Czechoslovak Mathematical Journal

Rong Ma; Yulong Zhang
On a kind of generalized Lehmer problem
Czechoslovak Mathematical Journal, Vol. 62 (2012), No. 4, 1135-1146

Persistent URL: http://dml.cz/dmlcz/143049

Terms of use:

© Institute of Mathematics AS CR, 2012

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143049
http://dml.cz

Czechoslovak Mathematical Journal, 62 (137) (2012), 1135-1146

ON A KIND OF GENERALIZED LEHMER PROBLEM

RONG MA, YULONG ZHANG, Xi’an

(Received September 19, 2011)

Abstract. For 1 < c<p—1,let Eq, Ea,...,En be fixed numbers of the set {0,1}, and
let a1,a2,...,am (1 < a; < p,i=1,2,...,m) be of opposite parity with F1, Fs,...,Emn
respectively such that ajag...am = ¢ (mod p). Let

p—1 p—1 p—1

N(e,m,p) = 5 D> A= (EnTEE A (=)t L (= (=) T,
a1=1az=1 am=1
aiasz...am=c (mod p)

We are interested in the mean value of the sums
p—1
2
Z E (C7 m7 p)7
c=1

where E(c,m,p) = N(c,m,p)— ((p— 1)™ 1) /(2™ 1) for the odd prime p and any integers
m > 2. When m = 2, ¢ = 1, it is the Lehmer problem. In this paper, we generalize the
Lehmer problem and use analytic method to give an interesting asymptotic formula of the
generalized Lehmer problem.
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1. INTRODUCTION

Let p be an odd prime. For each integer a with 1 < a < p— 1, we know that there
exists one and only one b with 1 < b < p — 1 such that ab =1 (mod p). Lehmer [2]
asks us to find the number of (a,b) in which a and b are of opposite parity with the
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conditions above. For any fixed integer ¢ (1 < ¢ < p— 1), let N(¢,p) be the number
of solutions of the congruent equation ab = ¢ (mod p) for 1 < a,b < p— 1 in which
a and b are of opposite parity; this can be expressed by

p—1lp—1

N(c,p) = ZZ 1.

a=1b=1
ab=c (mod p)
24a+b

Wenpeng Zhang [7] has studied the problem and has got

1 ble] p—1
Niep)=5 > D (=D =" +0p"*logp).
a=1 b=1

ab=c (mod p)
It is also known that Wenpeng Zhang [8] has proved the formula

p—1

p—1\2 3
Z(N(C,p) - ) =1 +00P),
c=1
from which it can be concluded that the error term of N(c,p) may be the best
estimate. There are many other results about the problem by a lot of scholars ([6],
51, [3], [4).

Let E1, Es, ..., E,, be fixed numbers of the set {0,1}, and let a1, az,...,am (1 <
a; <p, i=1,2,...,m) be of opposite parity with Eq, Es, ..., E,, respectively such
that aias . ..a, = c¢ (mod p). As a general case of N(c,p), we define

N(c,m,p)
1 p—1 p—1 p—1
= gm—1 Z . Z (1 _ (_1)a1+E1)(1 _ (_1)a2+E2) . (1 _ (_1)am+Em)’

a1=1laz=1 am=1
aiaz...am=c (mod p)

and denote s

— 1 m—
E(c,m,p) = N(c,m,p) — (]?QT

In this paper, we will study the mean value of the sums defined above, that is

p—1
Z E2 (C’ m’ p)7
c=1
where E(c,m,p) = N(¢,m,p) — ((p —1)™"1)/(2™1) for the odd prime p and any

integers m > 2, and get an interesting asymptotic formula. That is, we will prove
the following theorem.
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Theorem. Let p be an odd prime, let Eq, Es, ..., E, be fixed numbers of the
set {0,1}, let E(c,m,p) be defined as above. Then for any integers m > 2 and
1 < ¢ < p—1 we have the asymptotic formula

= m
ZEQ(c,m,p) = %K(m)(__g)p) Cmel(Q) H A(m,po,Q)—l—O(pm*lJrE),

- e
where
K(m) = i (T) (—%)Z (;:)(—1):‘21% <3 <m+||;—_22j|| - 1) N <%ZL__12>>,

i=0 3=0

((s) is the Riemann zeta function, [[,,-p denotes the product for all primes except p

PoF#2
2m—2 T

and 2 and A(m,p,s) = > 1/p" (=)' (71 (")
r=0 t=0
If m =2, c=1, and F;, E> are of opposite parity (such as E; = 0, E5 = 1 or
Ey =1, E5 = 0), this is the Lehmer problem, namely N(1,2,p) = N(1,p). If m = 3,

we have the following corollary.

