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Abstract
An accuracy of parameter estimates need not be sufficient for their
unforeseen utilization. Therefore some additional measurement is neces-
sary in order to attain the required precision. The problem is to express
the correction to the original estimates in an explicit form.
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1 Introduction

A linear statistical model is considered in the form
Y ~, (X18,%1),

where Y is an n-dimensional random vector (observation vector) with the mean
value E(Y1) = X3 and the covariance matrix Var(Y;) = ¥;. The nxk matrix
X is given, the k-dimensional vector B is unknown and the matrix 3, is known.

In the following text it is assumed that the rank 7(X;) = k& < n and the
matrix ¥ is positive definite. R

The accuracy of the estimator 3 is characterized by its covariance matrix
Var(B). If it is not satisfactory, then it is necessary to realize an additional
experiment, e.g.

Yo~ (X3, 22).
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88 Lubomir Kubacek

(Another forms of additional experiments are described in the following sec-
tions.)
Thus the joint model (original and additional) can be written as

() = [(5)2 (52

The covariance matrix of the estimator ,(Ai in this model is obviously more sat-
isfactory than the original covariance matrix.

In the following text the following notation will be used.

B ... the best linear unbiased estimator (BLUE) in a model without con-
stra/i\nts;

B theA BLUE in the model with constraints;

o~ =

B(Y1), B(Y1,Y2) ... the BLUEs based on the observation vector Y; and
Y, Y., respectively;

AT ... the Moore-Penrose generalized inverse of the matrix A
(ie. AATA=A ATAAT = AT AAT =(AAT), ATA =(ATA));

A;( Ny o the minimum N-seminorm generalized inverse of the matrix A

(i.e. AAT_n,(N)A = A, NA;(N)A = (NA;L(N
matrix; in more deatil see in [3]);
by1 4+ By kB =0 ... constraints in the original model;
gr1+ G, 108 =0 ... constraints in the additional model;

M(A) denotes the column space of the matrix A, i.e.
M(A)={Au:ue R"}.

)A)’ , N is a positive semidefinite

The original model can be either of the form (model without constraints)
Yy~ (X8, 30),
or of the form (model with constraints)
Y1~ (X18,%1), b+BB=0,

where the rank of the matrix B is r(B) = ¢ < k.
The additional model can be either of the form (model without constraints)

Yo ~m (X23,32), r(X2)=k<m, 3 is positive definite,

or of the forms
model with additional parameters v € R

Y2 ~m (Dm,lmXQ,(m,l)) <g) ,EQ:| y T(D,Xg) = k +l < m,
the matrix X5 is positive definite,
model with additional constraints

Yo~ (X2B,22), 81 +GrB=0, 1(Xe) =1l<m, r(G)=r <k,
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models with additional parameters and additional constraints

Y2 ~m |:(Dm,k7X2,(m,l)) <5> 722:| y 8r1 + Gr,kIB = 07

r(D,X2) =k +1 < m, X is positive definite,

Y2 ~m |:(Dm,k7X27(m,l)) (I,BY) 722:| ; 8r1+ Gl,(nk)/@ + G27(r,l)7 =0,

r(D,X2) =k +1 < m, X is positive definite,
r(G1,Go) =1, 1(Ge) =1 <.
The problem is to find the vector k either in the equation

o~ ~
~ ~

B(Y1,Y2) =B(Y1)+k, or B(Y1,Ys)=B(Y))+k,

or ~
B(Y1,Y2) =B(Y1)+k, or B(Y1,Y2)=p8(Y1)+k

( = denotes an estimator respecting two constraints) in dependence on the

form of the joint model.

All models considered are assumed to be regular.

2 Original models without constraints

Lemma 1 Let A be an n X n positive semidefinite matriz, C be an m x m
positive semidefinite matriz and B be an n x m matriz with the properties

M(B) c M(A) and M(B’) c M(C). Then
(A~ BC'B/)* = A* + ATB(C - BATB)*B'A™,
(A - BC*B')*BC* = ATB(C - B'A*B)*.

