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Abstract. In this paper, we define the My-integral of real-valued functions defined on
an interval [a,b] and investigate important properties of the Mq-integral. In particular,
we show that a function f: [a,b] — R is Mq-integrable on [a,b] if and only if there exists
an ACGq function F such that F' = f almost everywhere on [a,b]. It can be seen easily
that every McShane integrable function on [a, b] is Mq-integrable and every M,-integrable
function on [a,b] is Henstock integrable. In addition, we show that the Mq-integral is
equivalent to the C-integral.
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1. INTRODUCTION AND PRELIMINARIES

It is well-known [3] that a function f: [a,b] — R is C-integrable on [a,?] if and
only if there exists an ACG,. function F such that F’ = f almost everywhere on
[a, b].

In this paper, for a fixed positive real number « we define the M,-integral and
prove that a function f: [a,b] — R is M,-integrable on [a,b] if and only if there
exists an ACG,, function F' such that F’ = f almost everywhere on [a, b].

In particular, we show that a function f: [a,b] — R is M,-integrable on [a, ] if
and only if f is C-integrable on [a,b], and the integrals are equal.

A gauge on the interval [a,b] C R is a positive function defined on [a,b]. Given

a gauge 0, a 0-fine division of [a, b] is a collection {(I;, z;): i =1,2,...,n} of pairwise
n
non-overlapping intervals I; C [a,b] such that |J I; = [a,b], I; C (x; — 6(z;), 2 +
i=1
n
d(zi)) and z; € [a,b]. If |J I; C [a,b], then the collection {(I;,z;): ¢ =1,2,...,n}
i=1
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is called a d-fine partial division of [a,b] and the points {x;} are called the tags of
the partial division {(I;, z;)}.

Given a function f: [a,b] — R and a partial division D = {(I;,z;): 1 < i < n},
we use the following notation:

n

F(D) =" fe)|L| and Q(D):Zdist(xi,fi%

i=1

where |I;] is the Lebesgue measure of the interval I; and dist(x;, I;) = inf{|t — x;|:
te Iz}

2. THE M,-INTEGRAL

We now present the definition of the M, -integal.

Definition 2.1. Let a > 0 be a constant. A function f: [a,b] — R is M,-
integrable if there exists a real number A such that for each ¢ > 0 there exists
a positive function §: [a,b] — RT such that

/(D) - Al <e

for each d—fine division D = {(I;, z;)}_; of [a, b] satisfying the condition (D) < «.
The number A is called the M,-integral of f on [a,b], and we write A = f;f or

b
A= (Ma) fa f
The function f is M,-integrable on the set E C [a,b] if the function fxg is M,-
integrable on [a, b], and we write [, f = f: fxe.

We can easily get some basic properties of the M,-integral.

Theorem 2.2. Let f: [a,b] — R. Then

(1) If f is M,-integrable on [a,b], then f is M,-integrable on every subinterval of
[a,b].

(2) If f is M,-integrable on each of the intervals [a,c] and [c,b], then f is Mg-
integrable on [a,b] and [ f + fcb f= ff f.

The following theorem shows the linearity properties of the M,-integral.

Theorem 2.3. Let f and g be M,-integrable functions on [a,b]. Then
(1) kf is M,-integrable on [a,b] and f: kf = kfff for each k € R,
(2) f+ g is M,-integrable on [a,b] and f;(f +g9)= fab f+ fab g.

The following lemma is used frequently in the theory of the M,-integral.
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Lemma 2.4 (Saks-Henstock Lemma). Let f: [a,b] — R be M,-integrable on
[a,b] and let € > 0. Suppose that ¢ is a gauge on [a,b] such that

‘f(D)—/abf‘<e

for each 6-fine division D = {(I;,x;)} of [a,b] satisfying the condition p(D) < a. If
D" = {(I;,z;)}*, is a d-fine partial division of [a,b] satisfying the condition o(D") <

}f(D')—i/hf‘ <.

Proof. Assume that D' = {(I;,x;)}!", is an arbitrary J-fine partial division of

«, then

m k
[a, b] satisfying the condition o(D’) < . Let [a,b] — Ul I = 'U1 I.
i= j=

Let n > 0. Since f is M,-integrable on each I]‘, there exists a gauge 6;: I]’- — RT

such that
1w - [ 1] <1
I

for each ¢;-fine division D; of I} satisfying the condition o(D;) < a.

We may assume that d;(x) < d(x) for all # € I}. For each j, choose a d;-fine
division D; of I} with o(Dj) < (v — o(D"))/k. Let Dy = D" U D1 U...U Dy. Then
Dy is a d0-fine division of [a, b] satisfying o(Dy) < o and we have

‘f(Do) —/abf‘ <e.

