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KYBERNETIKA — VOLUME 48 (2012), NUMBER 4, PAGES 809-823

A NOTE ON PREDICTION FOR DISCRETE TIME SERIES

GuszTAv MORVAI AND BENJAMIN WEISS

Let { X, } be a stationary and ergodic time series taking values from a finite or countably infi-
nite set X and that f(X) is a function of the process with finite second moment. Assume that the
distribution of the process is otherwise unknown. We construct a sequence of stopping times A,
along which we will be able to estimate the conditional expectation E(f(Xx, +1)|Xo,...,Xx,)
from the observations (Xo,...,Xx,) in a point wise consistent way for a restricted class of
stationary and ergodic finite or countably infinite alphabet time series which includes among
others all stationary and ergodic finitarily Markovian processes. If the stationary and ergodic
process turns out to be finitarily Markovian (in particular, all stationary and ergodic Markov
chains are included in this class) then lim,— o ﬁ > 0 almost surely. If the stationary and er-
godic process turns out to possess finite entropy rate then A, is upper bounded by a polynomial,
eventually almost surely.

Keywords: mnonparametric estimation, stationary processes

Classification: 62G05, 60G25, 60G10

1. INTRODUCTION

I. Vajda wrote a number of papers on estimating certain parameters and functions from
observations [2] [7, 15 2I] and on statistical tests [8 [14], [0, 22]. In this paper, which
we dedicate to his memory, we will consider the particular problem of estimating the
conditional expectations by an algorithm which will involve a scheme for discriminating
processes.

One of the basic problems in nonparametric estimation is the problem of estimating
the conditional probability P(X,+1 = 1|Xo,...,X,) for a binary time series. While
there are universal schemes that converge in probability Bailey [I] showed that one
cannot estimate this quantity from the data (Xp, ..., X,,) such that the difference tends
to zero almost surely as n increases, for all stationary and ergodic binary time series (a
simpler proof was given later by Ryabko [19]).

For special classes of processes universal point wise schemes can be given. For ex-
ample, if one knows in advance that the process is Markov of some order, then one can
estimate the order (cf. Csiszdr and Shields [5], Csiszér [0]), and using this estimate for
the order, one can count empirical averages of blocks with lengths one plus the order and
obtain in this way a point wise consistent estimator. In an earlier paper (Morvai and
Weiss [10]) we took up the case when it is not known in advance if the process is Markov
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or not. To circumvent the negative results we used the idea of restricting the estimation
to stopping times and treated processes whose conditional distribution is almost surely
continuous. This class includes all Markov processes with arbitrary order and the much
wider class of finitarily Markovian processes.

Compared to the earlier results we were able to show that in this case the sequence
of stopping times grows less rapidly and if it is indeed finitarily Markov then it will have
positive density, while if the process has finite entropy then the growth rate is upper
bounded by a polynomial, eventually almost surely.

While we did include the possibility of a countably infinite alphabet we assumed
that the function, f(z),whose conditional probability we are estimating is bounded. In
this note we will give a somewhat simpler scheme and allow an unbounded function of
the process, f(X;), as long as it has a finite second moment. Our main result is the
construction of a sequences of stopping times A, and corresponding estimator f, such
that for any process with almost sure conditional probabilities,

lim | fu = B(f(Xa,+1)X3")| = 0.
The parameters defining these stopping times may be chosen in such a fashion that
whenever the stationary and ergodic time series {X,,} has finite entropy rate then \,
grows no faster than a polynomial in n.
If the stationary and ergodic time series {X,} turns out to be finitarily Markovian
then

LA
lim ~* < oo almost surely.
n—oo M

Moreover, if the stationary and ergodic time series {X,,} turns out to be independent
and identically distributed then \,, = A,,_1 + 1 eventually almost surely.
For related problems see Ryabko [20].

