Czechoslovak Mathematical Journal

M. Emin Ozdemir; Ahmet Ocak Akdemir; Cetin Yildiz
On co-ordinated quasi-convex functions
Czechoslovak Mathematical Journal, Vol. 62 (2012), No. 4, 889-900

Persistent URL: http://dml.cz/dmlcz/143034

Terms of use:

© Institute of Mathematics AS CR, 2012

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143034
http://dml.cz

Czechoslovak Mathematical Journal, 62 (137) (2012), 889—900

ON CO-ORDINATED QUASI-CONVEX FUNCTIONS

M. EMIN OzDEMIR, Erzurum, AHMET OCAK AKDEMIR, Agr1,

CETIN YILDIZ, Erzurum

(Received December 10, 2010)

Abstract. A function f: I — R, where I C R is an interval, is said to be a convex
function on I if

fltz+ (1 —t)y) <tf(z) + (1 -1)f(y)

holds for all z,y € I and ¢ € [0,1]. There are several papers in the literature which
discuss properties of convexity and contain integral inequalities. Furthermore, new classes
of convex functions have been introduced in order to generalize the results and to obtain
new estimations.

We define some new classes of convex functions that we name quasi-convex, Jensen-
convex, Wright-convex, Jensen-quasi-convex and Wright-quasi-convex functions on the co-
ordinates. We also prove some inequalities of Hadamard-type as Dragomir’s results in
Theorem 5, but now for Jensen-quasi-convex and Wright-quasi-convex functions. Finally,
we give some inclusions which clarify the relationship between these new classes of functions.

Keywords: co-ordinate, quasi-convex, Wright-quasi-convex, Jensen-quasi-convex

MSC 2010: 26D15

1. INTRODUCTION

Let f: I C R — R be a convex function on the interval I of real numbers and
a,b € I with a < b. The double inequality

is well-known in the literature as Hadamard’s inequality. We recall some definitions:

In [17], Pecarié¢ et al. defined quasi-convex functions as follows:
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Definition 1. A function f: [a,b] — R is said to be quasi-convex on [a, ] if

fQz+ (1= XNy) <max{f(z), f(y)},  (QC)

holds for all z,y € [a,b] and X € [0,1].

Clearly, any convex function is a quasi-convex function. Furthermore, there exist
quasi-convex functions which are not convex.

Definition 2 (See [8], [19]). We say that f: I — R is a Wright-convex function
or that f belongs to the class W (I), if for all z, y 4+ ¢ € I with x < y and § > 0 we
have

fl@+06)+ fly) < fly+0) + f(z).

Definition 3 (See [8]). For I C R, amapping f: I — R is a Wright-quasi-convex
function if, for all z,y € I and ¢ € [0, 1], one has the inequality

S+ (1= 09) + £((1 B + 1) < max{F (@), F0)},  (WQO)

or equivalently

[f(y) + f(z+6)] < max{f(z), fy+6)}

N | =

for every z,y +d € I, x <y and § > 0.

Definition 4 (See [8]). A mapping f: I — R is Jensen- or J-quasi-convex if

1(552) <maxtf@), )} (7QO)

for all x,y € I.

Note that the class JQC(I) of J-quasi-convex functions on I contains the class
J(I) of J-convex functions on I, that is, functions satisfying the condition

f(x+y) < f(@) + fy) )

for all x,y € I.
In [8], Dragomir and Pearce proved the following theorems concerning J-quasi-
convex and Wright-quasi-convex functions.
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Theorem 1. Suppose a,b € I CR anda <b. If f € JQC(I) N L1]a,b], then

(1.2) f(“;b)gbia[fﬂmdx+u@m

where

H@M:%A|ﬂm+ﬂ—QM—ﬂu—ﬂmHMMt

Theorem 2. Let f: I — R be a Wright-quasi-convex map on I and suppose
a,b€ I CR witha <band f € L1]a,b]. Then one has the inequality

1

(1.3) —

b
/ f(x) dx < max{f(a), F(B)}.

In [8], Dragomir and Pearce also gave the following theorems involving some in-
clusions.

Theorem 3. Let WQC(I) denote the class of Wright-quasi-convex functions on
I C R, then

(1.4) QC(I) cwWQC(I) c JQC(I).
Both the inclusions are proper.
Theorem 4. We have the inlusions
(1.5) W) cwQcC(I), C(I)cQcCc(), JI)cJQC().

FEach of the inclusions is proper.

For recent results related to quasi-convex functions see the papers [1]-[3], [10]-[18].

