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Abstract. We obtain the natural diagonal almost product and locally product struc-
tures on the total space of the cotangent bundle of a Riemannian manifold. Studying the
compatibility and the anti-compatibility relations between the determined structures and
a natural diagonal metric, we find the Riemannian almost product (locally product) and the
(almost) para-Hermitian cotangent bundles of natural diagonal lift type. Finally, we prove
the characterization theorem for the natural diagonal (almost) para-Kihlerian structures
on the total space of the cotangent bundle.
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1. INTRODUCTION

Some new interesting geometric structures on the total space T* M of the cotangent
bundle of a Riemannian manifold (M, g) were obtained for example in [7], [19],
[21]-[23] by considering the natural lifts of the metric from the base manifold to 7% M.
Extensive literature, concerning the cotangent bundles of natural bundles, may be
found in [12].

The fundamental differences between the geometry of the cotangent bundle and
that of the tangent bundle, its dual, are due to the construction of the lifts to T*M,
which is not similar to the definition of the lifts to TM (see [27]).

In a few papers such as [2]-[6], [9]-[11], [17], [24], and [26], some almost product
structures and almost para-Hermitian structures (called also almost hyperbolic Her-
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mitian structures) were constructed on the total spaces of the tangent and cotangent
bundles.

In 1965, K. Yano initiated in [26] the study of the Riemannian almost product
manifolds. A.M. Naveira gave in 1983 a classification of these manifolds with re-
spect to the covariant derivative of the almost product structure (see [20]). In the
paper [25] in 1992, M. Staikova and K. Gribachev obtained a classification of the
Riemannian almost product manifolds, for which the trace of the almost product
structure vanishes, the basic class being that of the almost product manifolds with
nonintegrable structure (see [16]).

A classification of the almost para-Hermitian manifolds was made in 1988 by
C. Bejan, who obtained in [3] 36 classes, up to duality, and the characterizations of
some of them. P.M. Gadea and J. Munoz Masqué gave in 1991 a classification a la
Gray-Hervella, obtaining 136 classes, up to duality (see [8]). Maybe the best known
class of (almost) para-Hermitian manifolds are the (almost) para-Kéhler manifolds,
characterized by the closure of the associated 2-form, and studied for example in [1]
and [15].

In the present paper we consider a (1,1)-tensor field P obtained as a natural
diagonal lift of the metric g from the base manifold M to the total space T*M of the
cotangent bundle. This tensor field depends on four coefficients which are smooth
functions of the energy density ¢. We first determine the conditions under which the
tensor field constructed in this way is an almost product structure on T*M. We
obtain some simple relations between the coefficients of P. From the study of the
integrability conditions of the determined almost product structure, it follows that
the base manifold must be a space form, and two coefficients may be expressed as
simple rational functions of the other two coefficients, their first order derivatives,
the energy density, and the constant sectional curvature of the base manifold. Then
we prove characterization theorems for the cotangent bundles which are Riemannian
almost product (locally product) manifolds, or (almost) para-Hermitian manifolds,
with respect to the obtained almost product structure, and a natural diagonal lifted
metric G. Finally, we obtain the (almost) para-K#hler cotangent bundles of natural
diagonal lift type.

Throughout this paper, the manifolds, tensor fields and other geometric objects
are assumed to be differentiable of class C* (i.e. smooth). The Einstein summation
convention is used, the range of the indices h, ¢, j, k, [, m, r being always {1,...,n}.
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2. PRELIMINARY RESULTS

The cotangent bundle of a smooth n-dimensional Riemannian manifold may be
endowed with a structure of 2n-dimensional smooth manifold, induced by the struc-
ture on the base manifold. If (M,g) is a smooth Riemannian manifold of dimen-
sion n, we denote its cotangent bundle by 7: T*M — M. Every local chart on M,
(U,¢) = (U,x',...,2"), induces a local chart (7=1(U),®) = (=~ 1(U),q",...,q"
P1,---,pn) on T*M, as follows. For a cotangent vector p € 7= 1(U) C T*M, the first
n local coordinates ¢',...,q" are the local coordinates of its base point # = 7(p)
in the local chart (U, ) (in fact we have ¢! = 7*2' = 2 o7, i = 1,...n). The
last n local coordinates pi,...,p, of p € m~1(U) are the vector space coordinates
..,da™ ), defined by the local chart (U, ¢),

of p with respect to the basis (dx! ()

- n(p)’"
3

m(p)

The concept of M-tensor field on the cotangent bundle of a Riemannian manifold

ie.p=p;de

was defined by the present author in [7], in the same manner as the M-tensor fields
were introduced on the tangent bundle (see [18]).