2. RESULTS

Let {X,}22 _ . be a stationary and ergodic time series taking values from a discrete
(finite or countably infinite) alphabet X'. (Note that all stationary time series {X,}52
can be thought to be a two sided time series, that is, {X,}72_...) For notational

convenience, let X = (X,,,...,X,), where m < n. Note that if m > n then X is the
empty string and X is a set that contains exactly the empty string 0.

For k > 1, let 1 <[ < k be a nondecreasing unbounded sequence of integers, that
is, 1 =11 <ly... and limg_,, Il = oc0.

Define auxiliary stopping times as follows. Set (;, = 0. Forn =1,2,..., let

_ : . Cnf +t _ Cnf
Cn = Cn—1 + min {t >0: XC,,L,llf(lnfl)th = ch,llf(z,ﬁl)} . (1)
Among other things, using ¢,, and [,, we can define a very useful process {Xn}ozfoo as

a function of X§° as follows. Let J(n) = min{j > 1: lj1; > n} and define

X =X¢,,—i fori>0. (2)
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0

ne—_oo has the same distribution as the

As we will see in the next lemma, the {X,}
original process.

Lemma 2.1. The time series {X,}%_ _ and {X,}%____ have identical distribution

n=—oo

and for j = 0,1,2,... the random variables X, 1 are identically distributed.

Proof. Forall k>1and 1 <4<k define {A(’f =0 and

¢k =CF  —min t>0’X§ffl_t :ch’l
¢ il U (ki —1)—t CF =i —1) |~

Let T denote the left shift operator, that is, (Tz>,); = x;4+1. It is easy to see that if
Cr(22) = I then CF(T'x>®,) = —I.

Now the statement follows from stationarity and the fact that for £ >0, m >0, n > 0,
am e xmintl 1>,

THXGI =2, (o= 1} = {X7, = 2™, G (X0) = ~1}. (3)
The proof of Lemma [2.1]is complete. 0

For convenience let p(x(lk_H) and p(y|x(lk+1) denote the distribution P(ng_i_1 =
2%, 1) and the conditional distribution P(X; = y| X%, , =%, ), respectively. Note

Definition 2.2. For some 0 < k and w(lkﬂ € Xk, We say that w9k+1 is a memory
word if p(wgkﬂ) >0and foralli>1,all y € &, all Z:f,iﬂ c X!

—k
1) = pWley sy, 0 i)

provided p(zjj_iﬂ, w9k+1, y) > 0. If no proper suffix of w is a memory word then w is
called a minimal memory word.

Define the set W), of those memory words w? 41 with length k, that is,

Wi ={w’,,, € X" w? ., is a memory word}.
Let

W = Wi
k=0

Definition 2.3. For a stationary time series {X,,} the (random) length K (X° ) of the
memory of the sample path X% _ is the smallest possible 0 < K < oo such that for all
i>lallye X, all 225, €X'

Py X g yy) = p(y|z:ll§_i+1a X%%i1)

provided p(z:IIg_H_l, XQKH,y) >0, and K(X°_) = oo if there is no such K.
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Remark 2.4. For stationary and ergodic time series {X,,}, K (2% ) is the smallest

—00

k > 0 such that 2%, € W, and K (2° ) = oo if there is no such k.

In order to estimate K (X°_ ) we need to define some explicit statistics.
Define

AP = sup sup
1<i {Zr k—it1E€X? 7;C€Xp(z7‘ k—it1Xr—np1®)>0}

‘P $|Xr7k:+1) _p($|z_k—i+1> r—k+1)’
and

k(%0 _
(XZ) = sup . _ supk }
1<i {zlp_ i €XimeXip(z2y_; 1, X0, y,2)>0}

P($|X9k+1) - P($|Z:]1§7i+1a X9k+1) .

Let us agree that if the set over which the sup is taken is empty then the sup is zero.

We need to define an empirical version of this based on the observation of a finite data
segment X{'. To this end first define the empirical version of the conditional probability
as
(#k—1<t<n—-1:X"* =@ ,2)}-1)"

+
(#k-1<t<n-1:X[ , =u’ }-1)

Dn (x‘w9k+1) =

where % =0.