Corollary. Let p be an odd prime, and E(c,3,p) = N(c,3,p) — i(p —1)2. Then
we have the asymptotic formula

« 765 41
> B e3n) = g p’ Q) I (14 5+ ) +06™).
2r 2 pl
=t PoFP
PoF£2

2. SOME LEMMAS
To complete the proof of the above theorems, we need the several lemmas.

Lemma 1. Let p be an odd prime, and let x denote the Dirichlet character
modulo p. Then we have the identities

p—1 0, X(—l) =1
2N Ly o) x02) - 0L, (1) = -,

p—1
where 7(x) = > X(n)e(%) is the Gauss sum, L(1, x) is the Dirichlet L-function and
n=1

i is the imaginary unit.
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Proof. See|[7]. 0

Lemma 2. Let p be an odd prime, let E, Es, ..., E,, be fixed numbers of the set
{0,1}. For any integer ¢ (1 < ¢ < p—1) and m > 2, define

N(c,m,p)
1 p—1 p—1 p—1
= gm1 Z Z o X (1 _ (_1)&1+E1)(1 _ (_1)a2+E2) . (1 _ (_1)am+Em).
a1=1az2=1 am=1
aiaz...am=c (mod p)

Then we have

X3 ROXE™MRE) - 2" ()L™ (LX),
x modp
x(=1)=-1

where x Is the Dirichlet character modulo p, 7(x) is the Gauss sum, L(1, x) is the
Dirichlet L-function and i is the imaginary unit.

Proof. From the definition of N(c,m,p) and the orthogonality of character
sums we get

N(c,m,p)
= 27”4171 Z - Z (1 _ (_1)&1+E1)(1 _ (_1)a2+E2) o (1 _ (_1)am+Em)
a;=1 am=1

aiaz...am=c (mod p)

1 p—1 p—1 1 p—1 p—1
2m—1 PIREDD L Do (TR

a1=1 A =1 a1=1 am=1
aiaz...am=c (mod p) aiaz...am=c (mod p)
1 p—1 p—1
+ — (_1)al+az+~~~+a7n+E1+E2+...+Em+m
om—1 E . E
a1=1 am=1

aiaz...am=c (mod p)

Rt L ol el
om—1 Z Z 1-— om—1 Z Z (_1)a1+E1 + ...
a1=1

a1=1 A —1=1 am_1=1

p—1 p—1
+ 273_1 (_1)E1+E2+~~~+Em+m Z o Z (_1)a1+a2+...+am

a1=1 am=1
aiaz...am=c (mod p)
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- (p gn}zrlni - 273-_1 (_1)E1 Z Z Z (_1)0«1 4.

as=1 am—1=1la;=1

(—1)E1+ Bkt Emtm

p—1 p—1
T L XX 3D U )

x modp a;=1 am=1
1 m
(p— 1)m—1 (_1)E1+E2+...+Em+m B p
=Tty 2 X9 (1@
x modp a=1

where we have used mathematical induction to prove that all of the sums are zero
except the first and the last. Therefore according to Lemma 1, we have

(p— 1)mf1 (_1)E‘1+E‘2+...+E‘m+m

N(Ca map) = 2m—1 + 2m,_1(p . 1)
s ( > x0(Xeva@) ¢ X e Xen) )
x modp a=1 x modp a=1
x(=1)=1 x(=1)=-1
—1)ym=1  (Z1)EitEet. A Emtm p-! m
B PRT (;<—1>“x<a>)
x(=1)=-1
O
x> X(OX@MX(2) = 2T ()L™ (LX)
R
This proves Lemma 2. O

Lemma 3. Let g be an odd integer, d,,(n) the m divisor function. Then for any
positive integer m > 2 and any integer k > 0, we have

X o (250)din ()

m+k—1 2m—2 2m—1
. (3( ! )4+ (m_1)> Tl - iQ) IT Atm.po.2),

plg pt2q

where ((s) is the Riemann zeta function, Z; denotes the summation over n except

(n,q) = 1, [ denotes the product over all primes p such that the conditions are
P
2m—2 T 9 1 1 9
satisfied, and A(m,p,s) = >, 1/p"® E(_l)t( m— )(m+r—t— ) _
r=0

t r—t
t=0
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Proof. See Lemma 9 in [5]. O

Lemma 4. Let p be an odd prime, let x denote the Dirichlet character modulo p
and L(1,x) the Dirichlet L-function. Then for any integer k (= 0,£1,+2,...) and
m > 2 we have