We recall the splitting of the tangent bundle to T*M into the vertical distribution
VT*M = Ker 7, and the horizontal one determined by the Levi Civita connection \V/
of the metric g:

(2.1) TT*M = VT*M & HT*M.

If (z7Y(U),®) = (== Y(U),q¢",...,q¢",p1,--.,pn) is a local chart on T*M, induced
from the local chart (U,p) = (U,x',...,2"), the local vector fields (0/9dp1),. ..,
(0/0py) on 7~1(U) define a local frame for VI M over 7~ 1(U) and the local vec-
tor fields (6/dq"),...,(6/8q™) define a local frame for HT*M over 7 *(U), where
(6/8¢%) = (8/0q") + T3,(0/0pn), TS, = ppLl, and Tk (m(p)) are the Christoffel sym-
bols of g.

The set of vector fields {(9/9p:), (6/d¢”)}; j—17» denoted by {6%,6;}
a local frame on T* M, adapted to the direct sum decomposition (2.1).

ij=T.n» defines

We consider the energy density defined by ¢ in the cotangent vector p:

S STRTE S . _ L -1
t = SIpll" = 597, (P:0) = 59" (@)pipk,  p €7 (V).

We have t € [0,00) for all p € T*M.
In the sequel we shall use the following lemma, which may be proved easily.

Lemma 2.1. If n > 1 and u, v are smooth functions on T*M such that
ugij +vpip; =0, ug? +vg"g% =0, or uéj- +vg%p; =0
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on the domain of any induced local chart on T*M , then u = 0, v = 0. We have used
the notation ¢° = ppg™*.

3. ALMOST PRODUCT STRUCTURES OF NATURAL DIAGONAL LIFT TYPE
ON THE COTANGENT BUNDLE

In this section we shall find the almost product structures on the (total space
of the) cotangent bundle, which are natural diagonal lifts of the metric from the
base manifold M to T*M. Then we shall study the integrability conditions for
the determined structures, obtaining the natural diagonal locally product structures
on T*M.

An almost product structure J on a differentiable manifold M is a (1,1)-tensor
field on M such that J? = I. The pair (M, J) is called an almost product manifold.
When the almost product structure J is integrable, it is called a locally product
structure, and the manifold (M, J) is a locally product manifold.

An almost paracomplex manifold is an almost product manifold (M, .J), such that
the two eigenbundles associated with the two eigenvalues +1 and —1 of J, respec-
tively, have the same rank. Equivalently, a splitting of the tangent bundle T'M into
the Whitney sum of two subbundles T M of the same fiber dimension is called an
almost paracomplex structure on M.

V. Cruceanu presented in [6] two simple almost product structures on the total
space T* M of the cotangent bundle, obtained by considering on the base manifold M
a linear connection V and a non-degenerate (0, 2)-tensor field g. If « is a differentiable
1-form and X is a vector field on M, o denotes the vertical lift of @ and X ¥ the

horizontal lift of X to T*M, one can consider
(3.1) P(XH)y=-xH"  P")=d",

(3.2) QXH) = (X", Q") =(ah)H,

where X” = gx is the 1-form on M defined by X°(Y) = gx(Y) = g(X,Y), for all
Y € TH M), of = g ! is a vector field on M defined by g(af,Y) = a(Y), for all
Y € 71(M). P is a paracomplex structure if and only if V has vanishing curvature,
while @ is paracomplex if and only if the curvature of V and the exterior covariant
differential Dg of g, given by

(Dg)(X,Y) =Vx(Y") = Vy(X’) = [X,Y],
vanish.
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The results from [13] and [14] concerning the natural lifts allow us to introduce
a (1,1)-tensor field P on T*M, which is a natural diagonal lift of the metric g from
the base manifold to the total space T*M of the cotangent bundle. Using the adapted

frame {07, 4;, }, j=Tm to T*M, we define P by the relations

(3.3) po; = Pol, Py = Py 5;,

where the M-tensor fields involved as coefficients have the forms

(3.4) pi(jl) = ay(t)gij + b1 (t)pipj, pg) = as(t)g" + ba(t)g%g%

a1, b1, ag, and be being smooth functions of the energy density ¢.
The invariant expression of the defined structure is
(3.5) PXH ar(t)(X"), + br(Hp(X)py
PaY = as(t)(0*) + ba(t)g; (b, ) P
at every point p of the induced local card (7= (U), ®) on T*M, for all X € T;}(M),

for all a € T,°(M). The vector p* is tangent to M in 7(p), p¥ = p;0 is the Liouville
vector field on T* M, and (p*) = ¢, is the geodesic spray on T*M.