These empirical distributions, as well as the sets we are about to introduce are func-
tions of X}, but we suppress the dependence to keep the notation manageable.

For a fixed 0 < v < 1 let L} denote the set of strings with length k + 1 which appear

more than n'~7 times in X§. That is,

oY, e XM gk <t<n—1:X',=2%)}>n'"7 41}

Define
ATE(XP) =  max max
" 1<i<n (,—Fk -
SUEM (2T X ) ELE

’ﬁn(x\Xf_k_,_l) - ‘ﬁn(x\z_k_i_i_l, X:—k+1)| .

Let us agree by convention that if the smallest of the sets over which we are maximizing
is empty then A7F =0,

Observe, that by ergodicity, the ergodic theorem implies that almost surely the em-
pirical distributions p,, converge to the true distributions p and so for any r, k,

liminf A”* > A™* almost surely.
n—oo

Finally, define the empirical version of I'* as follows:

L (X8) = Lty <y A (S Z0L 2 B,
3
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Since
liminf A™* > A™* almost surely.
n—oo
thus R
liminf I'* > T* almost surely. (4)
n—oo

We define an estimate x,, for K (X°_ ) from samples X{ as follows. Let 0 < 8 < I_T“’
be arbitrary. Set xg =0, and for n > 1 let

Xn(X$) = min {0 <k< l(max{jzgjgn}) : fﬁ <nPBork= l(maX{jZCan})} . (5)

Here the idea is (cf. the proof of Theorem that if K(X°_) < oo then y, will be
equal to K (X9 __) eventually and if K (X°_ ) = oo then x, — co.

Now we define the sequence of stopping times \,, along which we will be able to estimate.
Set A\g = (o, and for n > 1 if (; < A\,—1 < (541 then put

A = min {t > Aot X = Xé;_ml} (6)

and
Kn = XX+ (7)
Observe that if (; < A\p—1 < (41 then (G < A1 < Ay < (1. If X, 141 = 0 then
An = An—1 + 1. Note that A, is a stopping time and &, is our estimate for K(f(goo)
from samples X"

Let X*~ be the set of all one-sided sequences, that is,
X7 ={(...,z_1,20) 1 x; € X forall —oo <3 <0}
Let f: X — (—o00,00) be arbitrary. Define the function F': X*~ — (—o00,00) as

F(a?) = B(f(X1)| X2 =22 ).
E.g. if f(z) = l{z—s for a fixed z € X then F(y° ) = P(X; = 2|X°% = y° ).
If X is a finite or countably infinite subset of the reals and f(z) = z then F(y° ) =
B(X1]X2 =y2).

One denotes the nth auxiliary estimate of E(f(XC"H)\Xg”) from samples X§" by gn,
and defines it to be

n—1

g = 3 f(Xa). (®)

Jj=0

One denotes the nth estimate of E(f(X»,11)|X7") from samples X" by f,,, and defines
it to be fo = go and for n > 0

Fa(X0™) = Gmin {t20:0 A0 <Gy }- 9)
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Note that the same estimate will be used for a while and this will help us to get rid of
the boundedness condition in Morvai and Weiss in [16].
Define the distance d*(-,-) on X*~ as follows. For 2% __, 4° € X*~ let

o0

A (@ ey 90) = D2 ey e (10)
1=0

Definition 2.5. We say that F(X°_ ) is almost surely continuous if for some set
C C X*~ which has probability one the function F(X°_) restricted to this set C
is continuous with respect to metric d*(-,-).

The processes with almost surely continuous conditional expectation generalizes the
processes for which it is actually continuous, cf. Kalikow [I2] and Keane [I3]. The
stationary finitarily Markovian processes with E(|f(X1)|) < oo are included in the class
of stationary processes with almost surely continuous E(f(X1)|X° ).

Note that Ryabko [19], and Gyorfi, Morvai, Yakowitz [9] showed that one cannot
estimate P(X,,+1 = 1|X{) for all n in a pointwise consistent way even for the class of
all stationary and ergodic binary finitarily Markovian time series.