In [7], Dragomir defined co-ordinated convex functions and proved the following
inequalities.

Let us consider the bidimensional interval A = [a,b] x [c,d] in R? with a < b and
¢ < d. A function f: A — R will be called convex on the co-ordinates if the partial
mappings

fyi la, 0] = R, fy(u) = f(u,y)
and

fa: [Cvd]ﬁ[Ra fx(v):f(xvv)

are convex for all y € [¢,d] and = € [a, b].
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Recall that a mapping f: A — R is convex on A, if the inequality
(1.6) fAz+ (1 =Nz, Ay + (1= Nw) < Af(z,y) + (1 - A)f(zw)
holds for all (x,y), (z,w) € A and X € [0, 1].

Theorem 5 (See [7], Theorem 1). Suppose that f: A = [a,b] X [¢,d] — R is
convex on the co-ordinates on A. Then one has the inequalities

0 f<a;bf;d><;{bi [ o ar g (55

( =0 // flz,y)dydx

i{ _a/fxcdx—l——/fxd
/faydy+—/fbydy}

< f(a c)+f(b ¢)+ f(a,d) + f(b, d
= 4

The above inequalities are sharp.

Similar results can be found in [4]-[7], [9], [12]-[16].

This paper is arranged as follows. First, we give some definitions on quasi-convex
functions and lemmas based on these definitions. Secondly, we prove several inequal-
ities concerning co-ordinated quasi-convex functions. Also, we discuss inclusions
connected with some different classes of co-ordinated convex functions.

2. DEFINITIONS AND MAIN RESULTS

We start with the following definitions and lemmas:

Definition 5. A function f: A = [a,b] X [¢,d] — R is called a quasi-convex
function on the co-ordinates on A if the inequality

f(/\l‘ + (1 - /\)Za /\y + (1 - )\)’LU) < maX{f(x7y)a f(z,w)}

holds for all (x,y), (z,w) € A and A € [0, 1].
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f: A — R is called co-ordinated quasi-convex on the co-ordinates if the partial
mappings
fy: la, b = R, fy(u) = f(u,y)
and
for e, d = R, fo(v) = f(z,v)

are convex for all y € [c,d] and x € [a,b]. We denote by QC(A) the classes of
quasi-convex functions on the co-ordinates on A.
The following lemma holds.

Lemma 6. Every quasi-convex mapping f: A — R is quasi-convex on the co-
ordinates.

Proof. Suppose that f: A =la,b] x [¢,d] — R is quasi-convex on A. Then the
partial mappings

fy: [avb]_)[Ra fy(u)zf(u,y), yE[C,d]

and
fa: [Cad]_)[Ra fz(v):f(xav)a xe[a,b]

are convex on A. For A € [0, 1] and vy, v € [¢, d] one has

fo(Avr + (1 = Nva) = f(x, Ay + (1 — Nwg)
=f(z+ (1 =Nz, 1 + (1 — A)ve)
< max{f(x,vl), f(xaUQ)}

= max{ f.(v1), fu(ve)},

which completes the proof of quasi-convexity of f, on [c¢,d]. The proof that f,:
[a,b] = R, fy(u) = f(u,y) is also quasi-convex on [a, b] for all y € [c, d], is analogous
and we omit the details. O

Definition 6. A function f: A = [a,b] x [¢,d] — R is called a J-convex function
on the co-ordinates on A if the inequality

r+2z y+w [z, y) + f(z,w)
f(2 T2 )< 2

holds for all (z,y), (z,w) € A. We denote by J(A) the class of J-convex functions
on the co-ordinates on A.
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Lemma 7. Every J-convex mapping f: A — R is J-convex on the co-ordinates.

Proof. As concerns the partial mappings, we can write for v, v2 € [c, d],

fm<v1—|—v2) :f(x, 1)1+’U2) :f(x—i—x’vl +v2)

2 2 2 2
< f(l‘,’Ul) + f(xva) _ fﬁc(vl) + fﬁc(UQ)
~X 2 - 2 )

which completes the proof of J-convexity of f, on [c,d]. Similarly, we can prove J-
convexity of f, on [a,b]. O

Definition 7. A function f: A = [a,b] X [¢,d] — R is called a J-quasi-convex
function on the co-ordinates on A if the inequality

755 ) < max{f (). Sz w)

holds for all (z,y), (z,w) € A. We denote by JQC(A) the class of J-quasi-convex
functions on the co-ordinates on A.

Lemma 8. Every J-quasi-convex mapping f: A — R is J-quasi-convex on the
co-ordinates.