Consequently, we have

m k b k
f(D") - f‘:‘fD - f(D‘)—( f= f)‘
VRIS RN VS Y
b k
<|ro- [ 1]+ X |ron- [ 1
VR Ly
<E+k'%:€+77.
Since n > 0 was arbitrary, we have |f(D’)—§fIif|<s. O
i=1

If F: [a,b] — R, then F' can be treated as a function of intervals by defining
F([c,d]) = F(d) — F(c) for each subinterval [¢,d] C [a, b].
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Theorem 2.5. If the function F': [a,b] — R is differentiable on [a,b] with f(x) =
F'(z) for each € [a,b], then f: [a,b] — R is M,-integrable.

Proof. Lete > 0. By the definition of derivative, for each = € [a, b] there exists
a positive function §: [a,b] — R™ such that

‘F(y)—F(fE)

13
— - f@)| <3

(a+b—a)
for all y € [a,b] with 0 < |y — z| < §(x). Assume that D = {(I;,x;)}, is a d-fine
division of [a, b] satisfying the condition ¢o(D) < . Then we have

n

SoUeln] - F)| < 3 |Gl - FUE)

i=1

n

€
—— > (dist(wi, L) + |1;
< e st 1) + 1)
Savb_g@thra=e
Hence, f: [a,b] — R is M,-integrable on [a, b]. O

Let F' be a function defined on the subintervals of [a, b]. For a given partial division
D ={(I,z;): i=1,2,...,n}, we write

Definition 2.6. Let a > 0 be a constant. Let F: [a,b] — R and let E be
a subset of [a, b].

a) F' is said to be AC, on FE if for each ¢ > 0 there exist a constant n > 0 and
a gauge d: [a,b] — R such that |F(D)| < ¢ for each -fine partial division
D = {(I;,z;)} of [a,b] satisfying x; € E, > |I;| < n and o(D) < a.

b) F is said to be ACG,, on E if E can be expressed as a countable union of sets
on each of which F'is AC,,.

Theorem 2.7. If a function f: [a,b] — R is M,-integrable on [a,b] with the
primitive F', then F' is ACG,, on [a,b].

Proof. By the definition of the M,-integral and by the Saks-Henstock Lemma,
for each € > 0 there exists a gauge §: [a,b] — RT such that

n

S f @) - F(L)]| < e

i=1
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for each d-fine partial division D = {(I;,x;)} of [a,]] satisfying the condition
o(D) < a.

Assume that E, = {z € [a,b]: n —1 < |f(z)|] < n} for each n € N. Then we
have [a,b] = |JE,. To show that F' is AC, on each E,, fix n and take a d-fine
partial division Dy = {(I;,z;)} of [a,b] satisfying z; € E,, for all i and o(D) < a. If
> 1Ii| < e/n, then

F(Dy)| ‘Z f(z)
< \ S -

<€+TLZ|L‘| < 2e.
i

]+ S
] +Z|f($i)| - |4

Now we recall the definitions of the McShane and Henstock integrals.

A function f: [a,b] — R is McShane integrable on [a,b] if there exists a real
number A such that for each e > 0 there exists a gauge J: [a,b] — RT such that

/(D) - Al <e

for each o-fine division D = {(I;,z;)}; of [a, b].

A function f: [a,b] — R is Henstock integrable if there exists a real number A
such that for each € > 0 there exists a gauge d: [a,b] — R such that

If(D) = Al <e

for each d-fine division D = {(I;,z;)}}—; of [a,b] with x; € I,.

From the definitions of the two integrals, we easily get the following theorem.

Theorem 2.8. Let f: [a,b] — R be a function.
a) If f is McShane integrable on [a,b], then f is M,-integrable on [a, b].
b) If f is M-integrable on [a,b], then f is Henstock integrable on [a, b].

A function f: [a,b] — R is M,-integrable on [a,b] if and only if there exists an
ACG,, function F on [a,b] such that F' = f almost everywhere on [a,b]. To prove
this fact, we need the following two lemmas.
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Lemma 2.9. Suppose that f: [a,b] — R and let E C [a,b]. If u(E) =0, then for
each € > 0 there exists a positive function ¢ on E such that | f(D)| < € for every j-fine
partial division D = {(I;, z;)}_, of [a,b] satisfying x; € E for alli =1,2,...,n and
o(D) < a.

Proof. Foreachn,let E, ={x€ E: n—1<|f(z)] <n} and let € > 0. Then
E = E,. Since u(E,) = 0 for each n, we can choose an open set O,, D F,, with
w(Op) <e/n-2m.