The entropy rate H associated with a stationary finite or countably infinite alphabet
time series {X,,} is defined as

-1
H = lim Z pn(x(ln) log2pn(x(ln)'

0 1
z exnt

We note that the entropy rate of a stationary finite alphabet time series is finite. For
details cf. Cover, Thomas [4], pp. 63—64.

Before stating the theorem let us recapitulate what we have done. For a fixed sequence
1=10 <ly,...,l, = oo and for any stationary and ergodic process {X,,} we define a
sequence of stopping times {¢,} in such a way that {X, _;}22, converges to the process
{X_;}2, which has the same distribution as {X_;}3°,. If f is a real valued function
defined on the alphabet X of the process {X,} then the estimators of the conditional
expectation of E(f(ch+1)|X§") are defined in . Now fix 0 < 3,7 < 1 such that
26+~ < 1 and define the estimators y,, for the memory length K (X %) asin H In
turn these are used to define the stopping times \,, as in @ and finally the estimators
fn(X3") are defined in @

Theorem 2.6. Let {X,,} be a stationary and ergodic time series taking values from a
finite or countably infinite set X'. Assume that f is a real valued function defined on X
such that

E(f(X1)?) < oc.

1. If the conditional expectation F(X° ) = E(f(X1)|X°, ) is almost surely contin-
uous then for the stopping times \,, (see (6) ) and the estimators f,, (see (9) ) we
have

lim f, = F(X°.) and lim

n—oo n—oo

fo = E(f (X, )1 X0)| =0
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almost surely.

2. The [,, may be chosen in such a fashion that whenever the stationary and ergodic
time series {X,,} has finite entropy rate then the stopping times \,, grow no faster
than a polynomial in n.

3. If the stationary and ergodic time series { X, } turns out to be finitarily Markovian
then
. A 1
lim — = ——— < oo almost surely

n—oo N p(XEK(XEOQ)-‘rl)

where K (X 9 ) is the length of the memory word. Moreover, if the stationary and
ergodic time series {X,,} turns out to be independent and identically distributed
then A\, = A\,—1 + 1 eventually almost surely.

Proof. Step 1. We show that P(x, = K(X°
P(lim,, o0 xn = 00| K (X)) = 00) = 1.

By Lemma {X,}0___ is stationary and ergodic with the same distribution as
{Xn}Y We may assume that the sample path X0 is such that all finite blocks

n=—oo" — 00

) eventually |K(X°_ ) < o0) = 1 and

oo

that appear have positive probability. It is immediate that if K ()~( 9 ) < oo then for
all k > K(X°_), T¥ = 0 and TEE2)-1) 5 ¢ (otherwise the length of the memory
would be not greater than K(X°_ ) —1). If K(X°_) = oo then I'* > 0 for all k,
(otherwise K (X°_ ) would be finite). Thus by (4) if K(X°_ ) = oo then x,, — oo and
if K(X°_) < oo then x, > K(X°_) eventually almost surely. We have to show that
Xn < K(X°_ ) eventually almost surely provided that K(X°_ ) < oc.

Fix now k < n. We will estimate the probability of the undesirable event as follows:

Set d’lJ,rk,O =0, 0=0and for ¢ > 0 define

. Lyt o+t I+,
1/)71“ = ¢Ik’i71+mm {t >0: Xl+1p;f::i7117k+1+t - l+¢,ﬂf’:i11k+1}
and B B
Vs = Ui+ min {t S0 x| = f:;pf—jfjff_kﬂ} |
Foragiven 0 <k <n, k—1<1[<n—1 assume that Xllf,iﬂ = wO_ka and wO_,H_1
is a memory word. Since wEkH is a memory word, by Lemma 1 in [I7] for any ¢,5 > 1,
Xlﬂ/’f,hﬁ“ e ’Xl*’l)sz,lJrl’Xwa,k,ﬁl’ e ’Xl+¢?:k7j+1

are conditionally independent and identically distributed random variables given X ll_ kil
= w’,,,,X;41 = x, where the identical distribution is p(-|w®, ). By Hoeffding’s
inequality for sums of bounded independent random variables (cf. Lemma in the
Appendix) the probability that