Proof It is sufficient to verify the properties of the Moore—Penrose generalized
inverse of a matrix (in more detail see [3]). O

Lemma 2 Let A be any n X k matriz, B be any ¢ X k matriz and 3 be any
n X n positive semidefinite matrixz. Then

/
l /
(A", BY)” %, 0 ] - <[<MB’A/)m(z>} ’{I_ {(MB’A/);I(E)] A} B+)'
" 0,0

Here MB/ =1- PB’7PB’ = B/(B/)+.

Proof It is valid that

(g) ([(MB,A’)m(E)}', {1— (A7), ] }B+)
A
B

A
/
(AMB/ |:<MB/A/):n(Z)i| AMB’ —|—APB/> _ ( >

B
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and

(g) ([(MB’A/);,(E)}/’ {I— [(MB’A/);L(E)}/A} B+> (?: 8)

_ (AMB/ {(MB/A’);(E)}/E, 0)
0 0

)

is a symmetric matrix.
The relationship

[(MB'A/);L(E)]/ = Mp; [(MB’A/);L(E)]/

was utilized. O

Lemma 3 Let the model

()~ (&) (%0)]

be considered (W need not be regular and the rank r(Gy ) need not be g < k).
The BLUE of 3 is

~

B=B-WG(GWG)"(GB+g)
if W is p.d. and

Var(3) = W —- WG/ (GWG') " GW
if W is p.d.

In general
B=p- [(W—i—MG/)*+G’G]_1G’{G[(W+Maf)++G’G]_1G/}+(Gé+g)

and

~
=

Var(B) = [(W + Mg)* + G'G] ' — [(W+Mg)* +G'G]

GI
< {G[(W +Mg)* + G’G]_lG’}+G[(W +Me)t+ GG~ Mg

Proof Since B is unbiasedly estimable (in more detail see in [1], p. 337 and
346), the BLUE in the model with constraints is (see the preceding lemma)
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"\ 0,0

A= l<I’G'><vv,o>]/(§)

= ([Ma) ) T = (M) )] }G) (_Z) = [Me (W+Me)"Ma] ¥
X Mo (W +Mg) B+ {T- [Ma (W + Mar)"Ma | (W + M)t }G* (—g)

1

- { [(W+Me)* +G'G] ™~ [(W+Me)* +G'G] ¢

x {G[(W +Ma)" + GGl *1G’}+G[(W +Me) T+ G’G]l}
x [(W+Mea) " +G'G] B+ (I—{ [(W4+Ma)"+G'G] "~ [(W+Ma) " +G'G] ™
<@ {G[W+Me) " +@e] e} G[(WMa)t +aa) )
x [(W+Mg)* + G’G]) GT(-g)

=5 [(W+ M)+ @a) ' e{Q[(W+Me)" + @'6] e} (@B )

~
~

The expression for Var(3) can be obtained easily.
If W is p.d., then (see [1], p. 337)

[(MG,);R(W)]’ = (MaW 'Mg)"™MgW™! =1- WG (GWG) TG

and the proof can be proceeded analogously. O

In the following text C; = XXX, Cy = X435 X,.

() = [()2 (52

B(Y1,Y2) = B(Y1) + (Cy + Co) ' X555 [Ys — XoB(Y))]

Theorem 1 If

then

and

Var [B(Y1,Y2)] = Var [B(Y)] — CT1X5(2s + XoC11X5) 1 X,Cr L
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Proof
B(Y1,Ys) = (C1+Co) (X, 271Yy + X425 1Y)
= [Cy! = CI'X5(Zs + XoC7 ' X)X O (X ETY ) + X535 1Y)
= B(Y1)—Cy ' X,(Bo+X,C7 ' X,) ' X O X B 1Y 4+(C +Co) T IXL RS Y
= B(Y1) — (C1 + Cy) ' X,35 ' X, CT X 271 Y + (Cp + Co) 7 'XL25 1Y,
= B(Yl) +(Cy + Cy)1Xp35 ! Y2 — XQB(Yl)]'

Since R
Var [B(Y1,Y2)] = (C; 4+ Cy) ™!
and
(C;+Cy) ' =Ct — CT'XL(Zg + X,C 1 X5) X, Cr Y
we have

Var [B(Y1,Y2)] = Var [B(Y1)] — CT'X5(2 + XoC1'X5) "X, C L
Theorem 2 If
Y1) X1, 0 B 3, 0
Y, nkm D, X, ¥)'\ 0, X /|’

B(Y1,Ys) = B(Y1) — C{'D'[My, (Z2 + DC; 'D')My, | "DB(Y)1)

then

+[C1 + D'(Mx, 2:My,)*D] "D’ (My, £:Mx, ) Ys
and
Var [B(Y1,Ys)] = Var [B(Y1)] — C7'D'[Mx, (2 + DC;'D')My,] 'DC L.