Proof. In a way similar to the proof of Lemma 7, we can write for vy, vs € [c, d]

() = ) - (52 2

< max{f(x,vl), f(l’,’l}g)} = maX{fm(vl)v fz(UQ)}a

which completes the proof of J-quasi-convexity of f, on [c,d]. We can also prove
J-quasi-convexity of f, on [a, b]. d

Definition 8. A function f: A = [a,b] X [¢,d] — R is called a Wright-convex
function on the co-ordinates on A if the inequality

(L= t)a+ b, (1= s)e+ sd) + f(ta+ (L - t)b,sc+ (1 - )d) < fla,c) + f(b,d)

holds for all (a,c), (b,d) € A and t,s € [0,1]. We denote by W(A) the class of
Wright-convex functions on the co-ordinates on A.

894



Lemma 9. Every Wright-convex mapping f: A — R is Wright-convex on the
co-ordinates.

Proof. Suppose that f: A — R is Wright-convex on A. Then for the partial
mapping, for vy, ve € [¢,d], x € [a,b], we have

fo((L = t)vy + tua) + fo(tvr + (1 — t)ve)
= f(z, (1 = t)vr + tve) + f(x,tvy + (1 — t)ve)
= f((1 = )+ tz, (1 — t)vy + tvg) + f(tx + (1 — )z, toy + (1 — t)vg)
< f@m) + £z, v2)
= fz(v1) + fo(v2),

which shows that f, is Wright-convex on [c,d]. Similarly one can see that f, is
Wright-convex on [a, b]. O

Definition 9. A function f: A = [a,b] X [¢,d] — R is called a Wright-quasi-
convex function on the co-ordinates on A if the inequality

%[f(tfﬁ(l—t)z,ty+(1—t)w)+f((1—t)x+t27 (I=t)y+tw)] < max{f(z,y), f(z,w)}

holds for all (x,y), (z,w) € A and t € [0,1]. We denote by WQC(A) the class of
Wright-quasi-convex functions on the co-ordinates on A.

Lemma 10. Every Wright-quasi-convex mapping f: A — R is Wright-quasi-
convex on the co-ordinates.

Proof. Suppose that f: A — R is Wright-quasi-convex on A. Then for the
partial mapping, for vy, vs € [c, d], we have

%[.fm(tvl + (1 - t)'UQ) + f:c((l - t)vl + tvg)]

= %[f(l‘, tuy + (1 - t)UQ) + f(x, (1 — t)’Ul + t'UQ)]
= %[f(tx + (1 =)z, toy + (1 — t)vg) + f((1 — t)z + ta, (1 — t)oy + tvy)]
< max{ f(z,v1), f(v,v2)} = max{fi(v1), fu(va)},

which shows that f, is Wright-quasi-convex on [c, d]. Similarly one can see that f,
is Wright-quasi-convex on [a, b]. O
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Theorem 11. Suppose that f: A = [a,b] X [¢,d] — R is J-quasi-convex on the
co-ordinates on A. If f, € L1[c,d] and f, € L1[a,b], then we have the inequality

o0 gl [l g [ ()

1 d rb
gm/c/(lf(%y)dmdy“‘[{(may)

where
d pl
H(”’y)_qd;_c)/c/o [f(ta+ (1 —t)b,y) — F((1 - t)a+ th,y)| dt dy
1 b pl
+m/a/0 |f(x,tc+ (1 = t)d) = f(z, (1 = t)c + td)| dt da.

Proof. Since f: A — R is J-quasi-convex on the co-ordinates on A, the partial
mappings
fy: [avb]_)[Ra fy(u):f(uvy)a y€[C,d]
and
fa: [Cad]_)[Ra fz(v):f(xav)a (L‘E[a,b]
are J-quasi-convex on A. Then by the inequality (1.2), we have
a+b P I
fy(T) < m/a fy(@)dz + 3 /0 |fy(ta+ (1 =1)b) — f,((1 = t)a + tb)[ dt,
that is

b 1
f(a;bay)<bia/ f(x,y)dx+%/0 [f(ta+(1=1)b,y) = f((1—t)a+1td,y)|dt.

Integrating the resulting inequality with respect to y over [¢,d] and dividing both
sides of the inequality by (d — ¢), we get

(2:2) dic/cdf(a;—bay)dygm/cd/abf(xay)dxdy

1 d p1
+m/0/0 |f(ta + (1 —t)b,y) — f((1 — t)a + tb,y)| dt dy.