For x € E,, define §(z) = dist(z, OF). Suppose that D is a d-fine partial division
of [a,b] with tags in E satisfying the condition o(D) < a. Let D,, be a subset of D
that has tags in F,, and let 7 = {n € Z*: D,, # ¢}. Then

€

PO < YD < S ID) < S n0n) < Ym0 =

nem nem nem nem

O

Lemma 2.10. Suppose that F': [a,b] — R is ACG,, on [a,b] and let E C [a,b].
If u(E) =0, then for each e > 0 there exists a gauge § on E such that |F(D)| < ¢
for every 0-fine partial division D = {(I;,x;)}~, of [a,b] satisfying z; € E for all
1=1,2,...,n and o(D) < a.

oo

Proof. Let FE= |J FE, where the E,’s are pairwise disjoint and F is AC, on
n=1

each E,. Let ¢ > 0. For each n, there exist a gauge d,,: E, — R and a positive

number 7, > 0 such that |F(D)| < ¢/2" for each ¢,-fine partial division D =
{(Li,z;)} of [a,b] satisfying x; € Fyn, > |I;| < n, and o(D) < «. For each n, choose
an open set O, D E, with u(0,) < n,. Define §(x) = min{d,(x), o(z,0,°)} for
x € E,. Suppose that D = {(I;,z;)}" is a 0-fine partial division of [a, b] satisfying
x; € E and o(D) < a. Let D, be subset of D that has tags in E,, and note that
(Dy) X" || < u(Oy) < 1y Hence,

0 0o c
FD) < S IFD) <Y o ==
n=1 n=1

O

Theorem 2.11. A function f: [a,b] — R is M,-integrable on [a,b] if and only if
there exists an ACG,, function F on [a,b] such that F' = f almost everywhere on
[a, b].

Proof. Suppose that f is M,-integrable on [a,b] and let F(z) = f; f for each
x € [a,b]. Then by Theorem 2.7, F' is ACG,, on [a,b]. Since f is Henstock integrable
on [a,b], F' = f almost everywhere on [a, b] by [4, Theorem 9.12].
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Conversely, suppose that there exists an ACG, function F' such that F' = f
almost everywhere on [a,b]. Let E = {x € [a,b]: F'(z) # f(z)} and let £ > 0. Then
u(E) =0. For each = € [a,b] — E, choose §(z) > 0 such that

IF(y) = F(a) — f(2)(y — )| < —— il =

6la+b—a
whenever |y —z| < 6(z) and y € [a, b]. By Lemma 2.9 and 2.10, we can find §(x) > 0
on E such that |f(D)| < ¢/3 and |F(D)| < €/3, whenever D = {(I;,x;)} is a d-fine
partial division of [a, b] satisfying x; € E and o(D) < a.

Suppose that D = {(I;, z;)} is a d-fine partial division of [a, b] satisfying o(D) < .
Let D; be the subset of D that has tags in E and let Do = D — Dy. Then

|f(D) = F(D)| = |f(D2) = F(D2)| + [f(D1)[ + [F(D1)]

< (D) Y |F L~ P+ 5 +

€ . 2
RS m Z(dlst(l‘i, Iz) + |I’L|) + 56
€ 2
<—0——— b— —e=¢c.
3(a+b—a)(a+ a)+36 €
Hence f is M,-integrable on [a, b]. O

The following examples show that the converse of Theorem 2.8 is not true.

Example 2.12. (1) Let f be a function defined by

1 2 1
2rsin — — —cos— if0<x <1,
f(z) = 2 oz 2
0 if x =0.

Then it is easy to show that the primitive of f is

1
xQSin—Q if 0<x<1,
F(z) = T

0 if z=0.

Since F is differentiable and F' = f everywhere on [0,1], f is M,-integrable due
to Theorem 2.5. But F' is not absolutely continuous on [0, 1] and therefore f is not
McShane integrable on [0, 1].

(2) The function F' defined by

875



is differentiable almost everywhere on [0,1]. By [3, Theorem 9.6], F’ is Henstock
integrable on [0, 1]. But we can show that F' is not ACG, on [0, 1].

To show this, suppose that F' is ACG,. Then there exists a set £ C [0, 1] such
that 0 € E and F is AC, on E. Hence, there exist a gauge : [0,1] — R™ and
a positive number 1 > 0 such that |F(D)| < a/2 whenever D = {(I;,x;)} is a d-fine
partial division of [0, 1] satisfying the conditions x; € E, Y |I;| < n and o(D) < «.