Example 3.1. When a; = as = 1, b; and by vanish, we have the structure given
by (3.2).

The next theorems present the conditions under which the above tensor field P
defines an almost product (locally product) structure on the total space of the cotan-
gent bundle.

Theorem 3.2. The tensor field P, given by (3.3) or (3.5), defines an almost
product structure of natural diagonal lift type on T* M, if and only if its coeflicients
satisfy the relations

1 1
3.6 = — 2ty = ——.
( ) “ a9 ’ a1+ ! as + 2tby

Proof. The condition P2 = I in the definition of the almost product structure
may be written in the following form, by using (3.3):

(1) z ij p() _ g
PYPE =4, PYPY =4

and substituting (3.4) it becomes
(alag — 1)5; + [bl (ag + 2tb2) + albg]gmpj =0.
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Using Lemma 2.1, we have that the above expression vanishes if and only if

b a1b2
a1 = — e —
! as ’ ! as + 2tbsy ’

which implies also the second relation in (3.6). O

Remark 3.3. If a1 = 7} aa = 3, by = u(aB)™! and by = —uf(a + 2tu) 1,
where o and (§ are real constants and u is a smooth function of ¢, the statements of
Theorem 3.2 are satisfied, so the structure considered in [24] is an almost product
structure on the total space T*M of the cotangent bundle.

Theorem 3.4. The natural diagonal almost product structure P on the total
space of the cotangent bundle of an n-dimensional connected Riemannian mani-
fold (M, g), with n > 2, is a locally product structure on T*M (i.e. P is integrable)
if and only if the base manifold is of constant sectional curvature c, and the coeffi-
cients by, by are given by:

ayay + ¢ ajal, — a3c
(3.7) b= Aute , = 02 — 03¢
a1 — 2ta) a1 + 2ctas

Proof. The almost product structure P on T*M is integrable if and only if the
vanishing condition for the Nijenhuis tensor field Np,

Np(X,Y) = [PX,PY] — P[PX,Y] - P[X,PY] + P?[X,Y], VX,Y € T}(T*M),

is satisfied.
Studying the components of Np with respect to the adapted frame on T*M,
{0, i} j—1m» we first obtain

Np(9',07) = [P()(07 P — 0'PlyY) + Rim},,, P P

k
(2) (2)]8 ‘

Substituting the values (3.4), after some tensorial computations the above expres-
sion becomes

(3.8) ai(ay — b2)(0}'p; — 5?1%‘) —aj Rimﬁij +a2b; (Riijl pi — Rimj; p;)g” g = 0.

We differentiate (3.8) with respect to py. Since the curvature of the base manifold
does not depend on p, we take the value of this derivative at p = 0, and we obtain

(3.9) Rl}clij = C((szhgkj - 6?91%‘)7
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where

al(o) /
= 0) — b2(0
= T3y (0) ~ 220)
is a function depending on ¢',...,¢" only. Schur’s theorem implies that ¢ must be

a constant when M is connected, of dimension n > 2.
Moreover, by virtue of (3.9), the relation (3.8) becomes

(3.10) [aral — a3c — ba(ar + 2tazc)] (8] gr; — 0 gri) = 0.

Solving (3.10) with respect to by, we obtain the second relation in (3.7).
The Nijenhuis tensor field computed for both horizontal arguments is

Np(6:,8;) = (PV0'P) — PV P + Rim),;)0",
which vanishes if and only if
[b1(2ta) — a1) + aja1 + ¢|(gnipi — gnivj) = 0,
namely, when b; has the form in (3.7).
The mixed components of the Nijenhuis tensor field have the form
j j 1) am phj i p(1 im 1y
Np(6;,07) = —Np(&,6;) = (P! BamP@]) + Pl o pY - P(lggpé) Rimy;, )0,

which after substituting (3.4) and (3.9) become

(arab 4 asby — a3c + 2tahby) g™ p;
+ (asby + arby + 2tb1b2)6fg0h + (aag + arby + a3c + 2ctasby)or g%
+ (agb} + @by + 3b1by + a1bly — azboc + 2tb) by + 2tbybh)pig* g%
Taking (3.6) into account, the above expression takes the form
araf + ¢ — (a1 — 2ait)by
a1(ay + 2thy)

(ara} + )by — (a1 — 2ta})b? pig" g%
a3(a1 + 2tby) '

(a1 — 2a}t)by — aray — ¢ 4,
—— L g"pi +
1

ol g%

and it vanishes if and only if by is expressed by the first relation in (3.7).

