence of oscillatory solutions I)  Assume (9)—(15),
(22), (36), (45), (53)~(55) and (57). Then, for each ug € (B,0)U(0, L), problem
(7), (8) has a unique solution u. The solution w is oscillatory. If moreover q
fulfils

q € C(0,00), (pq)’ > 0 on (0,0), (63)

then u has decreasing amplitudes.

Proof Let ug € (0,L). By Theorem 2.6 there exists a unique damped solution
u of problem (7), (8). By (37) we can find L; € (0, L) such that B < u(t) < L,
for t € [0,00). The following part of the proof (Step 1 and Step 2) has the same
ideas as the proof of Theorem 2.10 in [14]. We write it here for the completeness.

Step I  Lemma 3.3 yields §; > 0 satisfying (56). Therefore there exists a
maximal interval (§1,b;) such that w' < 0. If b = oo, then w is eventually
negative and decreasing. On the other hand, by Theorem 3.2, u satisfies (48).
But this is not possible. Hence b; < co and there exists By € (B,0) such that
(59) holds. Lemma 3.5 yields 6; > by satisfying (60) with § = 6;. Thus v has
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just one negative local minimum By = u(b;) between its first zero ¢; and second
zero 0.

Step 2 Due to (60) there exists a maximal interval (61, a;), where u’ > 0.
If a; = oo, then u is eventually positive and increasing. On the other hand,
by Theorem 3.2, u satisfies (48). We get a contradiction. Therefore a; < oo
and there exists 4; € (0,L) such that (61) holds. Lemma 3.5 yields d2 > a
satisfying (62) with 6 = J5. Hence u has just one positive local maximum
A1 = u(ay) between its second zero 67 and third zero d.

Step 8 We can continue as in Step 1 and Step 2 and get the sequence

0<hi<hh << <...<<b,<b,<a,<...,

where B,, = u(b,) is a strict unique negative local minimum of « in (d,, 8,) and
A, = u(ay) is a strict unique positive local maximum of u in (6, ,+1), n € N.
{0,152, and {6,}52, are unbounded sequences of zeros of u. Therefore u is
oscillatory.

Step 4 We will discuss the sequence {4,, — B, }>2 . Equation (7) has an
equivalent form

u” (t) + o0 u'(t) = —Wf(u(t)), t € (0,00). (64)
Multiplying equation (64) by “E, we obtain
wu" o W' (1) = 7p/(t) e 00
o0) (O (t) + fut))u'(t) o0 (t), te(0,00) (65)

We define a Lyapunov function V,, by

Vu(t) = <—:§ 5 ) + F(u(t)), te€]l0,00).

Then F(u(t)) > 0fort € (0,00), t # 0p, On, n € N. Since u'(d,,) # 0, v'(6,,) # 0,
n € N, we get, due to (13)—(15), that V,,(t) > 0 for ¢t € (0,00). Further, by (65),

) _ (MY D Py 4 statont
_ (PN W) ) ey w0 e0a®) o
- (5) 22 - R0 -G e,

Due to Step 3, we have v/ (t) > 0 for t € (0,00), t # an, by, n € N. Conse-
quently, by (63),
dV,(t
# <0 forte (0,00), t# ap,b,, ne€N.

Hence V,, is decreasing on (0, c0) and there exists

= lim V,(t) > 0.

t—o0
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So sequences {Vi(an) 132, = {F(An) 12, and {Va(b) 1y = {F(Ba)}i2, are
also decreasing and

nl;n;o F(A,) = nl;rgo F(B,) = cy.
According to (12), F is increasing on (0, L) and decreasing on (Lg,0). Therefore
the sequence {4, } is decreasing and the sequence {B,} is increasing. Conse-

quently the sequence of amplitudes {A, — B, };2; is decreasing.
For ug € (B,0) we proceed analogously. O

Remark 4.3 1) Let us choose ug € (Lo, B] and consider the corresponding
solution u of problem (7), (8). Note that u need not be damped in this case.
But if u is damped, then w is oscillatory and its amplitudes are decreasing. This
can be proved similarly as Theorem 4.2.

2) If we replace assumption (pg)’ > 0 on (0,00) by (pg)’ > 0 on (0,00)
in Theorem 4.2, then, for ug € (B,0) U (0, L), problem (7), (8) has a unique
solution. This solution is oscillatory and its amplitudes are nonincreasing.