By a similar argument, we have

(2.3) ﬁ/ﬂ%‘(m,#)dxém/ab/cdf(x,y)dydx

1 b 1
+72(b_a>/a/0 |f(z,te+ (1 = t)d) — f(z, (1 = t)c +td)|dt dz.
Summing (2.2) and (2.3), we get the required result. 0

896



Theorem 12. Suppose that f: A = [a,b] X [¢,d] — R is Wright-quasi-convex on
the co-ordinates on A. If f, € Ly[c,d] and f, € Li[a,b], then we have the inequality

(2.4) m/cd/abf(x,y)dxdy
< %[max{ﬁ/:f(x,c)dx,Fla)/:f(x,d)dx}

+max{(d—ic)/cdf(my)dy,ﬁ/cdf(@y)dy}}

Proof. Since f: A — R is Wright-quasi-convex on the co-ordinates on A, the
partial mappings

fyi la, 0] = R, fy(u) = f(u,y), y€led

and
fa: [Cad]_)[Ra fz(v):f(xav)a xe[a,b]

are Wright-quasi-convex on A. Then by the inequality (1.3), we have

b
ﬁ/ fy(z) de < max{fy(a), fy(b)},

that is
1

b—a

b
/ f(z,y) dx < max{f(a, ), £(b.v)}.

Dividing both sides of the inequality by (d — ¢) and integrating with respect to y
over [c,d] , we get

(2.5) m/cd/abf(m,y)dmdy
cmac{ s [ raman s [Tl

By a similar argument, we can write

1 d b
2.6 _—— dxd
(2.6) (b_a)(d_c)/c/a fz,y)dzdy

Smax{ﬁ/abf(m,c)dx, (bia) /abf(x,d)da:}.




By adding (2.5) and (2.6), we have

e /cd/:f (:9)dzdy
< %[max{ﬁ/abf(x,c)dx,Flcw/abf(x,d)dx}
+max{(d—ic>/cdf(a,y)dy,ﬁ/cdf(b,y)dy”,

which completes the proof. (I

Theorem 13. Let C(A), J(A), W(A), QC(A), JQC(A), WQC(A) denote,
respectively the classes of co-ordinated convex, co-ordinated J-convex, co-ordinated
W -convex, co-ordinated quasi-convex, co-ordinated J-quasi-convex and co-ordinated
W -quasi-convex functions on A = [a,b] X [¢,d]. Then we have the inclusions

(2.7) QC(A) C WQC(A) € JQC(A),
(2.8) W(A) C WQC(A), C(A)C J(A), J(A)CJQC(A).

Proof. Let f € QC(A). Then for all (z,y), (z,w) € A and ¢ € [0, 1], we have

fOx+ (1 =Xz, Ay + (1 = Mw) < max{f(z,y), f(z,w)},
FIL =Nz + Az, (1 = Ny + dw) < max{f(z,y), f(z,w)}.

By adding the inequalities we obtain

(2.9) %[f()\x + (1 =Nz, Ay + (1= Nw) + f((1 =Nz + Az, (1 = Ny + w)]
< max{f(z,y), f(z,w)}

that is, f € WQC(A). In (2.9), if we choose A = %, we obtain WQC(A) C JQC(A).
This completes the proof of (2.7).
In order to prove (2.8), taking f € W(A) and using the definition, we get

fla;c) + f(b, d)

[f(1=t)a+1tb, (1 —38)c+ sd) + f(ta+ (1 —t)b,sc+ (1 — s)d)] < 5

N =

for all (a,c), (b,d) € A and t € [0,1]. Using the fact that

f(aac)+f(bad) + |f(a,c) _f(bvd)|
2

= max{ f(a,c), f(b,d)}
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we can write

fla,c) + f(b, d)

5 < max{f(a,c), f(b,d)}

for all (a,c), (b,d) € A, thus obtaining W(A) C WQC(A).

Taking f € C(A) and choosing ¢ = 3 in (1.6), we obtain

r+z y+w\ _ flz,y)+ flz,w)
f(2’2>< 2

for all (x,y), (#,w) € A. One can see that C(A) C J(A).

Taking f € J(A), we can write

r+z y+w\ _ flz,y)+ flz,w)
f(2’2>< 2

for all (z,y), (z,w) € A. Using the fact that

f(xay) —|—f(z,w) + |f(a?,y) — f(sz”
2

= max{f(z,y), f(z,w)}

we can write

[z y) + f(zw)

< max{f(z,y), f(z,w)}.

2
Then obviously, we obtain
r+z ytw
— ) <
(552 55 ) < max{ (@), (=)}
which shows that f € JQ(A). O
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