Proof

-1 1
ﬂ(Yl Y2) == I O m E Xllzl Yl +1])/22 Y2
7 (21}, [22] X435Y, ’

where

l\D

X/lv D’ 2;17 0 X1, 0 o
, 0, X;)\ o, ')\ D X,
e +D§J D, D'S;'X,\
- = 7



Additional experiment and linear statistical models 93

= [C1 + D'(Mx,:My,)*D] ',
— —[C, + D'(Mx,%,My,)"D] ' D'S;1X,C; Y,
— —C;'X,%;'D[C) + D' (My, 5:My,)tD] 7,
= [Cy — X435, 'D(C, + D'S; D) DS, X,
— [X5(2, + DCT'D) " 1X,]
Thus
B(Y1,Y2) = [C1 +D'S;'D — D'S; 1 X,C5 ' X535 ' D) (X 20y,
+D'E;'Y, - D Eglxgc;lxgzgln)
_ {(c1 +D'S;'D) ! 4 (C; + D'S; D) DR X, [C, — X485 D
x (C;+D's;'D)'D'S; X, X35 'D(Cy + D’zng)*l}X;z;lY1
+[C1 + D'(Mx, X, My, )t D] "D/ (Mx, £,Myx, )Y,
=B(Y1) - C{'D'(Z, + DC;'D')'DB(Y,) + C;'D/(2, + DCT'D) !X,
X [X4(25 + DCT'D) 7 1X,] 7 X5(2, + DCT'D') "' DB(Y))
+[C1 + D'(Mx, ,My,)*D] "'D/(My, £,My,)tY

— B(Y)) — C{'D' My, (2, + DCT'D')My, ] "DB(Y))
+ [Cl + D/(MX222MX2)+D] 71D/(MX222MX2)+Y2~

—1
~ _ C,+D'E;'D, D'E;'X, I
var [B(v. Ya)) = (o) (91 D% B PR :

=(C; +D'E;'D)"' +(C; + D'S;'D)'D'E; X, [Cr, - X425 'D
x (C; +D'E;'D)'D'E; ' X,] X, 2, ' D(C; + D'E; ' D)
=C;!' - C{'D'(Z, + DCT'D))"'DC; ! 4 C'D/(2, + DC; D)) 71X,
x [X5(2s + DCT'D’) 1 X,] T X4 (2, + DC'D)) ' DC;
= C;!' - C'D'[My,(S; + DCT'D')My,] 'DC; L.

Theorem 3 If

Y, X 3, 0 _
(YQ)Nn+m |:<X2)/67( 07 22>:|7 g+G/6_O7
then

BY1,Y>) = B(Y1) — (Cr + Co) " G [G(Cy + C2) 1G] ' [GB(Y:) + g]
+ [Mg/(Cy + C2)Me | X’zzz_l Y2 — Xz,B(YQ]
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and
Var [B(Y1,Y2)] = Var [B(Y1)] — CTIX5(Es + XoC71X5) "1 X, 07!