One can verify that all the components of the Nijenhuis tensor field vanish under
the same conditions, so the almost product structure P on T*M is integrable, i.e. P is
a locally product structure on T*M. ([

Remark 3.5. If the coefficients involved in the definition of P have the values
presented in Remark 3.3, the relations (3.7) take the form u = ca3%, so Theorem 3.4
implies the results stated in [24, Theorem 4.2].
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4. NATURAL DIAGONAL RIEMANNIAN ALMOST PRODUCT AND ALMOST
PARA-HERMITIAN STRUCTURES ON 1M

Authors like M. Anastasiei, C. Bejan, V. Cruceanu, H. Farran, A. Heydari, S. Ishi-
hara, I. Mihai, G. Mitric, C. Nicolau, V. Oproiu, L. Ornea, N. Papaghiuc, E. Peyghan,
K. Yano, and M. S. Zanoun considered almost product structures and almost para-
Hermitian structures (called also almost hyperbolic Hermitian structures) on the
total spaces of the tangent and cotangent bundles.

A Riemannian manifold (M, g), endowed with an almost product structure J sat-
isfying the relation

(4.1) g(JX,JY) =eg(X,Y), VX,Y €T} (M),

is called a Riemannian almost product manifold if e = 1, or an almost para-Hermitian
manifold (called also an almost hyperbolic Hermitian manifold) if e = —1.
In the following we shall find the Riemannian almost product (locally product)
and the (almost) para-Hermitian cotangent bundles of natural diagonal lift type.
To this aim, we consider a natural diagonal lifted metric on the total space T*M
of the cotangent bundle, defined by

Gp(X™T,YM) = c1(8)gn(p) (X, V) + da ()p(X)p(Y),
(4-2) Gp(av, Wv) = 02(75)9;(1;,))(6“7 w) + d2(t)9;(1p) (p, a)g;(lp) (p,w),
G;D(XHv aV) = Gp(avv XH) =0,

for every X,Y € T (M), a,w € T2(M), p € T*M, where the coefficients c1, c2, di,
do are smooth functions of the energy density.
The conditions for G to be nondegenerate are enssured if

C1C2 75 0, (Cl + 2td1)(62 + Qﬁdg) 7é 0.
The metric G is positive definite if
c1 + 2td; >0, co+ 2tds > 0.

Using the adapted frame {9°,5;}, on T*M, (4.2) becomes

i,j=1,n

G(8;,0;) = G‘” = c1(t)gij + du (E)pip;,
(43) G(azv aj) (2) = C2 (t) g + d2 (t)gOngJ
G(az,éj) G(6;,0’ )

where ¢y, co, di, do are smooth functions of the density energy on T*M.
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Next we shall prove the following characterization theorem:

Theorem 4.1. Let (M, g) be an n-dimensional connected Riemannian manifold,
with n > 2, and T*M the total space of its cotangent bundle. Let G be a natural
diagonal lifted metric on T* M, defined by (4.2), and P an almost product structure
on T*M, characterized by Theorem 3.2. Then (T*M,G, P) is a Riemannian almost
product manifold, or an almost para-Hermitian manifold if and only if the following
proportionality relations between the coefficients hold:

2td 2td
(4.4) G2, afdh ot ild
a1 as a1 + 2tby as + 2tby

=\ + 2tp,

where e takes the corresponding values from the definition (4.1), and the proportion-
ality coefficients A > 0 and A + 2ty > 0 are some functions depending on the energy
density t.

If, moreover, the relations stated in Theorem 3.4 are fulfilled, then (T*M,G, P)
is a Riemannian locally product manifold for ¢ = 1, or a para-Hermitian manifold
for e = —1.

Proof. With respect to the adapted frame {9°,§;}
becomes:

the relation (4.1)

i,j=1,n

(4.5) G(P§;, Ps;) = eG(8;,6;), G(PI',PY)=eG(0',d"), G(PY,Ps;)=0,
and using (3.3) and (4.3) we have

(—acl + a%cz)gij + [—Edl =+ a%dg + 2()162(&1 + tbl) =+ 4tb1d2(a1 + tbl)]pipj =0,
(a3cy — ec2)g" + [—edy + aidy + 2bac (ag + thy) + 4tbady (ag + the)]g% g% = 0.

Taking into account Lemma 2.1, the coefficients which appear in the above ex-
pressions vanish. Due to the first relation in (3.6), we get by equalizing to zero the
coefficients of g;; and g% the first relation in (4.4).