Example 4.4 Consider the equation
2
u’ + zu’—i—tu(l —u)(u+2)=0. (66)
By virtue of (64) we see that (66) is equation (7) with

f@) =a(l—a)(x+2), pt) = qlt)=t"

Here
zt 23 8 5
Lo=-2, L=1, F =—— - — 2 pP(—2)==. F(1)=—
0 ) ) (x) 4 3 +$7 ( ) 37 () 127
im 2~ (1 - 2) @4 2) = 2.
z—0 X x—0

We see that f satisfies conditions (9)—(12), (54), (57). We can easily check that
p and ¢ satisfy (13)—(15), (36), (45), (53), (55) and (63). Note that (63) implies
(22).

Let us find B satisfying (20). Compute

F(z)-F(B) —% -2 4235 1, 5 5

= = ——° — —x — —

(xr—1)2 (xr—1)2 4 6 12
_ 1 V10 +5 V10 -5
f74 T + 3 Ifig .

So polynomial F'(z) — F(B) has roots

V1045 V10— 5
3

r1 =1, x9= ~ —2.72, x3= 3 ~ —0.61 € (—2,0)
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ﬂ

Therefore B = 1g_5. We have satisfied all assumptions of Theorem 4.2, thus,

for each ug € (@_5,0) U (0,1), problem (66), (8) has a unique solution and

this solution is oscillatory with decreasing amplitudes.

Example 4.5 Let us consider problem (7), (8), where

_Jz(l—2)(z+2) forxz <0,
flz) = {%x(l—m)($+3) for z > 0,

Here
8 5 _ 4/10-—5
Lo=-2, L=1, F(_2)_§7 F(l)_ﬁa B = TR
im 73 _o g @15
z—0~- X z—0t T 7

We can check that, just as in the previous example, all assumptions of Theorem
4.2 are satisfied.

CASE II Let us assume that the function p in equation (7) fulfils
/ Ty (67)
——ds = o0.
1 p(s)

Simple examples of functions p satisfying (67) are p(t) = t*, « € (0,1], p(t) =
arctant.
Let us put

f1
1/J(t):/1 @ds, t e [l,00). (68)

Since p > 0 on (0, 00) (cf. (13), (14)), 1 is increasing on (1,00). By (67), we get
Jim 3(t) = oo. (69)

Consequently there exists ¢~1: [0,00) — [1,00). Since p’ > 0 on (0,00) (cf.
(14)), there exists

lim —— & [0,00). (70)

By the substitution

equation (7) overcomes to the equation

d?v(x)
da?

+p(w (2))a(w ™ (2)) f(v(z)) = 0. (72)

Using (67)—(72), we will prove the next theorem.
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Theorem 4.6 (Existence of oscillatory solutions IT) Assume (9)—(15),
(22), (36), (67) and

lim L)/l q(s)ds = co. (73)

t—00 p(t

Then, for each ug € (B,0) U (0, L), problem (7), (8) has a unique solution wu.
The solution u is oscillatory. If moreover q satisfies (63), then u has decreasing
amplitudes.

Note that Remark 4.3 holds for Theorem 4.6 too.

Proof Let us choose ug € (B,0)U(0, L). By Theorem 2.6 there exists a unique
solution u of problem (7), (8) which fulfils

B < u(t) for t € [0,00), sup{u(t): t € [0,00)} < L. (74)

Assume that u is not oscillatory. Then u is either eventually positive or even-
tually negative.

Step 1 Let u be eventually positive, i.e. there exists 3 > 1 such that
u(t) > 0 for t € [tg, 00).

Assume that v’ > 0 on (tg,00). Then w is increasing on (to, 00) and, by (74),
we have u(to) > 0, limy_,o0 u(t) =: €y € (u(to), L). Denote mg = min{f(x): z €
[u(to), o]} > 0. By virtue of (7) we get

(p(t)u' (1)) = —q() f(u(t)) < —q(t)mo, ¢ € [to, 00).

Integrating it over (to,t), we obtain

PO (1) — plto)u (to) < —mo ( /1 " 4(s)ds — /1 ! q(s)ds), ¢ € [to, 00).

Therefore
/ 1 / fo m K
0<u(t) < 0@ (p(to)u (to) + mg/1 q(s) d5> —]Tto)/l q(s)ds, t€ [tg,00).