—(C1 4+ Cy) 'G'[G(Cy + C2) "G T'G(Cy 4+ Cy) !
Proof With respect to Lemma 3

~

B(Y1,Ys) = B(Y1,Y,) - VG/(GVG) " [GB(Y1,Y2) + g,
where V = (C; + C2)~! and (see Theorem 1)

B(Y1,Yz) = B(Y1) + (C1 + C2) ' X525 [Y2 — XoB(Y))]
Thus
B(Y1,Y2) = B(Y1) + (C1 + Ca) ' X535, [Ya — XoB(Y))
— (C1 +Cy) 'G'[G(C) + C2) "G T [GB(Y1,Y>) + g
= B(Y1) + (C1 + Co) ' X535 [V — XoB(Y))]
—(C1+C2) '@ [G(C, + Cy) '@ !
x ( { +(Cy + Cy) X5 Y — XQB(Yl)]} + g)
=B(Y1) + [MG/(Cl +Co)Mear] X585 Yo — XoB(Y))]
— (C1 4 C2)'G[G(Cy + C) G T [GB(Y) + ]
With respect to Lemma 3
Var [E(Yl,Yg)] = Var [B(Y1,Y5)]
— Var [B(Yl,Yg)]G’{GVar [B(Yl,Yg)]G/}_lGVar [B(Y1,Y2)]
= Var [B(Y1)] - C'X5(3 + X,C1 ' X5) 7 X, O
— (C1 4 Cy) 'G/[G(Cy + C3)'G'] T'G(C + Cy) 7!

Theorem 4 If
Y1 Xl, 0 B 217 0 —
() [(5 2) (). (3 L)) xv00-,

E(Yl,YQ) = B(Y,) - C;{'D'[My, (2, + DC; 'D')My,] "DB(Y))

then

+ [Cl + D/(MX222MX2)+D] 71D/(MX2 EQMX2)+Y2

—1

-1
~ [C1 + D'(My, My, D] ' G'{G[C) + D'(My, 5:My,) D] "G’}

X [GB(Y17Y2) +g],
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where
B(Y1,Ys) = B(Y1) — C;'D'[My, (%; + DC; 'D')My, ] "DB(Y))
+[C) + D'(Mx,S:My,) D] ™ D/ (My, Z5My, ) VY.

= ~ +
Var [B(Y1,Ys)] = Var [B(Y1)] — C7'D'[Mx, (22 + DC;lD')MX2] DC;!

~ Var [3(Y1,Yg)]G’{G Var [B(Yl,Yg)]G'}AG Var [B(Y1, Y2)],
and
Var [B(Y1,Y3)] = C! — C7'D/[My, (22 + DC;'D')My,] 'DCT L
Proof
B(Y1,Ys)] = B(Y1,Ys) - VG(GVE) ™ [GB(Y1, Ya) + g],
where
B(Y1,Y3) = B(Y1) — C7'D' [Mx, (32 + DCT'D')Mx,] "DB(Y1)
+[Cy + D' (Mx,2,My,) D] ' D'(Mx, £,Mx, )" Yo,
(see Theorem 2)
V = Var [B(Y1,Y>)] = [C + D'(Mx,2:My,)"D] .
Now the proof can be easily finished. O
Theorem 5 If

Yl Xl, 0 /6 Elv 0 _
(1) [(32)() ()] <vemranss

E(Y17Y2) =B(Y1) - CD[Mx, (=, + DCle/)MX2]+DB(Y1)

— G_/

+ [Cl =+ D’(MXQEQMX2)+D] 1D/(MX222MX2)+Y2 — (V1,1,V172) (Gé)
Vi, Vis G’lﬂ‘l{ (B(Yl Y2>> ]

G, G ' ' G, G = ’ ,
X |:( 1, 2) <V2,1, V22) (G/z ( 1 2) ’7(Y17Y2) +g

where
B(Y1,Ys) = B(Y1) — CiD[Mx, (S2 + DCT'D')My,] ' DA(Y))
+[C) + D'(Mx,S:My,) D] D/ (Mx, Z5My, ) VYo,

J(Y1,Y,) = C; ' X535 1Y, — C;'X5 35 ' D[Cy + D/ (Mx, Z,My, ) D]

X [X’lElel + D/(szngX2)+Y2] s

Vi1, Vip — Var B(YhYz)
Va1, Voo (Y1, Ys) )’
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Vi1 = [C1 +D/(Mx,E:My,)*D] ",

Vi, = —[Cy + D'(Mx,E,My,)"D] ' D'S;'X,C; Y,
Vs = [X4(5 + DC'D) 1 X,]

and
—C; X455, 'D[Cy + D' (My, My, ) D] ' =

—[X4(, + DCT D) 1X,] T X5(2, + DCT D) D
Proof It is valid that

BYLY2)\ _[(X, D\ (= 0\ (X, 0]