Moreover, multiplying by 2¢ the coefficients of p;p; and ¢°¢% and adding them
to the coefficients of g;; and g%, respectively, we obtain

(4.6) —&(c1 4 2td1) + (a1 + 2tb1)*(ca + 2tds) = 0,
(a2 + 2tby)?(c1 + 2tby) — e(c2 + 2tds) = 0.

Using the second relation in (3.6), (4.6) leads to the second relation in (4.4). O
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Remark 4.2. When the coefficients of the almost product structure P have the
expressions in Remark 3.3, and the coefficients of the metric G on T*M are ¢; = aq,
diy = by, cg = —ag and dy = —by, Theorem 4.1 implies that T*M endowed with
the almost product structure and with the metric considered in [24] is an almost
para-Hermitian manifold.

5. NATURAL DIAGONAL PARA-KAHLER STRUCTURES ON T*M

In the sequel we shall study the cotangent bundles endowed with para-Kéahler
structures of natural diagonal lift type. This class of almost para-Hermitian struc-
tures, studied for example in [1] and [15], is characterized by the closedness of the
associated 2-form ).

The 2-form  associated with the almost para-Hermitian structure (G, P) of nat-
ural diagonal lift type on the total space of the cotangent bundle is given by the
relation

QUX,Y)=G(X,PY), VX,Y €T} T*M).

Studying the closedness of €2, we may prove the following theorem:
Theorem 5.1. The almost para-Hermitian structure (G, P) of natural diagonal

lift type on the total space T*M of the cotangent bundle of a Riemannian mani-
fold (M, g) is almost para-Kéhlerian if and only if

/

w=A\.

Proof. The 2-form  on T*M has the following expression with respect to the
local adapted frame {07, 0itii=1,..n:

O, 07) = Q(6;,0;) =0, Q' 6)=Glh P, Q0;,07) =GP

By substituting (3.4) and (4.3) in the above expressions, and taking into account
the conditions for (T*M, G, P) to be an almost para-Hermitian manifold (see Theo-
rem 4.1), we have

(5.1) Q(6;,07) = —Q&7,8;) = A&7 + upig™,
which has the invariant expression
QX o) = Aa(X) + up(X) g, (0, @)

for every X € T/ (M), a € TP (M), p € T*M.
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Taking into account the relation (5.1) we have that the 2-form € associated to the
natural diagonal para-Hermitian structure has the form

(5.2) Q= (A8 + upig™) dq’ A Dpj,

where Dp; = dp; — I‘]Qh dg¢" is the absolute differential of p;.
Moreover, the differential of Q will be

dQ = (dAS] + dpg®p; + pdg®pi + pg® dpi) A dg’
ADp; — (A& + up;g®) dg' A dDp;.
Let us compute the expressions of d, dy, dg® and dDp;:
dA = XNg"Dpn, dp=p'g""Dpn, dg” = ¢g""Dpy — T}y d¢’,
ijh

1 , _
dDp; = 530 dg" Adg? —T)'Dpp Adg’.

Then, by substituting these relations into the expression of df2, taking into account
the properties of the external product, the symmetry of ¢¥ and I‘Z;- and the Bianchi
identities, we obtain

dQ = (1 — XN)prg""6:Dp, ADp; Ade,

which, due to the antisymmetry of 5§Dpi A d¢?, may be written as
1 . , .
dQ = 2 (1 — N)px(9"" 5] — ¢"6})Dpy A Dp; A dg',

and it vanishes if and only if = X. O

Using Theorems 3.2, 3.4 and 5.1, we immediately prove

Theorem 5.2. An almost para-Hermitian structure (G, P) of natural diagonal
lift type on the total space T*M of the cotangent bundle of a Riemannian mani-
fold (M, g) is para-Kéhlerian if and only if P is a locally product structure (see
Theorem 3.4) and = X.

Remark 5.3. The almost para-Kéhlerian structures of natural diagonal lift type
on T* M depend on three essential coefficients a1, b; and A, while the natural diagonal
para-Kéahlerian structures on T*M depend on two essential coefficients a; and A,
which in both cases must satisfy the supplementary conditions a; > 0, a1 + 2tb; > 0,
A >0, A+ 2tN > 0, where b; is given by (3.7).
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Remark 5.4. Taking into account Remark 4.2, we have that the constant A\

is equal to 1 and p vanishes, so Theorem 5.1 leads to the statements in [24, Theo-

rem 3.1], namely, the structure constructed in [24] is almost para-Kéhlerian on T* M.

Moreover, taking into account Remark 3.5, it follows that the relations (14) in [24]

are

fulfilled in the case when the constructed structure is para-Kihler.
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