22:1 Iix =z} + Zi:l Lix

i+

_ + =z}
=Yy g n Tt g p 1

—p(m|w?_k+1)
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is greater than 0.5~ 7 is not greater than 9e=0-5n" 27 (i+7) given the condition Xllj;H
= kaHx. Multiplying both sides by P(Xllir,i+1 = w‘i,ﬁ_lx) and summing over all
possible memory words w®,,; and x we get that

P<K(Xl—oo) <k, XiT € L,

i J
1 — 1 _
Zh:l {le’kbl_,k,h*l_XlJrl} + Zh:l {XlJr"»“Ik,h*l_XHl}

— — (X XL >n P 2)
it p(Xi1]X k+1) /

< 2¢7 050 (D),

Summing over all pairs (k, 1) such that 0 <k <mn and all k —1 <1 <n—1 and over all
pairs (i, j) such that ¢ >0, j > 0, i+ j > [n'™7] we get that

P(For some 0 < k<n, k—1<I<n—1: X[ € L, K(X! o) <k,
P (X1 | X{ 1) — p(Xz+1|le—k+1)‘ > n_ﬂ/2>

oo
— —28
S n2 Z h2e 0.5n h.
h=[n1-7]

Now

P(I{kﬁlomx{j:ggn}}AmaX{Can:j:0’1727"'}’k >n P K(X0,) < k)

n

< P( max  max = max max
. —k
Osk<oow?d, Wi ISisn (z7F | wl,  2)ely,,

A ~ —k —
[Pl 1) = @l w0 p)| > 077

n—1
< P( max  max max
—o w‘ik_HEWk 1<i<n (Z:lkc'—iJrl’w[ikJrl@)eL"eri
~ . —k _
‘pn(x|w(ik+l) _pn($|27k,i+17wgk+1)| >n ﬂ)
n—1 n
< Z P( max max
k=0 i=1 W1 €Wk (225w g @) ELT
A - —k _
pn(x|w(ik+1) _pTL(I|Z_k_i+17wgk+1)| >n ﬁ)
n—1 n
< ZP( , max n max | (2w 4 1) — plafw® )| > n—ﬁ/Q)
k=0 i=1 w2 EWE (2l i1 Wy @) ELY L,
n—1 n

+ZZP< max » max

0 0
w2y 1 €W (2lp_ w2 @) €LY,

—k ~ —k —
’p($|27k7i+17wgk+1) _pn(xlsz,iley wo_k+1)| >n ﬁ/Q)



A note on prediction for discrete time series 817

—n—20p

Now we give an upper bound on the sum on the right hand side. Observe that he
is monotone decreasing in h as soon as the derivative

—n—28 —n—2Pp

e 2 }L7h0.5n*23he 2

is negative for h > n'~7 which is the case for n > 2 T Using this fact, we bound
the sum by the integral

> —n—20p T
E hem =2 < / he™ = dh.
nl—">

h=[n1-7]

Integrating by parts we get that

0
> —n=2Bp —1 =28 > -1 —n—28
) he 2 dh = hﬁ@ 2 - ) ﬁe 2 dh
nt= 3 A
oo
nl_’y n=268p1—7 1 —n =28
= — € 2 — _c 2
—283 2
e (L”)
2 nl—v
nt=7 _al-a-2e 1 nl-7-28
= 2
n—26 € + R 3¢
2 n_27
2

1-~v—28

S (2n1_7+26 + 4n46) e T
—v—28

(2n2 + 4n2) e%

IN

since by assumption 0 <y < 1land 0 < § < 1_77
The right hand side is summable provided 23 4~ < 1 and the Borel-Cantelli Lemma

yields that
~ (maxj.c.<n Cj),k -
T < TSt enn A7 =t

eventually almost surely. Since
I{kSl(max{j:cjgn}} =1
eventually almost surely thus