(Y1, Y>) 0, X 0, %'/ D Xy

y X\ 27Y, +D'ESY,
X,351Y, '

~

Now the expressions for 3(Y1,Y3) and 4(Y1,Y2) and also for

Vii, Vipo
Va1, Voo
can be obtained easily.
With respect to Lemma 3

E(Y17Y2) _ (B(Yl,Y2)> B (Vl,la V1,2> (G’1>
(Y1, Y>) A(Y1,Y2) Va1, Voo G,
Vi1, Vi, G/ \1" B(Y1,Y>)
<leven (W v) (6)] levea (53032 o

3 Original models with constraints

Theorem 6 If
Y, X1 ¥, 0 _

B(Y1,Y2) = BY1) + [Mp(Cy + Co)Mp] " X,851 [y — XoB(Y)))]

+ m(Cy) B;(Cﬁcz)) [Bﬁ(Yﬂ + b

then

and

Var [E(Yl,Yg)] = Var [,:\@\(Yl)] — {(MB/ClMB/)+ — [MB’(CI + CQ)MB/]+}.
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Proof Regarding Theorem 1 and Lemma 3 we have
B(Y1,Y2) = (C1 + Co) {(X[ BT 1Y + X5, Ya),
B(Y1,Ya) = B(Y1, Y2)~(C1+C2) "B/ [B(C1+C2) "B [BA(Y1, Ya)+b]

(see also in [2], p. 152).
Thus

B(Y1,Ya) = B(Y1) + (C1 + Co) 1 X455 [Ys — XaB(Y1)]
—(C1+C2)"'B'[B(C1 +Co) 'B] "
X {BB(YQ +b+B(C; + Cy) X35 Y2 — X2B(Y1)] }

= B(Y1)+ {(C1+02)71 —(C1+C3)'B'[B(C1 4+ C,)'B'] -

B(Cl+02)*1}
x X535 [Ys — XoB(Y1)] = (Cy +Ca) "'B/[B(Cy +C2)'B'] ' [BB(Y:1) +b]
= B(Y1) + [Mp/(C1 + Co)Mp | X425 [V, — XoB(Y1)]

— (C1 4 Cy)"'B'[B(Cy + C2)"'B'] ' [BB(Y1) +b].

Now it is necessary to re-establish the expression

B(Y1) — (C1 + C2)'B'[B(C1 + C2)"'B’] "' [BB(Y)) + b];
it is valid that

B(Y1) = (C1 + C2)"'B/[B(Cy + C2)7'B'] " [BA(Y1) + b]

= B(Y1) + {C;lB’(Bc;lB')—1 —(C1+Cy)'B'[B(C) + Cz)_lB’]_l}
x [BB(Y1) +b] = B(Y1) + {B;(cl) - B7_n(C1+Cz)} [BA(Y:) +b].
As far as Var [E(Yl, Yg)] is concerned, it is valid that

Var [E(Yl,Yg)] = (Cl+02)_1—(01+02)_1B/ [B(Cl+02)_1BI]_1B(CI+CQ)_1
= [MB’(Cl + CQ)MB/:I+ = (1\/[3/(311\/[3/)+

- {(MBlclMB/)Jr - [MB/(Cl + CQ)MB/:I+}

o~
=

= Var [B(Y1)] = {(Mp CMp)* — [Mp/(C1 + Co)Mp | }.