Yo x@LAL P = Y xE@MILA P

X mod p x modp
x(—1)=-1 x(—1)=-1
_p—1 m+k—1 2m — 2 le
_2k+3(3( k )jL(m—1)>C 2) [[ AGm.p0.2) +00%),
POFEDP
PoF#2

where | [p,2p denotes the product over all primes py except 2 and p, A(m,p,s) =
p0¢2
2m—2

Z 1/p"® Z (—1)t (27”[1) (m+:__tt_1)2, and ¢ is any fixed positive number.
=0

Proof. First, for Re(s) > 1, the series L(s, ) is absolutely convergent, so
applying Abel’s identity (see [1]) we have

Lm(s,x) = 3 X(dm(n)

n=1
k
r/2 X oo Ep/2k<n<y X (n)dpm (n)
= —I— S p dy
n=1 p/2" Yy
P
x( > opeicz XD dm (1)
= Z + s/ L Z€+1 dz
1=1
Obviously the above formula also holds for s = 1 and x(—1) = —1. Hence according

to the definition of the Dirichlet L-function, for any integer k& we have

> XLt = Y (Z X)) (Z o)

X mod p x mod p
x(=1)=-1 x(—1)=—1
x modp p/2k y2
x(=1)=-1

) (Z x(l)izma) N /+°° Zoee X000,
=1 p
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X mod p =1
x(=1)=-1
o2 +o00 (1) dml(l
" Z (2" < x(n )(/ Zp<l§z);() mUdz)
x modp n=1 P z
x(=1)=-1
Py Foo k n)dm(n
+ Z X(zk)(z X(l)Cllm(l)> (/ Zp/Q <ngy2X( ) ( )dy)
x modp =1 P/Qk )
x(=1)=-1
+o0 5 n)dm,(n +oo X(D)dm (1
T Z X(2k)</ 2op/2 <n<y2X( )i ( )dy> (/ Ep<l<z>;() ()dz>
x modp p/2* y P z

x(—1)=-1
= My + My + M3 + My (say).

Now we will estimate each term of the above.
(i) From the orthogonality relation for character sums modulo p, we know that for
(p,nl) = 1 we have the identity (see [1])

p—1
2 )
Z x(n)x(l) = _17;17 if n = —I modp;
x mod p 2

x(—1)=-1

if n =1 mod p;

0, otherwise.

Then according to Lemma 3, we can easily get

TR S </ZX ) ($5 T00)
=1

x mod p
x(=1)=-1

p/2" p n
D D DL S NE ()

!/

n=1 [=1 x modp
x(=1)=-1
p/2* p p/2* p
_p-1 ! m(l) p-—1 ‘N dm(n)dm (1)
Ry - T Lk
2kn=l (mod p) 2kn=—1 (mod p)

2kn?2 2
n=1 n=1 [=1
2kn+1=0 (mod p)

1 ”/22: A5 n)d(n)  p—1 ”/22: > don(n)dyn (1)
2
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+oo b /2" p g p/2* p
=1~ dn(2"n)dpy(n) 2
=52 e +0 DIDIEEETD D) T
n=1 n=1 [=1 n=1 [= 1
2kn+l=p 2kn+l=p
p—1 m+k—1 2m — 2 —
i
PoF#p
PoF£2

where Y/ indicates the summation over n such that (n,p) = 1, [[,,.p denotes the

Po#2
product over all primes py except 2 and p and
2m—2 2
—-1\/m+r—t-1
A= 3 e () (M)

(ii) According to the method of (i) and making use of some properties of characters,
we have

e Y 2k<’”22x ></ Epctce X0 ()dz>

x mod p
x(—1)=-1
N P W) dm (i
_ Z (2) (Z x(n )(/ Dp<ise 9;() m (1) dz)
x mod p p Z
x(—1)=-1
p/2* +o0 _
x(n Zp<l<z X(Ddm (1)
B e
Xgo:dp A Z pB™2) 22
x(=1)=-1
m=2) p/2F
" dm,
/ =D I SR CNUIEE
p n=1 p<iLz x mod p
x(—1)=-1
+o0 P/Ql d, ( ) .
+/3(2m_2) = > - > x@n) Yy X(l)dm(l)‘dz
P n=1 X mod p p<I<z
x(—1)=-1
pPE" ) p/2" ' d, P37 2) p/2" d,
<</ %ZZ dz+/ 2y yY dn(dn)] 4,
p n=1 p<i<z p n=1 p<i<z