Let a, = 1/4/(2n+ 4)r and b, = 1/v2n7 for each positive integer n. Then
an < b, <1 and i an = oo. Choose a d-fine partial division D = {([as, b;],0):

n=1

M
N < i < M} such that o/2 < Y a; < a and by < min{é(0),n}. Then 0 € E,

=N
M M ' M
> (bi—a;) <m,and D dist(0, [ai, bi]) = > a; < a.
i=N =N ‘

i=N
Hence, D is a ¢-fine partial division of [0, 1] satisfying the condition o(D) < «a.
But we have

|F(D)| = Z[F(bi) - F(ai)]‘ = Z ai > a/2.

This contradiction shows that F' is not ACG, on [0,1]. Hence, F’ is not M,-
integrable on [0, 1].

3. EQUIVALENCE OF THE M, AND C-INTEGRALS

Recall [1], [2] that a function f: [a,b] — R is C-integrable on [a, ] if there exists
a real number A such that for each € > 0 there exists a gauge J such that

/(D) - Al <e

for each d-fine division D = {(I;,z;): i =1,2,...,n} of [a, b] satisfying the condition
o(D) < 1/e.
To show that the M,-integral is equivalent to the C-integral, we need the following

lemma.

Lemma 3.1. Let « > 0 be a constant and let §: [a,b] — R* be a gauge with
d(z) < a/4 for each x € [a,b]. If D is a 0-fine division of [a,b] with o(D) < na
for some positive integer n, then there exist 0-fine pairwise disjoint partial divisions

D1, Dy, ..., Dy, of intervals in D such that D = |J D;, o(D;) < « for each i =
=1

1=

1,2,...,m and m < 2n.
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Proof. Let D = {(I;,z;)}_, be a d-fine division of [a,b] with o(D) < na
for some positive integer n. Choose the greatest positive integer m; such that
n1
> dist(z, ;) < o and let D1 = {(L;,z;)};,. Next, choose the greatest positive
i=1

ng
integer ng such that ) dist(x;, [;) < « and let Dy = {(x;, [;)};2,, ;- Continu-

i=ni1+1
ing in this way, we have partial divisions D1, Ds, ..., D,, such that

D= U D; and o(D;) <«
i=1

foreachi=1,2,...,m.
From the construction of each D; we have

3
—a<o(D;) <«

4
foreachi1=1,2,...,m.
Suppose that m > 2n. Then
™ 3 3 3 3
o(D) = Z o(D;) > > ¥ =gom > el 2n = Fan.
=1 =1
This contradicts the fact that o(D) < na. Hence, m < 2n. O

Theorem 3.2. Let a > 0 be a constant. A function f: [a,b] — R is M,-
integrable on [a, b] if and only if f is C-integrable on [a,b]. The value of the integral
is the same in both cases.

Proof. Suppose that f is C-integrable on [a,b] and let F(z) = (C) [ f. Let
e > 0. Choose €1 > 0 such that « < 1/e7 and 1 < e. Since f is C-integrable on
[a, ], there exists a gauge d: [a,b] — R such that

Mm—wl?%a

for each d-fine division D of [a, b] with o(D) < 1/e;.
If D is a o-fine division of [a, b] with o(D) < «, then

‘f(D)—(C)/abf‘<€1<5.

Hence, f is M,-integrable on [a,b] and

ww[fwmlﬂ
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Conversely, suppose that f is M,-integrable on [a,b] and let F(x) = (M,) ff f
for each = € [a,b]. Let € > 0. Choose a positive integer n such that 1/e < na. Since
f is M,-integrable on [a,b], there exists a gauge d1: [a,b] — R such that

7(D) = F(la.B])| < 5

’ 2n

for each d1-fine division D of [a, b] with ¢(D) < a. Define §(x) = min{d;(x), a/4} for
each x € [a,b]. Let D be a d-fine division of [a, b] with g(D) < 1/e. By Lemma 3.1,

we can decompose D into pairwise disjoint d-fine partial divisions Dq, Do, ..., Dy,
m

such that D = |J D;, o(D;) < a for each i =1,2,...,m and m < 2n.
i=1

By the Saks-Henstock Lemma we have

- Uiy me
F(D) ~ Pt < 3 1F(D) ~ FD)| <3 5 = 2 <
i=1 i=1
Hence, f is C-integrable on [a, b]. 0

For any constant o > 0, the M-integral is equivalent to the C-integral by Theo-
rem 3.2. Hence, we have the following corollary.

Corollary 3.3. Let o and [ be positive constants. A function f: [a,b] — R is
M, -integrable on [a,b] if and only if f is Mg-integrable on [a, b].
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