Theorem 7 If

Y] Xl 217 0 — —
) ()85 £)]. vomaco srcsco
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-~

then (Qdenotes the estimator satisfying both constraints)
B(Y1,Ys) = B(Y1) + VX5 'Y, - B(Yl)]
+ [Bf_n(cl) Br_n(cl+02 ] [BB (Y1) + b]
—[(V+MG/)++G/G]71G’{G[(V+MG/) +G'G]” } BY1,Ys) gl
where

V = Var [,;\B\(Yl,YQ)]
=(C1+Cy)"' = (C1 +C3) 'B'[B(C; + C) 'B] ’IB(cl +Cy) !
= [Mp/(Cy + Co)Mp] "

and
Var [E(Yl, Y.)] = [(V+Me)" + GG o [(V+Me)" +G'G] el
{G[(V +Me)t + G.’G]‘lc;’}+ [(V+ M)t +GG] ™" - Mg
Proof If

Y, X, . 0
Y2 ~n+m X2 /67 07 22 )
b+BB=0, g+GB=0,

then with respect to Theorem 6 and Lemma 3

E(YleQ) = E(Yl) + [Mp (C1 + Co)Mp ] X435 [Ya — XoB(Y1))]
+(Bo ) ~ By voy) [BB(Y1) + ]

~[(V+Ma)t+G'G] ™"

_ + =2
G{G[(VMa) +eG] @'} GBI, Yo) ]
where

V = Var [,;\B\(Yl,Yg)]
= (Cy+Cy)"' = (Cy + C,y) 'B'[B(Cy + Cy)'B'] 'B(C; + Cy) !

and
BIY1.Y2) = BY1) + [Mp/(C + Co)Mp ] X555 [Y, — XoB(Y))]
{B;’(Cl) B;(chz)} [BA(Y1) +b].

The expression for Var [B(Yl, Yg)] can be easily obtained. O
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Theorem 8 If
Yl X—la 0 /6 217 0 —
() oo (B2 (5) (G 5,)] - oemo—o
then

BY1,Y) = B(Y1) — [Vi+ T Vi(V) + Vo) " Vi] [T = (V1 + 1]
X [Va+T1— (Vi +1)71 ] [B(Y)) — B(Y)],

where
B(Y1) = B(Y1) — CT'B/(BCT'B)) 1 [BB(Y,) + b,
B(Ys2) = [D'(Mx,S:My,) D] D' (My, oMy, ) Yo,
B(Y2) = B(Y2) — WoB'(BW,B) ! [BA(Y2) + b],
VvV, = C;!' - C['B'(BC;'B')"'BC; !,
Vy, = Wy — Wy,B (BW,B') " 'BW,y,
W, = [D'(Mx,2,My,) D]
and

V = Var [E(Yl, Yg)] = Var [E(Yﬂ] ~Vi(Vi+Vy)TVy.

Proof In the model

(2] = [ (o )]
B(Y2) I 0, Vz

V,=C;'-C'B'(BC;'B')"'BC!,
Vy = Wy — W,B' (BW,B') " 'BW,,

W, = [D'(Mx, E,Myx,)™D] ',

the BLUE of 3 is

BIY:. Ya) = [(LI) o
(63:)

_ [(I,I) (VlI,H’ VQIH)+ (Dr (L1) (Vll’“’ v21+1)+ (gg;i) .
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Here

vi+L 1 Nt/
l(1’1)< 1, V2+I) (1)] =
- {(V1 A I (Vi+ D) [Var I— (Vi + D) 1 (Vy +I)‘1]}71
=Vi+I—(Vi+D)[I— (Vi +I)7]
x {V2 FTI- (Vi D) 4 [T= (Vi + D (Vi + D) [T = (V, +1)*1]}+
X [If (V1+I)71](V1 +1)

=Vi+I-(Vi+D[I-(Vi+D ' [(Vi+ V)T [I- (Vi + D)7 (V1 +])
=V +I-V (Vi + V)TV,

and

PR @

VitL T N\ (B(Yy) _
(M v ) ( <Y2>)_
- {(V1 FD - I (Vi+ D [Ve + T (Vi + D)7 (Vy +I)—1}§(Y1)

+[I=(Vi+D) [ Va+I— (Vi + 1)*1]+§(Y2).