Put K = p(to)u'(to) + mo flfo q(s)ds. Then K € (0,00) and, by (70), we have
limy—s o0 % € [0,00). Hence, letting ¢ — oo in the inequality

/ K mo t
0<u(t)§m—m/l q(s)ds,

we obtain, by (73),

. K . 1 ¢

0< lim — —mp lim — [ q¢(s)ds = —o0,
t—o0 p(t) t—o0 p(t) Jy

a contradiction. Thus there exists ¢; > ty such that

u'(t1) <0. (75)
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From (7), (11) and (15) it follows (pu’)’ < 0 on [t1,00). Therefore pu’ < 0 and
u' < 0 on (t1,00). Consequently u is decreasing on (¢1,00) and there exists
limy_y o0 u(t) =/l € [O,U(tl)).

Assume that 1 € (0,u(t1)). Denote m; = min{f(z): z € [{1,u(t1)]} > 0.
By virtue of (7) we get

(p()'(8)) = —a()f (u(t)) < —q(t)my, ¢ € [tz,00).

Integrating it over (t1,t), we obtain

p(H)u (t) = p(t)u'(t1) < —my (/ltq(S) ds — /jl q(s) dS) , € [t,00).

This together with (75) yield

I I
u'(t) < ml—/ q(s) ds—ml—/ q(s)ds, t€ [t1,00).
p(t) )y p(t) Sy
Letting ¢ — oo and using (70) and (73), we get lim;_,o v'(t) = —oo. This
contradicts ¢; € (0,u(ty)). Thus ¢, = 0.
Now, consider substitution (71) and for ¢; of (75) denote 1 = 1 (t;). We
have v(¢(t)) = u(t) > 0 for t > t;. Hence

d
v(z) >0 for x > x4, é(xl) =/ (t1)p(t1) <0.

Since v is a solution of equation (72), we get, by (11), (13)—(15), that 32712’(33) <0
for # € [x1,00). Therefore lim, o §%(z) < 0 which contradicts v > 0 on
[1,00).

We proved that u cannot be eventually positive.

Step 2 Let u be eventually negative, i.e. there exists tg > 1 such that
u(t) < 0 for t € [tg,00).

Assume that ' < 0 on (tg,00). Then u is decreasing on (tg,0), u(tg) < 0
and lim;_, oo u(t) =: 5 > min{B,ug}, by Theorem 2.5. Since ¢y € (Lo, u(ty)),
using the same arguments as in Step 1, we can derive that u cannot be eventually
negative.

Step 3 Step 1 and Step 2 imply that w is oscillatory. Let ug € (0, L). Then,
by Lemma 2.1, we have the sequence

0<hi<hh << <...<p<b,<b,<a,<...,

where B,, = u(b,) is a strict unique negative local minimum of u in (,,0,)
and A4,, = u(a,) is a strict unique positive local maximum of u in (6,,d,+1),
n € N. {6,}52, and {0,}°2, are unbounded sequences of zeros of u. By the
same arguments as in Step 4 in the proof of Theorem 4.2, we can prove that
amplitudes of u are decreasing.

If up € (B,0), we argue similarly. O
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Example 4.7 Consider problem (7), (8) with
—(x+2*+2) forx < -2,

f(z) =1 |z|*sgna for z € (—2,1), p(t) =1t q(t) =1°, t € [0,00),
2—x for x > 1,

where A > 1, a € (0,1], 8 > a. Here Ly = —2—2*, L = 2 and assumptions (9)—

(15), (22) and (36) are satisfied for all such «, 5 and A. Therefore the assertion
of Theorem 2.6 holds. Since

® 1 1t 1 1
/ —ds = o0, lim —/ Sﬁds = — lim tﬁ—a-i'l - — ) =,
. s“ t—oo 1 J; B+1tooo to

we have fulfilled all assumptions of Theorem 4.6 and thus it is applicable here.
In the following example the function p is bounded.

Example 4.8 Let us consider problem (7), (8) with

F(@) = |2l sgn(@) (1 — 2)(x +2),  p(t) = (arctant)?, q(t) = ¢°, ¢ € [0,00),

where a >~y —1, > 1, v > 1. We can verify that assumptions (9)—(15), (22)
and (36) are satisfied for all such «, 3, v. In particular,

1 ¢ t\
lim 7/ s%ds = lim | ——— ) t*T'77 =0.
t—0+ (arctant)” J, t—0+ \ arctant

Consequently, Theorem 2.6 can be applied. Since

2\"” o 1
lim (arctant)™ " = =] #0= / ——ds = o0,
t—00 ™ 1 (arctans)”

1 ! 1
lim 7/ 5%ds = —————= (hm tott 1) = o0,
t—oo (arctant)” J; (a+1)(5) \t=oo

we have fulfilled all assumptions of Theorem 4.6.