2kn=[( mod p)

+oo 1
+p° =
p /,,3(2""% 22 Z

x mod p
x(—1)=-1

2kn=—1 (mod p)

> x(zwmm\dz.

p<ILz
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According to the properties of d,,,(n) we have

p/2", p/2*

Sy e ey Y Ly

n=1 p<i<z n=1 1<l<z/p
2kn=l (mod p)

»/2", p/2*

PO LU S

n=1 p<i<z n=1 1<l<z/p
2kn=—1 (mod p)

Applying the Cauchy inequality and Lemma 4 in [8] we can easily get

>

> x(dnt)

x modp 'p<iLz
x(=1)=-1
1/2 2\ 1/2
(2 ) (S ]S )] epn
x modp x modp |p<iLz
x(—1)=-1 x(—1)=-1
Therefore, we have
p3(2'm.72) ] too
M, < ps/ —dz + p1/2+6/ 21722 e 4 < .
» z p3(2m,—2)

(iii) Similarly, we also have

Z X(zk) (Z Y(”?m(”) </+OO Z:;0/2"<ngy X(n)dm (n) dy) < e
=1

2
x modp p/2* Yy
x(=1)=-1

(iv) Using the method of (ii), we have

L 00 37 ok ency X(1)dm (n) 20 3 i XD (1) .
Xg;dp x(2%) < o ) dy) (/p > d >

x(—1)=—1

/p/zk / < X2 >0 xm)dm(n) Y(l)dm(l)) dydz

X mod p p/2k<n<y p<lI<z
x(=1)=-1
+oo  ptoo
<</
p/2*

Z x(n)dm(n)

p/2k<n<y

> y(l)dma)de dz

X modp p<ILz

x(=1)=-1
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+oo
ol

= (=

S x()dn(n)

x modp 'p/2k<ny
x(—1)=-1
2.1/2
X ( ST XWdm() ) dydz
x modp 'p<iILz
x(=1)=-1
“+oo
<</ / ‘yl 2/2M e 1- 2/2m+e|dydz
p/2k Z2
< / / 7172/2’"+5Z7172/2’"+5 dydz < p74/2m+5
p/2F

Combining the estimates of (i), (ii), (iii) and (iv), we immediately obtain

> x@HL, P

x mod p
x(=1)=-1
_p—1 m+k—1 2m — 2 ¢2m- 1
() () T A o0
PoF#p
Po#~2

where []p,2p denotes the product over all primes py except 2 and p, A(m,p,s) =

#2
2m—2 P r 9 1 fo1n 2
Z 1/p"® Z(— ™Y (7Y, and € is any fixed positive number. This
=0
completes the proof of Lemma 4. O

3. PROOF OF THEOREM

In this section, we complete the proof of the theorem. First, from the definition
of E(c, m,p) and the orthogonality of character sums we have

m P~ 1

- oo ( V'S ®ex@EE - 2" LM x>)2
R Ii’?f-’”l
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(p=1)2\n/ e
x1(=1)=-1
x> xe@MF(2) = 2)" T () L1, Xe) D X (€)X ()
X2 mod p c=1

4 i\2m
-G X X
x1 modp x1 modp
x1(—)=—-1x1(-1)=-1
X1X2=X0

(1= 2x(2))" (1 = 2a(2))™" ()™ () 7 (LK) L™ (1)
= (Y 2@ PP L P

7;

T
x modp
x(—1)=-1
—4 Ly ~ m 2m 2m
-G T -2 - )i
x modp
x(—1)=-1

I
~
—~
Ut
=
~—
3
—
9
~—
[)
3
—
—
I
ot o

(@) = x2)) " 1L(1,)P"

p_l x modp
x(—1)=-1
4 1 =Bp\" o= [m 24¢ i .
- (=) (") () T 6@ -x@)IaP
p—1\ = ; 1 5
1=0 x modp
x(—1)=-1
4 /=Bp\m~ (m I\ o (i , o )
= — — — _]_J 1—2]) NIL(1 m
o (F () 5);()( PR C LI
x(—1)=-1
where Y~ ! means . From Lemma 4 we have

p—1 .
ZEQ(C,m;p) = %K(m)(_n_ip) sz_l(Z) H A(m,po, 2) + O(pm—l-i-E),
c=1

POFEP
PoF#~2

where
o =3 (1) (2 S () v

i
< (3 m+|?—2?|—1 N 2m — 2
|i — 2] m—1
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and

2 om — 1 +r—t—1\?
amp = 2 e () (I

This completes the proof of Theorem. O
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