Thus

o~

BY1,Y2) = B(Y1) — (Vi + DI (Vi + D {Va + T (Vi + )"
+ 2
HI- (Vi DV D= (Vi+ D]} 1= (Vi + D B(Y0)
~(Vi4T= (Vi DI = (Vi + D7 (Vi + Vo) [T= (Vi + D7 (Vy + 1))
X [I- (Vi D7 [Va+ = (Vi+ D7 (Vi + DB - B(Ya)).
Since
(Vi+ DI (Vi +D) (Vi + Vo) [T (Vy + I)_l]E<Y1)
= ((V1 + DT = (Vi 4+ D)7 Vo + T— (Vi + D)7 L= (Vs + I)—l])+

X [I=(Vi+ D) [Vob I—(Vi+ D7 [1— (Vi + I)‘l]é(Yl),

the statement concerning the estimator is obvious.
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As far as Var [@(Yl, Yg)] is concerned it is valid that

Var [B(Y1,Ya)] = l(LI) (V11+ I, V21+I>+ G)}l 1

)

=V, -V (Vi + V)TV,
what was already shown. O
Theorem 9 If
Y1) X1, 0 B 3, 0
Y, nkm D, X, ¥)'\ 0, X /|’
b+BB8=0, g+GB=0,

then

~
N

B(Y1,Ys) = BY1) — A[B(Y1) — B(Y>)] - [(V + Mg + G'G] ™
x {GI(V +Man)* + G/G]*G'}*[GE(Yl,YQ) +g]

IG,

where V is given in Theorem 8,
A= (VitT=Vi(Vi+ Vo) Vi) [T (Vi + D)7 [Va+ T (Vi + )7

and

Var [E(Yl,Yg)] — [(V+Me)"+G'G] " = [([V+Ma)" +G'G] '@

1

< {G[(V+Ma)" + G’G]_lG’}+G[(V +Ma)t + GG - Mg,

Here

V = Var [
V, = Var [3(Y,)] = C{! - CT'B/(BC;'B')'BCT Y,

V, = Var [3(Y,)] = W — WB'(BWB') 'BW,
W = [D/(Mx,ZMy,) D] .

(Y1,Y2)] =V = Vi (Vi + V)TV,

)

Proof With respect to Lemma 3 it is valid that

~
N

BOY1,Y2) = BY1, ) — [(V+ Mg + GG '@
-1 + =
x {G[(V+MG/)++G’G] G'} [GA(Y1,Y>) +g],
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where (see Theorem 8)

~

E(Y17Y2) = E(Yﬁ - A[B(Y ) — E( Y,)],
A= (Vi+T=Vi(Vi+ Vo) Vi) [T (Vi + )7 [Va+ 1= (Vi + D)7

If

Y1) X1, 0 B 3, 0
Y2 n+m D, X2 ~ ) 07 22 )
b+B/3:07 g+Glﬂ+G27:O7

then the explicit expression for k in the relationship

o~

B(Y1,Y2) = B(Y1,Ya) + k

is rather complicated. Therefore a sequence of relationships is given which
enables us to obtain the vector k in the actual situation at least. It is assumed
that (X1) = k <m, r(D,X2) = k+1 <m, ¥; and Xy are positive definite
and r(B) = ¢ <k, 7(G1,G2) =7r < k+1, r(Gz) =1 < r. The notation

+ —1

Ty, T Wi, W G
< 1,1 1,2) ( 1,1 1,2 <G’)(G1’G2)

+ M
Ty 1, Top Wy 1, Wz,z) G
Gy

will be used.
It is valid that

B(Y1,Y3) = B(Y1) — C'D' [My, (Z; + DCT'D')My, | "DB(Y))
+[Cy + D'(Mx, %, My, )*D] "'D/(Mx, £,Myx, )t Yy,

F(Y1,Ys) = [X’Q(22+Dc;1D’)—1X2]‘1X’2(22+Dc;1D’)—1[YQ—DB(Yl)],

Vi, = Var [3(Y1,Ys)] = C;' — CT'D'[Mx, (2 + DC;'D')My,] 'DC; Y,
Va1 = —[X}(p + DO D) 71 X,]  X5(8, + DC;'D)T'DCT

Vi = [X5(25 + DCT'D!) 1 X,) 7,

B(Y1) = B(Y:) — C{'B/(BC; 'B)) "L [BB(Y1) + b,

B(Y1,Ys) = B(Y1,Ys) - VLIB’{BVMB'} [BB(Y:,Y3) +b],
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E(YhYz) _ (
3

4 Numerical examples

Many examples can be found when levelling networks in geodesy are designed.