I{K(kgm)gk}fﬁ(Xg) <n’

eventually almost surely. Thus x,, < k eventually almost surely on K (X° ) = k.
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Step 2. We show that g, — F(X° ) almost surely.
Recalling we can write

1 n—1 v 1 n—1 .
gn =~ Y [ (X) = BUF (X)) X9+ D B(F(Xe)|X2%) (1)
j=0 j=0

Consider the first term and observe that {©; = f(X¢,11) — E(f(X<j+1)|XEjOO)} is a
sequence of orthogonal random variables with F©; = 0 and, by Lemma 2.1} X¢ 41 has
the same distribution as X;. Now by Theorem 3.2.2 in [I8] (cf. Lemma in the
Appendix),

k—1

Z ©; — 0 almost surely.

3=0

1

k
Now we deal with the second term. For arbitrary j > 0, by @ and @ and the
construction in (2)),

X5

Cmty41 = XEZJ,_H and lim d*(XEOO,XEjOO) =0 almost surely. (12)

Jj—00

By Lemma and the almost sure continuity of F(-), for some set C' C X*~ with full
measure, F'(-) is continuous on C' and

X% _eC, X" _eC forall n>0 almost surely. (13)
By the continuity of F(-) on the set C and (12),
B(/(X¢, )| X2) = F(X2) = F(X2)
and g, — F(X°_) almost surely.

Step 3. We prove the first part of Theorem .

By @ and the fact that ¢, — oo Step 2 yields immediately f,, — F(X°
surely. What remains to be proven is that

o) almost

E(f(Xx,4+1)|Xg") — F(X° ).

If K(X°_) < oo then by Step 1, x, = K(X°. ) eventually and by ,,@ and
Lemma eventually,

E(f(Xa,+1)|X07) = E(f(Xa,11)|X20) = F(X°,).

We may deal with the case when K(X°_ ) = co and by Step 1, x,, — co. For arbitrary
j >0, by and @ and the construction in ,

X3 =X 4 and lim d7(X°, XV

—00? — 00
J—00

) =0 almost surely. (14)
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By Lemma and the almost sure continuity of F(-), for some set C C X*~ with full
measure, F'(+) is continuous on C' and

XY _eC, X", €C forall n >0 almost surely. (15)

By the continuity of F(-) on the set C' and ,

E(f(Xa,4+1)|XY,) = F(XY,) — F(X°,).

oo

Define the random neighborhood j\/j(X{)\ 7 of Xé‘ 7 depending on the random data seg-

ment XS‘ 7 itself as
Aj e
Ni(X37) ={22 0 € X7 ¢ zoi;01 = X, —ny41, - 20 = X, }-

Note that by . and @ X0 € N;(X j) and by ([15) and the continuity of

F(-) on the set C and since k; — o0, by l.) almost surely,

lim | B(f(X, 1)1 X0") = F(X2.0)|

J—00

lim [E{R(X)|X0} - F(X0.)|
J]—00

< lim sup IF(y° o) — F(2° ) =0.

j—o0 o
ve eN; (X5 Ne

007sz

Step 4. We prove the second part of Theorem @

Now we assume that the stationary and ergodic finite or countably infinite alphabet time
series {X,,} possesses finite entropy rate H. (A stationary finite alphabet time series
always has finite entropy rate.)

We will in fact obtain a more precise estimate, namely, if for some 0 < €5 < €7,

D (k+ 1277 < oo
k=1

then
Ap < 2t(Hte) eventually almost surely.

"oz, )

eventually almost surely, and the upper bound is a polynomial.