References

[1] Bartusek, M., Cecchi, M, Dosl4, Z., Marini, M.: On oscillatory solutions of quasilinear
differential equations. J. Math. Anal. Appl. 320 (2006), 108-120.

[2] Cecchi, M, Marini, M., Villari, G.: On some classes of continuable solutions of a non-
linear differential equation., J. Differ. Equations 118, 2 (1995), 403-419.

[3] Gouin, H., Rotoli, G.: An analytical approzimation of density profile and surface tension
of microscopic bubbles for Van der Waals fluids. Mech. Res. Commun. 24 (1997), 255—
260.

[4] Ho, L. F.: Asymptotic behavior of radial oscillatory solutions of a quasilinear elliptic
equation. Nonlinear Anal. 41 (2000), 573-589.

[5] Kiguradze, I. T., Chanturia, T.: Asymptotic Properties of Solutions of Nonautonomous
Ordinary Differential Equations. Kluver Academic, Dordrecht, 1993.



[6]
[7]
(8]

[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

18]

(19]

[20]

the existence of oscillatory solutions. .. 127

Kitzhofer, G., Koch, O., Lima, P., Weinmiiller, E.: Efficient Numerical Solution of the
Density Profile Equation in Hydrodynamics. J. Sci. Comput. 32 (2007), 411-424.

Kulenovié¢, M. R. S., Ljubovié, C.: All solutions of the equilibrium capillary surface
equation are oscillatory. Appl. Math. Lett. 13 (2000), 107-110.

Li, W. T.: Oscillation of certain second-order nonlinear differential equations. J. Math.
Anal. Appl. 217 (1998), 1-14.

Lima, P. M., Chemetov, N. V., Konyukhova, N. B., Sukov, A. I.: Analytical-numerical
investigation of bubble-type solutions of nonlinear singular problems. J. Comp. Appl.
Math. 189 (2006), 260-273.

Linde, A. P.: Particle Physics and Inflationary Cosmology. Harwood Academic, Chur,
Switzerland, 1990.

O’Regan, D.: Existence Theory for Nonlinear Ordinary Differential Equations. Kluver
Academic, Dordrecht, 1997.

O’Regan, D.: Theory of Singular Boundary Value Problems. World Scientific, Singapore,
1994.

Ou, C. H., Wong, J. S. W.: On ezistence of oscillatory solutions of second order Emden—
Fowler equations. J. Math. Anal. Appl. 277 (2003), 670-680.

Rachtunkova, I., Rachiinek, L., Tomecek, J.: Existence of oscillatory solutions of singular
nonlinear differential equations. Abstr. Appl. Anal. 2011, Article ID 408525, 1-20.

Rachtinkova, I., Tomecek, J.: Bubble-type solutions of nonlinear singular problems.
Math. Comput. Modelling 51 (2010), 658-669.

Rachtunkova, I., Tomecek, J.: Homoclinic solutions of singular nonautonomous second
order differential equations. Bound. Value Probl. 2009, Article ID 959636, 1-21.

Rachunkovd, I., Tomecek, J.: Strictly increasing solutions of a nonlinear singular differ-
ential equation arising in hydrodynamics. Nonlinear Anal. 72 (2010), 2114-2118.

Rachunkova, I., Tomecek, J., Stryja, J.:: Oscillatory solutions of singular equations aris-
ing in hydrodynamics. Adv. Difference Equ. Recent Trends in Differential and Difference
Equations 2010, Article ID 872160, 1-13.

Wong, J. S. W.: Second-order nonlinear oscillations: a case history. In: Differential
& Difference Equations and Applications, Hindawi Publishing Corporation, New York,
2006, 1131-1138.

Wong, J. S. W., Agarwal, R. P.: Oscillatory behavior of solutions of certain second order
nonlinear differential equations. J. Math. Anal. Appl. 198 (1996), 337-354.



		webmaster@dml.cz
	2014-03-12T21:38:13+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