Example 1
1, 0, 0
o1 o | (2,
Y, ~ B2 | 0714,
0, -1, 1 3
0, 0, -1 3
1, 0, -1
_17 17 O 61’ 2
Yo ~ B2 | ,03514|,
0, -1, 1 3
0, 1, 0 3
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Here (1, B2, B3 are heights of points Py, P, P3 and {Y;}; means a measurement
of a difference of the heights between the point P; and a reference point A with
the height equal to zero. Analogously {Y;}2 means a measurement of the
difference between the heights of the point P, and P, etc.

2, -1, 0 2, -1, -1
C, =002 -1, 2, -1, Cy=(0.001)"2| -1, 3, -1 ],
0, -1, 2 -1, -1, 2
L3211 L [5:3.4
cil= <0'01)21 2,4,2 |, C;t= (0.001)2§ 3,33,
1,2, 3 4,3, 5

Y, = (5.18m, —0.35m, 2.48m, —7.29m)’,
Y, = (—2.134m, —0.351 m, 2.485m, 4.825m),

El(Yl) 5.175m

Ba(Yy) | = C7'Xi=TY = | 4.820m

B3(Y1) 7.295 m
1.617, 0.971, 1.286 75, 50, 25
(C;+Cy) ' =10"%{ 0971, 0.981, 0.971 |, C;'=10"° 50, 100, 50
1.286, 0.971, 1.617 25, 50, 75
R R R 5.176 m

B(Y1,Y2) =B(Y1) + (Ci + Co) ' X535 [Yo — XoB(Y1)] = | 4.825m |,
7.310 m
—0.014 m

0.004 m (a discrepancy between the origi-

Y, — XoB(Y)) = .
? 2B(Y1) 0.010 m nal and the additional experiment)

0.005 m

The improvement of the estimator is obvious.

Example 2 The original model describes the measurement of heights of three
points Py, Py, P3. The additional model involves new point P4 of the height
and it describes the measurement of height differences between the points P, Ps,

P, Py, and P, P, respectively.

Y, = (5.18m,4.82m,7.30 m)’, Ys = (—4.360 m, 2.226 m, —0.351)’,
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o~

IB(Yl) = Y17
B(Y1,Ys) = B(Y:1) — C;'D'[My, (%; + DC; 'D')My, | "DB(Y))
+[C) + D'(Mx,S5My,) D] 7' D/ (Mx, Z5My, ) VYo,

5.18 —0.5797 —0.5873 5.1724 m
=482 |- —09304 | + | —0.9290 | = | 4.8214m |,
7.30 1.5101 1.5164 7.3063m

Var [B(Y1,Ys)] = Var [B(Y1)] — CT'D'[Mx, (2, + DC; 'D')My,] 'DC; !

0.337, 0.333, 0.330
=10"*( 0.333, 0.340, 0.327
0.330, 0.327, 0.343

Example 3 A free levelling traverse consists of points P, P», P53, Py. The
original model describes the measurement of the height differences 5, ~ P> Py,
Bo ~ P3P, B3 ~ P,P;. In the additional experiment the height difference
v ~ P Py is measured. After the measurement of the additional experiment the
fact that the levelling traverse Py, Ps, P3, Py, P, is closed must be taken into
account.

Y1 ~;3 (I38,0513), Yo~ [(0/, 1) (5) 703} )

g+G1/3+G2’Y:07 9:07 G1:(17151)7 G2:17
of = (0.01m)?, o3 = (0.001 m)?
Y, = (351 m,2.70m, 1.32m), Y» = —7.516m,

~

B(Y1) =Y, A(Yz) =Y,

oo -ces (1) [ (G &) (1))

)

v 3.512 | (0014 3.5054 m
x (1/,1) ( Yl) = 270 | = o5 | 0014 | = | 26954m |,
2 1.32 0.014 1.3154 m

2 cil, o 1\
wepora] et -erafoen (57 ) (1)) ver
’ 2

0.668, —0.332, —0.332
=107 (I3 — 0.332 x 11") = 107* [ —0.332, 0.668, —0.332
—0.332, —0.332, 0.668
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