Since A, < (,, it is enough to prove the result for ,. Let X'* be the set of all two-sided
sequences, that is,

In particular, for arbitrary § > 0, 0 < €2 < €1, if

l, = min <n, max <1 |

then

246
An < naies e

X ={(...,z_1,20,21,...) 1 x; € X for all —oo <1i < o0},
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Define By, C X' as
By ={a2), 41 € Xl gtkUe) o P12, 1)}
Note that there is a trivial bound on the cardinality of the set By, namely,
|By,| < 2tk (HFe), (16)

Define the set T4 (y°, ;) as follows:

T2 11) = {Ziooo € X" —(F(20,) > 2T 0, =40 zk+1)}

We will estimate the probability of T4(y°, ) by a frequency argument. Let 2>, € X™*
be a typical sequence of the time series {X,}. Define po (42,41, 225) = 0 and for i>1
let

pi(yglk+1ﬂmiom) = min {l > pi—l(ygzk+1a$iom) (T e ~ € Tk(i‘/ lk+1)}

Define also To(yo_lk_H, x> ) =0and for i > 1 let

Ty 41, 25%) = min{l > 71 (W2, 1, 7%5%) + ole(Hrer) iy ey (y° lk"t‘l)}

Notice that if 7,1 = py, then 7, < ppary1. Indeed, since there are at least k + 1

0 : pm+1
occurrences of the block y”; ,; in the data segment X_p et —let1 hence

ole(Ater) < CR(T=Pm 3 ) < priksr — Tiot.
By the ergodicity of the time series {X,,},
P(X% € Tr(y2), 41))
m #{j>1: pj(yglk+1,miooo) < Tt(yglk+1,xi°w)}

to (Y1110 7%%0)
t . oo e’} o5}
_ lim Zl:l #{] Z 1: Tl—l(yglk+1’£—m) < pj(yglk+1ax—w) S Tl(yglk+17x_w)}
t—o0o Tt(yglk-i-l’x(iOOO)
k41 (k+1)
s M S ey ~ Qe (17)
Since

¢ =1, X 1 € Bil= {Ck = -l X—lk-i-l € By}
by stationarity and the upper bound on the cardinality of the set By in and by

(17, we get
P(Ge > 2%+ X0, e By) = P(G > 2nWF) x& € By)
_ ( Ck > olk (H4e€1) Xolk+1 EBk)
_ > P(X=, €T, 41)

0
y—lk+1€Bk

(k + 1)27Iklea—e2),

IN
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By assumption, the right hand side sums and the Borel-Cantelli Lemma yields that the
event

{¢p > 2UHF) X0, € By}

cannot happen infinitely many times. By Lemma[2.1} the distribution of the time series
{X,} is the same as the distribution of {X,} and by the Shannon-McMillan-Breiman
Theorem (cf. Chung [3]) X°, ., € By eventually almost surely and so ¢, > 2/(H+<)
cannot happen infinitely many times.

Step 5. We prove the third part of Theorem .
By Step 1, if 1 < K(X°_ ) < oo then x,, = K(X°_) eventually, and by ergodicity,

n ~
. HpK(X‘_’x)fl(XEK(XSOC)H) > 0.

If K(X°_) =0 then by Step 1, x,, = 0 eventually, and by @,

A=A +1
eventually almost surely. The proof of Theorem is complete. 0

3. APPENDIX

In the appendix we give the statement of two of the less familiar results thar we used.
The first is due to Hoeffding, cf. [I1].

Lemma 3.1. (Hoeffding’s inequality, Hoeffding [I1]) Let X, Xs,..., X, be indepen-
dent real valued random variables, and aq,bq,...,a,,b, be real numbers such that
a; < X; < b; with probability one for all 1 < ¢ < n. Then, for all € > 0,

(ix EX;)

The next is due to Révész, cf. [18].

) < 9= (2" Ty lbimail®),

Lemma 3.2. (Theorem 3.2.2 in Révész [18]) Let X3, X3, ..., X, be a sequence of square
integrable random variables such that

E(X))=E(X;X;) =0 fori<jij=12...

and
= E(X
Z log 1 < 00.
=1
Then .
Zi:l Xi

— 0 almost surely.
n
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